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A. Böttcher and H. Widom
From Toeplitz Eigenvalues through Green’s Kernels
to Higher-Order Wirtinger-Sobolev Inequalities . . . . . . . . . . . . . . . . . . . . . . 73

I. Chalendar, A. Flattot and J.R. Partington
The Method of Minimal Vectors Applied to
Weighted Composition Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

I. Gohberg, M.A. Kaashoek and L. Lerer
The Continuous Analogue of the Resultant and
Related Convolution Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

G. Heinig and K. Rost
Split Algorithms for Centrosymmetric Toeplitz-plus-Hankel
Matrices with Arbitrary Rank Profile . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
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Editorial Preface

As this volume demonstrates, at roughly 100 years of age operator theory remains
a vibrant and exciting subject area with wide ranging applications. Many of the
papers found here expand on lectures given at the 15th International Workshop on
Operator Theory and Its Applications, held at the University of Newcastle upon
Tyne from the 12th to the 16th of July 2004. The workshop was attended by close
to 150 mathematicians from throughout the world, and is the first IWOTA to be
held in the UK. Talks ranged over such subjects as operator spaces and their ap-
plications, invariant subspaces, Krĕın space operator theory and its applications,
multivariate operator theory and operator model theory, applications of operator
theory to function theory, systems theory including inverse scattering, structured
matrices, and spectral theory of non-selfadjoint operators, including pseudodiffer-
ential and singular integral operators. These interests are reflected in this volume.
As with all of the IWOTA proceedings published by Birkhäuser Verlag, the pa-
pers presented here have been refereed to the same high standards as those of the
journal Integral Equations and Operator Theory.

HILBERT

VON NEUMANN

C* ALGEBRAS

BANACH

H    CONTROL

OPERATOR THEORY INTERPOLATION

KREIN

A few words about the above image which graced the workshop programme
and bag. In commuting between home in Hexham and work in Newcastle, I often



x Editorial Preface

travel by train. The journeys have resulted in a number of friendships, including
with Chris Dorsett, who is a member of the Fine Arts department at Northumbria
University (also in Newcastle). A mathematics question led him to introduce me
an article by the art critic and theorist, Rosalind Krauss titled “Sculpture in the
Expanded Field”, which was first published in art journal October in 1978, and is
now recognized as a key work in contemporary art theory. To briefly summarize
a portion of the thesis of her article, the term “sculpture” has been applied in
the 20th century to such a broad collection of art objects as to become essentially
meaningless. This leads her to propose a refined classification built from the idea
of what sculpture is not (architecture, landscape) and the negation of these terms.
The idea is encoded in a diagram much like the one given above, and is based
on a model of the Klein Viergruppe, also known as the Piaget group due to its
use by the Swiss developmental psychologist Jean Piaget in the 1940’s to describe
the development of logical reasoning in children. While the version pictured above
makes a hash of the intended logic of the diagram (which would, for example,
require that H∞ control be the negation of operator theory), it is nevertheless an
homage to Krauss and Chris Dorsett, indicates one of the unexpected ways that
art and mathematics come together, and encapsulates for me some of the salient
features of IWOTA.

Michael Dritschel



List of Participants

Alaa Abou-Hajar (University of
Newcastle)

Tsuyoshi Ando (Hokkaido
University) (Emeritus)

Jim Agler (University of California,
San Diego)

Tuncay Aktosun (Mississippi State
University)

Edin Alijagic (Delft University of
Technology)

Calin-Grigore Ambrozie (Institute of
Mathematics of the Romanian
Academy)

Robert Archer (University of
Newcastle)

Yury Arlinskii (East Ukrainian
National University)

Damir Arov (Weizmann Institute)
William Arveson (University of

California, Berkeley)
Tomas Azizov (Voronezh State

University)
Catalin Badea (University of Lille)
Mihaly Bakonyi (Georgia State

University)
Joseph Ball (Virginia Tech)

Oscar Bandtlow (University of
Nottingham)

M. Amelia Bastos (Instituto
Superior Técnico)
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Inverse Scattering to Determine
the Shape of a Vocal Tract

Tuncay Aktosun

Abstract. The inverse scattering problem is reviewed for determining the cross
sectional area of a human vocal tract. Various data sets are examined resulting
from a unit-amplitude, monochromatic, sinusoidal volume velocity sent from
the glottis towards the lips. In case of nonuniqueness from a given data set,
additional information is indicated for the unique recovery.
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1. Introduction

A fundamental inverse problem related to human speech is [6, 7, 18, 19, 22] to
determine the cross sectional area of the human vocal tract from some data. The
vocal tract can be visualized as a tube of 14–20 cm in length, with a pair of lips
known as vocal cords at the glottal end and with another pair of lips at the mouth.
In this review paper, we consider various types of frequency-domain scattering data
resulting from a unit-amplitude, monochromatic, sinusoidal volume velocity input
at the glottis (the opening between the vocal cords), and we examine whether
each data set uniquely determines the vocal-tract area, or else, what additional
information may be needed for the unique recovery.

Human speech consists of phonemes; for example, the word “book” consists
of the three phonemes /b/, /u/, and /k/. The number of phonemes may vary from
one language to another, and in fact the exact number itself of phonemes in a
language is usually a subject of debate. In some sense, this is the analog of the
number of colors in a rainbow. In American English the number of phonemes is 36,
39, 42, 45, or more or less, depending on the analyst and many other factors. The

The research leading to this article was supported in part by the National Science Foundation
under grant DMS-0204437 and the Department of Energy under grant DE-FG02-01ER45951.
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phonemes can be sorted into two main groups as vowels and consonants. The vowels
can further be classified into monophthongs such as /e/ in “pet” and diphthong
such as the middle sound in “boat.” The consonants can further be classified into
approximants (also known as semivowels) such as /y/ in “yes,” fricatives such as
/sh/ in “ship,” nasals such as /ng/ in “sing,” plosives such as /p/ in “put,” and
affricates such as /ch/ “church.”

The production of human speech occurs usually by inhaling air into the lungs
and then sending it back through the vocal tract and out of the mouth. The air
flow is partially controlled by the vocal cords, by the muscles surrounding the vocal
tract, and by various articulators such as the tongue and jaw. As the air is pushed
out of the mouth the pressure wave representing the sound is created. The effect of
articulators in vowel production is less visible than in consonant production, and
one can use compensatory articulation, especially in vowel production, by ignoring
the articulators and by producing a phoneme solely by controlling the shape of the
vocal tract with the help of surrounding muscles. Such a technique is often used
by ventriloquists.

From a mathematical point of view, we can assume [18, 19] that phonemes
are basic units of speech, each phoneme lasts about 10–20 msec, the shape of the
vocal tract does not change in time during the production of each phoneme, the
vocal tract is a right cylinder whose cross sectional area A varies along the distance
x from the glottis. We let x = 0 correspond to the glottis and x = l to the lips.
We can also assume that A is positive on (0, l) and that both A and its derivative
A′ are continuous on (0, l) and have finite limits at x = 0+ and x = l−. In fact,
we will simply write A(0) for the glottal area and A(l) for the area of the opening
at the lips because we will not use A or A′ when x /∈ [0, l].

Besides A(x), the primary quantities used in the vocal-tract acoustics are
the time t, the pressure p(x, t) representing the force per unit cross sectional area
exerted by the moving air molecules, the volume velocity v(x, t) representing the
product of the cross sectional area and the average velocity of the air molecules
crossing that area, the air density µ (about 1.2 × 10−3 gm/cm3 at room tem-
perature), and the speed of sound c (about 3.43 × 104 cm/sec in air at room
temperature). In our analysis, we assume that the values of µ and c are already
known and we start the time at t = 0. It is reasonable [18, 19] to assume that
the propagation is lossless and planar and that the acoustics in the vocal tract is
governed [6, 7, 18, 19, 22] by⎧⎨⎩A(x) px(x, t) + µ vt(x, t) = 0,

A(x) pt(x, t) + c2µ vx(x, t) = 0,
(1.1)

where the subscripts x and t denote the respective partial derivatives.
In order to recover A, we will consider various types of data for k ∈ R+

resulting from the glottal volume velocity

v(0, t) = eickt, t > 0. (1.2)
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Note that the quantity
ck

2π
is the frequency measured in Hertz. Informally, we will

refer to k as the frequency even though k is actually the angular wavenumber.
The recovery of A can be analyzed either as an inverse spectral problem or as

an inverse scattering problem. When formulated as an inverse spectral problem,
the boundary conditions are imposed both at the glottis and at the lips. The
imposition of the boundary conditions at both ends of the vocal tract results in
standing waves whose frequencies form an infinite sequence. It is known [9, 11,
14, 15, 17–19] that A can be recovered from a data set consisting of two infinite
sequences. Such sequences can be chosen as the zeros and poles [15, 17] of the
input impedance or the poles and residues [11] of the input impedance.

If the recovery of A is formulated as an inverse scattering problem, a boundary
condition is imposed at only one end of the vocal tract – either at the glottis or at
the lips. The data can be acquired either at the same end or at the opposite end.
We have a reflection problem if the data acquisition and the imposed boundary
condition occur at the same end of the vocal tract. If these occur at the opposite
ends, we have a transmission problem. The inverse scattering problem may be
solved either in the time domain or in the frequency domain, where the data set is
a function of t in the former case and of k in the latter. The reader is referred to
[4, 18–21, 23] for some approaches as time-domain reflection problems, to [16] for
an approach as a time-domain transmission problem, and to [1] for an approach
as a frequency-domain transmission problem.

The organization of our paper is as follows. In Section 2 we relate (1.1) to
the Schrödinger equation (2.3), introduce the selfadjoint boundary condition (2.7)
involving cotα given in (2.8), and present the Jost solution f , the Jost function
Fα, and the scattering coefficients T , L, and R. In Section 3 we introduce the
normalized radius η of the vocal tract, relate it to the regular solution ϕα to the
half-line Schrödinger equation, and also express η in terms of the Jost solution and
the scattering coefficients. In Section 4 we present the expressions for the pressure
and the volume velocity in the vocal tract in terms of the area, the Jost solution,
and the Jost function; in that section we also introduce various data sets that will
be used in Section 6. In Section 5 we review the recovery of the potential in the
Schrödinger equation and the boundary parameter cotα from the amplitude of
the Jost function; for this purpose we outline the Gel’fand-Levitan method [3, 12,
13, 10] and also the method of [13]. In Sections 6 we examine the recovery of the
potential, normalized radius of the tract, and the vocal-tract area from various
data sets introduced in Section 4. Such data sets include the absolute values of
the impedance at the lips and at the glottis, the absolute value of the pressure at
the lips, the absolute value of a Green’s function at the lips associated with (2.6),
the reflectance at the glottis, and the absolute value of the transfer function from
the glottis to the lips. Finally, in Section 7 we show that two data sets containing
the absolute value of the same transfer function but with different logarithmic
derivatives of the area at the lips correspond to two distinct potentials as well as
two distinct normalized radii and two distinct areas for the vocal tract.
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2. Schrödinger equation and Jost function

In this section we relate the acoustic system in (1.1) to the Schrödinger equation,
present the selfadjoint boundary condition (2.7) identified by the logarithmic de-
rivative of the area function at the glottis, and introduce the Jost solution, Jost
function, and the scattering coefficients associated with the Schrödinger equation.

Letting

P (k, x) := p(x, t) e−ickt, V (k, x) := v(x, t) e−ickt, (2.1)

we can write (1.1) as{
A(x)P ′(k, x) + icµk V (k, x) = 0,

c2µ V ′(k, x) + ick A(x)P (k, x) = 0,
(2.2)

where the prime denotes the x-derivative. Eliminating V in (2.2), we get

[A(x)P ′(k, x)]′ + k2A(x)P (k, x) = 0, x ∈ (0, l),

or equivalently
ψ′′(k, x) + k2ψ(k, x) = Q(x)ψ(k, x), (2.3)

with

ψ(k, x) =:
√

A(x) P (k, x), Q(x) :=
[
√

A(x)]′′√
A(x)

. (2.4)

Alternatively, letting
Φ(x, t) :=

√
A(x) p(x, t), (2.5)

we find that Φ satisfies the plasma-wave equation

Φxx(x, t) − 1
c2

Φtt(x, t) = Q(x)Φ(x, t), x ∈ (0, l), t > 0. (2.6)

We can analyze the Schrödinger equation in (2.3) on the full line R by using
the extension Q ≡ 0 for x < 0 and x > l. We can also analyze it on the half
line R+ by using the extension Q ≡ 0 for x > l and by imposing the selfadjoint
boundary condition

sin α · ϕ′(k, 0) + cosα · ϕ(k, 0) = 0, (2.7)

where

cotα := − A′(0)
2 A(0)

= − [
√

A(x)]′
∣∣
x=0√

A(0)
. (2.8)

As solutions to the half-line Schrödinger equation, we can consider the regular
solution ϕα satisfying the initial conditions

ϕα(k, 0) = 1, ϕ′
α(k, 0) = − cotα, (2.9)

and the Jost solution f satisfying the asymptotic conditions

f(k, x) = eikx[1 + o(1)], f ′(k, x) = ik eikx[1 + o(1)], x → +∞.
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Since Q ≡ 0 for x > l, we have

f(k, l) = eikl, f ′(k, l) = ik eikl. (2.10)

The Jost function Fα associated with the boundary condition (2.7) is defined [3,
10, 12, 13] as

Fα(k) := −i[f ′(k, 0) + cotα · f(k, 0)], (2.11)

and it satisfies [3, 10, 12, 13]

Fα(k) = k + O(1), k → ∞ in C+, (2.12)

Fα(−k) = −Fα(k)∗, k ∈ R, (2.13)

where C+ is the upper half complex plane, C+ := C+∪R, and the asterisk denotes
complex conjugation.

Associated with the full-line Schrödinger equation, we have the transmission
coefficient T , the left reflection coefficient L, and the right reflection coefficient R
that can be obtained from the Jost solution f via

f(k, 0) =
1 + L(k)

T (k)
, f ′(k, 0) = ik

1 − L(k)
T (k)

, R(k) = −L(−k)T (k)
T (−k)

. (2.14)

The scattering coefficients satisfy [2, 5, 12, 13]

T (−k) = T (k)∗, R(−k) = R(k)∗, L(−k) = L(k)∗, k ∈ R. (2.15)

In the inverse scattering problem of recovery of A, the bound states for
the Schrödinger equation do not arise. The absence of bound states for the full-
line Schrödinger equation is equivalent for 1/T (k) to be nonzero on I+, where
I+ := i(0, +∞) is the positive imaginary axis in C+. For the half-line Schrödinger
equation with the boundary condition (2.7) the absence of bound states is equiv-
alent [3, 10, 12, 13] for Fα(k) to be nonzero on I+. It is known [3, 10, 12, 13] that
either Fα(0) �= 0 or Fα has a simple zero at k = 0; the former is known as the
generic case and the latter as the exceptional case for the half-line Schrödinger
equation. For the full-line Schrödinger equation we have T (0) = 0 generically and
T (0) �= 0 in the exceptional case. The exceptional case corresponds to the threshold
at which the number of bound states may change by one under a small pertur-
bation. In general, the full-line generic case and the half-line generic case do not
occur simultaneously because the former is solely determined by Q whereas the
latter jointly by Q and cotα.

3. Relative concavity, normalized radius, and area

In this section we introduce the normalized radius η of the vocal tract, relate it to
the regular solution to the Schrödinger equation, and present various expressions
for it involving the Jost solution and the scattering coefficients.
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Let r denote the radius of the cross section of the vocal tract so that A(x) =
π [r(x)]2. Then, we can write the potential Q appearing in (2.4) as

Q(x) =
r′′(x)
r(x)

, x ∈ (0, l),

and hence we can refer to Q also as the relative concavity of the vocal tract. Define

η(x) :=

√
A(x)√
A(0)

, (3.1)

or equivalently
A(x) = A(0) [η(x)]2, x ∈ (0, l). (3.2)

We can refer to η as the normalized radius of the vocal tract and η2 as the nor-
malized area of the tract. From (2.4) we see that η satisfies

y′′ = Q(x) y, x ∈ (0, l),

with the initial conditions

η(0) = 1, η′(0) = − cotα.

A comparison with (2.9) shows that η is nothing but the zero-energy regular so-
lution, i.e.,

η(x) = ϕα(0, x), x ∈ (0, l). (3.3)
With the help of the expression [3, 10, 12, 13]

ϕα(k, x) =
1
2k

[Fα(k) f(−k, x) − Fα(−k) f(k, x)] ,

we can write (3.3) as

η(x) = Ḟα(0) f(0, x) − Fα(0) ḟ(0, x), x ∈ (0, l),

where an overdot indicates the k-derivative. We can also express η with the help
of the scattering coefficients. In the full-line generic case we get [1]

η(x) =

∣∣∣∣∣∣∣∣
0 − i

2
Ṫ (0) f(0, x) i ḟ(0, x) − i

2
Ṙ(0) f(0, x)

1 f(0, 0) 1

− cotα f ′(0, 0) 0

∣∣∣∣∣∣∣∣ , x ∈ (0, l),

and in the full-line exceptional case we have [1]

η(x) = f(0, x)

∣∣∣∣∣∣∣∣∣∣∣
0 1

∫ x

0

dz

[f(0, z)]2

−1 f(0, 0) 0

cotα 0
1

f(0, 0)

∣∣∣∣∣∣∣∣∣∣∣
, x ∈ (0, l). (3.4)

It is also possible to express η in other useful forms. Let g(k, x) denote the
corresponding Jost solution when we replace the zero fragment of Q for x ∈ (l, +∞)
by another piece which is integrable, has a finite first moment, and does not yield
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any bound states. Let τ(k), �(k), and ρ(k) be the corresponding transmission coeffi-
cient, the left reflection coefficient, and the right reflection coefficient, respectively.
In the generic case, i.e., when τ(0) = 0, we have [1]

η(x) =

∣∣∣∣∣∣∣∣
0 − i

2
τ̇(0) g(0, x) i ġ(0, x) − i

2
ρ̇(0) g(0, x)

1 g(0, 0) 1

− cotα g′(0, 0) 0

∣∣∣∣∣∣∣∣ , x ∈ (0, l),

and in the exceptional case, i.e., when τ(0) �= 0, we have [1]

η(x) = g(0, x)

∣∣∣∣∣∣∣∣∣∣∣
0 1

∫ x

0

dz

[g(0, z)]2

−1 g(0, 0) 0

cotα 0
1

g(0, 0)

∣∣∣∣∣∣∣∣∣∣∣
, x ∈ (0, l).

4. Pressure and volume velocity in the vocal tract

In this section we present the expressions for the pressure and the volume velocity
in the vocal tract in terms of the Jost function and the Jost solution. We also
introduce various data sets associated with the values of the pressure and the
volume velocity at the glottal end of the vocal tract or at the lips.

From (1.2) and (2.1), we see that V (k, 0) = 1. Further, under the reasonable
assumption that there is no reflected pressure wave at the mouth and all the
pressure wave is transmitted out of the mouth, we get [1]

P (k, x) = − cµk f(−k, x)√
A(0)

√
A(x) Fα(−k)

, x ∈ (0, l), (4.1)

V (k, x) = − i
√

A(x)√
A(0)Fα(−k)

[
f ′(−k, x) − A′(x)

2 A(x)
f(−k, x)

]
, x ∈ (0, l), (4.2)

where we recall that f is the Jost solution to the Schrödinger equation and Fα is
the Jost function appearing in (2.11). Then, the pressure p(x, t) and the volume
velocity v(x, t) in the vocal tract are obtained by using (4.1) and (4.2) in (2.1).

The transfer function from the glottis to the point x is defined as the ratio
v(x, t)/v(0, t), and in our case, as seen from (1.2) and (2.1), that transfer function
is nothing but V (k, x). In particular, the transfer function T(k, l) at the lips is
obtained by using (2.10) in (4.2), and we have

T(k, l) =

√
A(l) e−ikl√

A(0)Fα(−k)

[
−k +

i

2
A′(l)
A(l)

]
,

|T(k, l)|2 =
A(l)

A(0) |Fα(k)|2
[
k2 +

[A′(l)]2

4[A(l)]2

]
, k ∈ R. (4.3)
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Using (2.12) in (4.3), we get

A(0) =
A(l)

lim
k→+∞

|T(k, l)| , (4.4)

and hence we can write (4.3) as

|Fα(k)|2 =
lim

k→+∞
|T(k, l)|2

|T(k, l)|2
[
k2 +

1
4

[A′(l)]2

[A(l)]2

]
, k ∈ R. (4.5)

The impedance at the point x is defined as p(x, t)/v(x, t), which is seen to
be equal to P (k, x)/V (k, x) because of (2.1). In particular, with the help of (1.2)
we see that the glottal impedance Z(k, 0) is equal to P (k, 0), and hence we have

Z(k, 0) = − cµk f(−k, 0)
A(0)Fα(−k)

,

|Z(k, 0)| =
cµ |k| |f(k, 0)|
A(0) |Fα(k)| , k ∈ R. (4.6)

Using (2.12) and the fact [2, 5, 10, 12, 13] that f(k, 0) = 1 + O(1/k) as k → ∞ in
C+, from (4.6) we get

A(0) =
cµ

lim
k→+∞

|Z(k, 0)| , (4.7)

and thus we can write (4.6) in the equivalent form∣∣∣∣k f(k, 0)
Fα(k)

∣∣∣∣ =
|Z(k, 0)|

lim
k→+∞

|Z(k, 0)| , k ∈ R. (4.8)

In a similar manner, we can evaluate Z(k, l), the impedance at the lips, by using
(2.10) in (4.1) and (4.2). We get

Z(k, l) =
2icµk

2ik A(l) + A′(l)
,

|Z(k, l)|2 =
4c2k2µ2

4k2[A(l)]2 + [A′(l)]2
, k ∈ R. (4.9)

We have already seen that the pressure at the glottis is the same as the
impedance at the glottis because V (k, 0) = 1. So, let us only analyze the pressure
at the lips. Using (2.10) in (4.1) we get

P (k, l) = − cµk e−ikl√
A(0)

√
A(x) Fα(−k)

,

and hence

|P (k, l)| =
cµ |k|√

A(0)A(l) |Fα(k)| , k ∈ R. (4.10)
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Using (2.12) in (4.10), we obtain√
A(0)A(l) =

cµ

lim
k→+∞

|P (k, l)| , (4.11)

and hence we can write (4.10) in the equivalent form

|Fα(k)| =
|k|

|P (k, l)|
(

lim
k→+∞

|P (k, l)|
)

, k ∈ R. (4.12)

The reflectance at x is defined as the ratio of the left-moving pressure wave
to the right-moving pressure wave. As seen from (2.10) and (4.1), there is no left-
moving pressure wave at the lips and hence the reflectance at the lips is zero. Since
Q ≡ 0 for x < 0, we have [2, 5, 12, 13]

f(−k, x) =
e−ikx

T (−k)
+

L(−k) eikx

T (−k)
, x ≤ 0,

and hence the reflectance at the glottis is equal to L(−k).
The Green function G(k, l; t) associated with the vocal-tract acoustics can

be defined [8] as the solution to the plasma-wave equation (2.6) with the input
(1.2). From (2.1), (2.5), and (4.1) we obtain

G(k, l; t) =
−cµk eik(ct−l)√

A(0)Fα(−k)
,

|G(k, l; t)| =
cµ |k|√

A(0) |Fα(k)| , k ∈ R. (4.13)

Note that the expression |G(k, l; t)| is independent of t. Using (2.12) in (4.13)
we get

A(0) =
c2µ2

lim
k→+∞

|G(k, l; t)|2 , (4.14)

and hence we can write (4.13) in the equivalent form

|Fα(k)| =
|k| lim

k→+∞
|G(k, l; t)|

|G(k, l; t)| , k ∈ R. (4.15)

5. Recovery from the Jost function

In this section we review the recovery of the potential Q and the boundary pa-
rameter cotα from the absolute value of the Jost function given for k ∈ R+. The
methods presented include the Gel’fand-Levitan method [3, 10, 12, 13] and the
method of [3].

In the absence of bound states, one can use the data {|Fα(k)| : k ∈ R}, or
equivalently {|Fα(k)| : k ∈ R+} as a consequence of (2.13), to recover the po-
tential Q and the boundary parameter cotα in the half-line Schrödinger equation.
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For example, in the Gel’fand-Levitan method [3, 10, 12, 13], the potential Q is
obtained as

Q(x) = 2
dhα(x, x−)

dx
, x > 0, (5.1)

the boundary parameter cotα appearing in (2.7) is recovered as

cotα = −hα(0, 0), (5.2)

and the regular solution ϕα(k, x) appearing in (2.9) is constructed as

ϕα(k, x) = cos kx +
∫ x

0

dy hα(x, y) cos ky, x ≥ 0, (5.3)

where hα(x, y) is obtained by solving the Gel’fand-Levitan integral equation

hα(x, y) + Gα(x, y) +
∫ x

0

dz Gα(y, z)hα(x, z) = 0, 0 ≤ y < x,

with the kernel Gα(x, y) given by

Gα(x, y) :=
2
π

∫ ∞

0

dk

[
k2

|Fα(k)|2 − 1
]

cos(kx) cos(ky).

Comparing (5.1)–(5.3) with (2.4), (2.8), (3.2), and (3.3) we see that

[
√

A(x)]′′√
A(x)

= 2
dhα(x, x−)

dx
, x ∈ (0, l),

A′(0)
A(0)

= 2 hα(0, 0),

η(x) = 1 +
∫ x

0

dy hα(x, y), x ∈ (0, l),

A(x) = A(0)
[
1 +

∫ x

0

dy hα(x, y)
]2

, x ∈ (0, l).

Alternatively, we can proceed [1, 3] as follows. Using the data {|Fα(k)| :
k ∈ R}, we evaluate the integral on the right-hand side of

Λα(k) =
1
πi

∫ ∞

−∞

ds

s − k − i0+

[
s2

|Fα(s)|2 − 1
]

, k ∈ C+,

where the quantity i0+ indicates that the values for real k should be obtained as
limits from C+. The function Λα(k) is equivalent to

Λα(k) =
k f(k, 0)
Fα(k)

− 1, k ∈ C+. (5.4)

Next, Fα(k) is obtained from |Fα(k)| by using

Fα(k) = k exp
(−1

πi

∫ ∞

−∞
ds

log |s/Fα(s)|
s − k − i0+

)
, k ∈ C+.
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Then, we have

f(k, 0) =
1
k

Fα(k) [1 + Λα(k)], k ∈ C+,

f ′(k, 0) = i Fα(k)
[
1 +

1 + Λα(k)
k

lim
k→∞

[k Λα(k)]
]

, k ∈ C+.

cotα = −i lim
k→∞

[k Λα(k)] , (5.5)

where the limit in (5.5) can be evaluated in any manner in C+. Having both
f(k, 0) and f ′(k, 0) at hand, all the quantities relevant to the scattering for the
Schrödinger equation can be constructed. For example, as seen from (2.14), we
have

T (k) =
2ik

ik f(k, 0) + f ′(k, 0)
, L(k) =

ik f(k, 0) − f ′(k, 0)
ik f(k, 0) + f ′(k, 0)

,

R(k) =
−ik f(−k, 0) − f ′(−k, 0)

ik f(k, 0) + f ′(k, 0)
.

Having obtained such quantities, the potential can be constructed via any one of
the methods [2, 5, 12, 13] to solve the inverse scattering problem.

6. Recovery from other data sets

In this section we consider the recovery of Q, η, and A from various data sets
introduced in Section 4 related to the values of the pressure and the volume velocity
at the ends of the vocal tract. For this purpose we use the result of Section 5 that
the data set {|Fα(k)| : k ∈ R+} uniquely determines the corresponding Q and η,
and that the same set along with the value of A(0) uniquely determines A.

(i) Impedance at the lips

If we use the data set {|Z(k, l)| : k ∈ R+} coming from the impedance at the
lips, as seen from (4.9), we can only recover A(l) and |A′(l)|. Using (4.9) at two
distinct real k-values, say k1 and k2, we obtain A(l) and |A′(l)| algebraically as

A(l) =

√
c2µ2

k2
1 − k2

2

[
k2
1

|Z(k1, l)|2 − k2
2

|Z(k2, l)|2
]
, (6.1)

|A′(l)| =

√
4c2µ2k2

1k
2
2

k2
1 − k2

2

[
1

|Z(k2, l)|2 − 1
|Z(k1, l)|2

]
. (6.2)

No other information can be extracted from {|Z(k, l)| : k ∈ R+} related to Q, η,
or A.
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(ii) Impedance at the glottis

The information contained in {|Z(k, 0)| : k ∈ R+} enables us to uniquely con-
struct Q, η, and A, which is seen as follows. From (4.8) and the evenness of
|f(k, 0)/Fα(k)| in k ∈ R, we see that the recovery from {|Z(k, 0)| : k ∈ R+}
is equivalent to the recovery from {|k f(k, 0)/Fα(k)| : k ∈ R}. Since we assume
that the half-line Schrödinger equation with the boundary condition (2.7) does
not have any bound states, it is known [3] that kf(k, 0)/Fα(k) is analytic in C+,
continuous in C+, nonzero in C+ \ {0}, either nonzero at k = 0 or has a simple
zero there, and

k f(k, 0)
Fα(k)

= 1 + O(1/k), k → ∞ in C+.

As a result, we can recover kf(k, 0)/Fα(k) for k ∈ C+ from its amplitude known
for k ∈ R via

k f(k, 0)
Fα(k)

= exp
(

1
2π

∫ ∞

−∞
dt

log |t f(t, 0)/Fα(t)|
t − k − i0+

)
, k ∈ C+.

Having constructed kf(k, 0)/Fα(k) for k ∈ R, we can use (5.4) and obtain Λα(k)
for k ∈ R. Next, by taking the real part of Λα(k) and using

Re[Λα(k)] =
k2

|Fα(k)|2 − 1, k ∈ R,

we construct |Fα(k)| for k ∈ R. Then, as described in Section 5, we can construct
Q and η. Finally, since A(0) is available via (4.7), we can also construct A.

(iii) Pressure at the lips

If we use the data set {|P (k, l)| : k ∈ R+} coming from the pressure at the lips,
as seen from (4.12) we have {|Fα(k)| : k ∈ R+} at hand, and hence Q and η are
uniquely determined. Then, having the value η(l) and using (3.1) and (4.11), we
obtain A(0) as

A(0) =
1

η(l)
cµ

lim
k→+∞

|P (k, l)| .

Thus, A is also uniquely determined.

(iv) Green’s function at the lips

If we use the data set {|G(k, l; t)| : k ∈ R+} coming from Green’s function at the
lips, as seen from (4.15) we have {|Fα(k)| : k ∈ R+} at hand, and hence Q and
η are uniquely determined. From (4.14) we also have A(0), and hence A is also
uniquely determined.
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(v) Reflectance at the glottis

We know from Section 4 that the reflectance at the glottis is given by L(−k).
Because of (2.15), the data sets {L(−k) : k ∈ R+} and {L(k) : k ∈ R} are
equivalent. The latter set uniquely determines Q, for example, via the Faddeev-
Marchenko method [2, 5, 12, 13]. Either of the real and imaginary parts of the
reflectance at the glottis known for k ∈ R+ also enables us to uniquely construct
Q. This is because Re[L(k)] is an even function of k on R and Im[L(k)] is an odd
function, and L can be recovered from either its real or imaginary part via the
Schwarz integral formula as

L(k) =
1
πi

∫ ∞

−∞

ds Re[L(s)]
s − k − i0+

=
1
π

∫ ∞

−∞

ds Im[L(s)]
s − k − i0+

, k ∈ C+,

due to the fact [2, 5] that L(k) is analytic in C+, continuous in C+, and o(1/k)
as k → ∞ in C+. The reflectance contains no information related to A(0) or
cotα given in (2.8). As a result, η is not uniquely determined and we have the
corresponding one-parameter family for η with cot α being the parameter. We also
have the corresponding two-parameter family for A, where the parameters can be
chosen, for example, as A(0) and A′(0), or as A(l) and A′(l).

(vi) Transfer function at the lips

From (4.5) we see that the data set {|T(k, l)| : k ∈ R+, |A′(l)|/A(l)} uniquely
determines {|Fα(k)| : k ∈ R+} and hence also Q and η. On the other hand,
there is the corresponding one-parameter set for A where A(0) can be viewed
as a parameter. In view of (4.4) and (4.5), we see that the data set {|T(k, l)| :
k ∈ R+, A(l), |A′(l)|} uniquely determines each of Q, η, and A. Corresponding to
the data set {|T(k, l)| : k ∈ R+, A(l)}, in general there exists a one-parameter
family for each of Q, η, and A, where |A′(l)| can be chosen as the parameter.
Corresponding to the data set {|T(k, l)| : k ∈ R+}, in general there exists a two-
parameter family for each of Q, η, and A, where A(l) and |A′(l)| can be chosen as
the parameters. Note that we assume that A(l) and |A′(l)| do not change with k,
and hence they are constants. As indicated in (i), they can be obtained via (6.1)
and (6.2) by measuring the absolute value of the impedance at the lips at two
different frequencies.

7. Transfer function and nonuniqueness

Let the data set {|T(k, l)| : k ∈ R+, θ} with θ := |A′(l)|/[2A(l)] correspond to
the potential Q, the boundary parameter cotα, the Jost function Fα, the normal-
ized radius η, and the area A. From Section 6, we know that all these quanti-
ties are uniquely determined with the exception of A, which is determined up to
the multiplicative constant A(0). Let the data set {|T(k, l)| : k ∈ R+, θ̃} with
θ̃ := |Ã′(l)|/[2Ã(l)] correspond to the potential Q̃, the boundary parameter cot α̃,
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the Jost function Fα̃, the normalized radius η̃, and the area Ã. We assume that
θ �= θ̃. In this section we show that we must have Q �≡ Q̃.

If we had Q ≡ Q̃, then from (4.5) we would get

|Fα(k)|2
|Fα̃(k)|2 =

k2 + θ2

k2 + θ̃2
, k ∈ R, (7.1)

or equivalently, with the help of (2.13) we would have

(k + iθ̃)Fα(k)
(k + iθ)Fα̃(k)

=
(k − iθ)Fα̃(−k)
(k − iθ̃)Fα(−k)

, k ∈ R.

It is known [3, 5, 10, 12, 13] that Fα and Fα̃ are analytic in C+, continuous in
C+, and satisfy the asymptotics given in (2.12). Furthermore, since there are no
bound states, Fα and Fα̃ are nonzero in C+ \ {0}, and each of them has either a
simple zero at k = 0 or is nonzero there. In fact, as seen from (7.1) we would have
Fα(0) = 0 if and only if θ = 0, and similarly Fα̃(0) = 0 if and only if θ̃ = 0. From
Liouville’s theorem it would follow that

(k + iθ̃)Fα(k)
(k + iθ)Fα̃(k)

= 1, k ∈ C. (7.2)

From (3.18) of [3] we have

Re
[
i Fα̃(k)
Fα(k)

]
=

k (cot α̃ − cotα)
|Fα(k)|2 , k ∈ R. (7.3)

Using (7.2) in (7.3), with the help of (2.12) we would get

θ − θ̃ = cot α̃ − cotα,

|Fα(k)|2 = k2 + θ2, k ∈ R,

implying Fα(k) = k + iθ for k ∈ C+. The unique potential corresponding to this
particular Fα(k) is given by Q ≡ 0 and the boundary parameter cotα is given by
cotα = −θ. Similarly, we would also have cot α̃ = −θ̃, Fα̃(k) = k + iθ̃, Q̃ ≡ 0.
Then, using (3.4) we would get

η(x) = 1 + θx, η̃(x) = 1 + θ̃x, x ∈ (0, l),

A(x) = A(0) [1 + θx]2, Ã(x) = Ã(0) [1 + θ̃x]2, x ∈ (0, l), (7.4)

where A(0) and Ã(0) are arbitrary positive constants. Putting |A′(l)|/[2A(l)] for
θ in (7.4), we would obtain θ = 0, and similarly we would get θ̃ = 0. However, this
contradicts our assumption θ �= θ̃, and hence we must have Q �≡ Q̃.
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Positivity and the Existence of Unitary
Dilations of Commuting Contractions

J. Robert Archer

Abstract. The central result of this paper is a method of characterizing those
commuting tuples of operators that have a unitary dilation, in terms of the
existence of a positive map with certain properties. Although this positivity
condition is not necessarily easy to check given a concrete example, it can
be used to find practical tests in some circumstances. As an application, we
extend a dilation theorem of Sz.-Nagy and Foiaş concerning regular dilations
to a more general setting.

1. Introduction

The Sz.-Nagy dilation theorem is a seminal result in the theory of contractions on
Hilbert space. It states that every contraction has a unitary dilation. An elegant
generalization was given by Andô who proved that every pair of commuting con-
tractions has a unitary dilation. It is somewhat surprising that this phenomenon
does not generalize further: Parrott gave an example of three commuting contrac-
tions that do not have a unitary dilation. This raises the question, when does a
tuple of commuting operators have a unitary dilation?

After giving some background to the theory of unitary dilations of commuting
operators and related topics, we present and analyse one answer to this question
that employs a positive kernel condition. We use this to give a proof of Andô’s
theorem. Then we turn to the notion of regular unitary dilations with the ultimate
aim of presenting an extension to a theorem of Sz.-Nagy and Foiaş.

Before getting to the theory proper, we start by introducing some mainly
standard notation. Let Zd and Zd

+, for d a natural number, denote the Cartesian
product of d copies of the integers Z and the nonnegative integers Z+ respectively.
Take Zd to be an additive group in the obvious way, and define a partial order on
Zd by letting Zd

+ be the cone of positive elements, i.e., α ≤ β ⇐⇒ β − α ∈ Zd
+.

Where there is no ambiguity in doing so, we refer to the tuple of consisting of
all zeroes as 0. If α is in Zd, define αj to be the jth component of α, so that
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α = (α1, . . . , αd). For α, β ∈ Zd, define

α ∧ β = (min{α1, β1}, . . . ,min{αd, βd}),
α− = −(α ∧ 0) and α+ = (−α)−.

Note that α−, α+ are in Zd
+ and α = α+ − α−.

Uppercase script letters, such as H or K, are Hilbert spaces (over the com-
plex field C) unless stated otherwise. We use the word subspace to mean a closed
linear manifold. We denote by B(H,K) the space of operators, i.e., bounded linear
transformations, from H to K, and write B(H) for B(H,H).

The set of (pairwise) commuting d-tuples of operators from B(H) we denote
by Bd(H). Let T be in Bd(H), then T is said to be unitary if it consists of
unitary operators. Likewise for isometric, coisometric, and contractive. We let
T1, . . . , Td ∈ B(H) stand for the individual components of T, so that then T =
(T1, . . . , Td). Note here that we implicitly associate the bold and not-bold versions
of a symbol, with the former being used for the d-tuple itself, and the latter used
in denoting associated operators from B(H). Continuing with this convention, we
let T α ∈ B(H), α ∈ Zd

+, be defined by

T α = T α1
1 · · ·T αd

d .

If the Tj are all invertible then TjT
−1
k = T−1

k TkTjT
−1
k = T−1

k TjTkT−1
k = T−1

k Tj ,
for all j, k = 1, . . . , d, and hence it is natural to extend this definition to all α ∈ Zd.
Similarly, we let zα stand for the function (z1, . . . , zd) 
→ zα1

1 · · · zαd

d in C(Td), the
continuous C-valued functions on the d-torus Td. This definition also applies for
all α ∈ Zd.

Definition 1.1. Let T be in Bd(H) and W be in Bd(K) where K contains H as a
subspace. Denote by PH the orthogonal projection K → H. We say that W is a
weak dilation of T if

Tj = PHWj |H, for all j = 1, . . . , d.

We say W is a dilation of T if

T α = PHWα|H, for all α ∈ Zd
+.

By making the obvious identification of single operators with 1-tuples, this
definition extends to the classical case of single operators. Historically, what we
call a weak dilation was sometimes called simply a ‘dilation’, and the stronger
notion of dilation this defines was termed ‘power dilation’. Our definition agrees
with the standard meaning in contemporary usage.

A necessary and sufficient condition for a weak dilation W to be a dilation
is that H be ‘semi-invariant’ for W, i.e., the difference of two invariant subspaces.
The concept of a semi-invariant subspace, and the single variable version of this
very useful result, are due to Sarason [9]. We give a proof of a multivariable version
below.
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Definition 1.2. Let W be in Bd(K), and suppose we have subspaces H ⊆ K and
M ⊆ K�H. We say H is semi-invariant for W with respect to M if both M and
M⊕H are invariant for W.

Lemma 1.3. The following are equivalent.
(a) W is a dilation of T.
(b) W is a weak dilation of T and H is semi-invariant for W with respect to

some subspace M ⊆ K�H.
(c) There exists a subspace M ⊆ K�H such that each Wj has the form⎛⎝∗ ∗ ∗

0 Tj ∗
0 0 ∗

⎞⎠
with respect to the decomposition M⊕H⊕ (K � (M⊕H)).

In this case, we can always choose M to be∨
{WαH : α ∈ Zd

+} �H. (1.4)

Proof. (b)⇒(c): This is straightforward.
(c)⇒(a): It is easy to verify that Wα, α ∈ Zd

+, has the form⎛⎝∗ ∗ ∗
0 T α ∗
0 0 ∗

⎞⎠
and hence PHWα|H = T α.

(a)⇒(b): Let M be as in (1.4) and put N = M⊕H. To complete the proof
we need to show that M and N are invariant for W. For N this is obvious. For
M, consider f ∈ M ⊆ N . For each j = 1, . . . , d, we already have Wjf ∈ N so it
only remains to show Wjf ∈ K �H.

Given ε > 0, choose hα ∈ H, α ∈ Zd
+, such that ‖f −∑

Wαhα‖ < ε. Then∥∥PHWj

∑
Wαhα

∥∥ =
∥∥Tj

∑
T αhα

∥∥
=
∥∥PHWjPH

∑
Wαhα

∥∥
≤ ∥∥Wj

∥∥∥∥PH
∑

Wαhα

∥∥
=
∥∥Wj

∥∥∥∥PHf − PH
∑

Wαhα

∥∥
≤ ∥∥Wj

∥∥ ε

and therefore ‖PHWjf‖ ≤ ‖PHWjf − PHWj

∑
Wαhα‖ + ‖PHWj

∑
Wαhα‖ ≤

2‖Wj‖ε. As ε > 0 was arbitrary, it follows that PHWjf = 0, or equivalently that
Wjf is in K �H, as required. �

If T has a unitary dilation then each Tj must be a contraction operator, i.e.,
‖Tj‖ ≤ 1.
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Theorem 1.5 (Sz.-Nagy Dilation Theorem). Every contraction on Hilbert space has
a unitary dilation.

This was first proved in [12]. Sz.-Nagy later gave another proof [13] using
of the theory of positive functions on Z. In the next section, we recover the idea
behind this method as the d = 1 case of the characterization of commuting d-tuples
that have unitary dilations.

There is another proof of this theorem, due to Schäffer [10], which is based
on a ‘geometric’ approach, i.e., the unitary dilation is explicitly constructed as
an operator matrix. Another achievement of geometric techniques is the following
delightful result [1].

Theorem 1.6 (Andô’s Dilation Theorem). Every pair of commuting contractions
has a unitary dilation.

We give a proof of this theorem later. Somewhat surprisingly, the analogue for
three or more commuting contractions is not true in general. Examples of three
commuting contractions that do not have unitary dilations were first found by
Parrott [7].

Note also that the notions of unitary dilation and coisometric extension are
closely related. It is well known that a commuting tuple of operators has a unitary
dilation if and only if it can be extended to a commuting tuple of coisometries.

2. Characterizing tuples with unitary dilations

Definition 2.1. Suppose T is in Bd(H) and let K be a map Zd → B(H). We say
K is a kernel for T if

K(α) = T α, for all α ∈ Zd
+.

We say K is positive if ∑
α,β∈Zd

+

〈
K(α − β)x(β), x(α)

〉 ≥ 0,

for all x : Zd
+ → H that are finitely nonzero. This is equivalent to saying the

operator matrix
(
K(α−β)

)
α,β∈F

is positive for every finite subset F of Zd
+. (Some

authors use the phrase ‘positive definite’ to describe this property, and some use
‘positive semi-definite’.)

Theorem 2.2. If K is a map Zd → B(H), then K is positive if and only if there
exists K ⊇ H and U ∈ Bd(K) consisting of unitary operators such that

PHUα|H = K(α), for all α ∈ Zd. (2.3)

Later we shall give two proofs of this result. The following is an immediate
corollary.

Corollary 2.4. Let T be in Bd(H), then there exists a positive kernel for T if and
only if there exists a unitary dilation of T.
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If K is positive then K(−α) = K(α)∗, α ∈ Zd. Thus for d = 1, if a kernel K
for T is to be a positive then it is completely determined by T , and its positivity
is equivalent to the positivity of the infinite operator valued Toeplitz matrix⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 T ∗ T ∗2 T ∗3 · · ·
T 1 T ∗ T ∗2

T 2 T 1 T ∗ . . .

T 3 T 2 T 1
. . .

...
. . . . . . . . .

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

This in turn is positive if and only if the finite matrices⎛⎜⎜⎜⎜⎝
1 T ∗ · · · T n∗

T 1
. . .

...
...

. . . . . . T ∗

T n · · · T 1

⎞⎟⎟⎟⎟⎠ , n = 0, 1, 2, . . . ,

are all positive.
It is straightforward to verify that these matrices can be factored as⎛⎜⎜⎜⎜⎝
1 0 · · · 0

T 1
. . .

...
...

. . .
. . . 0

T n · · · T 1

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

1 0 · · · 0

0 1 − TT ∗ . . .
...

...
. . .

. . . 0
0 · · · 0 1 − TT ∗

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

1 T ∗ · · · T n∗

0 1
. . .

...
...

. . .
. . . T ∗

0 · · · 0 1

⎞⎟⎟⎟⎟⎠
and therefore K is positive if and only if T is a contraction. Taken together
with Corollary 2.4, this proves the Sz.-Nagy dilation theorem.

In the case d ≥ 2 we have an operator valued Toeplitz matrix where each
operator is itself an operator valued Toeplitz matrix, and so on, some of the entries
of which are not determined by T. We will say something about the nature of these
entries in the next section.

We now turn our attention to proving Theorem 2.2. Our first approach is
based on the theory of completely positive maps.

Definition 2.5. Let A be C∗-algebra with unit 1A. A linear manifold S of A is called
an operator system if it is unital (1A ∈ S) and self-adjoint (a ∈ S ⇒ a∗ ∈ S). Note
that if S is an operator system then so is Mn(S), the n-by-n matrices with entries
in S, regarded as a subset of the C∗-algebra Mn(A).

Let S be an operator system, B a C∗-algebra, and ϕ : S → B a linear map.
We say ϕ is unital if B has unit 1B and ϕ(1A) = 1B. We say ϕ is positive if it maps
positive elements to positive elements.
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Associate with ϕ the collection of maps

ϕn : Mn(S) → Mn(B), n = 1, 2, . . . ,

defined by
ϕn

(
(aj,k)

)
=
(
ϕ(aj,k)

)
.

We say ϕ is completely positive if the ϕn are all positive.

It is an elementary fact that positive maps are necessarily bounded.

Proposition 2.6. Every positive map ϕ : S → B is bounded, with ‖ϕ‖ ≤ 2‖ϕ(1)‖.
The notion of completely positive maps is due to Stinespring [11]. A key

result in the theory is his dilation theorem.

Theorem 2.7 (Stinespring’s Dilation Theorem). Let A be C∗-algebra with unit. If
ϕ : A → B(H) is unital and completely positive, then there exists K ⊇ H and a
unital ∗-homomorphism π : A → B(K) such that

ϕ(a) = PHπ(a)|H for all a ∈ A.

The following is another fact established by Stinespring.

Theorem 2.8. Every positive map on C(Ω), the continuous C-valued functions on
a compact Hausdorff space Ω, is completely positive.

An introduction to the subject of complete positivity can be found in [8].
These last three results are given there as Proposition 2.1, and Theorems 4.1
and 3.11. Note also the commonality between the approach to proving the Sz.-
Nagy dilation theorem demonstrated there in Theorems 2.6 and 4.3, and our first
proof of Theorem 2.2 below, in the case d = 1.

Let Pd denote the space of the trigonometric polynomials in d-variables with
coefficients in C. We think of Pd as a subset of C(Td); in this way Pd is an
operator system. The following result, which generalizes one aspect of the Fejér-
Riesz theorem on the factorization of nonnegative trigonometric polynomials in
one variable, is an easy consequence of Corollary 5.2 in [4].

Lemma 2.9. If p ∈ Pd is strictly positive (i.e., p(z) > 0 for all z ∈ Td) then there
exists n ≥ 1 and polynomials qj, j = 1, . . . , n, such that p =

∑n
j=1 qjq

∗
j .

We can now turn to the first proof of Theorem 2.2.

Proof of Theorem 2.2. If U is unitary then it is straightforward to verify that the
map K defined by (2.3) is positive.

Conversely, suppose that K : Zd → B(H) is positive. Consider the map
ϕK : Pd → B(H) defined by setting

ϕK(zα) = K(α), α ∈ Zd,

and extending linearly. Note that ϕK is unital.
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We shall show that ϕK is positive. Let p ∈ Pd be strictly positive and
use Lemma 2.9 to write p =

∑n
j=1 qjq

∗
j , where

qj(z) =
∑

α∈Zd
+

λj,αzα

for some λj,α ∈ C. Then

p(z) =
n∑

j=1

∑
α,β∈Zd

+

λj,αλ∗
j,βzα−β,

and so
ϕK(p) =

∑
j

∑
α,β

λj,αλ∗
j,βK(α − β).

Let f be in H and define xj : Zd
+ → H, j = 1, . . . , n, by xj(α) = λ∗

j,αf , then

〈ϕK(p)f, f〉 =
∑

j

∑
α,β

〈K(α − β)λ∗
j,βf, λ∗

j,αf〉

=
∑

j

[∑
α,β

〈K(α − β)xj(β), xj(α)〉
]

≥ 0,

since the term in the square brackets is positive for each j. Hence ϕK(p) is positive.
Since any positive polynomial in Pd is the limit of strictly positive polynomials that
all lie in some finite dimensional subspace, and ϕK restricted to such subspaces is
obviously continuous, it follows that ϕK is positive on the whole of Pd.

By Proposition 2.6, the positivity of ϕK implies boundedness, and moreover
Pd is dense in C(Td), so ϕK extends uniquely to a continuous positive function
on the whole of C(Td), which we also denote by ϕK . By Theorem 2.8, ϕK is
completely positive, so we can apply Stinespring’s dilation theorem to get a unital
∗-homomorphism πK : C(Td) → B(K), such that

ϕK(f) = PHπK(f)|H, f ∈ C(Td).

Put Uj = πK(zj), j = 1, . . . , d, then U = (U1, . . . , Ud) is a commuting d-tuple of
unitary operators, as can easily be verified. Furthermore, for all α ∈ Zd

+,

K(α) = ϕK(zα) = PHπK(zα)|H = PHUα|H. �

An alternative proof is possible, based on the dilation theorem of Naimark [6]
that is stated below as Theorem 2.11.

Let G be an additive abelian group.

Definition 2.10. A map U : G → B(K) is called a unitary representation of G on
K if U(g) is unitary for all g ∈ G, U(0) = 1, and U(g + h) = U(g)U(h) for all
g, h ∈ G.
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We say that a map K : G → B(H) is positive if, for every finite subset F of
G, the operator matrix

(
K(g− h)

)
g,h∈F

is positive. This agrees with our previous
definition in the case G = Zd.

Theorem 2.11. Suppose K : G → B(H) has K(0) = 1, then K is positive if and
only if there exists K ⊇ H and a unitary representation U of G on K such that
K(g) = PHU(g)|H for all g ∈ G.

We can use this to prove Theorem 2.2: put G = Zd and note the correspon-
dence between the unitary representations U of G on B(K) and the U ∈ Bd(K),
given by Uj = U(ej) and U(α) = Uα, where ej ∈ Zd is the tuple with jth-entry
equal to 1 and other entries equal to 0.

3. Defect operators

There is a relationship between those entries of a positive kernel for T that are
not determined by T, and defect operators for powers of T.

Definition 3.1. Let T be in B(H). We say that D ∈ B(D,H), for some auxiliary
Hilbert space D, is a defect operator for T if

DD∗ = 1 − TT ∗.

It is easy to see that there exist defect operators for T if and only if T is a
contraction. Note that our definition of the term ‘defect operator’ is nonstandard.
The usual requirement is that D∗D = 1 − T ∗T , i.e., that D∗ is a defect operator
for T ∗ in the above sense. The usual meaning is less convenient to work with for
our purposes.

Let us recall a well-known result due to Douglas [3], which we state as follows.

Lemma 3.2 (Douglas’ Lemma). Let A be in B(D,H) and B be in B(E ,H). Then

AA∗ ≤ BB∗ (3.3)

if and only if there exists a contraction C ∈ B(D, E) such that

A = BC.

The case where equality holds in (3.3) can be generalized to collections of
operators.

Lemma 3.4. Take Λ to be some index set. For each λ ∈ Λ, let Aλ be in B(D,Hλ)
and Bλ be in B(E ,Hλ). Define

D0 =
∨

λ
ranA∗

λ and E0 =
∨

λ
ranB∗

λ.

Then
AλA∗

µ = BλB∗
µ, for all λ, µ ∈ Λ, (3.5)

and
dimD �D0 ≥ dim E � E0 (3.6)
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if and only if there exists a coisometry C ∈ B(D, E) such that

Aλ = BλC for all λ ∈ Λ. (3.7)

Moreover, equality holds in (3.6) if and only if C can be chosen to be unitary.

Proof. Note that if F is a finite subset of Λ and fλ is in Hλ for each λ ∈ F , then
from (3.5) it follows that∥∥∥∑

λ∈F

B∗
λfλ

∥∥∥2

=
∑

λ,µ∈F

〈B∗
λfλ, B∗

µfµ〉

=
∑

〈A∗
λfλ, A∗

µfµ〉

=
∥∥∥∑A∗

λfλ

∥∥∥2

.

Hence we may define an isometric linear transformation from
∨

λ∈Λ ranB∗
λ onto∨

λ∈Λ ranA∗
λ by ∑

B∗
λfλ 
→

∑
A∗

λfλ,

which can be extended to a unitary U ∈ B(E0,D0). From (3.6) it follows that
we can choose an isometry V ∈ B(E ,D) that extends U by means of a direct
sum. If equality holds we can choose V to be unitary. Take C = V ∗ then we have
C∗B∗

λ = UB∗
λ = A∗

λ, λ ∈ Λ, and so C satisfies (3.7).
In proving the converse, showing (3.5) is trivial, and (3.6) follows because

C∗(E � E0) ⊆ D �D0 and C(D �D0) ⊆ E � E0, as can easily be verified. �

The following classical result about positive 2-by-2 operator matrices can
be proved as a consequence of Douglas’ lemma. The simple proof given here is
modelled on that of Lemma 1.2 in [4].

Lemma 3.8. Consider an operator T on H = H1 ⊕H2 with the form(
AA∗ B∗

B CC∗

)
for some A ∈ B(D1,H1), B ∈ B(H1,H2), and C ∈ B(D2,H2). Then T is positive
if and only if there exists a contraction G ∈ B(D1,D2) such that

B∗ = AG∗C∗.

Proof. If there exists such a G then

T =
(

A 0
CG C

)(
1 0
0 1 − GG∗

)(
A∗ G∗C∗

0 C∗

)
,

which is clearly positive.
Assume, conversely, that T is positive. Then we may write T = RR∗ with

R ∈ B(H) of the form (
R1

R2

)
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for some R1 ∈ B(H,H1) and R2 ∈ B(H,H2). Since R1R
∗
1 = AA∗ and R2R

∗
2 =

CC∗, there exist contractions G1 ∈ B(H,D1) and G2 ∈ B(H,D2) such that R1 =
AG1 and R2 = CG2. Since B∗ = R1R

∗
2 = AG1G

∗
2C

∗, we may take G = G2G
∗
1 ∈

B(D1,D2) to be the required contraction. �

Our next result highlights the close connection between positive kernels and
defect operators.

Theorem 3.9. Let T be in Bd(H). Suppose D is a Hilbert space and that {Dα :
α ∈ Zd

+} is a collection of operators D → H. Then the following statements are
equivalent.

(a) There exists a Hilbert space M and a unitary dilation U of T on M⊕H⊕D
such that each Uα has the form⎛⎝∗ ∗ ∗

0 T α Dα

0 0 ∗

⎞⎠ , α ∈ Zd
+.

(b) There exists a commuting coisometric extension W of T on H⊕D such that
each Wα has the form (

T α Dα

0 ∗
)

, α ∈ Zd
+.

(c) It is the case that
D0 = 0,

and

T αT β∗ + DαD∗
β = T (α−β)+T (α−β)−∗ + D(α−β)+D∗

(α−β)− , (3.10)

for all α, β ∈ Zd
+.

In this case, each Dα is a defect operator for T α, α ∈ Zd
+, and the map K : Zd →

B(H) given by

K(α) = T α+
T α−∗ + Dα+D∗

α− (3.11)

is a positive kernel for T.

Proof. (a)⇒(b): Define W by setting Wj = PH⊕DUj|H⊕D, j = 1, . . . , n. It is
straightforward to verify that W has the required properties.

(b)⇒(c): Clearly D0 = PH1|D = 0. We also see that, for all α, β ∈ Zd
+,

T αT β∗ + DαD∗
β = PHWαW β∗|H

= PHWα−(α∧β)W β−(α∧β)∗|H (since W is coisometric)

= PHW (α−β)+W (α−β)−∗|H
= T (α−β)+T (α−β)−∗ + D(α−β)+D∗

(α−β)− .
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(c)⇒(a): Consider K defined as in (3.11). Since D0 = 0, we have K is a
kernel for T. Using (3.10) we get that

K(α − β) = T αT β∗ + DαD∗
β, for all α, β ∈ Zd

+.

It is straightforward to use this to show that K is positive. (By setting α = β in
(c), it is obvious that Dα is a defect operator for T α, α ∈ Zd

+.)
By Theorem 2.2, there exists U ∈ Bd(K), consisting of unitaries, such that

PHUα|H = K(α), α ∈ Zd. (3.12)

Since K is a kernel for T, clearly U is a dilation of T.
Let N be the space given in (1.4) with W replaced by U∗, then N and N⊕H

are invariant for U∗. Put M = K � (N ⊕H) so that K = M⊕H⊕N . It is not
hard to see that Uα, α ∈ Zd

+, has the form⎛⎝∗ ∗ ∗
0 T α Xα

0 0 ∗

⎞⎠
with respect to this decomposition, for some Xα ∈ B(N ,H). Note that N =∨

ranX∗
α. By adjoining a Hilbert space to N and replacing each Uj by its direct

sum with the identity on this space, we can assume without loss that

dim
(
N �

∨
ranX∗

α

)
= dim

(
D �

∨
ranD∗

α

)
.

In particular, (3.12) still holds after making this substitution. Therefore T αT β∗ +
XαX∗

β = PHUαUβ∗|H = PHUα−β |H = K(α − β) = T αT β∗ + DαD∗
β , and hence

XαX∗
β = DαD∗

β , for all α, β ∈ Zd
+.

Apply Lemma 3.4 to get a unitary C ∈ B(N ,D) such that

Xα = DαC, α ∈ Zd
+.

Let C̃ ∈ B(M⊕H⊕N ,M⊕H⊕D) be the unitary with matrix⎛⎝1 0 0
0 1 0
0 0 C

⎞⎠ .

It is straightforward to show that (C̃U1C̃
∗, . . . , C̃UdC̃

∗) is a unitary dilation of T
whose powers have the required form. �

As the following proposition shows, for d = 2 it is enough to consider ker-
nels truncated to the finite index set {α ∈ Z2

+ : α ≤ (1, 1)}. Again, there is a
relationship between these truncated kernels and defect operators.
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Proposition 3.13. Let T1, T2 be commuting contractions on H and suppose that
D1, D2 ∈ B(D,H) are defect operators for T1, T2 respectively. The matrix⎛⎜⎜⎝

1 T ∗
1 T ∗

2 T ∗
2 T ∗

1

T1 1 T1T
∗
2 +D1D

∗
2 T ∗

2

T2 T2T
∗
1 +D2D

∗
1 1 T ∗

1

T1T2 T2 T1 1

⎞⎟⎟⎠ (3.14)

is positive if and only if T1, T2 have commuting contractive extensions to H ⊕ D
with matrices (

T1 D1

0 C1

)
and

(
T2 D2

0 C2

)
, (3.15)

for some operators C1, C2 ∈ B(D).
In this case we may choose the extensions such that C1C2 = C2C1 = 0. There

also exist commuting coisometric extensions of the form⎛⎝T1 D1 0
0 C1 ∗
0 0 ∗

⎞⎠ and

⎛⎝T2 D2 0
0 C2 ∗
0 0 ∗

⎞⎠ . (3.16)

Proof. We apply Lemma 3.8 to (3.14), taking H1 to be the first three copies of H,
and H2 to be the last copy. This tells us that the positivity of (3.14) is equivalent
to the existence of an operator E ∈ B(D,H) such that⎛⎝T ∗

2 T ∗
1

T ∗
2

T ∗
1

⎞⎠ =

⎛⎝ 1 0
T1 D1

T2 D2

⎞⎠(
T ∗

2 T ∗
1

E∗

)(
1
)

and EE∗ ≤ 1 − T1T2T
∗
2 T ∗

1 . Firstly let us assume that (3.14) is positive and that
we have fixed such an E.

We have T ∗
2 = T1T

∗
2 T ∗

1 + D1E
∗ and hence

ED∗
1 = T2D1D

∗
1 . (3.17)

Let A1 = E − T2D1 and B1 = D2 then

A1A
∗
1 = EE∗ − ED∗

1T
∗
2 − T2D1E

∗ + T2D1D
∗
1T

∗
2

= EE∗ − T2D1D
∗
1T

∗
2 (using (3.17))

≤ 1 − T1T2T
∗
2 T ∗

1 − T2D1D
∗
1T

∗
2

= 1 − T2T
∗
2 = B1B

∗
1 .

Thus there exists a contraction C1 ∈ B(D) such that A1 = B1C1. We can, without
loss, assume that kerC1 ⊇ kerA1 and ranC1 ⊆ D � kerB1. Since (3.17) implies
that A1D

∗
1 = 0, we have that ranD∗

1 ⊆ kerA1 ⊆ kerC1. In summary, we have
shown that C1 satisfies

T2D1 + D2C1 = E,

C1D
∗
1 = 0,

and ranC1 ⊆ ranD∗
2 .
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Now, by swapping the roles of 1 and 2 in the previous paragraph, we get a
contraction C2 ∈ B(D) satisfying

T1D2 + D1C2 = E,

C2D
∗
2 = 0,

and ranC2 ⊆ ranD∗
1 .

Note that ranC2 ⊆ ranD∗
1 ⊆ kerC1 and so C1C2 = 0. Similarly, C2C1 = 0.

Therefore, C1C2 = C2C1 and moreover T1D2 + D1C2 = T2D1 + D2C1, so the
operators in (3.15) commute. To see that they are contractions, calculate(

Tj Dj

0 Cj

)(
T ∗

j 0
D∗

j C∗
j

)
=
(

1 0
0 CjC

∗
j

)
≤
(

1 0
0 1

)
, j = 1, 2.

Next, for the converse, use Andô’s theorem to get commuting coisometries of
the form in (3.16). This places us in the situation of Theorem 3.9(b). The positivity
of (3.14) follows from the positivity of the kernel K in Theorem 3.9. �

We do not know if there is a ‘finite’ positivity condition along these lines that
would suffice in general to characterize the existence of unitary dilations. Is the
positivity of a kernel perhaps equivalent to the positivity of some finite truncated
part in general, as it is when d = 1, 2?

We conclude this section by giving a proof of Andô’s theorem based on explic-
itly constructing a collection of operators that satisfy Theorem 3.9(c) for d = 2.
Despite the indirection, this is essentially similar to the geometric approach of
Andô’s original proof.

Lemma 3.18. If T1, T2 are commuting contractions on H, and E1, E2 : H → H
are respective defect operators, then there exists a Hilbert space J containing H
and unitary operators U1, U2 on J ⊕ J such that

(T2E1P E2P )U1 = (T1E2P E1P )U2 : J ⊕ J → H, (3.19)

where P is the projection of J onto H.

Proof. Take a Hilbert space I such that dim I = dim(H⊕I). Put J = H⊕I. Let
D, D′ : J ⊕J → H be defined by D = (T2E1P E2P ) and D′ = (T1E2P E1P ).
Then DD∗ = 1 − T1T2T

∗
2 T ∗

1 = D′D′∗ and, since I ⊆ kerD, kerD′, we have
dim kerD = dimJ = dimkerD′. Hence, by Lemma 3.4, there exists U such that
D = D′U . Put U1 = 1 and U2 = U . �

The dilation theorems of Sz.-Nagy and Andô are an immediate consequence
of the following proposition and Theorem 3.9.

Proposition 3.20. If d = 1 or 2 and T is in Bd(H), then there exists a Hilbert
space D and a collection of operators Dα : D → H, α ∈ Zd

+, such that D0 = 0 and

T αT β∗ + DαD∗
β = T α−(α∧β)T β−(α∧β)∗ + Dα−(α∧β)D

∗
β−(α∧β). (3.21)
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Proof. We shall only prove the more difficult case, namely when d = 2. Choose
defect operators E1, E2 : H → H for our pair of contractions, and let J , P , and
U1, U2 be as in Lemma 3.18. Set D =

⊕∞
1 (J ⊕J ). Extend U1 to a unitary U(1,0)

on D by setting U(1,0) =
⊕∞

1 U1, and likewise extend U2 to U(0,1). In the sequel
we freely identify D with J ⊕ D with (J ⊕ J ) ⊕ D via the isomorphisms that
identify

(
(f1 ⊕ f2) ⊕ (f3 ⊕ f4) ⊕ · · · ) with f1 ⊕

(
(f2 ⊕ f3) ⊕ (f4 ⊕ f5) ⊕ · · · ) with

(f1 ⊕ f2) ⊕
(
(f3 ⊕ f4) ⊕ · · · ), for fj ∈ J satisfying

∑ ‖fj‖2
< ∞.

Set D(0,0) = 0. We wish to define Dα for α > (0, 0) so that

Dα =

{(
T α−(1,0)E1P Dα−(1,0)U

∗
(0,1)

)
U(1,0), if α ≥ (1, 0);(

T α−(0,1)E2P Dα−(0,1)U
∗
(1,0)

)
U(0,1), if α ≥ (0, 1).

(3.22)

If we suppose, inductively, that we have chosen Dα with |α| ≤ n so as to sat-
isfy (3.22), then to extend to |α| = n + 1, we just define the new Dα according
to (3.22). For this to make sense we need only check that if α ≥ (1, 1) the two
possible definitions of Dα agree, which indeed they do as(

T α−(1,0)E1P Dα−(1,0)U
∗
(0,1)

)
U(1,0)

=
(
T α−(1,0)E1P (T α−(1,1)E2P Dα−(1,1)U

∗
(1,0))U(0,1)U

∗
(0,1)

)
U(1,0)

=
(
(T α−(1,0)E1P T α−(1,1)E2P ) Dα−(1,1)U

∗
(1,0)

)
U(1,0)

=
(
T α−(1,1)(T2E1P E2P )U1 Dα−(1,1)

)
,

and similarly(
T α−(0,1)E2P Dα−(0,1)U

∗
(1,0)

)
U(0,1)

=
(
T α−(1,1)(T1E2P E1P )U2 Dα−(1,1)

)
,

which agree because (3.19) holds.
It remains to show that these Dα satisfy (3.21). We prove this by induction on

|α ∧ β|. Clearly (3.21) holds when |α ∧ β| = 0. Suppose it holds when |α ∧ β| = n,
and consider α, β with |α ∧ β| = n + 1. Choose δ ∈ {(1, 0), (0, 1)} with δ < α ∧ β.
Noting that (α − δ) ∧ (β − δ) = (α ∧ β) − δ, we then see

DαD∗
β = (DαU∗

δ )(DβU∗
δ )∗

=
(
T α−δEδP Dα−δU

∗
(1,1)−δ

)(
T β−δEδP Dβ−δU

∗
(1,1)−δ

)∗
= T α−δEδE

∗
δ T β−δ∗ + Dα−δD

∗
β−δ

= T α−δ(1 − T δT δ∗)T β−δ∗

− T α−δT β−δ∗ + T α−(α∧β)T β−(α∧β)∗ + Dα−(α∧β)D
∗
β−(α∧β)

= − T αT β∗ + T α−(α∧β)T β−(α∧β)∗ + Dα−(α∧β)D
∗
β−(α∧β).

This completes the proof. �
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4. A theorem of Sz.-Nagy and Foiaş

Definition 4.1. A unitary dilation U ∈ Bd(K) of T ∈ Bd(H) is called ∗-regular
(respectively regular) if

PHUα|H = T α+
T α−∗ (respectively = T α−∗T α+

) for all α ∈ Zd.

For T ∈ Bd(H), let us denote by T∗ the tuple (T ∗
1 , . . . , T ∗

d ). Note that X is a
∗-regular unitary dilation of T if and only if X∗ is a regular unitary dilation of T∗.
Although we are going to work mainly with ∗-regular dilations, most statements
have equivalents for regular dilations that are easily obtained by taking adjoints.
In view of Theorem 2.2, it is easy to see that a necessary and sufficient condition
for T to have a ∗-regular unitary dilation is that the kernel K for T defined by
K(α) = T α+

T α−∗ is positive.
The concept of regular dilations was introduced by Brehmer [2]. He gave

a simple characterization of those commuting tuples that have regular unitary
dilations. We only have need of a special case: a commuting pair of contractions
(T1, T2) has a ∗-regular unitary dilation if and only if

1 − T1T
∗
1 − T2T

∗
2 + T1T2T

∗
2 T ∗

1 ≥ 0. (4.2)

In passing let us mention that ∗-regular unitary dilations need not exist,
even for pairs of commuting contractions. For an easy example of this, consider
(T, T ), T =

(
0 0
1 0

)
, for which 1 − 2TT ∗ + T 2T 2∗ =

(
1 0
0 −1

) �≥ 0. For a simple case
when such dilations do exist, note that if T = (T1, T2) is a row contraction, i.e.,
T1T

∗
1 + T2T

∗
2 ≤ 1, then T has a ∗-regular unitary dilation.

More information on regular dilations can be found in [14]. The following
theorem appears there in chapter 1 as Proposition 9.2.

Theorem 4.3. Suppose that T′ = (T1, . . . , Td−1, Td) is in Bd(H) and that T =
(T1, . . . , Td−1) has a ∗-regular (regular) unitary dilation.
(a) If Td is a coisometry (isometry) then T′ has a ∗-regular (regular) unitary

dilation.
(b) If Td is a contraction that doubly commutes with T, i.e., Td commutes with

both T and T∗, then T′ has a ∗-regular (regular) unitary dilation.

In this section we present an analogous result for arbitrary (i.e., not nec-
essarily ∗-regular) unitary dilations. Our proof makes use of the positive kernel
condition of Corollary 2.4. A key role is played by Banach limits, a well-known
tool that we define as follows.

Definition 4.4. A Banach limit is a linear functional b on �∞(C) (the space of all
bounded sequences of complex numbers) satisfying these two properties.
(a) b

(
(λj)∞j=0

)
= b

(
(λj+1)∞j=0

)
.

(b) b
(
(λj)

)
is contained in the closed convex hull of {λj : j = 0, 1, . . .}.

It is a classical result that Banach limits exist, often proved as an application
of the Hahn-Banach theorem.
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Lemma 4.5. There exists a Banach limit.

For the remainder of this section, fix a Banach limit b. This generalizes the
notion of a limit to arbitrary bounded sequences. If (λj) converges to λ then
b(λj) = λ.

Suppose (Aj)∞j=0 is a uniformly bounded sequence in B(H). As

(f, g) 
→ b
(〈Ajf, g〉)

is a bounded sesquilinear form on H, there exists a unique operator b(Aj) on H
such that 〈

b(Aj)f, g
〉

= b
(〈Ajf, g〉) for all f, g ∈ H.

This last equation implies that b(B1AjB2) = B1b(Aj)B2 for all B1, B2 ∈ B(H). If
Aj converges weakly to A then b(Aj) = A.

We now come to our main result of this section.

Theorem 4.6. Suppose T′ = (T1, . . . , Td−1, Td) is in Bd(H) and T = (T1, . . . , Td−1)
has a unitary dilation. If there exists D ∈ B(H) such that DD∗ = 1 − TdT

∗
d and

D commutes with T then T′ has a unitary dilation.

Proof. Firstly consider the case when Td is a coisometry. There exists a positive
kernel K for T. Fix α in Zd−1. Define Kj(α) ∈ B(H), j = 0, 1, . . . , by

Kj(α) = T j
dK(α)T j∗

d .

Note that ‖Kj(α)‖ ≤ ‖K(α)‖ for all j, and hence b
(
Kj(α)

)
exists. Call this K̃(α).

In this way we define K̃ : Zd−1 → B(H) that we claim is also a positive
kernel for T. To see this, note that

(a) if α is in Zd−1
+ then

K̃(α) = b
(
T j

dK(α)T j∗
d

)
= b

(
T αT j

dT j∗
d

)
= b(T α) = T α;

and
(b) ∑

α,β∈Z
d−1
+

〈
K̃(α − β)x(β), x(α)

〉
= b

[∑〈
K(α − β)T j∗

d x(β), T j∗
d x(α)

〉] ≥ 0

(since the term in the square brackets is positive for each j).

Furthermore, we have, for all α ∈ Zd−1,

TdK̃(α)T ∗
d = Tdb

(
Kj(α)

)
T ∗

d = b
(
TdKj(α)T ∗

d

)
= b

(
Kj+1(α)

)
= K̃(α),

and hence, for all k = 0, 1, . . . ,

T k
d K̃(α)T k∗

d = K̃(α).
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As a notational convenience, given α′ = (α1, . . . , αd−1, αd) ∈ Zd, we let α
stand for (α1, . . . , αd−1) ∈ Zd−1. Let K ′ : Zd → B(H) be defined by

K ′(α′) = T
α+

d

d K̃(α)T α−
d ∗

d ,

then

(a) if α′ is in Zd
+ then

K ′(α′) = T
α+

d

d K̃(α)T α−
d ∗

d = T αd

d T α = T
′α′

;

and
(b)

K ′(α′ − β′) = T
(αd−βd)+

d K̃(α − β)T (αd−βd)−∗
d

= T
(αd−βd)+

d T αd∧βd

d K̃(α − β)T αd∧βd∗
d T

(αd−βd)−∗
d

= T αd

d K̃(α − β)T βd∗
d

so ∑
α′,β′∈Zd

+

〈
K ′(α′ − β′)x(β′), x(α′)

〉
=

∑
αd,βd

[∑
α,β

〈
K̃(α − β)T βd∗

d x(β′), T αd∗
d x(α′)

〉] ≥ 0.

Hence K ′ is a positive kernel for T′, and so T′ has a unitary dilation.
Now, for the general case, consider the d operators on

⊕∞
1 H given by⎛⎜⎜⎜⎝

Tj 0
Tj

Tj

0
. . .

⎞⎟⎟⎟⎠ , j = 1, . . . , d − 1,

and ⎛⎜⎜⎜⎝
Td D 0

0 1
0 1

0
. . . . . .

⎞⎟⎟⎟⎠ .

By hypothesis, these are commuting contractions, the first d − 1 of which have a
unitary dilation, and the last is a coisometry. Hence, by the first part of the proof
they have a unitary dilation, which is then also a unitary dilation of T′. �

As our final topic, we prove a result that further generalizes the d = 3 case
of the last theorem.
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Lemma 4.7. Let (T, X) be a pair of contractions in B2(H), and let D : D → H be
a defect operator for X. Then (T, X) has a ∗-regular unitary dilation if and only
if there exists a contraction R ∈ B(D) such that

TD = DR.

Proof. Let D : D → H be any defect operator for X , then

(T, X) has a ∗-regular dilation,

⇐⇒ 1 − TT ∗ − XX∗ + TXX∗T ∗ ≥ 0, (by (4.2))

⇐⇒ DD∗ ≥ TDD∗T ∗,
⇐⇒ there exists a contraction R such that TD = DR;

where the last statement follows from Douglas’ lemma. �

The next theorem now follows easily from Theorem 4.6. It was originally
shown in [5] by a different method.

Theorem 4.8. Suppose T = (T1, T2, T3) is a commuting triple of operators on H.
If (T1, T3) and (T2, T3) each have a ∗-regular unitary dilation then T has a unitary
dilation.

Proof. Let D3 = (1 − T3T
∗
3 )1/2. There exist contractions Rj ∈ B(H) such that

TjD3 = D3Rj , j = 1, 2. Apply Theorem 4.6 to the operators on
⊕∞

1 H given by⎛⎜⎜⎜⎝
Tj 0

Rj

Rj

0
. . .

⎞⎟⎟⎟⎠ , j = 1, 2,

and ⎛⎜⎜⎜⎝
T3 D3 0

0 1
0 1

0
. . . . . .

⎞⎟⎟⎟⎠ .

Note that we know here by Andô’s theorem that the first two of these operators
have a unitary dilation. �

The condition that T3 has pairwise ∗-regular dilations with each of T1, T2 is
strictly weaker than insisting that there exists a D that satisfies DD∗ = 1− T3T

∗
3

and commutes with T1, T2. Strictness can be seen by considering, for example,
T1 = T2 =

(
0 0

1/
√

3 0

)
, T3 =

(
0 0√
2/3 0

)
, then (T1, T3) and (T2, T3) have ∗-regular

unitary dilations since they are row contractions, however it is straightforward to
show that there is no D that satisfies the latter conditions. Thus the last theorem
is a genuine generalization of Theorem 4.6 in the case of three variables.
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[10] J. J. Schäffer. On unitary dilations of contractions. Proc. Amer. Math. Soc., 6:322,
1955.

[11] W. Forrest Stinespring. Positive functions on C∗-algebras. Proc. Amer. Math. Soc.,
6:211–216, 1955.
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The Infinite-dimensional Continuous Time
Kalman–Yakubovich–Popov Inequality

Damir Z. Arov and Olof J. Staffans

Abstract. We study the set MΣ of all generalized positive self-adjoint so-
lutions (that may be unbounded and have an unbounded inverse) of the
KYP (Kalman–Yakubovich–Popov) inequality for a infinite-dimensional lin-
ear time-invariant system Σ in continuous time with scattering supply rate.
It is shown that if MΣ is nonempty, then the transfer function of Σ coincides
with a Schur class function in some right half-plane. For a minimal system Σ
the converse is also true. In this case the set of all H ∈ MΣ with the property
that the system is still minimal when the original norm in the state space
is replaced by the norm induced by H is shown to have a minimal and a
maximal solution, which correspond to the available storage and the required
supply, respectively. The notions of strong H-stability, H-∗-stability and H-
bistability are introduced and discussed. We show by an example that the
various versions of H-stability depend crucially on the particular choice of
H ∈ MΣ. In this example, depending on the choice of the original realization,
some or all H ∈ MΣ will be unbounded and/or have an unbounded inverse.

Keywords. Kalman–Yakubovich–Popov inequality, passive, available storage,
required supply, bounded real lemma, pseudo-similarity, Cayley transform.

1. Introduction

Linear finite-dimensional time-invariant systems in continuous time are typically
modelled by the equations

ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t) + Du(t), t ≥ s,

x(s) = xs,
(1)
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partial financial support by the joint grant UM1-2567-OD-03 from the U.S. Civilian Research
and Development Foundation (CRDF) and the Ukrainian Government. Olof J. Staffans gratefully
acknowledges the financial support from the Academy of Finland, grant 203991.
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on a triple of finite-dimensional vector spaces, namely, the input space U , the state
space X , and the output space Y. We have u(t) ∈ U , x(t) ∈ X and y(t) ∈ Y. We
are interested in the case where, in addition to the dynamics described by (1), the
components of the system satisfy an energy inequality. In this paper we shall use
the scattering supply rate

j(u, y) = ‖u‖2 − ‖y‖2 =
〈
[ u
y ] ,

[
1U 0
0 −1Y

]
[ u

y ]
〉

(2)

and the storage (or Lyapunov) function

EH(x) = 〈x, Hx〉, (3)

where H > 0 (i.e., EH(x) > 0 for x �= 0). A system is scattering H-passive (or
simply scattering passive if H = 1X ) if for any admissible data (x0, u(·)) the
solution of the system (1) satisfies the condition

d
dt

EH(x(t)) ≤ j(u(t), y(t)) a.e. on (s,∞). (4)

This inequality is often written in integrated form

EH(x(t)) − EH(x(s)) ≤
∫ t

s

j(u(v), y(v)) dv, s ≤ t. (5)

It is not difficult to see that the inequality (4) with supply rate (2) is equivalent
to the inequality

2�〈Ax + Bu, Hx〉 + ‖Cx + Du‖2 ≤ ‖u‖2, x ∈ X , u ∈ U , (6)

which is usually rewritten in the form[
HA + A∗H + C∗C HB + C∗D

B∗H + D∗C D∗D − 1U

]
≤ 0. (7)

This is the standard KYP (Kalman–Yakubovich–Popov) inequality for continuous
time and scattering supply rate. If R := 1U − D∗D > 0, then (7) is equivalent to
the Riccati inequality

HA + A∗H + C∗C + (B∗H + D∗C)∗R−1(B∗H + D∗C) ≤ 0. (8)

This inequality is often called the bounded real Riccati inequality when all the
matrices are real. There is a rich literature on this finite-dimensional version of this
inequality and the corresponding equality; see, e.g., [PAJ91], [IW93], and [LR95],
and the references mentioned there. This inequality is named after Kalman [Kal63],
Popov [Pop73], and Yakubovich [Yak62].

In the development of the theory of absolute stability (or hyperstability)
of systems which involve nonlinear feedback those linear systems which are H-
passive with respect to scattering supply rate are of special interest, especially in
H∞-control. One of the main problems is to find conditions on the coefficients A,
B, C, and D under which the KYP inequality has at least one solution H > 0.
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To formulate a classical result about the solution of this problem we introduce
the main frequency characteristic of the system (1), namely its transfer function
defined by

D(λ) = D + C(λ − A)−1B, λ ∈ ρ(A). (9)
We also introduce the Schur class S(U ,Y; C+) of holomorphic contractive func-
tions D defined on C+ := {λ ∈ C | �λ > 0} with values in B(U ,Y). If X , U , and Y
are finite-dimensional, then the transfer function is rational and dimX ≥ deg D,
where deg D is the MacMillan degree of D. A finite-dimensional system is minimal
if dimX = deg D. The state space of a minimal system has the smallest dimension
among all systems with the same transfer function D.

The (finite-dimensional) system (1) is controllable if, given any z0 ∈ X and
T > 0, there exists some continuous function u on [0, T ] such that the solution
of (1) with x(0) = 0 satisfies x(T ) = z0. It is observable if it has the following
property: if both the input function u and the output function y vanish on some
interval [0, T ] with T > 0, then necessarily the initial state x0 is zero.

Theorem 1.1 (Kalman). A finite-dimensional system is minimal if and only if it
is controllable and observable.

Theorem 1.2 (Kalman–Yakubovich–Popov). Let Σ = ([ A B
C D ] ;X ,U ,Y) be a finite-

dimensional system with transfer function D.
(i) If the KYP inequality (7) has a solution H > 0, i.e., if Σ is scattering H-

passive for some H > 0, then C+ ⊂ ρ(A) and D|C+ ∈ S(U ,Y; C+).
(ii) If Σ is minimal and D|C+ ∈ S(U ,Y; C+), then the KYP inequality (7) has a

solution H, i.e., Σ is scattering H-passive for some H > 0.

Here D|Ω is the restriction of D to Ω ⊂ ρ(A). In the engineering literate this
theorem is known under the name bounded real lemma (in the case where all the
matrices are real).

It is can be shown that H > 0 is a solution of (7) if and only if H̃ = H−1 is
a solution of the the dual KYP inequality[

H̃A∗ + AH̃ + BB∗ H̃C∗ + BD∗

CH̃ + DB∗ DD∗ − 1Y

]
≤ 0. (10)

The discrete time scattering KYP inequality is given by[
A∗HA + C∗C − H A∗HB + C∗D

B∗HA + D∗C D∗D + B∗HB − 1U

]
≤ 0. (11)

The corresponding Kalman–Yakubovich–Popov theorem is still valid with C+ re-
placed by D+ = {z ∈ C | |z| > 1} and with the transfer function defined by the
same formula (9).1

1This is the standard “engineering” version of the transfer function. In the mathematical litera-
ture one usually replace λ by 1/z and D+ by the unit disk D = {z ∈ C | |z| < 1}.
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In the seventies the classical results on the KYP inequalities were extended to
systems with dimX = ∞ by V. A. Yakubovich and his students and collaborators
(see [Yak74, Yak75, LY76] and the references listed there). There is now also a rich
literature on this subject; see, e.g., the discussion in [Pan99] and the references
cited there. However, as far as we know, in these and all later generalizations it
was assumed (until [AKP05]) that either H itself is bounded or H−1 is bounded.2

This is not always a realistic assumption. The operator H is very sensitive to the
choice of the state space X and its norm, and the boundedness of H and H−1

depend entirely on this choice. By allowing both H and H−1 to be unbounded
we can use an analogue of the standard finite-dimensional procedure to determine
whether a given transfer function θ is a Schur function or not, namely to choose an
arbitrary minimal realization of θ, and then check whether the KYP inequality (7)
has a positive (generalized) solution. This procedure would not work if we require
H or H−1 to be bounded, because Theorem 5.4 below is not true in that setting.
We shall discuss this further in Section 7 by means of an example.

A generalized solution of the discrete time KYP inequality (11) that permits
both H and H−1 to be unbounded was developed by Arov, Kaashoek and Pik in
[AKP05]. There it was required that

AD(
√

H) ⊂ D(
√

H) and R (B) ⊂ D(
√

H), (12)

and (11) was rewritten using the corresponding quadratic form defined onD(
√

H)⊕
U . Here we extend this approach to continuous time.

In this paper we only study the scattering case. Similar results are true in
the impedance and transmission settings, as can be shown by using the technique
developed in [AS05c, AS05d]. We shall return to this question elsewhere. We shall
also return elsewhere with a discussion of the connection between the generalized
KYP inequality and solutions of the algebraic Riccati inequality and equality, and
a with a infinite-dimensional version of the strict bounded real lemma.

A summary of our results have been presented in [AS05b].

Notation. The space of bounded linear operators from the Hilbert space X to the
Hilbert space Y is denoted by B(X ;Y), and we abbreviate B(X ;X ) to B(X ). The
domain of a linear operator A is denoted by D(A), the range by R (A), the kernel
by N (A), and the resolvent set by ρ(A). The restriction of a linear operator A to
some subspace Z ⊂ D(A) is denoted by A|Z . Analogously, we denote the restriction
of a function φ to a subset Ω of its original domain by φ|Ω. The identity operator on
X is denoted by 1X . We denote the orthogonal projection onto a closed subspace
Y of a space X by PY .

The orthogonal cross product of the two Hilbert spaces X and Y is denoted by[X
Y
]
, and we identify a vector [ x

0 ] ∈ [X0 ] with x ∈ X and a vector
[

0
y

] ∈ [
0
Y
]

with
y ∈ Y. The closed linear span or linear span of a sequence of subsets Rn ⊂ X where
n runs over some index set Λ is denoted by ∨n∈ΛRn and spann∈ΛRn, respectively.

2Results where H−1 is bounded are typically proved by replacing the primal KYP inequality by
the dual KYP inequality (10).
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By a component of an open set Ω ⊂ C we mean a connected component of Ω.
We denote R = (−∞,∞), R+ = [0,∞), and R− = (−∞, 0]. The complex

plane is denoted by C, and C+ = {λ ∈ C | �λ > 0}.

2. Continuous time system nodes

In discrete time one always assumes that A, B, C, and D are bounded operators.
In continuous time this assumption is not reasonable. Below we will use a natural
continuous time setting, earlier used in, e.g., [AN96], [MSW05], [Sal89], [Šmu86],
and [Sta05] (in slightly different forms).

In the sequel, we think about the block matrix S = [ A B
C D ] as one single closed

(possibly unbounded) linear operator from [XU ] (the cross product of X and U) to[X
Y
]

with dense domain D(S) ⊂ [XU ], and write (1) in the form[
ẋ(t)
y(t)

]
= S

[
x(t)
u(t)

]
, t ≥ s, x(s) = xs. (13)

In the infinite-dimensional case such an operator S need not have a four block
decomposition corresponding to the decompositions [XU ] and

[ X
Y
]

of the domain
and range spaces. However, we shall throughout assume that the operator

Ax := PXS [ x
0 ] ,

x ∈ D(A) := {x ∈ X | [ x
0 ] ∈ D(S)}, (14)

is closed and densely defined in X (here PX is the orthogonal projection onto X ).
We define X 1 := D(A) with the graph norm of A, X 1

∗ := D(A∗) with the graph
norm of A∗, and let X−1 to be the dual of X 1

∗ when we identify the dual of X
with itself. Then X 1 ⊂ X ⊂ X−1 with continuous and dense embeddings, and the
operator A has a unique extension to an operator Â = (A∗)∗ ∈ B(X ;X−1) (with
the same spectrum as A), where we interpret A∗ as an operator in B(X 1∗ ;X ).3

Additional assumptions on A will be added in Definition 2.1 below.
The remaining blocks of S will be only partially defined. The ‘block’ B will

be an operator in B(U ;X−1). In particular, it may happen that R (B)∩X = {0}.
The ‘block’ C will be an operator in B(X 1;Y). We shall make no attempt to define
the ‘block’ D in general since this can be done only under additional assumptions
(see, e.g., [Sta05, Chapter 5] or [Wei94a, Wei94b]). Nevertheless, we still use a
modified block notation S =

[
A&B
C&D

]
, where A&B = PXS and C&D = PYS.

Definition 2.1. By a system node we mean a colligation Σ := (S;X ,U ,Y), where
X , U and Y are Hilbert spaces and the system operator S =

[
A&B
C&D

]
is a (possibly

unbounded) linear operator from [XU ] to
[ X
Y
]

with the following properties:
(i) S is closed.
(ii) The operator A defined in (14) is the generator of a C0 semigroup t 
→ At,

t ≥ 0, on X .

3This construction is found in most of the papers listed in the bibliography (in slightly different
but equivalent forms), including [AN96], [MSW05], and [Sal87]–[WT03].
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(iii) A&B has an extension
[
Â B

] ∈ B([XU ] ;X−1) (where B ∈ B(U ;X−1)).
(iv) D(S) =

{
[ x
u ] ∈ [XU ]

∣∣ Âx + Bu ∈ X}
, and A&B =

[
Â B

] |D(S);

As we will show below, (ii)–(iv) imply that the domain of S is dense in [XU ]. It
is also true that if (ii)–(iv) holds, then (i) is equivalent to the following condition:
(v) C&D ∈ B(D(S);Y), where we use the graph norm∥∥[ x

u ]
∥∥2

D(A&B)
=
∥∥A&B [ x

u ]
∥∥2

X + ‖x‖2
X + ‖u‖2

U (15)

of A&B on D(S).
It is not difficult to see that the graph norm of A&B on D(S) is equivalent to the
full graph norm∥∥[ x

u ]
∥∥2

D(S)
=
∥∥A&B [ x

u ]
∥∥2

X +
∥∥C&D [ x

u ]
∥∥2

X + ‖x‖2
X + ‖u‖2

U (16)

of S.
We call A ∈ B(X 1;X ) the main operator of Σ, t 
→ At, t ≥ 0, is the evolution

semigroup, B ∈ B(U ;X−1) is the control operator, and C&D ∈ B(V ;Y) is the
combined observation/feedthrough operator. From the last operator we can extract
C ∈ B(X 1;Y), the observation operator of Σ, defined by

Cx := C&D

[
x
0

]
, x ∈ X 1. (17)

A short computation shows that for each α ∈ ρ(A), the operator

Eα :=
[
1X (α − Â)−1B
0 1U

]
(18)

is a bounded bijection from [XU ] onto itself and also from
[X 1

U
]

onto D(S). In
particular, for each u ∈ U there is some x ∈ X such that [ x

u ] ∈ D(S). Since
[ X 1

U
]

is dense in [XU ], this implies that also D(S) is dense in [XU ]. Since the second column
of Eα maps U into D(S), we can define the transfer function of S by

D̂(λ) := C&D

[
(λ − Â)−1B

1U

]
, λ ∈ ρ(A), (19)

which is an B(U ;Y)-valued analytic function. If B ∈ B(U ;X ), then D(S) =
[X1

U
]
,

and we can define the operator D ∈ B(U ;Y) by D = PYS|[ 0
U ], after which formula

(19) can be rewritten in the form (9). By the resolvent identity, for any two α,
β ∈ ρ(A),

D̂(α) − D̂(β) = C[(α − Â)−1 − (β − Â)−1]B

= (β − α)C(α − A)−1(β − Â)−1B.
(20)

Let

Fα : =
([

α 0
0 1U

]
−
[
A&B
0 0

])−1

=
[
(α − A)−1 (α − Â)−1B

0 1U

]
, α ∈ ρ(A).

(21)
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Then, for all α ∈ ρ(A), Fα is a bounded bijection from [XU ] onto D(S), and[
A&B
C&D

]
Fα =

[
A(α − A)−1 α(α − Â)−1B
C(α − A)−1 D̂(α)

]
, α ∈ ρ(A). (22)

One way to construct a system operator S =
[

A&B
C&D

]
is to give a generator A

of a C0 semigroup on X , a control operator B ∈ B(U ;X−1), and an observation
operator C ∈ B(X1;Y), to fix some α ∈ ρ(A) and an operator Dα ∈ B(U ;Y), to
define D(S) and A&B by (iv), and to finally define C&D [ x

u ] for all [ x
u ] ∈ D(S) by

C&D

[
x
u

]
:= C(x − (α − Â)−1Bu) + Dαu. (23)

The transfer function D of this system node satisfies D(α) = Dα (see [Sta05,
Lemma 4.7.6]).

Lemma 2.2. Let Σ := (S;X ,U ,Y) be a system node with main operator A, control
operator B, observation operator C, transfer function D, and evolution semigroup
t 
→ At, t ≥ 0. Then Σ∗ := (S∗;X ,U ,Y) is another system node, which we call the
adjoint of Σ. The main operator of Σ∗ is A∗, the control operator of Σ∗ is C∗, the
observation operator of Σ∗ is B∗, the transfer function of Σ∗ is D̂(α)∗, α ∈ ρ(A∗),
and the evolution semigroup of Σ∗ is t 
→ (At)∗, t ≥ 0.

For a proof (and for more details), see, e.g., [AN96, Section 3], [MSW05,
Proposition 2.3], or [Sta05, Lemma 6.2.14].

If Σ := (S;X ,U ,Y) is a system node, then (13) has (smooth) trajectories of
the following type. Note that we can use the operators A&B and C&D to split
(13) into

ẋ(t) = A&B

[
x(t)
u(t)

]
, t ≥ s, x(s) = xs,

y(t) = C&D

[
x(t)
u(t)

]
, t ≥ s.

(24)

Below we use the following notation: W 1,2
loc ([s,∞);U) is the set of U-valued

functions on [s,∞) which are locally absolutely continuous and have a derivative in
L2

loc([s,∞);U). An equivalent formulation is to say that u ∈ W 1,2
loc ([s,∞);U) if u ∈

L2
loc([s,∞);U) and the distribution derivative of the function u consists of a point

mass of size u(s) at s plus a function in L2
loc([s,∞);U) (first extend u by zero to

(−∞, s) before taking the distribution derivative). The space W 2,2
loc ([s,∞);U) con-

sists of those w ∈ W 1,2
loc ([s,∞);U) which are locally absolutely continuous and have

u′ ∈ W 1,2
loc ([s,∞);U), too.

Lemma 2.3. Let Σ := (S;X ,U ,Y) be a system node. Then for each s ∈ R, xs ∈ X
and u ∈ W 2,2

loc ([s,∞);U) such that
[ xs

u(s)

] ∈ D(S), there is a unique function

x ∈ C1([s,∞);X ) (called a state trajectory) satisfying x(s) = xs,
[

x(t)
u(t)

]
∈ D(S),

t ≥ s, and ẋ(t) = A&B
[

x(t)
u(t)

]
, t ≥ s. If we define the output by y(t) = C&D

[
x(t)
u(t)

]
,

t ≥ s, then y ∈ C([s,∞);Y), and the three functions u, x, and y satisfy (13).



44 D.Z. Arov and O.J. Staffans

This lemma is contained in [Sta05, Lemmas 4.7.7–4.7.8], which are actually
slightly stronger: it suffices to have u ∈ W 2,1

loc ([s,∞);U) (the second derivative is
locally in L1 instead of locally in L2). (Equivalently, both u and u′ are locally
absolutely continuous.)

In addition to the classical solutions of (13) presented in Lemma 2.3 we
shall also need generalized solutions. A generalized solution of (13) exists for
all initial times s ∈ R, all initial states xs ∈ X and all input functions u ∈
W 1,2

loc ([s,∞);U). The state trajectory x(t) is continuous in X , and the output y

belongs W−1,2
loc ([s,∞);Y). This is the space of all distribution derivatives of func-

tions in L2
loc([s,∞);Y) (first extended the functions to all of R by zero on (−∞, s)).

This space can also be interpreted as the space of all distributions in W−1,2
loc (R;Y)

which are supported on [s,∞). It is the dual of the space W 1,2
c ([s,∞);Y), where

the subindex c means that the functions in this space have compact support.4

The construction of generalized solutions of (13) is carried out as follows.
It suffices to consider two separate cases where either xs or u is zero, since we
get the general case by adding the two special solutions. We begin with the case
where u = 0. For each xs ∈ X we define the corresponding state trajectory x by
x(t) = At−sxs, where At, t ≥ 0, is the semigroup generated by the main operator
A. The corresponding output y ∈ W−1,2

loc ([s,∞);Y) is defined as follows. First we
observe that the function

∫ t

s x(v) dv =
∫ t

s Av−sxs dv is a continuous function on
[s,∞) with values in X 1 vanishing at s, hence C

∫ t

s Av−sxs dv is continuous with
values in Y. We can therefore define the output y to be given by the following
distribution derivative:

y =
d
dt

(
t 
→ C

∫ t

s

Av−sxs dv
)
;

here d
dt stands for a distribution derivative. In particular, y ∈ W−1,2

loc ([s,∞);Y)
and the map from xs to y is continuous from X to W−1,2

loc ([s,∞);Y). Of course, if
xs ∈ X 1, then y(t) = CAt−sxs for all t ≥ s. For more details, see [Sta05, Lemma
4.7.9].)

Next suppose that xs = 0 and that u ∈ W 1,2
loc ([s,∞);U). We then define the

state trajectory x and the output distribution y as follows. We first replace u by
u1(t) =

∫ t

s
u(v) dv, let x1 and y1 be the state and output given by Lemma 2.3 with

xs = 0 and u replaced by u1 (note that u1(s) = 0), and then define

x = x′
1, y =

d
dt

y1,

where the differentiation is interpreted in the distribution sense. Again we find
that x ∈ C([s,∞);X ) and that y ∈ W−1,2

loc ([s,∞);Y).

4Note that W−1,2
loc ([s,∞);Y) is not the same space as W−1,2

loc ((s,∞);Y), which is the dual of the

space of all functions in W 1,2
c ([s,∞);Y) which vanish at s. The space W−1,2

loc ((s,∞);Y) is the

quotient of W−1,2
loc ([s,∞);Y) over all point evaluation functionals at s.
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Given x0 ∈ X and u ∈ W 1,2
loc ([s,∞);U) we shall refer to the functions

x ∈ C([s,∞);X ) and y ∈ W−1,2
loc ([s,∞);Y) constructed above as the generalized

solution and output of (24), respectively. A generalized trajectory of (24) consists
of the triple (x, u, y) described above. A trajectory is smooth if it is of the type
described in Lemma 2.3.

By the system induced by a system node Σ := (S;X ,U ,Y) we mean the node
itself together with all its generalized trajectories. We use the same notation Σ for
the system as for the node.

Above we already introduced the notation At, t ≥ 0, for the semigroup gen-
erated by the main operator A. The output map C maps X into W−1,2

loc (R+;Y),
and it is the mapping from x0 to y (i.e., take both the initial time s = 0 and the
input function u = 0). Thus,

Cx0 =
d
dt

(
t 
→ C

∫ t

0

Avx0 dv
)
,

and if x0 ∈ X 1, then Cx0 = t 
→ CAtx0, t ≥ 0. This map is continuous from X
into W−1,2

loc (R+;Y) and from X 1 into C[R+;Y).
The input map B is defined for all u ∈ W 1,2

c (R−;U), i.e., functions u ∈
W 1,2(R−;U) whose support is bounded to the left. It is the map from u to x(0)
(take the initial time to be s < 0 and the initial state to be zero). To get an explicit
formula for this map we argue as follows. By Definition 2.1, we can rewrite the
first equation in (24) in the form

ẋ(t) = Âx(t) + Bu(t), t ≥ s, x(s) = xs, (25)

where we now allow the equation to take its values in X−1. The operator Â gen-
erates a C0 semigroup in X−1, which we denote by Ât, t ≥ 0, and B ∈ B(U ;X−1).
We can therefore use the variation of constants formula to solve for Bu = x(0)
(take xs = 0 and define u(v) to be zero for v < s)

Bu =
∫ 0

−∞
Â−vBu(v) dv. (26)

Here the integral is computed in X−1, but the final result belongs to X , and B is
continuous from W 1,2

c (R−;U) to X . (It is also possible to use (26) to extend B to
a continuous map from L2

c(R−;U) to X−1 as is done in [Sta05].)
Finally, the input/output map D is defined for all u ∈ W 1,2

loc (R;U) whose
support is bounded to the left, and it is the map from u to y (take the initial time
to the left of the support of u, and the initial state to be zero). It maps this set of
functions continuously into the set of distributions in W−1,2

loc (R;Y) whose support
is bounded to the left.

Our following lemma describes the connection between the input/output map
D and the transfer function D̂.

Lemma 2.4. Let Σi := (Si;Xi,U ,Y), i = 1, 2, be two system nodes with main
operators Ai, input/output maps Di, and transfer functions D̂i. Let Ω∞ be the
component of ρ(A1) ∩ ρ(A2) which contains some right half-plane.
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(i) If D1 = D2, then D̂1(λ) = D̂2(λ) for all λ ∈ Ω∞.
(ii) Conversely, if the set {λ ∈ Ω∞ | D̂1(λ) = D̂2(λ)} has an interior cluster

point, then D1 = D2.

Proof. Fix some real α > β, where β is the maximum of the growth bounds
of the two semigroups At

i, t ≥ 0, i = 1, 2, and suppose that (t 
→ e−αtu(t)) ∈
W 2,1

0 (R+;U) := {u ∈ W 2,1(R+;U) | u(0) = u′(0) = 0}. Define y1 = D1y and
y2 = D2u. Then, by [Sta05, Lemma 4.7.12], the functions t 
→ e−αtyi(t), with
i = 1, 2, are bounded, and the Laplace transforms of these functions satisfy ŷi(λ) =
D̂i(λ)û(λ) in the half plane �λ > α.

If D1 = D2, then y1 = y2, and hence we conclude that D̂1(λ)û(λ) =
D̂2(λ)û(λ) for all u of the type described above and for all �λ ≥ α. This im-
plies that D̂1(λ) = D̂2(λ) for all �λ > α, and by analytic continuation, for all
λ ∈ Ω∞.

Conversely, if set {λ ∈ Ω∞ | D̂1(λ) = D̂2(λ)} has an interior cluster point,
then by analytic extension theory, D̂1(λ) = D̂2(λ) for all λ ∈ Ω∞. Thus, ŷ1(λ) =
ŷ2(λ) for all �λ > α. Since the Laplace transform is injective, this implies that
y1 = y2. Hence, D1u = D2u for all u of the type described above. By using the
bilateral shift-invariance of D1 and D2 we find that the same identity is true for
all u ∈ W 2,1

loc (R;U) whose support it bounded to the left. This set is dense in the
common domain of D1 and D2, and so we must have D1 = D2. �
Remark 2.5. The system operator S is determined uniquely by the semigroup At,
t ≥ 0, the input map B, the output map C, and the input/output map D of the
system Σ, or alternatively, by At, t ≥ 0, B, C and the transfer function D̂. The
corresponding operators for the adjoint system node Σ∗ are closely related to those
of Σ. The semigroup of Σ∗ is (At)∗, t ≥ 0, the input map of Σ∗ is RC∗, the output
map of Σ∗ is B∗ R, and the input/output map of Σ∗ is RD∗ R, where Ris the
time reflection operator: ( Ru)(t) = u(−t), t ∈ R. As we already remarked earlier,
the transfer function of Σ∗ is D̂(α)∗, α ∈ ρ(A∗).

We call Σ (approximately) controllable if the range of its input map B is dense
in X and (approximately) observable if its output map C is injective. Finally, Σ is
minimal if it is both controllable and observable.5

Lemma 2.6. The system node Σ is controllable or observable if and only if Σ∗ is
observable or controllable, respectively. In particular, Σ is minimal if and only if
Σ∗ is minimal.

Proof. This is true because the duality between the input and output maps of Σ
and Σ∗ (see Remark 2.5). �
Lemma 2.7. Let Σ := (S;X ,U ,Y) be a system node with main operator A, control
operator B, and observation operator C. Let ρ∞(A) be the component of ρ(A)
which contains some right half-plane.

5There is another equivalent and more natural definition of minimality of a system: it should not
be a nontrivial dilation of some other system (see [AN96, Section 7]).
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(i) Σ is observable if and only if

∩λ∈ρ∞(A)N
(
C(λ − A)−1

)
= {0}.

(ii) Σ is controllable if and only if

∨λ∈ρ∞(A)R
(
(λ − Â)−1B

)
= X ,

where ∨ stands for the closed linear span.

Proof. Proof of (i): We have x0 ∈ N (C) if and only if d
dtC

∫ t

0
Avx0 dv vanishes

identically, or equivalently, if and only if C
∫ t

0
Avx0 dv vanishes identically, or

equivalently, the Laplace transform of this function vanishes identically to the
right of the growth-bound of this function. This Laplace transform is given by
λ−1C(λ−A)−1x0, and it vanishes to the right of the growth bound of At, t ≥ 0, if
and only if it vanishes on ρ∞(A), or equivalently, C(λ−A)−1x0 vanishes identically
on ρ∞(A).

Proof of (ii): That (ii) holds follows from (i) by duality (see Lemma 2.6). �

3. The Cayley transform

The proofs of some of the results of this paper are based on a reduction by means
of the Cayley transform of the continuous time case to the corresponding discrete
time case studied in [AKP05]. In a linear time-independent discrete time system
the input u = {un}∞n=0, the state x = {xn}∞n=0, and the output y = {yn}∞n=0 are
sequences with values in the Hilbert spaces U , X , and Y, respectively. The discrete
time system Σ is a colligation Σ :=

(
[ A B
C D ] ,X ,U ,Y)

)
, where the system operator

[ A B
C D ] ∈ B([XU ] ; [XU ]). The dynamics of this system is described by

xn+1 = Axn + Bun,

yn = Cxn + Dun, n = 0, 1, 2, . . . ,

x0 = given.

(27)

We still call A the main operator, B the control operator, C the observation
operator, and D the feedthrough operator. We define the transfer function D̂ of
ΣΣΣ in the same way as in (9), namely by6

D̂(z) = C(z − A)−1B + D, z ∈ ρ(A).

Observability, controllability, and minimality of a discrete time system is de-
fined in exactly the same way as in continuous time, with continuous time trajecto-
ries replaced by discrete time trajectories. Thus, Σ is (approximately) controllable
if the subspace of all states xn reachable from the zero state in finite time (by a
suitable choice of input sequence) is dense in X , and it is (approximately) observ-
able if it has the following property: if both the input sequence and the output

6This is the standard “engineering” version of the transfer function. In the mathematical litera-
ture one usually replace z by 1/z.
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sequence are zero, then necessarily x0 = 0. Finally, it is minimal if it is both
controllable and observable. The following discrete time version of Lemma 2.7 is
well known: if we denote the unbounded component of the resolvent set of A by
ρ∞(A), then Σ is observable if and only if

∩z∈ρ∞(A)N
(
C(z − A)−1

)
= {0},

and that Σ is controllable if and only if

∨z∈ρ∞(A)R
(
(z − A)−1B

)
= X .

Given a system node Σ := (S;X ,U ,Y) with main operator A, for each
α ∈ ρ(A) ∩ C+ it is possible to define the (internal) Cayley transform of Σ with
parameter α. This is the discrete time system Σ(α) :=

([
A(α) B(α)
C(α) D(α)

]
;X ,U ,Y

)
whose coefficients are given by

A(α) = (α + A)(α − A)−1, B(α) =
√

2�α (α − Â)−1B,

C(α) =
√

2�α C(α − A)−1, D(α) = D̂(α).
(28)

Note that A(α) + 1 = 2�α(α − A)−1, so that A(α) + 1 is injective and has dense
range. The transfer function D̂ of Σ(α) satisfies

D̂(z) = D̂(λ), z =
α + λ

α − λ
, λ =

αz − α

z + 1
, λ ∈ ρ(A), z ∈ ρ(A(α)). (29)

An equivalent way to write the Cayley transform is[
A(α) + 1 B(α)

C(α) D(α)

]
=
[√

2�α 0
0 1

] [
1 0
C&D

]
Fα

[√
2�α 0
0 1

]
, (30)

where Fα is the operator defined in (21).
The (internal) inverse Cayley transform with parameter α ∈ C+ of a discrete

time system ([ A B
C D ] ;X ,U ,Y) is defined whenever A +1 is injective and has dense

range. It is designed to reproduce the original system node Σ when applied to
its Cayley transform

([
A(α) B(α)
C(α) D(α)

]
;X ,U ,Y

)
. The system operator S =

[
A&B
C&D

]
of

this node is given by[
A&B
C&D

]
−
[
α 0
0 0

]
=
[√

2�α 0
0 1

] [−1 0
C D

] [
A + 1 B

0 1

]−1 [√
2�α 0
0 1

]
. (31)

More specifically, the different operators which are part the node Σ are given by

A = (αA − α)(A + 1)−1, B =
1√
2�α

(α − Â)B,

C =
1√
2�α

C(α − A), D̂(α) = D.

(32)

If A is the generator of a C0-semigroup (and only in this case) the operator S
defined in this way is the system operator of a system node Σ = (S;X ,U ,Y).7

7Otherwise it will be an operator node in the sense of [Sta05, Definition 4.7.2].
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Lemma 3.1. Let Σ := (S;X ,U ,Y) be a system node with main operator A, and
let α ∈ ρ∞(A) ∩ C+, where ρ∞(A) is the component of ρ(A) which contains some
right half-plane. Let Σ(α) :=

([
A(α) B(α)
C(α) D(α)

]
;X ,U ,Y

)
be the Cayley transform of

Σ with parameter α. Then Σ(α) is controllable if and only if Σ is controllable,
Σ(α) is observable if and only if Σ is observable, and Σ(α) is minimal if and only
if Σ is minimal.

This follows from Lemma 2.7. (The linear fractional transformation from the
continuous time frequency variable λ to the discrete time frequency variable z in
(29) maps ρ∞(A) one-to-one onto ρ∞(A(α)).)

For more details on Cayley transforms we refer the reader to [AN96, Sec-
tion 5], [Sta02, Section 7], or [Sta05, Section 12.3].

4. Pseudo-similar systems and system nodes

A linear operator Q acting from the Hilbert space X to the Hilbert space Y is
called a pseudo-similarity if it is closed and injective, its domain D(Q) is dense in
X , and its range R (Q) is dense in Y.

Definition 4.1. We say that two systems Σi, i = 1, 2, with state spaces Xi, semi-
groups At

i, t ≥ 0, input maps Bi, output maps Ci, and input/output maps Di, are
pseudo-similar if there is a pseudo-similarity Q : X1 ⊃ D(Q) → R (Q) ⊂ X2 with
the following properties:

(i) D(Q) is invariant under At
1, t ≥ 0, and R (Q) is invariant under At

2, t ≥ 0;
(ii) R (B1) ⊂ D(Q) and R (B2) ⊂ R (Q);
(iii) The following intertwining conditions hold:

At
2Q = QAt

1|D(Q), t ≥ 0,

C2Q = C1|D(Q), B2 = QB1, D2 = D1.
(33)

Theorem 4.2. Let Σi := (Si;Xi,U ,Y), i = 1, 2, be two systems with main operators
Ai, control operators Bi, observation operators Ci, semigroups At

i, t ≥ 0, and
transfer functions D̂i. Let Q : X1 ⊃ D(Q) → R (Q) ⊂ X2 be pseudo-similarity,
with the graph

G(Q) :=
{
[ Qx

x ]
∣∣ x ∈ D(Q)

}
.

Let Ω∞ be the component of ρ(A1) ∩ ρ(A2) which contains some right half-plane.
Then the following conditions are equivalent:

(i) The systems Σ1 and Σ2 are pseudo-similar with pseudo-similarity operator Q.
(ii) The following inclusion holds for some λ ∈ Ω∞:⎡⎣ (λ − A2)−1 0 (λ − Â2)−1B2

0 (λ − A1)−1 (λ − Â1)−1B1

C2(λ − A2)−1 −C1(λ − A1)−1 D̂2(λ) − D̂1(λ)

⎤⎦[G(Q)
U

]
⊂
[
G(Q)

0

]
. (34)

(iii) The inclusion (34) holds for all λ ∈ Ω∞.
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Remark 4.3. It is easy to see that condition (34) is equivalent to the following set
of conditions:

(λ − A1)−1D(Q) ⊂ D(Q), (λ − Â1)−1B1U ⊂ D(Q), (35)

and
(λ − A2)−1Q = Q(λ − A1)−1|D(Q),

C2(λ − A2)−1Q = C1(λ − A1)−1|D(Q),

(λ − Â2)−1B2 = Q(λ − Â1)−1B1,

D̂2(λ) = D̂1(λ).

(36)

Proof of Theorem 4.2. Proof of (i) ⇒ (ii): Fix an arbitrary λ ∈ C with �λ > β,
where β is the maximum of the growth bounds of the two semigroups At

i, t ≥ 0,
i = 1, 2.

We begin by showing that
[

(λ−A2)
−1x2

(λ−A1)
−1x1

]
∈ G(Q) whenever [ x2

x1 ] ∈ G(Q). Take
[ x2
x1 ] ∈ G(Q), i.e., x1 ∈ D(Q) and x2 = Qx1. The first intertwining condition in (33)

gives e−λtAt
2x2 = Qe−λtAt

1x1. Integrating this identity over R+ and use the fact
that Q is closed we get (λ−A2)−1x2 = Q(λ−A1)−1x1. Thus,

[
(λ−A2)

−1x2

(λ−A1)
−1x1

]
∈ G(Q).

We next show that C2(λ−A2)−1x2 = C1(λ−A1)−1x1 whenever [ x2
x1 ] ∈ G(Q).

We first fix some real α > β, and considering the case where x1 is replaced by
x1,α = α(α − A1)−1x1 for some x1 ∈ D(Q) and x2 is replace by x2,α = Qx1,α.
Then, by what we have proved so far, x1,α ∈ X 1

1 ∩ D(Q) and x2,α ∈ X 1
2 . This

implies that for all t ≥ 0,

C2A
t
2x2,α = (C2x2,α)(t) = (C1x1,α)(t) = C1A

t
1x1,α.

Multiply this by e−λt and integrate over R+ to get

C2(λ − A2)−1x2,α = C1(λ − A1)−1x1,α.

Let α → +∞ along the real axis. Then x1,α = α(α − A1)−1x1 → x1 in X1 and
x2,α = Qα(α − A2)−1x1 = α(α − A2)−1Qx1 → Qx1 in X2. This implies that
C2(λ − A2)−1Qx1 = C1(λ − A1)−1x1 for all x1 ∈ D(Q).

Next we show that
[

(λ−Â2)−1B2u0

(λ−Â1)−1B1u0

]
∈ G(Q) for all u0 ∈ U . By the third

intertwining condition in (33), for all α > β, all t ∈ R+, and all u0 ∈ U ,[
e−λt

∫ 0

−t Â−v
2 (eλ(t+v) − eα(t+v))B2u0 dv

e−λt
∫ 0

−t Â−v
2 (eλ(t+v) − eα(t+v))B1u0 dv

]
∈ G(Q).

Here, with i = 1, 2,

e−λt

∫ 0

−t

Â−v
i (eλ(t+v) − eα(t+v))Biu0 dv

= (1Xi − e−λtAt
i)(λ − Âi)−1Biu0

− e(α−λ)t(1Xi − e−αtAt
i)(α − Âi)−1Biu0.
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Choose α and λ so that β < α < �λ, and let t → ∞. Then the above ex-
pression tends to (λ − Âi)−1Biu0 in X , and the closedness of G(Q) implies that[

(λ−Â2)−1B2u0

(λ−Â1)−1B1u0

]
∈ G(Q).

Finally, since D1 = D2, by Lemma 2.4 we also have D̂2(λ) = D̂1(λ).
Proof of (ii) ⇒ (iii): Fix some λ0 ∈ Ω∞ for which (34) holds. Equivalently,

(λ0 − A1)−1D(Q) ⊂ D(Q), and

(λ0 − A2)−1Q = Q(λ0 − A1)−1|D(Q).

By iterating this equation, using the fact that (λ0 − A1)−1D(Q) ⊂ D(Q), we find
that,

(λ0 − A2)−kQ = Q(λ0 − A1)−k|D(Q), k = 1, 2, . . . . (37)

Fix [ x2
x1 ] G(Q). The function λ 
→

[
(λ−A2)−1x2

(λ−A1)−1x1

]
is a holomorphic

[ X1
X2

]
-valued

function on Ω∞, and it follows from (37) that this function itself together with all
its derivatives belong to G(Q) at λ0. Therefore this function must belong to G(Q)
for all λ ∈ Ω∞: the inner product of this function with any vector in G(Q)⊥ is
an analytic function which vanishes together with all its derivatives at λ0; hence
it must vanish everywhere on Ω∞. This means that the first inclusion in (35) and
the first identity in (36) hold for all λ ∈ Ω∞.

The proofs of the facts that also the second inclusion in (35) and the second
and third identities in (36) hold for all λ ∈ Ω∞ are similar to the one above, and
we leave them to the reader.

It remains to show that D̂2(λ) = D̂1(λ) for all λ ∈ Ω∞. But this follows from
(20) and the other intertwining conditions in (36), which give

D̂2(λ) = D̂2(λ0) + (λ0 − λ)C2(λ0 − A2)−1(λ − Â2)−1B2

= D̂2(λ0) + (λ0 − λ)C2(λ0 − A2)−1Q(λ − Â1)−1B1

= D̂2(λ0) + (λ0 − λ)C2Q(λ0 − A1)−1(λ − Â1)−1B1

= D̂1(λ0) + (λ0 − λ)C1(λ0 − A1)−1(λ − Â1)−1B1

= D̂1(λ).

Proof of (iii) ⇒ (i): Fix some real Λ > 0 so that [Λ,∞) ∈ Ω∞.
We begin by showing that Q intertwines the two semigroups. Take x1 ∈ D(Q).

Then, for λ ≥ Λ, (λ − A2)−1Qx1 = Q(λ − A1)−1x1. Iterating this identity we get
(λ − A2)−nQx1 = Q(λ − A1)−nx1 for all n ∈ Z+. In particular, for all t > 0 and
all sufficiently large n,(

1 − t

n
A2

)−n

Qx1 = Q
(
1 − t

n
A1

)−n

x1.

Let n → ∞ to find that At
1x1 ∈ D(Q), At

1Qx1 ∈ R (Q), and that At
2Qx1 = QAt

1x1

for all t ≥ 0.
Next we look at the second intertwining condition in (33). We know that, for

all x1 ∈ D(Q),
C2(λ − A2)−1Qx1 = C1(λ − A1)−1x1
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for λ ≥ Λ. Let α ∈ Ω∞, and replace x1 by x1,α = α(α − A1)−1x1 where x1 ∈
D(Q). Then (as we saw in the corresponding part of the proof of the implication
(i) ⇒ (ii)), the above identity is the Laplace transformed version of the identity
C2Qx1,α = C1x1,α, which must then also hold. Let α → ∞. Then x1,α → x1 in
X1 and Qx1,α → Qx1 in X2 (see the proof of the implication (i) ⇒ (ii)). By the
continuity of C1 and C2, C2Qx1 = C1x1, x1 ∈ D(Q).

The third intertwining condition in (33) requires us to show that R (B1) ⊂
D(Q) and that B2 = QB1. Actually, it suffices to show this for functions u which
vanish on some interval (−∞,−t) and are given by u(v) = (eλ(t+v) − eα(t+v))u0

on [−t, 0] for some real λ ≥ α ≥ Λ, because the span of functions of this type is
dense in W 1,2

c (R−;U), B1 and B2 are continuous from W 1,2
c (R−;U) to X1 and

X2, respectively, and Q is closed. However, for i = 1, 2, applying Bi to the above
function we get

Biu = eλt(1Xi − e−λtAt
i)(λ − Âi)−1Biu0

− eαt(1Xi − e−αtAt
i)(α − Âi)−1Biu0.

This, together with the first condition in (33), condition (35), and the third con-
dition in (36) implies that B1u ∈ D(Q) and that B2 = QB1.

Finally, that D1 = D2 follows from Lemma 2.4. �

In the sequel it shall be important how the operator Fα defined in (21)
interacts with the pseudo-similarity operator Q, and, in particular, with its domain.
Our following two lemmas address this issue.

Lemma 4.4. Let Σ := (S;X ,U ,Y) be an system node with system operator S =[
A&B
C&D

]
, main operator A, and control operator B, and let Z be a subspace of X .

Let α ∈ ρ(A) and define Fα as in (21).

(i) [ZU ] is invariant under Fα if and only if

(α − A)−1Z ⊂ Z, (α − Â)−1BU ⊂ Z. (38)

(ii) If (38) holds, then [ x
u ] belongs to the range of Fα|[ZU ] if and only if

[ x
u ] ∈ D(S), x ∈ Z, A&B [ x

u ] ∈ Z. (39)

In particular, the range of Fα|[ZU ] does not depend on the particular α ∈ ρ(A), as

long as [ZU ] is invariant under Fα.

Proof. That (i) holds follows directly from (21), so it suffices to prove (ii).
Suppose first that [ x

u ] = Fα [ z
u ] for some z ∈ Z ⊂ X and u ∈ U . Then

[ x
u ] ∈ D(S) (since Fα maps [XU ] into D(S)) and x ∈ Z (by the assumed invari-

ance condition). Furthermore, by (21),
([

α 0
0 1U

]− [ A&B
0 0 ]

)
[ x
u ] = [ z

u ] . In particular,
A&B [ x

u ] = αx − z ∈ Z. Thus, [ x
u ] ∈ D(S), x ∈ Z, and A&B [ x

u ] ∈ Z whenever
[ x
u ] belongs to the range of Fα|[ZU ].
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Conversely, suppose that [ x
u ] ∈ D(S), x ∈ Z, and A&B [ x

u ] ∈ Z. Define z by
z = αx − A&B [ x

u ]. Then z ∈ Z and [ x
u ] = Fα [ z

u ], so [ x
u ] belongs to the range of

Fα|[ZU ]. �

Lemma 4.5. Let Σi := (Si;Xi,U ,Y), i = 1, 2, be two pseudo-similar system nodes
with main operators Ai, control operators Bi, and pseudo-similarity operator Q.
Let Ω∞ be the component of ρ(A1) ∩ ρ(A2) which contains some right half-plane.
For each λ ∈ Ω∞, define Fi,λ, i = 1, 2, by

Fi,λ =
[
(λ − Ai)−1 (λ − Âi)−1Bi

0 1U

]
. (40)

Then, for each λ ∈ Ω∞, F1,λ maps
[D(Q)

U
]
into itself, F2,λ maps

[R(Q)
U

]
into itself,

and

F2,λ

[
Q 0
0 1U

]
=
[
Q 0
0 1U

]
F1,λ|[ D(Q)

U
] . (41)

In particular,
[

Q 0
0 1U

]
maps the range of F1,λ|[ D(Q)

U
] one-to-one onto the range of

F2,λ|[ R(Q)
U

] .
Proof. That F1,λ maps

[D(Q)
U

]
into itself follows from the two inclusions (λ −

A1)−1D(Q) ⊂ D(Q) and (λ − Â1)−1B1U ⊂ D(Q) (see Remark 4.3). Analogously,
that F2,λ maps

[R(Q)
U

]
into itself follows from the two inclusions (λ−A2)−1R (Q) ⊂

R (Q), (λ − Â2)−1B2U ⊂ R (Q). Finally, (41) follows from (40) and the first and
third identities in (36). �

Our next theorem gives a characterization of pseudo-similarity which is given
directly in terms of the system operators involved.

Theorem 4.6. Let Σi := (Si;Xi,U ,Y), i = 1, 2, be two systems with system oper-
ators Si =

[
[A&B]i
[C&D]i

]
, main operators Ai, and control operators Bi. Let Q : X1 ⊃

D(Q) → R (Q) ⊂ X2 be a pseudo-similarity, and let Ω∞ be the component of
ρ(A1)∩ρ(A2) which contains some right half-plane. Then the following conditions
are equivalent:

(i) Σ1 and Σ2 are pseudo-similar with pseudo-similarity operator Q.
(ii) The following two conditions hold:

(a) (35) holds for some λ ∈ Ω∞.
(b) For all [ x1

u ] ∈ D(S1) such that x1 ∈ D(Q) and [A&B]1 [ x1
u ] ∈ D(Q) we

have

S2

[
Q 0
0 1U

] [
x1

u

]
=
[
Q 0
0 1Y

]
S1

[
x1

u

]
. (42)

Proof. Proof of (i) ⇒ (ii). Assume (i). By Theorem 4.2 and Remark 4.3, (35)
holds for all λ ∈ Ω∞. By Lemma 4.4, F1,λ

[D(Q)
U

] ⊂ [D(Q)
U

]
, and the condition

imposed on [ x1
u ] in (b) is equivalent to the requirement that [ x1

u ] belongs to the
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range of F1,λ|[ D(Q)
U

] . If we replace [ x1
u ] in (42) by F1,λ [ x1

u ] with x1 ∈ D(Q), then a

straightforward computation based on (22) shows that the right-hand side becomes[
Q 0
0 1Y

]
S1F1,λ

[
x1

u

]
=
[
QA1(α − A1)−1 Qα(α − Â1)−1B1

C1(α − A1)−1 D̂1(α)

] [
x1

u

]
. (43)

A similar computation which also uses (41) shows that

S2

[
Q 0
0 1U

]
F1,λ

[
x1

u

]
=
[
A2(α − A2)−1Q α(α − Â2)−1B2

C2(α − A2)−1Q D̂2(α)

] [
x1

u

]
. (44)

By (36), the right-hand sides of (43) and (44) are equal, and this implies (42).
Proof of (ii) ⇒ (i): Assume (ii). Then it follows from (42) with [ x1

u ] replaced
by F1,λ [ x1

u ] that for all x1 ∈ D(Q) and all u ∈ U (recall (21))

F−1
2,λ

[
Q 0
0 1U

]
F1,λ

[
x1

u

]
=
[
Q 0
0 1U

]
F−1

1,λF1,λ

[
x1

u

]
.

Multiplying this by F2,λ to the left we get (41). It follows from (42) that the left-
hand sides of (43) and (44) are equal, and by using (41) we conclude that also the
right-hand sides of (43) and (44) are equal. This implies (36). By Theorem 4.2,
Σ1 and Σ2 are pseudo-similar with pseudo-similarity operator Q. �

Definition 4.7. Two system nodes Σi := (Si;Xi,U ,Y) with system operators Si =[
[A&B]i
[C&D]i

]
, i = 1, 2, are called pseudo-similar with pseudo-similarity operator Q if

conditions (ii)(a) and (ii)(b) in Theorem 4.6 hold.

Thus, with this terminology, Theorem 4.6 says that two systems Σi, i = 1, 2,
are pseudo-similar if and only if the corresponding system nodes are pseudo-
similar, with the same pseudo-similarity operator. Two other equivalent charac-
terization of the pseudo-similarity of two system nodes are given by conditions (ii)
and (iii) in Theorem 4.2.

Theorem 4.6 can be used to recover S2 from S1 or S1 from S2 if we know the
pseudo-similarity operator Q.

Corollary 4.8. Let Σi := (Si;Xi,U ,Y), i = 1, 2 be two pseudo-similar system nodes
with system operators Si =

[
[A&B]i
[C&D]i

]
and pseudo-similarity operator Q. Then S1

and S2 can be reconstructed from each other in the following way:

(i) S1 is the closure of the restriction of
[

Q−1 0
0 1Y

]
S2

[
Q 0
0 1U

]
to the set of all

[ x1
u ] ∈ [D(Q)

U
]

such that [ Qx1
u ] ∈ D(S2) and [A&B]2 [ Qx1

u ] ∈ R (Q).

(ii) S2 is the closure of the restriction of
[

Q 0
0 1Y

]
S1

[
Q−1 0

0 1U

]
to the set of all

[ x2
u ] ∈ [R(Q)

U
]

such that
[

Q−1x2
u

] ∈ D(S1) and [A&B]1
[

Q−1x2
u

] ∈ D(Q).

Proof. Because of the symmetry of the two statements it suffices to prove, for
example, (i). As we observed in the proof of Theorem 4.6, the set of conditions
imposed on [ x1

u ] in condition (ii) in that theorem is equivalent to the requirement
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that [ x1
u ] belongs to the range of F1,λ|[ D(Q)

U
] . By Lemma 4.5, this is equivalent to

the requirement that [ Qx1
u ] belongs to the range of F2,λ|[ R(Q)

U
] , and by Lemma 4.4,

this is equivalent to the set of conditions on [ x1
u ] listed in (i). By Theorem 4.6, and

since S1 is closed, S1 is a closed extension of the restriction of
[

Q−1 0
0 1U

]
S2

[
Q 0
0 1U

]
to the range of F1,λ|[ D(Q)

U
] . That this is the minimal closed extension follows from

the fact that the range of F1,λ|[ D(Q)
U

] is dense in D(S1) with respect to the graph

norm (because D(Q) is dense in X1, and F1,λ is a bounded bijection of
[X1

U
]

onto
D(S1)). �

Theorem 4.9. Let Σi := (Si;Xi,U ,Y), i = 1, 2 be two pseudo-similar system
nodes with system operators Si =

[
[A&B]i
[C&D]i

]
and pseudo-similarity operator Q.

Let s ∈ R and u ∈ W 2,2
loc ([s,∞);U), and let

[
x1,s

u(s)

]
∈ D(S1) with x1,s ∈ D(Q) and

[A&B]1
[

x1,s

u(s)

]
∈ D(Q). Define x2,s := Qx1,s. Then the following conclusions hold.

(i)
[

x2,s

u(s)

]
∈ D(S2), so that we can let xi and yi, i = 1, 2, be the state trajectory

and the output of Si of described in Lemma 2.3 with initial state xi,s and
input function u.

(ii) For all t ≥ s, the solutions defined in (i) satisfy
[

x1(t)
u(t)

]
∈ D(S1),

[
x2(t)
u(t)

]
∈

D(S2), x1(t), ẋ1(t) ∈ D(Q), x2(t), ẋ2(t) ∈ R (Q), and

x2(t) = Qx1(t), ẋ2(t) = Qẋ1(t), y2(t) = y1(t), t ≥ s.

Thus, in particular, [A&B]1
[

x1(t)
u(t)

]
⊂ D(Q) and [A&B]2

[
x2(t)
u(t)

]
⊂ R (Q) for all

t ≥ s.

Proof. That (i) holds follows from Lemmas 4.4 and 4.5. Thus, we can define the
solution as explained in (i). By Lemma 2.3,

[
xi(t)
u(t)

]
∈ D(Si) and xi is continuously

differentiable in Xi for i = 1, 2.
We claim that x1(t) ∈ D(Q) and x2(t) = Qx1(t) for all t ≥ 0. To prove this

we split each of the two solutions into three parts: one where xi,s �= 0 and u = 0,
one where xi,s = 0 and the input function is eλ(t−s)u(s), and one where xi,s = 0
and the input function is u(t)− eλ(t−s)u(s); here λ ∈ Ω∞ and i = 1, 2. In the first
case we have xi(t) = At−s

i xi,s, and the first intertwining condition in (33) implies
that x1(t) ∈ D(Q) and x2(t) = Qx1(t) for t ≥ s. In the second case we have

xi(t) = eλ(t−s)(1Xi − e−λ(t−s)At−s
i )(λ − Âi)−1Biu(s),

and again we have x1(t) ∈ D(Q) and x2(t) = Qx1(t) for t ≥ s because of the first
condition in (33) and the third condition in (36). In the third case we have

xi(t) =
∫ 0

s−t

Â−v
i Bi[u(t + v) − eλ(t−s+v)u(s)] dv.
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This is Bi applied to a function in W−1,2
c (R−;U), and by the third condition in

(33), again x1(t) ∈ D(Q) and x2(t) = Qx1(t) for t ≥ s. Adding these three special
solutions we find that the original solutions x1 and x2 satisfy x1(t) ∈ D(Q) and
x2(t) = Qx1(t) for t ≥ s.

Since both x1 and x2 = Qx1 are continuously differentiable and Q is closed,
we must have ẋ1(t) ∈ D(Q) and ẋ1(t) = Qẋ1(t) for all t ≥ s. In particular,
ẋ1(t) = [A&B]1

[
x1(t)
u(t)

]
⊂ D(Q) and ẋ1(t) = [A&B]2

[
x2(t)
u(t)

]
⊂ R (Q) for all t ≥ s.

Finally, by (42), y2(t) = y1(t) for all t ≥ s. �
Let us end this section with a short discussion of the pseudo-similarity of

two discrete-times systems, based on [AKP05]. We say that two discrete-time
systems

([
A1 B1
C1 D1

]
;X1,U ,Y) and

([
A2 B2
C2 D2

]
;X2,U ,Y) are pseudo-similar if there

is a pseudo-similarity Q : X1 ⊃ D(Q) → R (Q) ⊂ X2 such that A1D(Q) ⊂ D(Q),
R (B1) ⊂ D(Q), and

A2Q = QA1|D(Q),

C2Q = C1|D(Q),

B2 = QB1,

D2 = D1.

(45)

Theorem 4.10. Let Σi := (Si;Xi,U ,Y), i = 1, 2, be two system nodes with main
operators Ai. Let Q : X1 ⊃ D(Q) → R (Q) ⊂ X2 be a pseudo-similarity. Let Ω∞
be the component of ρ(A1)∩ρ(A2) which contains some right half-plane. Then the
following conditions are equivalent:8

(i) Σ1 and Σ2 are pseudo-similar with pseudo-similarity operator Q.
(ii) For some α ∈ C+ ∩Ω∞, the Cayley transforms of Σ1 and Σ2 with parameter

α defined by (28) are pseudo-similar with pseudo-similarity operator Q.
(iii) For all α ∈ C+ ∩Ω∞, the Cayley transforms of Σ1 and Σ2 with parameter α

are pseudo-similar with pseudo-similarity operator Q.

Proof. This follows directly from Theorem 4.2. �
Theorem 4.11. Let Σi := (Si;Xi,U ,Y), i = 1, 2, be two minimal systems with
main operators Ai, input/output maps Di, and transfer functions D̂i. Let Ω∞ be
the component of ρ(A1) ∩ ρ(A2) which contains some right half-plane. Then the
following conditions are equivalent:

(i) Σ1 and Σ2 are pseudo-similar.
(ii) The set {λ ∈ Ω∞ | D̂1(λ) = D̂2(λ)} has an interior cluster point.
(iii) D̂1(λ) = D̂2(λ) for all λ ∈ Ω∞.
(iv) D1 = D2.

Proof. If Σ1 and Σ2 are pseudo-similar, then it follows directly from Definition
4.1 that (iv) holds. By Lemma 2.4, (ii), (iii) and (iv) are equivalent. Thus, it only
remains to show that (iii) ⇒ (i).

8See also [AN96, Proposition 7.9].
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Assume (iii). By Lemma 3.1, the Cayley transforms of Σ1 and Σ2 with param-
eter λ ∈ C+∩Ω∞ are two minimal discrete-time systems, whose transfer functions
coincide in a neighborhood of ∞. According to [Aro79, Proposition 6], these two
discrete-time systems are pseudo-similar with some pseudo-similarity operator Q.
By Theorem 4.10, Σ1 and Σ2 are pseudo-similar with the same pseudo-similarity
operator Q. �

5. H-passive systems

The following definition is a closely related to the corresponding definition in the
two classical papers [Wil72a, Wil72b] (Willems allows the system to be nonlinear
and his storage functions are locally bounded).

By a nonnegative operator in a Hilbert space X we mean a (possibly un-
bounded) self-adjoint operator H satisfying 〈x, Hx〉X ≥ 0 for all x ∈ D(H). If, in
addition, 〈x, Hx〉X > 0 for all nonzero x ∈ D(H), then we call H positive. The
(unique) nonnegative self-adjoint square root of such a nonnegative operator H is
denoted by

√
H .

Definition 5.1. A system node (or system) Σ := (S;X ,U ,Y) with system operator
S =

[
A&B
C&D

]
is (scattering) H-passive (or simply passive if H = 1X ) if the following

conditions hold:
(i) H is a positive operator on X . Let Q =

√
H .

(ii) If u ∈ W 2,2
loc ([s,∞);U) and

[ xs

u(s)

] ∈ D(S) with xs ∈ D(Q) and A&B
[ xs

u(s)

] ∈
D(Q), then the solution x in Lemma 2.3 satisfies x(t), ẋ(t) ∈ D(Q) for all
t ≥ s, and both Qx and its derivative are continuous in X on [s,∞).

(iii) Each solution of the type described in (ii) satisfies for all s ≤ t,

〈Qx(t), Qx(t)〉X +
∫ t

s

‖y(v)‖2
Y dv ≤ 〈Qx(s), Qx(s)〉X +

∫ t

s

‖u(v)‖2
U dv. (46)

If (46) holds in the form of an equality for all s ≤ t,

〈Qx(t), Qx(t)〉X +
∫ t

s

‖y(v)‖2
Y dv = 〈Qx(s), Qx(s)〉X +

∫ t

s

‖u(v)‖2
U dv. (47)

then Σ is (scattering) forward H-conservative,

We denote the set of all positive operators H for which Σ is H-passive by MΣ.
As our following theorem shows, a system is H-passive (i.e., H ∈ MΣ) if and

only if it is pseudo-similar to a passive system.

Theorem 5.2. Let Σ := (S;X ,U ,Y) be a system node.
(i) If Σ is pseudo-similar to a passive system node Σ1 := (S1;X1,U ,Y) with

pseudo-similarity operator Q, then Σ is H-passive with H := Q∗Q.
(ii) Conversely, if Σ is H-passive, and if Q : X → XQ is an arbitrary pseudo-

similarity satisfying Q∗Q = H (for example, we can take XQ = X and
Q =

√
H), then Σ is pseudo-similar to a unique passive system node ΣQ =
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(SQ;XQ,U ,Y), with pseudo-similarity operator Q. The system operator SQ

is the closure of the restriction of
[

Q 0
0 1Y

]
S
[

Q−1 0
0 1U

]
to the set of all [ x

u ] ∈[R(Q)
U

]
such that

[
Q−1x

u

] ∈ D(S) and A&B
[

Q−1x
u

] ∈ D(Q).

Proof. Proof of (i): Under the assumption of (i) it follows from Theorem 4.9 that
conditions (ii) and (iii) in Definition 5.1 hold for the given operator Q. Define
H := Q∗Q. Then H is a positive operator on X , and Q has the polar decomposition
Q = U

√
H , where U is a unitary operator X → X1 and D(Q) = D(

√
H) (see, e.g.,

[Kat80, pp. 334–336] or [Sta05, Lemma A.2.5]). This implies conditions (i)–(iii) in
Definition 5.1.

Proof of (ii): Suppose that Σ is H-passive, and that Q : X → XQ is an
arbitrary pseudo-similarity satisfying Q∗Q = H . Denote the main operator of Σ
by A. By condition (ii) in Definition 5.1, for each x0 ∈ X 1∩D(Q) with Ax0 ∈ D(Q)
and t ∈ R+ we can define At

Qx0 := Qx(t) and (CQx0)(t) := y(t), where x(·) is the
state trajectory and CQx0 is the output function of Σ with initial state Q−1x0 and
zero input function u. In other words,

At
Qx0 = QAtQ−1x0, (CQx0)(t) = CAtQ−1x0, t ∈ R+.

By (47), for all t ∈ R+, At
Q is a contraction on its domain (with the norm of

X ) into X , and CQ is a contraction from its domain (with the norm of X ) into
L2(R+;Y). Moreover, it is easy to see that At

Q, t ≥ 0, is a C0 semigroup on its
domain. Therefore, this semigroup can be extended (being densely defined and
uniformly bounded) to a C0 semigroup on X , and likewise, CQ can be extended
to a contraction mapping from all of X into L2(R+;Y).

We next let u ∈ W 2,2(R;U) have a support which is bounded to the left.
We take some initial time s < 0 to the left of the support of u, and let x be
the state trajectory and y the output of Σ with initial state xs = 0 and input
function u. It follows from Definition 5.1 that x(0) ∈ D(Q). This permits us to
define BQu− := Qx(0) where u− = u|R− and DQu = y. Thus,

BQu = QBu, DQu = Du.

By condition (iii) in Definition 5.1, these two operators are contractions on their
domains (with the norm of L2(R;U)) into their range spaces, so by density and
continuity we can extend them to contraction operators defined on all of L2(R−,U)
and L2(R,U), respectively.

It is easy to see that the quadruple
[

AQ BQ

CQ D

]
is an L2-well-posed linear system

in the sense of [Sta05, Definition 2.2.1], i.e., that t 
→ At
Q is a C0 semigroup, that

At, BQ and CQ satisfy the intertwining conditions

At
QBQ = BQτ t

−, CQAt
Q = τ t

+CQ, t ≥ 0,

where τ t− is the left-shift on L2(R−;U) and τ t
+ is the left-shift on L2(R+;Y), and

that CQBQ = π+Dπ− where π− is the orthogonal projection of L2(R;U) onto
L2(R−;U) and π+ is the orthogonal projection of L2(R;Y) onto L2(R+;U) (thus,
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the Hankel operator induced by D is CQBQ). This well-posed linear system is
induced by some system node ΣQ := (SQ;X ,U ,Y) (see, e.g., [Sta05, Theorem
4.6.5]). The main operator AQ of this system node is the generator of t 
→ At

Q,
the observation operator CQ is given by CQx = (CQx)(0) for x ∈ D(AQ), the
control operator BQ is determined by the fact that (B∗

Qx∗) = (B∗
Qx∗)(0) for

all x∗ ∈ D(A∗
Q), and the transfer function coincides with the original transfer

function D̂ on some right half-plane. We can now apply (21) and (22) with A, B,
and C replaced by AQ, BQ, and CQ, and with α ∈ ρ(AQ) to recover the system
operator SQ. The semigroup, input map, output map, and input/output map of
ΣQ coincides with the maps given above. By construction, the conditions listed in
Definition 4.1 are satisfied, i.e., Σ is pseudo-similar to ΣQ with pseudo-similarity
operator Q. Finally, it follows from condition (iii) in Definition 5.1 that ΣQ is
passive.

The explicit formula for the system operator SQ given at the end of (ii) is
contained in Corollary 4.8. �
Remark 5.3. Instead of appealing to the theory of well-posed linear systems it
is possible to prove part (ii) of Theorem 5.2 by reducing it to the corresponding
result in discrete time via the Cayley transform. The proof of Theorem 5.7 that
we give below does not use part (ii) of Theorem 5.2. In that proof we use the
Cayley transform to show that Σ is pseudo-similar to a passive system Σ√

H with
similarity operator

√
H . From this result we can get the general claim in part (ii)

of Theorem 5.2 by using the polar factorization of Q.

We denote the set of all H ∈ MΣ for which the passive system node Σ√
H

defined in part (ii) of Theorem 5.2 is minimal by Mmin
Σ .

It is not difficult to show (using Lemma 2.7) that this minimality condition
is equivalent to the following two conditions:∨

λ∈ρ+∞(A)

R
(√

H(λ − Â)−1B
)

= X ,

⋂
λ∈ρ+∞(A)

N
(
C(λ − A)−1|D(

√
H)

)
= 0.

(48)

For the formulation of our next theorem we recall the definition of the re-
stricted Schur class S(U ,Y; Ω), where Ω is an open connected subset of C+:
θ ∈ S(U ,Y; Ω) means that θ is the restriction to Ω of a function in the Schur
class S(U ,Y, C+).

Theorem 5.4. Let Σ := (S;X ,U ,Y) be a system node with main operator A and
transfer function D̂. Let ρ+∞(A) be the component of ρ(A) ∩ C+ which contains
some right half-plane.

(i) If Σ is H-passive, i.e., if H ∈ MΣ, then D̂|ρ+∞(A) ∈ S(U ,Y; ρ+
∞(A)).

(ii) Conversely, suppose that Σ is minimal and that D̂|ρ+∞(A) ∈ S(U ,Y; ρ+
∞(A)).

Then Σ is H-passive for some H ∈ Mmin
Σ .
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Proof. Proof of (i): Suppose generalized Σ is H-passive (see Theorem 5.7). By
Theorem 5.2, Σ is pseudo-similar to a passive system Σ√

H , whose transfer function
θ is a Schur function (see [AN96, Proposition 4.4] or [Sta05, Theorem 10.3.5 and
Lemma 11.1.4]). By Theorem 4.11, the transfer functions of Σ and Σ√

H coincide
on the connected component of ρ(A) ∩ C+. This proves (i).

Proof of (ii): Suppose that the transfer function coincides with some Schur
function in some right half-plane. This Schur function has a minimal passive re-
alization Σ1; see., e.g., [AN96, Proposition 7.6] or [Sta05, Theorem 11.8.14]. Since
the two transfer function coincides in some right-half plane, the input/output maps
of the two minimal systems are the same, and consequently, by Theorem 4.11, Σ
and Σ1 are pseudo-similar with some pseudo-similarity Q. By Theorem 5.2, this
implies that Σ is H-passive with H = Q∗Q. The system node Σ√

H in part (ii)
of Theorem 5.2 is unitarily similar to the system node Σ1 with a similarity op-
erator U obtained from the polar decomposition Q = U

√
H of Q. Thus, Σ√

H is
minimal. �

Corollary 5.5. If Σ is minimal, then Mmin
Σ is nonempty if and only if MΣ is

nonempty.

Proof. This follows directly from Theorem 5.4. �

In our next theorem we shall characterize the H-passivity of a system node
Σ in terms of a solution of the generalized (continuous time scattering) KYP in-
equality.

Definition 5.6. Let Σ := (S;X ,U ,Y) be a system node with system operator
S =

[
A&B
C&D

]
, main operator A, and control operator B, and let ρ+

∞(A) be the
component of ρ(A) ∩ C+ which contains some right half-plane. By a solution of
the generalized (continuous time scattering) KYP inequality induced by Σ we mean
a linear operator H satisfying the following conditions.

(i) H is a positive operator on X . Let Q =
√

H .
(ii) (λ − A)−1D(Q) ⊂ D(Q) for some λ ∈ ρ+

∞(A).
(iii) (λ − Â)−1BU ⊂ D(Q) for some λ ∈ ρ+

∞(A).
(iv) The operator QAQ−1, defined on its natural domain consisting of those x ∈

R (Q) for which Q−1x ∈ D(A) and AQ−1x ∈ D(Q), is closable.
(v) For all [ x0

u0 ] ∈ D(S) with x0 ∈ D(Q) and A&B [ x0
u0 ] ∈ D(Q) we have

2�〈Q[A&B] [ x0
u0 ] , Qx0〉X + ‖C&D [ x0

u0 ]‖2
Y ≤ ‖u0‖2

U . (49)

If H is bounded with D(H) = X , then (ii) and (iii) are redundant, and if
furthermore H−1 is bounded, then also (iv) is redundant. Thus, in this case H
is a solution of the generalized KYP inequality if and only if (49) holds for all
[ x0
u0 ] ∈ D(S). If A&B =

[
A B

]
and C&D =

[
C D

]
, and if A, B, C, D, H and

H−1 are bounded, then conditions (ii)–(iv) are satisfied and (49) reduces to the
standard KYP inequality (7).
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The significance of this definition is due to the following theorem.

Theorem 5.7. Let Σ := (S;X ,U ,Y) be a system node, and let H be a positive
operator on X . Then the following two conditions are equivalent:

(i) Σ is H-passive (i.e., H ∈ MΣ),
(ii) H is a solution of the generalized KYP-inequality induced by Σ.

Moreover, Σ is forward H-conservative if and only if condition (v) in Definition
5.6 holds with the inequality (49) replaced by the equality

2�〈Q[A&B] [ x0
u0 ] , Qx0〉X + ‖C&D [ x0

u0 ]‖2
Y = ‖u0‖2

U . (50)

In particular, Σ is passive if and only if (49) holds with Q = 1X for all
[ x0
u0 ] ∈ D(S), and it is forward conservative if and only if (50) holds with Q = 1X

for all [ x0
u0 ] ∈ D(S).

As we shall see in a moment, one direction of the proof is fairly simple (the
one which says that H-passivity of Σ implies that H is a solution of the generalized
KYP-inequality). The proof of the converse is more difficult, especially the proof
of the the validity of condition (ii) in Definition 5.1. For that part of the proof
we shall need to study the H-passivity of the corresponding discrete time system
obtained via a Cayley transform.

Following [AKP05], we call a discrete time system Σ :=
(
[ A B
C D ] ;X ,U ,Y

)
H-passive (or simply passive if H = 1X ), where H is a positive operator on X , if,
with Q :=

√
H,

AD(Q) ⊂ D(Q), BU ⊂ D(Q), (51)

and if, for all x0 ∈ D(Q) and u0 ∈ U ,

‖Q(Ax0 + Bu0)‖2
X + ‖Cx0 + Du0‖2

Y ≤ ‖Qx0‖2
X + ‖u0‖2

U . (52)

In this case we also refer to H as a solution of the discrete time (scattering)
generalized KYP-inequality induced by Σ. If H is bounded with D(H) = X , then
(51) is redundant, and (52) is equivalent to the discrete time scattering KYP
inequality (11). In particular, passivity of Σ is equivalent to the requirement that
[ A B
C D ] is a contraction from [XU ] to

[ X
Y
]
.

Lemma 5.8. Let Σ := (S;X ,U ,Y) be a system node with main operator A, and let
Σ and H satisfy conditions (i)–(iii) in Definition 5.6, with the same λ ∈ ρ+

∞(A) in
conditions (ii) and (iii). Then condition (v) in Definition 5.6 holds if and only if the
Cayley transform Σ(λ) :=

([A(λ) B(λ)
C(λ) D(λ)

]
;X ,U ,Y) of Σ (with the same parameter

λ as in (ii) and (iii)) is H-passive.

Proof. Clearly, by (28), (ii) and (iii) in Definition 5.6 imply (51). Thus, to prove
the lemma it suffices to show that (49) is equivalent to (52).

According to Lemma 4.4, we have [ x
u ] ∈ D(S) with x ∈ D(Q) and A&B [ x

u ] ∈
D(Q) if and only if [ x

u ] = Fλ

[√
2
λ 0
0 1U

]
[ x0
u0 ] for some x0 ∈ D(Q) and some u ∈ U .
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Replacing [ x0
u0 ] in (49) by Fλ

[√
2
λ 0
0 1U

]
[ x0
u0 ] and using (21) and (22) we find that

(49) is equivalent to the requirement that

2�〈Q[
A(λ − A)−1

√
2�λx0 + λ(λ − Â)−1Bu0

]
, Q(λ − A)−1

√
2�λx0

〉
X

+ ‖C(λ − A)−1
√

2�λx0 + D̂(λ)u0‖2
Y

≤ ‖u0‖2
U

(53)

for all x0 ∈ D(Q) and u ∈ U . If we here replace A(λ − A)−1 by λ(λ − A)−1 − 1X
and expand the resulting expression we get a large number of simple terms. A
careful inspection shows that we get exactly the same terms by expanding (52)
after replacing A(λ) by 2�λ(λ − A)−1 − 1X and replacing B(λ), C(λ), and D(λ)
by the expressions given in (28). Thus, (49) and (52) are equivalent. �

Proof of Theorem 5.7. Suppose that Σ is H-passive. We must show that conditions
(i)–(v) in Definition 5.6 hold. Condition (i) is the same as condition (i) in Definition
5.1. By Theorem 5.2, Σ is pseudo-similar to a system node ΣQ = (SQ;X ,U ,Y),
and (ii) and (iii) follow from Theorem 4.2 (for all λ ∈ ρ+

∞(A); see (35)). By part
(i) of Theorem 5.2, the operator QAQ−1 is closable (its closure is equal to the
main operator of ΣQ). Thus (i)–(iv) hold. Divide (46) by t − s, let t − s ↓ 0, and
use part (iii) of Definition 5.1 (and the closedness of Q) to get

2�〈Qẋ(t), Qx(t)〉X + ‖y(t)‖Y ≤ ‖u(t)‖U , t ≥ 0. (54)

Here we substitute ẋ(t) = A&B
[

x(t)
u(t)

]
and y(t) = C&D

[
x(t)
u(t)

]
and take t = 0 to

get (49) with [ x0
u0 ] replaced by

[
x(0)
u(0)

]
. Thus also (v) holds.

Conversely, suppose that H is a solution of the generalized KYP-inequality.
Let us for the moment focus on the main operator A of S, and ignore the other
parts of Σ. By Lemma 5.8, applied to a system node with main operator A but
no input or output, the conditions (i) and (ii) imply that the Cayley transform
A(λ) of A (with the same λ as in (ii)) satisfies A(λ)D(Q) ⊂ D(Q). In particular,
we can define AQ(λ) := QA(λ)Q−1 with D(AQ(λ)) = R (Q). It follows from (v)
that AQ(λ) is a contraction from its domain (with the norm of X ) into X . Thus,
by density and continuity, AQ(λ) can be extended to a contraction on X , which
we still denote by AQ(λ).

We claim that AQ(λ) does not have −1 as an eigenvalue. By the definition
of AQ(λ) as the closure of its restriction to R (Q), this is equivalent to the claim
that if xn ∈ R (Q), xn → x in X and yn := (1X +AQ(λ))xn → 0 in X , then x = 0.
Since 1X + AQ(λ) = 2�λQ(λ − A)−1)Q−1, we have

2�λxn = (λ − QAQ−1)yn.

By (iv), the operator λ−QAQ−1 is closable. Now yn → 0 in X and 2�λxn → 2�λx
in X , so we must have x = 0. This proves that AQ(λ) does not have −1 as an
eigenvalue.
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Since AQ(λ) is a contraction which does not have −1 as an eigenvalue, it
is the Cayley transform of the generator AQ of a C0 contraction semigroup At

Q,
t ≥ 0; see, e.g., [AN96, Theorem 5.2], [SF70, Theorem 8.1, p. 142], or [Sta05,
Theorem 12.3.7]. By Theorem 4.10 (applied to the situation where there is no
input or output), At, t ≥ 0, is pseudo-similar to At

Q, t ≥ 0, with pseudo-similarity
operator Q. In particular, by Theorem 4.2, condition (ii) holds for all λ ∈ ρ+∞(A).

Since (ii) holds for all λ ∈ ρ+
∞(A), we can use the same λ in (ii) as in (iii),

and take the Cayley transform of the whole system node Σ. By Lemma 5.8, the
Cayley transform Σ(λ) :=

([
A(λ) B(λ)
C(λ) D(λ)

]
;X ,U ,Y

)
is a discrete time scattering

H-passive system. Therefore, by [AKP05, Proposition 4.2], this system is pseudo-
similar to a passive system, with pseudo-similarity operator Q =

√
H . It is easy

to see that the system operator of this contractive system must be the closure
of

[
Q−1 0

0 1Y

] [
A(λ) B(λ)
C(λ) D(λ)

] [
Q 0
0 1U

]
(cf. Corollary 4.8). Let us denote this system by

ΣQ(λ) :=
([

AQ(λ) BQ(λ)

CQ(λ) DQ(λ)

]
;X ,U ,Y

)
. As we have shown above, A(λ) does not

have −1 as an eigenvalue. This implies that ΣQ(λ) is the Cayley transform with
parameter λ of a scattering passive system node ΣQ; see, e.g., [AN96, Theorem
5.2] or [Sta05, Theorem 12.3.7]. By Theorem 4.10, Σ and ΣQ are pseudo-similar
with pseudo-similarity operator Q. It then follows from Theorem 4.9 that condi-
tion (ii) in Definition 5.1 holds. Moreover,

[
x(t)
u(t)

]
∈ D(S) with x(t) ∈ D(Q) and

A&B
[

x(t)
u(t)

]
∈ D(Q) for all t ≥ 0. Therefore, by (49), (54) holds for all t ≥ 0.

Integrating this inequality over the interval [s, t] we get (46). �

It is possible to replace conditions (ii) and (iv) in Definition 5.6 by another
equivalent condition, which can be formulated as follows.

Proposition 5.9. The positive operator H is a solution of the generalized KYP-
inequality if and only if, in addition to conditions (i), (iii), and (v) in Definition
5.6, the following condition holds:
(ii′) AtD(Q) ⊂ D(Q) for all t ∈ R+, and the function t 
→ QAtx0 is continuous

on R+ (with values in X ) for all x0 ∈ D(Q),
where At, t ≥ 0, is the semigroup on Σ.

Proof. The necessity of (ii′) follows from Theorem 5.7 and condition (ii) in Def-
inition 5.1 (the trajectory x is given by x(t) = Atx0 when u = 0). Conversely,
if (ii′) holds, then we obtain a C0 semigroup At

Q, t ≥ 0, in the same way as we
did in the proof of the part (ii) of Theorem 5.2. By repeating the final part of
the argument in the proof of the converse part of Theorem 5.7 we find that Σ
is H-passive, and by the direct part of the same theorem, H is a solution of the
generalized KYP-inequality. �

Corollary 5.10. Let Σ := (S;X ,U ,Y) be a system node, let H be a positive operator
on X , and let Q =

√
H. Then the following three conditions are equivalent:
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(i) Σ is H-passive,
(ii) For some λ ∈ ρ+

∞(A), the Cayley transform
([A(λ) B(λ)

C(λ) D(λ)

]
;X ,U ,Y) of Σ with

parameter λ is H-passive, and the closure of the operator Q−1A(λ)Q does
not have −1 as an eigenvalue.

(iii) For all λ ∈ ρ+
∞(A), the Cayley transform

([A(λ) B(λ)
C(λ) D(λ)

]
;X ,U ,Y) of Σ with

parameter λ is H-passive, and the closure of the operator Q−1A(λ)Q does
not have −1 as an eigenvalue.

In particular, when these conditions hold, then conditions (ii) and (iii) in Definition
5.6 hold for all λ ∈ ρ+

∞(A).

Proof. As we saw in the first part of the proof of Theorem 5.7, if Σ is H-passive,
then conditions (ii) and (iii) in Definition 5.6 hold for all λ ∈ ρ+

∞(A). We also
observed in the proof of Theorem 5.7 that condition (iv) in Definition 5.6 holds if
and only if the closure of the operator Q−1A(λ)Q does not have −1 as an eigen-
value. This, combined with Lemma 5.8, implies (iii). Trivially, (iii) ⇒ (ii). That
(ii) ⇒ (i) was established in the proof of the converse part of Theorem 5.7. �

In our next theorem we compare solutions H ∈ Mmin
Σ to each other by using

the partial ordering of nonnegative self-adjoint operators on X : if H1 and H2 are
two nonnegative self-adjoint operators on the Hilbert space X , then we write H1 �
H2 whenever D(H1/2

2 ) ⊂ D(H1/2
1 ) and ‖H1/2

1 x‖ ≤ ‖H1/2
2 x‖ for all x ∈ D(H1/2

2 ).
For bounded nonnegative operators H1 and H2 with D(H2) = D(H1) = X this
ordering coincides with the standard ordering of bounded self-adjoint operators.

Theorem 5.11. Let Σ := (S;X ,U ,Y) be a minimal system node with transfer
function D satisfying the condition D|ρ+∞(A) ∈ S(U ,Y; ρ+

∞(A)). Then Mmin
Σ is

nonempty, and it contains a minimal element H◦ and a maximal element H•, i.e.,

H◦ � H � H•, H ∈ Mmin
Σ .

Proof. By Theorem 5.4, under the present assumption the set Mmin
Σ is nonempty.

We map both Σ and the pseudo-similar system Σ√
H into discrete time via the

Cayley transform with some parameter λ ∈ ρ+
∞(A). By Proposition 5.10, H is a

solution of the corresponding discrete time generalized KYP inequality, and by
Lemma 3.1, the image Σ√

H of Σ√
H under the Cayley transform is minimal. We

denote the discrete version of Mmin
Σ by Mmin

Σ . According to [AKP05, Theorem 5.11
and Proposition 5.15], the set Mmin

Σ has a minimal solution H◦ and a maximal
solution H•. The passivity and minimality of Σ√

H implies that the main operator
of Σ√

H cannot have any eigenvalues with absolute value one, and in particular,
it cannot have −1 as an eigenvalue. As we saw in the proof of Theorem 5.7, this
condition is equivalent to condition (iv) in Definition 5.6 with Q =

√
H . Thus, due

to the extra minimality condition on Σ√
H , there is a one-to-one correspondence

between the solutions H of the continuous time generalized KYP-inequality and
the discrete time generalized KYP-inequality, and the conclusion of Theorem 5.11
follows from [AKP05, Theorem 5.11 and Proposition 5.15]. �
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The two extremal storage functions EH◦ and EH• correspond to Willems’
[Wil72a, Wil72b] available storage and required supply, respectively. See [Sta05,
Remark 11.8.11] for details.

We remark that if Σ = (S;X ,U ,Y) is a minimal passive system, then Mmin
Σ

is nonempty and H◦ � 1X � H• (since 1X ∈ Mmin
Σ ). In particular, both H◦ and

H−1
• are bounded.

We end this section by studying how H-passivity of a system is related to
H̃-passivity of its adjoint.

Theorem 5.12. The system Σ = (S;X ,U ,Y) is H-passive if and only if the adjoint
system Σ∗ = (S∗;X ,Y,U) is H−1-passive.

Proof. It suffices to prove this in one direction since (Σ∗)∗ = Σ. Suppose that Σ
is H-passive. Choose some α ∈ ρ(A), where A is the main operator of Σ. Then,
by Proposition 5.10, the Cayley transform Σ(α) :=

([
A(α) B(α)
C(α) D(α)

]
;X ,U ,Y

)
of Σ

is H-passive, and −1 is not an eigenvalue of the closure AQ(λ) of Q−1A(λ)Q. By

[AKP05, Proposition 4.6], the adjoint system Σ(α)∗ :=
([

A(α)∗ C(α)∗

B(α)∗ D(α)∗

]
;X ,Y,U

)
of Σ is H−1-passive. The operator AQ(λ) is a contraction which does not have
−1 as an eigenvalue, and hence −1 is not an eigenvalue of AQ(λ)∗, which is the
closure of QA(λ)∗Q−1. The Cayley transform of Σ∗ with parameter α ∈ ρ(A∗) is
equal to Σ(α)∗, and by Proposition 5.10, Σ∗ is H−1-passive. �
Theorem 5.13. Let Σ = (S;X ,U ,Y) be a system node. Then

(i) H ∈ MΣ if and only if H−1 ∈ MΣ∗ ,
(ii) H ∈ Mmin

Σ if and only if H−1 ∈ Mmin
Σ∗ .

Proof. Assertion (i) is a reformulation of Theorem 5.12. The second assertion
follows from the fact that the system Σ√

H is minimal if and only if (Σ√
H)∗ is

minimal (see Lemma 2.6), and (Σ√
H)∗ = (Σ∗)√H−1 . �

Lemma 5.14. Let Σ = (S;X ,U ,Y) be a minimal system node which is self-adjoint
in the sense that Σ = Σ∗ = (S∗;X ,Y,U) (in particular, U = Y). If MΣ is
nonempty, then H◦ = H−1• .

Proof. By Theorem 5.12 and the fact that Σ is self-adjoint, H ∈ Mmin
Σ if and

only if H−1 ∈ Mmin
Σ . The inequality H−1 � H• for all H ∈ Mmin

Σ implies that
H−1

• � H (see [AKP05, Proposition 5.4]). In particular H−1
• � H◦. But we also

have the converse inequality H◦ � H−1• since H−1• ∈ Hmin
Σ . Thus, H◦ = H−1• . �

The identity H◦ = H−1
• implies, in particular, that H◦ � H−1

◦ . It is not
difficult to see that this implies that H◦ � 1X � H•. However, we can say even
more in this case.

Proposition 5.15. Let Σ = (S;X ,U ,Y) be a minimal system node for which MΣ is
nonempty and H◦ = H−1

• . Then Σ is passive, i.e., 1X ∈ Mmin
Σ .

Proof. This follows from [Sta05, Theorem 11.8.14]. �
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Definition 5.16. A minimal passive system Σ with the property that H◦ = H−1
• is

called a passive balanced system.9

This is equivalent to [Sta05, Definition 11.8.13]. According to [Sta05, Theorem
11.8.14], every Schur function θ has a passive balanced realization, and it is unique
up to unitary similarity.

We define H� ∈ Mmin
Σ to be a balanced solution of the generalized KYP

inequality (49) if the system Σ√
H�

constructed from H� is a passive balanced
system in the sense of Definition 5.16. Thus, if Σ is minimal and MΣ is nonempty,
then the generalized KYP inequality has a least one balanced solution H�, and all
the systems Σ√

H�
obtained from these balanced solutions are unitarily similar.

6. H-stability

The possible unboundedness of H and H−1 where H is a solution of the general-
ized KYP inequality (49) has important consequences for the stability analysis of
Σ. Indeed, in the finite-dimensional setting it is sufficient to prove stability with
respect to the storage function EH defined in (3) in order to get stability with re-
spect to the original norm in the state space, since all norms in a finite-dimensional
space are equivalent. This is not true in the infinite-dimensional setting unless H
and H−1 are bounded. Taking into account that H and H−1 may be unbounded
we replace the definition of EH given in (3) by

EH(x) = 〈
√

Hx,
√

Hx〉, x ∈ D(
√

H). (55)

In this more general setting stability with respect to one storage function EH1 is
not equivalent to stability with respect to another storage function EH2 . Moreover,
the natural norm to use for the adjoint system is the one obtained from EH−1

instead of EH , taking into account that H is a solution of the generalized KYP
inequality (49) if and only if H̃ = H−1 is a solution of the adjoint generalized
KYP inequality.

Definition 6.1. Let H be a positive operator in a Hilbert space X , and let t 
→ At,
t ≥ 0, be a C0 semigroup in X . Then t 
→ At, t ≥ 0, is called

(i) strongly H-stable, if AtD(H1/2) ⊂ D(H1/2) for all t ≥ 0 and

lim
t→∞‖H1/2Atx‖ → 0 for all x ∈ D(H1/2),

(ii) strongly H-∗-stable, if (At)∗R (
H1/2

) ⊂ R (
H1/2

)
for all t ≥ 0 and

lim
t→∞‖H−1/2(At)∗x∗‖ → 0 for all x∗ ∈ R

(
H1/2

)
,

(iii) strongly H-bistable if both (i) and (ii) above hold.

9We call this realization ‘passive balanced’ in order to distinguish it from other balanced real-
izations, such as Hankel balanced and LQG balanced realizations.
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Theorem 6.2. Let Σ := (S;X ,U ,Y) be a minimal system node with transfer func-
tion D satisfying the condition D|ρ+∞(A) = θ|ρ+∞(A) for some θ ∈ S(U ,Y; C+). Let
H◦, H•, and H� be the minimal, the maximal, and a balanced solution in Mmin

Σ

of the generalized KYP inequality. Let t 
→ At, t ≥ 0, be the evolution semigroup
of Σ. Then the following claims are true:

(i) t 
→ At is strongly H◦-stable if and only if the factorization problem

ϕ(λ)∗ϕ(λ) = 1U − θ(λ)∗θ(λ) a.e. on iR (56)

has a solution ϕ ∈ S(U ,Yϕ; C+) for some Hilbert space Yϕ.
(ii) t 
→ At is strongly H•-∗-stable if and only if the factorization problem

ψ(λ)ψ(λ)∗ = 1Y − θ(λ)θ(λ)∗ a.e. on iR (57)

has a solution ψ ∈ S(Uψ ,Y; C+) for some Hilbert space Uψ.
(iii) t 
→ At is strongly H�-bistable if and only if both the factorization problems

in (i) and (ii) are solvable.

In the case where H is the identity we simply call t 
→ At strongly stable,
strongly ∗-stable, of strongly bi-stable.

Proof of Theorem 6.2. The proofs of all these claims are very similar to each other,
so we only prove (i), and leave the analogous proofs of (ii) and (iii) to the reader.

We start by replacing the original system by the passive system Σ√
H◦ . This

system is strongly stable if and only if Σ is strongly H◦-stable. We map Σ√
H◦

into a discrete time system Σ by using the Cayley transform. It is easy to see
that Σ is optimal in the sense of [AS05a] (i.e., it has the weakest norm among all
passive minimal realizations of the same transfer function). By [SF70, Corollary,
p. 149] or [Sta05, Theorem 12.3.10], the main operator A of Σ is strongly stable
(i.e., A ∈ C0• in the terminology of [SF70]) if and only if the evolution semigroup
of Σ√

H◦ is strongly stable, i.e., t 
→ At is strongly H◦-stable. By [AS05a, Lemma
4.4], A is strongly stable if and only if the discrete time analogue of (56) where
C+ is replaced by the unit disk and θ is replaced by θ((α − αz)/(1 + z)) has
a solution (see (29)). But these two factorization problems are equivalent since
z 
→ (α − αz)/(1 + z)) is a conformal mapping of the unit disk onto the right
half-plane. This proves (i). �

7. An example

In this section we present two examples based on the heat equation on a semi-
infinite bar. Both of these are minimal systems with the same transfer function
θ satisfying the conditions of Theorem 5.4 (so that the the KYP inequality has
a generalized solution). The first example is exponentially stable, but H• is un-
bounded and H◦ has an unbounded inverse. In the second example all H ∈ Mmin

Σ

are unbounded.
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We consider a damped heat equation on R+ with Neumann control and
Dirichlet observation, described by the system of equations

Tt(t, ξ) = Tξξ(t, ξ) − αT (t, ξ), t, ξ ≥ 0,

Tξ(t, 0) = −u(t), t ≥ 0,

T (t, 0) = y(t), t ≥ 0,

T (0, ξ) = x0(ξ), ξ ≥ 0.

(58)

Here we suppose that the damping coefficient α satisfies α ≥ 1. The state space
X of the standard realization Σ(S;X , C, C) of this system is X = L2(R+). We
interpret T (t, ξ) as a function t 
→ x(t), where x(t) ∈ X is the function ξ 
→ T (t, ξ),
and define the system operator S =

[
A&B
C&D

]
as follows. We take the main operator

to be (Ax)(ξ) = x′′(ξ) − αx(ξ) for x ∈ D(A) := {x ∈ W 2,2(R+) | x′(0) = 0}. We
take the control operator to be (Bc) = δ0c, c ∈ C, where δ0 is the Dirac delta at
zero. We define D(S) to consist of those [ x

c ] ∈ [X
C

] for which x is of the form

x(ξ) = x(0) + cξ +
∫ ξ

0

∫ η

0

h(ν) dν dη

for some h ∈ L2(R+), and define [A&B] [ x
c ] = h − αx and [C&D] [ x

c ] = x(0).
This realization is unitarily similar to another one that we get by applying the

Fourier cosine transform to all the vectors in the state space. The Fourier cosine
transform is defined by x̃(ω) =

√
2/π

∫∞
0 cos(ωξ)x(ξ) dξ for x ∈ L1(R+)∩L2(R+),

and it can be extended to a unitary and self-adjoint map of L2(R+) onto itself (so
that it is its own inverse). Let us denote the Fourier cosine transform of T (t, ξ)
and x0(ξ) with respect to the ξ-variable by T̃ (t, ω) and x̃0(ω), respectively. Then
T̃ (t, ω) satisfies the following set of equations:

T̃t(t, ω) = −(ω2 + α)T̃ (t, ω) +
√

2/π u(t), t, ω ≥ 0,

y(t) =
√

2/π

∫ ∞

0

T̃ (t, ω) dω, t ≥ 0,

T̃ (0, ω) = x̃0(ω), ω ≥ 0.

(59)

The system operator S0 =
[

[A&B]0
[C&D]0

]
of the similarity transformed system Σ0 =

(S0;X , C, C) is the following. The state space is still X = L2(R+). The main
operator is (A0x̃)(ω) = −(ω2 + α)x̃(ω) for x̃ ∈ D(A0) := {x̃ ∈ X | A0x̃ ∈ X}, and
the control operator is (B0c)(ω) =

√
2/πc, ω ≥ 0, for c ∈ C. The domain D(S0)

consists of those [ x̃
c ] ∈ [X

C
] for which

(
ω 
→ −(ω2 + α)x̃(ω) +

√
2/π c

) ∈ X , and
[A&B]0 and [C&D]0 are defined by [A&B]0 [ x̃

c ] (ω) = −(ω2 + α)x̃(ω) +
√

2/π c,
and [C&D]0 [ x

c ] =
√

2/π
∫∞
0

x̃(ω) dω for [ x̃
c ] ∈ D(S0). The evolution semigroup is

given by (At
0x̃)(ξ) = e−(ω2+α)tx̃(ω), t, ξ ≥ 0, and consequently, it is exponentially

stable. From this representation it is easy to compute the transfer function: it is
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given for all λ ∈ ρ(A0) = C \ (−∞,−α] by

D̂(λ) = [C&D]0

[
(λ − Â0)−1B0

1U

]
=

2
π

∫ ∞

0

dω

λ + α + ω2
=

1√
λ + α

.

In particular, D̂ ∈ S(C+), since we assume that α ≥ 1. The corresponding impulse
response is b(t) = 1√

π
t−1/2e−αt, t ≥0. It is easy to see that Σ0 is minimal, hence so

is Σ. Moreover, Σ0 is exponentially stable, and it is self-adjoint in the sense that
Σ0 coincides with its adjoint Σ∗

0. Therefore, by Lemma 5.14 and Definition 5.16,
Σ0 is passive balanced. In particular, it is passive.

It is possible to apply Theorem 6.2 with θ(λ) = 1/
√

λ + α to this example. In
this case both factorization problems (i) and (ii) in that theorem coincide, and they
are solvable. Consequently, the evolution semigroup t 
→ At is strongly H◦-stable,
strongly H•-∗-stable, and strongly H�-bistable (and even exponentially H�-stable
in this case). Nevertheless, t 
→ At is not strongly H◦-∗-stable or strongly H•-
stable. This follows from the fact that θ does not have a meromorphic pseudo-
continuation into the left half-plane (see [AS05a] for details).

A closer look at the preceding argument shows that in this example H• =
H−1

◦ must be unbounded. This is equivalent to the claim that
√

H• and
√

H◦ are
not ordinary similarity transforms in X (since Σ0 is passive H◦ = H−1• must
be bounded). Indeed, they can not be similarity transforms since the different
semigroups have different stability properties.

In our second example we use a different method to realize the same impulse
response b(t) = 1√

π
t−1/2e−αt, t ≥ 0, with transfer function θ(λ) = 1/

√
λ + α,

λ ∈ C+, namely an exponentially weighted version of one of the standard Hankel
realizations (we still take α ≥ 1 so that θ is a Schur function). We begin by
first replacing θ by the shifted function θ1(λ) := 1/

√
λ + α + 1, λ ∈ C+. The

corresponding impulse response is b1(t) = 1√
π
t−1/2e−(1+α)t, t ≥ 0. We realize

θ1 by means of the standard time domain output normalized shift realization
described in, e.g., [Sta05, Example 2.6.5(ii)], and we denote this realization by
Σ1 := (S1;X , C, C). The state space of this realization is X = L2(R+) and the
system operator S1 =

[
[A&B]1
[C&D]1

]
is defined as follows. We take the main operator

to be (A1x)(ξ) = x′(ξ) for x ∈ D(A1) := W 2,1(R+). Then X−1 = W−1,2(R+), and
Â1x is the distribution derivative of x ∈ L2(R+). We take the control operator
to be (B1c)(ξ) = b1(ξ)c for c ∈ C. We define D(S1) to consist of those [ x

c ] for
which x ∈ L2(R+) is of the form x(ξ) = x(0) +

∫ ξ

1 h(ν) dν − c
∫ ξ

1 b1(ν) dν for some
h ∈ L2(R+), and define [A&B]1 [ x

c ] = h and [C&D]1 [ x
c ] = x(0). This realization

is output normalized in the sense that the observability Gramian is the identity,
and it is minimal because the range of the Hankel operator induced by b1 is dense
in L2(R+) (see [Fuh81, Theorem 3-5, p. 254]). The evolution semigroup t 
→ At

1 is
the left-shift semigroup on L2(R+), i.e., (At

1x)(ξ) = x(t + ξ) for t, ξ ≥ 0, and the
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spectrum of A1 is the closed left half-plane {�λ ≤ 0}. From this realization we
get a minimal realization Σ2 := (S2;X , C, C) of the original transfer function θ by
taking S1 = S1+

[
1X 0
0 0

]
. Clearly the spectrum of the main operator A2 := A1 +1X

is the closed half-plane {�λ ≤ 1}, the evolution semigroup t 
→ At
2, given by

(At
2x)(ξ) = etx(t + ξ) for t, ξ ≥ 0, is unbounded, and the transfer function D2 is

the restriction of θ to the half-plane �λ > 1.
Since θ|C+ is a Schur function, it follows from Theorem 5.4 that the gener-

alized KYP inequality (49) has a solution H . Suppose that both H and H−1 are
bounded. Then our original realization becomes passive if we replace the original
norm by the norm induced by the storage function EH . In particular, with respect
to this norm the evolution semigroup is contractive. However, this is impossible
since we known that the semigroup is unbounded with respect to the original
norm, and the two norms are equivalent. This contradiction shows that H or H−1

is unbounded. In this particular case it follows from [Sta05, Theorems 9.4.7 and
9.5.2] that if H ∈ Mmin

Σ , then H−1 is bounded, hence H itself must be unbounded.
¿From the above example we can get another one where both H and H−1

must be unbounded for every H ∈ Mmin
Σ as follows. We take two independent

copies of the transfer function θ considered above, i.e, we look at the matrix-
valued transfer function

[
θ(λ) 0

0 θ(λ)

]
. We realize this transfer function by taking two

independent realizations of the two blocks, so that we realize one of them with the
exponentially weighted output normalized shift realization described above, and
the other block with the adjoint of this realization. This will force both H and
H−1 to be unbounded for every H ∈ Mmin

Σ̃
, where Σ̃ is the combined system.
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Abstract. The paper is concerned with a sequence of constants which ap-
pear in several problems. These problems include the minimal eigenvalue of
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1. Introduction and main result

There is a sequence c1, c2, c3, . . . of positive real numbers that emerges in various
contexts. Here are five of them.

Minimal eigenvalues of Toeplitz matrices. Given a continuous function a on the
complex unit circle T, we denote by {ak}∞k=−∞ the sequence of the Fourier coeffi-
cients,

ak =
1
2π

∫ 2π

0

a(eiθ)e−ikθdθ,

and by Tn(a) the n × n Toeplitz matrix (aj−k)n
j,k=1. Suppose a is of the form

a(t) = |1−t|2αb(t) (t ∈ T) where α is a natural number and b is a positive function
on T whose Fourier coefficients are subject to the condition

∑∞
k=−∞ |k| |bk| < ∞.

Then the matrix Tn(a) is positive definite and its smallest eigenvalue λmin(Tn(a))
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satisfies
λmin(Tn(a)) ∼ cα

n2α
b(1) as n → ∞ (1)

with a certain constant cα ∈ (0,∞) independent of b. Here and in what follows
xn ∼ yn means that xn/yn → 1. Kac, Murdock, and Szegő [8] proved that c1 = π2,
and Parter [12] showed that c2 = 500.5467, which is the fourth power of the
smallest positive number µ satisfying cosµ coshµ = 1.

Minimal eigenvalues of differential operators. For a natural number α, consider
the boundary value problem

(−1)α u(2α)(x) = v(x) for x ∈ [0, 1], (2)

u(0) = u′(0) = · · · = u(α−1)(0) = 0, u(1) = u′(1) = · · · = u(α−1)(1) = 0. (3)

The minimal eigenvalue of this boundary value problem can be shown to be just
cα. If α = 3, then the equation −u(6) = λu is satisfied by

u(x) =
5∑

k=0

Ak exp
(

x
6
√

λ exp
(

(2k + 1)πi

6

))
,

and the Ak’s are the solution of a homogeneous linear 6× 6 system with a matrix
depending on λ. We found numerically that the smallest λ > 0 for which the
determinant of this matrix is zero is approximately λ = 61529 and then computed
the determinant for λ = (2π)6 by hand and proved that it is zero. Thus, c3 =
(2π)6 = 61529.

Norms of Green’s kernels. Let Gα(x, y) be the Green kernel of problem (2), (3).
The solution to (2), (3) is then given by

u(x) =
∫ 1

0

Gα(x, y)v(y)dy. (4)

It can be shown that Gα(x, y) is symmetric about the point (1
2 , 1

2 ) and that

Gα(x, y) =
xαyα

[(α − 1)!]2

∫ 1

max(x,y)

(t − x)α−1(t − y)α−1

t2α
dt (5)

for x + y ≥ 1. Let Kα denote the integral operator defined by (4). It is clear that
the minimal eigenvalue of (2), (3) equals the inverse of the maximal eigenvalue
of the (compact and positive definite) operator Kα on L2(0, 1). As the maximal
eigenvalue of Kα is its norm, we arrive at the equality 1/cα = ‖Kα‖.
Best constants in Wirtinger–Sobolev inequalities. By a Wirtinger–Sobolev inequal-
ity one means an inequality of the form∫ 1

0

|u(x)|2dx ≤ C

∫ 1

0

|u(α)(x)|2dx, (6)

where u is required to satisfy certain additional (for example, boundary) con-
ditions. It is well known that the best constant C for which (6) is true for all
u ∈ Cα[0, 1] satisfying

∫ 1

0 u(x)dx = 0 and u(j)(0) = u(j)(1) for 0 ≤ j ≤ α − 1
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is equal to 1/(2π)2α. However, problem (2), (3) leads to (6) with the additional
constraints (3). In this case the best constant in (6) is C = 1/cα.

Conditioning of a least squares problem. Suppose we are given n complex numbers
y1, . . . , yn and we want to know whether there exists a polynomial p of degree at
most α − 1 such that p(j) = yj for 1 ≤ j ≤ n. Such a polynomial exists if and
only if

δk := yk −
(α

1

)
yk+1 +

(α

2

)
yk+2 − · · · + (−1)αyk+α = 0 (7)

for 1 ≤ k ≤ n − α. Thus, to test the existence of p we may compute

D(y1, . . . , yn) =

(
n−α∑
k=1

δ2
k

)1/2

and ask whether this is a small number. Let Pα denote the set of all polynomials
of degree at most α − 1 and put

E(y1, . . . , yn) = min
p∈Pα

⎛⎝ n∑
j=1

|yj − p(j)|2
⎞⎠1/2

.

The question is whether E(y1, . . . , yn) may be large although D(y1, . . . , yn) is
small. The answer to this question is (unfortunately) in the affirmative and is in
precise form given by the formula

max
D(y1,...,yn) 
=0

E(y1, . . . , yn)
D(y1, . . . , yn)

∼ nα

√
cα

. (8)

Here is our main result on the constants cα we have encountered in the five
problems.

Theorem. We have the asymptotics

cα =
√

8πα

(
4α

e

)2α [
1 + O

(
1√
α

)]
as α → ∞ (9)

and the bounds
4α − 2
4α2 − α

(4α)![α!]2

[(2α)!]2
≤ cα ≤ 4α + 1

2α + 1
(4α)![α!]2

[(2α)!]2
for every α ≥ 1. (10)

In connection with (10), notice that

(4α)![α!]2

[(2α)!]2
∼ 1

2

√
8πα

(
4α

e

)2α

.

Thus, the upper bound in (10) is asymptotically exact, while the lower bound in
(10) is asymptotically by the factor 1/(2α) too small. This last defect is nasty,
but on the other hand it is clear that 1/(2α) is nothing in comparison with the
astronomical growth of (4α/e)2α.
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We discuss the five problems quoted here in more detail in Section 2. The
theorem will be proved in Section 3. Section 4 is devoted to an alternative approach
to Wirtinger–Sobolev inequalities and gives a new proof of the coincidence of the
constants in all the five problems.

2. Equivalence and history of the five problems

Toeplitz eigenvalues. For α = 1, formula (1) goes back to Kac, Murdock, Szegő [8].
In the late 1950’s, Seymour Parter and the second of the authors started tackling
the general case, with Parter embarking on the Toeplitz case and the second of us
on the Wiener-Hopf case. In [12] (α = 2) and then in [11], [13] (general α), Parter
established (1).

Subsequently, it turned out that the approach developed in [16], [17], [18] can
also be used to derive (1). This approach is as follows. Let [T−1

n (a)]j,k be the j, k
entry of T−1

n (a) := (Tn(a))−1 and consider the functions

n [T−1
n (a)][nx],[ny], (x, y) ∈ [0, 1]2, (11)

where [nz] is the smallest integer in {1, . . . , n} that is greater than or equal to nz.
Let K(n) denote the integral operator on L2(0, 1) with the kernel (11). One can
prove two things. First,∥∥∥∥ 1

n2α
K(n) − 1

b(1)
Vα

∥∥∥∥ → 0 as n → ∞, (12)

where Vα is an integral operator with a certain completely identified kernel
Fα(x, y). And secondly, the eigenvalues of K(n) are just the eigenvalues of T−1

n (a).
These two insights imply that

1
n2α

1
λmin(Tn(a))

=
1

n2α
λmax(K(n)) → 1

b(1)
λmax(Vα)

or equivalently,

λmin(Tn(a)) ∼ 1/λmax(Vα)
n2α

b(1).

The kernel Fα(x, y) is quite complicated, but it resembles the kernel Gα(x, y) given
by (5).

Green’s kernel. In [11] and [17] it was further established that Fα(x, y) is the
Green kernel for the boundary problem (2), (3). This implies at once that actually
Fα(x, y) = Gα(x, y) and Vα = Kα. Thus, at this point it is clear that in the
first three problems of the introduction we have to deal with one and the same
constant cα.

Expression (5) was found in [1]. That paper concentrates on the case where
b = 1, that is, where a(t) = |1 − t|2α (t ∈ T). Using a formula by Duduchava and
Roch for the inverse of Tn(|1 − t|2α), it is shown in a direct way that

n1−2α [T−1
n (|1 − t|2α)][nx],[ny] → Gα(x, y) in L∞([0, 1]2).
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Moreover, [1] has a short, self-contained, and elementary proof of the fact that
Gα(x, y) is the Green kernel of (2), (3).

Rambour and Seghier [14] showed that

n1−2α [T−1
n (|1 − t|2αb(t))][nx],[ny] → 1

b(1)
Gα(x, y) in L∞([0, 1]2) (13)

under the assumptions on b made in the introduction. Evidently, (13) implies (12)
(but not vice versa). For α = 1, result (13) was known from previous work of
Courant, Friedrichs, and Lewy [4] and Spitzer and Stone [15]. The authors of
[14] were obviously not aware of papers [11] and [17] and rediscovered again that
Gα(x, y) is Green’s kernel of (2), (3).

Wirtinger–Sobolev. The connection between the minimal eigenvalue of (2), (3)
and the best constant in (6) with the boundary conditions (3) is nearly obvious.
Indeed, we have

cα = min
((−1)αu(2α), u)

(u, u)
,

where (·, ·) is the inner product in L2(0, 1) and the minimum is over all nonzero
and smooth functions u satisfying (3). Upon α times partially integrating and
using the boundary conditions, one gets

cα = min
(u(α), u(α))

(u, u)
= min

∫ 1

0 |u(α)(x)|2dx∫ 1

0
|u(x)|2dx

,

which is equivalent to saying that the best constant C in (6) with the boundary
conditions (3) is C = 1/cα.

Numerous versions of inequalities of the Wirtinger–Sobolev type have been
established for many decades. Chapter II of [10] is an excellent source for this topic,
including the precise history and 218 references. The original inequality says that∫ 1

0

|u(x)|2dx −
∣∣∣∣∫ 1

0

u(x)dx

∣∣∣∣2 ≤ 1
(2π)2

∫ 1

0

|u′(x)|2dx (14)

whenever u ∈ C1[0, 1] and u(0) = u(1). This inequality appears in different mod-
ifications, sometimes with the additional requirement that

∫ 1

0
u(x)dx = 0 and

frequently over the interval (0, 2π), in which case the constant 1/(2π)2 becomes 1
(see, e.g., [6, pp. 184-187]). The proof of (14) is in fact very simple: take the Fourier
expansion u(x) =

∑
uke2πikx and use Parseval’s equality. We will say more on the

matter in Section 4, which contains a direct proof of the fact that the best constant
C in (6) with the boundary conditions (3) is the inverse of the constant cα of (1).

The least squares problem. The least squares result is from [2]. Define the linear
operator ∇ : Cn → Cn by ∇(y1, . . . , yn) = (δ1, . . . , δn−α, 0, . . . , 0), where the δk’s
are given by (7), put Ker∇ := {y ∈ Cn : ∇y = 0}, and denote by PKer∇ the
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orthogonal projection of Cn onto Ker∇. The left-hand side of (8) is nothing but

max
y/∈Ker∇

‖y − PKer∇ y‖2

‖∇y‖2
, (15)

where ‖ · ‖2 is the �2 norm on Cn. With ∇+ denoting the Moore-Penrose inverse
of ∇, we have the equality I − PKer∇ = ∇+∇. This shows that (15) is the norm
of ∇+, that is, the inverse of the smallest nonzero singular value of ∇. But ∇∇∗

can be shown to be of the form

J

(
Tn−α(|1 − t|2α) 0

0 Oα

)
J,

where J is a permutation matrix and Oα is the α×α zero matrix. Thus, the smallest
nonzero singular value of ∇ is the square root of λmin(Tn−α(|1 − t|2α)) ∼ cα/n2α,
which brings us back to the beginning.

A wrong conjecture. The first three values of cα are

c1 = π2 = 9.8696, c2 = 500.5467, c3 = (2π)6 = 61529,

and the first three values of ((α + 1)π/2)2α are

π2 = 9.8696, 493.1335, (2π)6 = 61529.

We all know that one should not guess the asymptotics of a sequence from its
first three terms. But because of the amazing coincidence in the case α = 3, it is
indeed tempting to conjecture that cα ∼ ((α + 1)π/2)2α. Our main result shows
that this conjecture is wrong. The first three values of the correct asymptotics
cα ∼ √

8πα (4α/e)2α are

10.8555, 531.8840, 64269.

3. Proof of the main result

We employ the equality 1/cα = ‖Kα‖, where Kα is the integral operator on L2(0, 1)
with kernel (5).

The kernel’s peak. It will turn out that the main contribution to the kernel Gα(x, y)
comes from a neighborhood of (1

2 , 1
2 ), and so for later convenience we consider

instead the integral operator K̃α on L2(−1, 1) whose kernel is

G̃α(x, y) =
1
2

Gα

(
1 + x

2
,
1 + y

2

)
.

The operator K̃α has the same norm as Kα, its kernel is symmetric about (0, 0),
and the main contribution to the kernel comes from a neighborhood of (0, 0). If
we make the substitution t → (1 + t)/2 in the integral we see that

G̃α(x, y) =
1

[(α − 1)!]2
1
4α

Hα(x, y)
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with

Hα(x, y) = (1 + x)α(1 + y)α

∫ 1

max(x,y)

(t − x)α−1(t − y)α−1

((1 + t)/2)2α
dt (16)

when x + y ≥ 0. We shall show that Hα(x, y) is equal to (1/α)(1 − x2)α(1 − y2)α

plus a kernel whose norm is smaller by a factor O(1/
√

α).

The logarithmic derivative in t of the function (t − x) (t − y)/((1 + t)/2)2 is

(2 + x + y)t − x − y − 2xy

(1 + t)(t − x)(t − y)
,

which is positive for t > max(x, y). (Recall that we are in the case x + y ≥ 0.)
Hence the function achieves its maximum (1−x)(1−y) at t = 1 and nowhere else.
The function (1 + x)(1 + y)(1 − x)(1 − y) achieves its maximum at x = 0, y = 0
and nowhere else. Putting these together we see that the function

(1 + x)(1 + y)
(t − x)(t − y)
((1 + t)/2)2

achieves its maximum 1 at t = 1, x = 0, y = 0, and outside a neighborhood of this
point, say outside the set t ≥ 1 − ε, |x| ≤ ε, |y| ≤ ε, there is a bound

(1 + x)(1 + y)
(t − x)(t − y)
((1 + t)/2)2

< 1 − δ

for some δ > 0. It follows that outside the same neighborhood the integrand in
(16) with its outside factor is O((1−δ)α). This is also the bound after we integrate.
We take any ε < 1/2, and have shown that

Hα(x, y) = (1+x)α(1+y)αχε(x)χε(y)
∫ 1

1−ε

(t − x)α−1(t − y)α−1

((1 + t)/2)2α
dt+O((1− δ)α),

where χε is 1 on [−ε, ε] and zero elsewhere. Substituting t = 1 − τ we arrive at
the formula

Hα(x, y) =
(1 − x2)α(1 − y2)α

(1 − x)(1 − y)
χε(x)χε(y)

∫ ε

0

⎡⎣
(
1 − τ

1−x

)(
1 − τ

1−y

)
(
1 − τ

2

)2
⎤⎦α

×

× dτ(
1 − τ

1−x

)(
1 − τ

1−y

) + O((1 − δ)α). (17)

The kernel’s asymptotics. Let us compute the asymptotics of the kernel. The choice
ε < 1/2 guarantees that τ/(1 − x), τ/(1 − y), τ/2 belong to (0, 1). This implies
that (

1 − τ
1−x

)(
1 − τ

1−y

)
(
1 − τ

2

)2 = e−τϕ(x,y)+O(τ2)

with
ϕ(x, y) =

1 − xy

(1 − x)(1 − y)
.
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We split the integral in (17) into
∫ 1/

√
α

0
and

∫ ε

1/
√

α
. If ε > 0 is small enough, which

we may assume, the term O(τ2) is at most τϕ(x, y)/2 in absolute value. Hence the
integral

∫ ε

1/
√

α is at most∫ ε

1/
√

α

e−ατϕ(x,y)/2O(1)dτ = O
(
e−γ1

√
α
)

with some γ1 > 0. For τ < 1/
√

α we have ατ2 < 1 and hence eαO(τ2) = 1+αO(τ2).
Consequently, the integral

∫ 1/
√

α

0
is equal to∫ 1/

√
α

0

e−ατϕ(x,y)eαO(τ2)(1 + O(τ))dτ

=
∫ 1/

√
α

0

e−ατϕ(x,y)
(
1 + O(τ) + αO(τ2)

)
dτ. (18)

Since, for k = 0, 1, 2, ∫ ∞

1/
√

α

τke−ατϕ(x,y)dτ = O
(
e−γ2

√
α
)

with γ2 > 0 and ∫ ∞

0

τke−ατϕ(x,y)dτ = O

(
1

αk+1

)
,

it follows that (18) is∫ ∞

0

e−ατϕ(x,y)
(
1 + O(τ) + αO(τ2)

)
dτ + O

(
e−γ2

√
α
)

=
e−ατϕ(x,y)

−αϕ(x, y)

∣∣∣∣∞
0

+ O

(
1
α2

)
+ α O

(
1
α3

)
+ O

(
e−γ2

√
α
)

=
1

αϕ(x, y)
+ O

(
1
α2

)
.

In summary,

Hα(x, y) =
(1 − x2)α(1 − y2)α

(1 − x)(1 − y)α ϕ(x, y)
χε(x)χε(y) + O

(
1
α2

)
=

(1 − x2)α(1 − y2)α

α (1 − xy)
χε(x)χε(y) + O

(
1
α2

)
,

uniformly for |x|, |y| ≤ ε. Expanding near x = y = 0 we obtain

Hα(x, y) =
1
α

(1 − x2)α(1 − y2)α (1 + O(xy)) + O

(
1
α2

)
, (19)

again uniformly. This was derived for |x|, |y| ≤ ε, but because of (17) we see that
this holds uniformly for all x and y satisfying x + y ≥ 0. This last condition can
also be dropped by the symmetry of Hα(x, y).
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The asymptotics of the norm. If an integral operator K is of the form

(Ku)(x) =
∫ 1

−1

f(x)g(y)u(y)dy,

then ‖K‖ = ‖f‖2‖g‖2, where ‖ · ‖2 is the norm in L2(−1, 1). Let us denote the
integral operator with the kernel Hα(x, y) by Mα. Furthermore, in view of (19) we
denote by M0

α and M1
α the integral operators with the kernels (1 − x2)α(1 − y2)α

and O(xy) (1 − x2)α(1 − y2)α, respectively. From (19) we infer that

‖Mα‖ =
1
α
‖M0

α + M1
α‖ + O

(
1
α2

)
=

1
α

[
‖M0

α‖ + O
(‖M1

α‖
)

+ O

(
1
α

)]
.

Since

‖M0
α‖ =

∫ 1

−1

(1 − x2)2αdx =
√

π

2α

(
1 + O

(
1
α

))
,

‖M1
α‖ =

∫ 1

−1

O(x2) (1 − x2)2αdx = O

(
1

α3/2

)
,

we finally get

‖Kα‖ = ‖K̃α‖ =
1

[(α − 1)!]2
1

42α
‖Mα‖

=
1

[(α − 1)!]2
1

42α α

[
‖M0

α‖ + O
(‖M1

α‖
)

+ O

(
1
α

)]
=

α2

α2αe−2α2πα

(
1 + O

(
1
α

))
1

42α α

[√
π

2α
+ O

(
1
α

)]
=

( e

4α

)2α 1√
8πα

(
1 + O

(
1√
α

))
,

which is the same as (9).

The lower bound. To prove the lower bound in (10), we start with (16) and the
inequality

(t − x)(t − y)
((1 + t)/2)2

≤ (1 − x)(1 − y),

which was established in the course of the above proof. If x + y ≥ 0, then
max(x, y) ≥ 0 and consequently,

Hα(x, y) ≤ (1 + x)α(1 + y)α

∫ 1

0

(1 − x)α−1(1 − y)α−1 dt

((1 + t)/2)2

= 2(1 + x)(1 − x2)α−1(1 + y)(1 − y2)α−1.

Hence

‖Mα‖ ≤ 2
∫ 1

−1

(1 + x)2(1 − x2)2α−2dx = 42α (2α)!(2α − 2)!
(4α − 1)!
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and thus

‖Kα‖ = ‖K̃α‖ ≤ 1
[(α − 1)!]2

1
42α

42α (2α)!(2α − 2)!
(4α − 1)!

=
α2

α!α!
(2α)!(2α)!(4α − 1)
(2α − 1)(2α)(4α)!

,

which is equivalent to the assertion.

The upper bound. The proof of the upper bound in (10) is based on the observation
that 1/cα is the best constant for which the inequality∫ 1

0

|u(x)|2dx ≤ 1
cα

∫ 1

0

|u(α)(x)|2dx

is true for all u ∈ Cα[0, 1] satisfying u(j)(0) = u(j)(1) = 0 for 0 ≤ j ≤ α − 1. If we
insert u(x) = xα(1 − x)α, the inequality becomes∫ 1

0

x2α(1 − x)2αdx ≤ 1
cα

∫ 1

0

[
dα

dxα
(xα(1 − x)α)

]2

dx.

The integral on the left is [(2α)!]2/(4α + 1)!, and in the integral on the right we
make the substitution x = (1 + y)/2 to get∫ 1

0

[
dα

dxα
(xα(1 − x)α)

]2

dx =
1
4α

∫ 1

−1

[
dα

dyα

(
y2 − 1

)α
]2

dy

2
.

The function (dα/dyα)(y2−1)α is 2α α! times the usual Legendre polynomial Pα(y)
and it is well known that ‖Pα‖2

2 = 2/(2α+1) (see, for example, [7]). Consequently,
the integral on the right is

1
4α

1
2

22α(α!)2
2

2α + 1
=

(α!)2

2α + 1
.

In summary,
[(2α)!]2

(4α + 1)!
≤ 1

cα

(α!)2

2α + 1
,

which is the asserted inequality.

Refinements. By carrying out the approximations further we could refine (17) to
the form

Hα(x, y) =
1
α

(1 − x2)α(1 − y2)α

⎛⎝1 +
∑

i≥1,j≥0

pij(x, y)
αi

⎞⎠ ,

where each pij(x, y) is a homogeneous polynomial of degree j. The operator with
kernel (1−x2)α(1−y2)αpij(x, y) has norm of the order α−(j+1)/2, so we get further
approximations to Hα in this way, whence further approximations to the norm.
(We do this by using the fact that the nonzero eigenvalues of a finite-rank kernel∑m

i=1 fi(x) gi(y) are the same as those of the m × m matrix whose i, j entry is
the inner product (fi, gj). One can see from this in particular that, because of
evenness and oddness, with each approximation the power of α goes down by
one.) However, these would probably not be of great interest.
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4. Another approach to Wirtinger–Sobolev inequalities

We now show how Wirtinger–Sobolev integral inequalities can be derived from
their discrete analogues, which, in dependence on the boundary conditions, are
inequalities for circulant or Toeplitz matrices. In the Toeplitz case, we get in this
way a new proof of the fact that the constants in the first and fourth problems are
the same.

Discrete versions of Wirtinger–Sobolev type inequalities were first established
by Fan, Taussky, and Todd [5], and the subject has been developed further since
then (see, for example, [9] and the references therein). In particular, for circulant
matrices the following is not terribly new, but it fits very well with the topic
of this paper and perfectly illustrates the difference between the circulant and
Toeplitz cases.

Circulant matrices. For a Laurent polynomial a(t) =
∑r

k=−r aktk (t ∈ T) and
n ≥ 2r + 1, let Cn(a) be the n × n circulant matrix whose first row is

(a0, a−1, . . . , a−r, 0, . . . , 0, ar, ar−1, . . . , a1).

Thus, Cn(a) results from the Toeplitz matrix Tn(a) by periodization. The singular
values of Cn(a) are |a(ωj

n)| (j = 1, . . . , n), where ωn = e2πi/n.

Now let a(t) = (1 − t)α (t ∈ T). One of the singular values of Cn(a)
is zero, which causes a slight complication. It is easily seen that KerCn(a) =
span {(1, 1, . . . , 1)}. With notation as in Section 2, I − PKer Cn(a) = C+

n (a)Cn(a)
and hence

‖u − PKer Cn(a)u‖2 ≤ ‖C+
n (a)‖ ‖Cn(a)u‖2 (20)

for all u in Cn with the �2 norm. The inverse of the (spectral) norm of the Moore-
Penrose inverse C+

n (a) is the smallest nonzero singular value of Cn(a) and conse-
quently,

1
‖C+

n (a)‖ = |1 − ωn|α =
(
4 sin2 π

n

)α/2

∼ (2π)α

nα
(21)

The projection PKer Cn(a) acts by the rule

PKer Cn(a)u =

⎛⎝ 1
n

n∑
j=1

uj, . . . ,
1
n

n∑
j=1

uj

⎞⎠ . (22)

Inserting (21) and (22) in (20) we get

‖Cn(a)u‖2
2 ≥

(
4 sin2 π

n

)α n∑
i=1

∣∣∣∣ui − 1
n

n∑
j=1

uj

∣∣∣∣2

=
(
4 sin2 π

n

)α
(

n∑
i=1

|ui|2 − 1
n

∣∣∣∣ n∑
i=1

ui

∣∣∣∣2
)

. (23)

This is called a (higher-order) discrete Wirtinger–Sobolev inequality and was by
different methods established in [9].
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Periodic boundary conditions. As already said, the wanted inequality (24) follows
almost immediately from Parseval’s identity. So the following might seem unduly
complicated. However, the analogue of (24) for zero boundary conditions is not
straightforward from Parseval’s identity, whereas just the following also works in
that case.

Let u be a 1-periodic function in C∞(R). We apply (23) to un = (u(j/n))n
j=1.

The jth component of Cn(a)un is

u

(
j

n

)
−
(α

1

)
u

(
j + 1

n

)
+ · · ·+ (−1)αu

(
j + α

n

)
= u(α)

(
j

n

)
1

nα
+ O

(
1

nα+1

)
,

the O being independent of j. It follows that

‖Cn(a)u‖2
2 =

⎛⎝ n∑
j=1

∣∣∣∣u(α)

(
j

n

)∣∣∣∣2 1
n2α

⎞⎠+ O

(
1

n2α

)
.

Consequently, multiplying (23) by n2α−1 and passing to the limit n → ∞ we arrive
at the inequality∫ 1

0

|u(α)(x)|2dx ≥ (2π)2α

(∫ 1

0

|u(x)|2dx −
∣∣∣∣∫ 1

0

u(x)dx

∣∣∣∣2
)

. (24)

Assume finally that u ∈ Cα[0, 1] and u(j)(0) = u(j)(1) for 0 ≤ j ≤ α − 1. We
have u(x) =

∑∞
k=−∞ e2πikx with

uk =
∫ 1

0

u(x)e−2πikxdx.

We integrate the last equality α times partially and use the boundary conditions
to obtain that

|uk| =
1

(2π|k|)α

∣∣∣∣∫ 1

0

u(α)(x)e−2πikxdx

∣∣∣∣ .
Since u(α) ∈ L2(0, 1), we see that |uk| = vk O(1/|k|α) with

∑∞
k=−∞ v2

k < ∞. This
implies that

∞∑
k=−∞

|k|2α|uk|2 < ∞. (25)

We know that (24) is true with u(x) replaced by (SNu)(x)=
∑N

k=−N uke2πikx,∫ 1

0

|(SNu)(α)(x)|2dx ≥ (2π)2α

(∫ 1

0

|(SNu)(x)|2dx −
∣∣∣∣∫ 1

0

(SNu)(x)dx

∣∣∣∣2
)

. (26)
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From (25) we infer that∫ 1

0

|u(α)(x)|2dx −
∫ 1

0

|(SNu)(α)(x)|2dx =
∑

|k|>N

|k|2α|uk|2 = o(1),

∫ 1

0

|u(x)|2dx −
∫ 1

0

|(SNu)(x)|2dx =
∑

|k|>N

|uk|2 = o(1),

and since
∫ 1

0 (SNu)(x)dx =
∫ 1

0 u(x)dx = u0, passage to the limit N → ∞ in (26)
yields (24) under the above assumptions on u.

Toeplitz matrices. Again let a(t) = (1− t)α (t ∈ T), but consider now the Toeplitz
matrix Tn(a) instead the circulant matrix Cn(a). It can be easily verified or de-
duced from [3, formula (2.13)] or [19, formula (1.4)] that

T ∗
n(a)Tn(a) = Tn(b) − Rα

where b(t) = |1 − t|2α and Rα is a matrix of the form

Rα =
(

Sα 0
0 On−α

)
with an α × α matrix Sα independent of n. Consequently,

‖Tn(a)u‖2
2 = (Tn(a)u, Tn(a)u) = (Tn(b)u, u)− (Rαu, u).

It follows that
‖Tn(a)u‖2

2 ≥ λmin(Tn(b)) ‖u‖2
2 − (Rαu, u) (27)

for all u ∈ Cn. This is the Toeplitz analogue of (23).

Zero boundary conditions. Let u ∈ C∞(R) be a function which vanishes identi-
cally outside (0, 1). As in the circulant case, we replace the u in (27) by un =
(u(j/n))n

j=1, multiply the result by n2α−1 and pass to the limit n → ∞. Taking
into account that λmin(Tn(b)) ∼ cα/n2α, we obtain∫ 1

0

|u(α)(x)|2dx ≥ cα

∫ 1

0

|u(x)|2 − lim
n→∞n2α−1(Rαun, un). (28)

By assumption, u and all its derivatives vanish at 0. This implies that

u

(
j

n

)
=

α−1∑
k=0

u(k)(0)
k!

jk

nk
+

u(α)(ξj,n)
α!

jα

nα
= O

(
1

nα

)
for each fixed j. Since (Rαun, un) is a bilinear form of u(1/n), . . . , u(α/n), we
arrive at the conclusion that (Rαun, un) = O(1/n2α). Hence, (28) is actually the
desired inequality ∫ 1

0

|u(α)(x)|2dx ≥ cα

∫ 1

0

|u(x)|2dx. (29)
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The approximation argument employed in the case of periodic boundary con-
ditions is also applicable in the case at hand and allows us to relax the C∞ as-
sumption. It results that (29) is valid for every u ∈ Cα[0, 1] satisfying u(j)(0) =
u(j)(1) = 0 for 0 ≤ j ≤ α − 1.
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[1] A. Böttcher, The constants in the asymptotic formulas by Rambour and Seghier for
inverses of Toeplitz matrices. Integral Equations Operator Theory 50 (2004), 43–55.
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The Method of Minimal Vectors Applied to
Weighted Composition Operators

Isabelle Chalendar, Antoine Flattot and Jonathan R. Partington

Abstract. We study the behavior of the sequence of minimal vectors cor-
responding to certain classes of operators on L2 spaces, including weighted
composition operators such as those induced by Möbius transformations. In
conjunction with criteria for quasinilpotence, the convergence of sequences as-
sociated with the minimal vectors leads to the construction of hyperinvariant
subspaces.
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1. Introduction

The construction of minimal vectors (yn), corresponding to an operator T on a
Hilbert space, was introduced by Enflo and his collaborators [2, 10, 11] as a method
of constructing hyperinvariant subspaces for certain classes of linear operators.
Further work in this area, extending the concept to more general Banach spaces,
may be found in [1, 5, 7, 14, 15, 16]. As a result of this work, it has become
apparent that it is important to be able to determine when the sequence (T nyn)n

converges, since in many cases this gives an explicit construction of hyperinvariant
subspaces.

In this paper we begin in Section 2 by considering the convergence in the case
that T nT ∗n is a multiplication operator on an L2(µ) space for each n, extending the
method initiated in [6] for normal operators. Some of the most important operators
of this kind are weighted composition operators on L2 of the unit interval or the
closed unit disc. In Section 3 we obtain new criteria for the convergence of (T nyn)n,
which in Section 4 are combined with a characterization of quasinilpotence to give

The authors are grateful to the EPSRC for financial support under grant EP/C004418/1.
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results on the existence of hyperinvariant subspaces. One case of particular interest
is that of weighted composition operators induced by Möbius transformations, of
which we give a detailed analysis. Some explicit examples on the unit interval are
also presented. Finally, we discuss the applicability of the method to weighted
composition operators induced by ergodic transformations, where a condition for
quasinilpotence is already known.

All the operators considered in this paper will be bounded linear operators
defined on (real or complex) Banach spaces. A nontrivial hyperinvariant subspace
of an operator T acting on a Banach space X is a closed subspace M such that
{0} �= M �= X and AM ⊆ M for all A ∈ {T }′ := {A : X → X : AT = TA}.
Recall that an operator T is quasinilpotent if its spectral radius r(T ) is equal to 0
(or, equivalently if its spectrum is reduced to {0}).

Suppose that T is an operator on X , with dense range, and that f0 ∈ X \{0}.
Take ε such that ‖f0‖ > ε > 0. For n = 1, 2, . . ., a (backward) minimal vector yn

associated with T , n, f0 and ε, is defined to be a vector of minimal norm such that
‖T nyn − f0‖ ≤ ε. It is known that, if X is reflexive, then such minimal vectors
exist and satisfy ‖T nyn − f0‖ = ε. If, in addition, X is strictly convex, then the
minimal vectors are unique (see [7]).

Minimal vectors were introduced by Enflo in [2, 10] for X a Hilbert space. In
[5, 7] they were defined in the context of a more general approximation problem,
solved first in Hilbert spaces and then in general reflexive spaces.

From now on, let us fix an injective operator T ∈ L(X ) with dense range,
f0 ∈ X \ {0}, and ε > 0 satisfying ‖f0‖ > ε.

2. Convergence of (T nyn)n for operators of normal type

We shall make use of the following expression:

f0 − T nyn = (I + µnAn)−1f0,

where An := T nT ∗n and µn is positive and uniquely determined by ‖f0−T nyn‖ =
ε. This follows easily from the formula

T nyn = µnAn(I + µnAn)−1f0,

which may be found in [2].
For Φ ∈ L∞(X, dµ), MΦ denotes the operator of multiplication by Φ on

L2(X, dµ), i.e., MΦ(f) = Φf for all f ∈ L2(X, dµ).

Definition 2.1. An operator T ∈ L(L2(X, dµ)) is said to be of normal type if,
for every positive integer n, the positive operator An := T nT ∗n is equal to MΦn ,
where Φn = Fn(Φ) with Φ ∈ L∞(X, dµ), Φ ≥ 0 and where (Fn)n is a sequence of
nonnegative functions on R+ such that, whenever t < r,

lim
n→∞

Fn(t)
Fn(r)

= 0.
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Theorem 2.2. Suppose that T ∈ L(L2(X, dµ)) is of normal type or An = Mcn,
where cn is a positive numerical constant. Then the sequence (T nyn)n converges
in norm to a nonzero vector of L2(X, dµ).

Proof. First suppose that An = Mcn with cn ∈ R+. Then f0−T nyn = f0
1+µncn

and

since ‖f0 − T nyn‖ = ε, we have also 1 + µncn = ‖f0‖
ε and thus T nyn is constant

and equal to (1 − ε/‖f0‖)f0.

Now suppose that T is of normal type. Then we have

f0 − T nyn = Jn(Φ)f0,

where Jn(t) = 1
1+µnFn(t) . Moreover, since |Jn(z)| ≤ |f0(z)|, it is sufficient to estab-

lish pointwise convergence almost everywhere, after which we obtain convergence
in norm by the dominated convergence theorem.

For r ≥ 0, we define L1(r) = lim sup Jn(r) and L2(r) = lim inf Jn(r). Clearly
we have 0 ≤ L2(r) ≤ L1(r) ≤ 1 for all r ≥ 0 and L1 and L2 are decreasing
functions.

If L1(r) > 0 for some value of r, then there is a sequence (nk)k such that
(µnk

Fnk
(r))k remains bounded. So for t < r we have µnk

Fnk
(t) → 0, because of

the condition limn→+∞
Fn(t)
Fn(r) = 0. Therefore, L1(t) = 1 for t < r. We conclude

immediately that if L1(s) < 1 for some s then L1(t) = 0 for all t > s (if not, we
would have L1(s) = 1).

Thus there is a number r1 ≥ 0 such that

L1(t) =

{
1 for t < r1,

0 for t > r1

(2.1)

and similarly we have a number r2 ≥ 0 with r2 ≤ r1 such that

L2(t) =

{
1 for t < r2,

0 for t > r2.
(2.2)

Figure 1. The graphs of L1 and L2
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Now we have

ε2 = lim sup
n→∞

‖Jn(Φ)f0‖2

≥
∫

0≤φ(z)<r1

|f0(z)|2 dµ(z) +
∫

φ(z)=r1

L1(r1)2|f0(z)|2 dµ(z)

and
ε2 = lim inf

n→∞ ‖Jn(Φ)f0‖2

≤
∫

0≤φ(z)<r2

|f0(z)|2dµ(z) +
∫

φ(z)=r2

L2(r2)2|f0(z)|2 dµ(z).

If r1 = r2, then either L1(r1) = L2(r2) or f0(z) = 0 a.e. on the set on which
φ(z) = r1, and so the sequence (Jn(Φ)f0)n converges almost everywhere. Otherwise

(1 − L2(r2)2)
∫

φ(z)=r2

|f0(z)|2 dµ(z) +
∫

r2<φ(z)<r1

|f0(z)|2 dµ(z)

+ L1(r1)2
∫

φ(z)=r1

|f0(z)|2 dµ(z) ≤ 0,

and hence each term is zero. It follows that f0(z) = 0 almost everywhere on the
set on which L1(Φ(z)) �= L2(Φ(z)). Hence (f0 − T nyn)n converges in norm to h
where h(z) = f0(z) if Φ(z) < r2 and h(z) = 0 if Φ(z) > r1. �

3. Minimal vectors for weighted composition operators

3.1. Notation

Let X be either [0, 1] or the closed unit disc D, with normalized Lebesgue measure
µ. In this section we consider the case where T ∈ L(L2(X)) is of the form

Tf(t) = w(t)f(γ(t)),

with w ∈ L∞(X), and γ : X → X an injective mapping, such that γ′ exists and
is piecewise continuous. In addition, we suppose that w/(γ′)α belongs to L∞(X),
where α = 1 for X = [0, 1] and α = 2 for X = D.

The above conditions are sufficient to guarantee the continuity of T and we
can easily check that:

T ∗f(t) =
w(γ−1(t))

|γ′(γ−1(t))|α χγ(X)(t)f(γ−1(t)),

where χΩ denotes the characteristic function of a set Ω.

3.2. Convergence of (T nyn)n

In order to determine whether (T nyn)n converges, we need to study the behavior
of An := T nT ∗n. Since

T nf(t) = w(t)w(γ(t)) · · ·w(γn−1(t))f(γn(t))
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and

T ∗nf(t) =
w(γ−1(t))

|γ′(γ−1(t))|α
w(γ−2(t))

|γ′(γ−2(t))|α · · · w(γ−n(t))
|γ′(γ−n(t))|α χγn(X)(t)f(γ−n(t)),

we get:

An = MΦn , where Φn(t) =
|w(t)|2|w(γ(t))|2 · · · |w(γn−1(t))|2
|γ′(t)γ′(γ(t)) · · · γ′(γn−1(t))|α .

Therefore we have An = MΦn with Φn = h ·h(γ) · · ·h(γn−1) and h is the function
of L∞(X) defined by h := |w|2/|γ′|α.

Obviously, as an immediate application of Theorem 2.2, we get the following
corollary.

Corollary 3.1. Let T be an operator on L2(X) defined as in Subsection 3.1. Suppose
that h is constant. Then (T nyn)nconverges in norm.

Here are a few examples for X = [0, 1], which illustrate the previous corollary:

1. Let m > 0 and consider w(t) = t
m−1

2 . Now, take θ ∈ [0, 1] and consider
γ(t) = {tm + θ} where {x} denotes the fractional part of x. Then h(t) = 1

m
a.e.

2. Let c > 0 and then take γ(t) = t+t2

2 and choose w such that |w(t)|2 = c(1
2 +t).

Then we get h(t) = c.

However, we can now give a fairly general context in which there is a sufficient
condition implying the convergence of (T nyn)n. To do this we define a partial order
≺ on X by saying that

t ≺ r if and only if lim sup
n→∞

h(γn(t))
h(γn(r))

< 1.

We shall say that ≺ is left-regular, if every nonempty Y ⊆ X such that r ∈ Y and
t ≺ r implies t ∈ Y , satisfies the following:

for each δ > 0 there exists r ∈ Y such that µ{t ∈ Y : t ≺ r} > µ(Y ) − δ.

Likewise ≺ is right-regular, if every nonempty Y ⊆ X such that r ∈ Y and
r ≺ t implies t ∈ Y , satisfies the following:

for each δ > 0 there exists r ∈ Y such that µ{t ∈ Y : r ≺ t} > µ(Y ) − δ.

Later we shall give some examples of such partial orders ≺.

Theorem 3.2. Let T be an operator on L2(X) defined as in Subsection 3.1. Suppose
that h determines a partial order ≺ that is both left- and right-regular, such that
for every t ∈ X one has

µ {r ∈ X : r ≺ t or t ≺ r} = 1. (3.1)

Then (T nyn)n converges in norm.
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Proof. The calculations above show that

(f0 − T nyn)(t) =
f0(t)

1 + µnh(t) . . . h(γn−1(t))
.

Now set ⎧⎪⎪⎪⎨⎪⎪⎪⎩
Jn(t) =

1
1 + µnh(t) . . . h(γn−1(t))

L1(t) = lim sup
n→∞

Jn(t)

L2(t) = lim inf
n→∞ Jn(t).

Obviously we have 0 ≤ L2(t) ≤ L1(t) ≤ 1.
It follows from (3.1) that for a fixed t ∈ X , almost all r ∈ X are comparable

to t in the sense that either r ≺ t or t ≺ r.
Suppose that there exists r ∈ X such that L1(r) > 0. Then there exists a

subsequence (nk)k such that (µnk
h(r) . . . h(γnk−1(r)))k is bounded. Suppose that

t ≺ r; then it follows that the sequence (µnk
h(t) . . . h(γnk−1(t)))k tends to 0 and

thus L1(t) = 1. Hence, if in addition L1(r) < 1, we must have L1(t) = 0 for all t
with r ≺ t.

Thus there exist disjoint subsets X
(1)
0 and X

(1)
1 of X with total measure 1,

such that

L1(t) =

{
0 if t ∈ X

(1)
0 ,

1 if t ∈ X
(1)
1 .

Similarly, suppose that there exists r ∈ X such that L2(r) < 1. Then there exists a
subsequence (nk)k such that (µnk

h(r) . . . h(γnk−1(r)))k is bounded below. Suppose
that r ≺ t; then it follows that the sequence (µnk

h(t) . . . h(γnk−1(t)))k tends to
infinity, and thus L2(t) = 0. Hence, if in addition L2(r) > 0, we must have L2(t) =
1 for all t with t ≺ r.

Thus there exist disjoint subsets X
(2)
0 and X

(2)
1 of X with total measure 1,

such that

L2(t) =

{
0 if t ∈ X

(2)
0 ,

1 if t ∈ X
(2)
1 .

Clearly, X
(1)
0 ⊆ X

(2)
0 and X

(2)
1 ⊆ X

(1)
1 .

Since ≺ is left-regular, for each δ > 0 we can choose r ∈ X
(1)
1 such that∫

{t: t≺r}
|f0(t)|2 dµ(t) ≥

∫
t∈X

(1)
1

|f0(t)|2 dµ(t) − δ.

Now we can find a subsequence (nk)k such that Jnk
(r) → 1, and so Jnk

(t) → 1
for all t ≺ r. Thus, for each δ > 0,

ε2 = lim sup
n→∞

‖Jnf0‖2
2

≥ lim
k→∞

∫
{t: t≺r}

|Jnk
(t)f0(t)|2 dµ(t) ≥

∫
t∈X

(1)
1

|f0(t)|2 dµ(t) − δ,
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and hence

ε2 ≥
∫

t∈X
(1)
1

|f0(t)|2 dµ(t). (3.2)

Similarly, since ≺ is right-regular, for each δ > 0 we can choose s ∈ X
(2)
0 such that∫

{t: s≺t}
|f0(t)|2 dµ(t) ≥

∫
t∈X

(2)
0

|f0(t)|2 dµ(t) − δ,

and hence, using (3.1), we have∫
{t: t≺s}

|f0(t)|2 dµ(t) ≤
∫

t∈X
(2)
1

|f0(t)|2 dµ(t) + δ.

Now we can find a subsequence (nk)k such that Jnk
(s) → 0, and so Jnk

(t) → 0 for
all t with s ≺ t. Thus, for each δ > 0,

ε2 = lim inf
n→∞ ‖Jnf0‖2

2

≤ lim sup
k→∞

∫
{t: t≺s}

|Jnk
(t)f0(t)|2 dµ(t) ≤

∫
t∈X

(2)
1

|f0(t)|2 dµ(t) + δ,

and hence

ε2 ≤
∫

t∈X
(2)
1

|f0(t)|2 dµ(t). (3.3)

It follows from (3.2) and (3.3) that f0(t) = 0 a.e. for t ∈ X
(1)
1 \X

(2)
1 and hence,

using the dominated convergence theorem, we see that (f0 − T nyn)n converges in
norm to f0χX

(1)
1

. �

Corollary 3.3. Let T be an operator on L2(X) as in Subsection 3.1. Suppose that
there is a point x0 ∈ X such that whenever |t − x0| < |r − x0| we have

lim sup
n→∞

h(γn(t))
h(γn(r))

< 1. (3.4)

Then (T nyn)n converges in norm.

Proof. This follows from Theorem 3.2, since t ≺ r means simply that |t − x0| <
|r − x0|. �

Remark 3.4. A simple modification of the above arguments shows that for X =
[0, 1], if one has (3.4) whenever x0 < t < r or r < t < x0, then (T nyn)n converges
in norm. In this case there exist r1, r

′
1, r2, r

′
2 ∈ [0, 1] such that the behavior of L1

and L2 is given by Figure 2.

Even in the particular case where T is a (dense range and injective) weighted
composition operator on L2([0, 1]), it is necessary to put conditions on T in order to
guarantee the convergence of (T nyn)n. Indeed, here is an explicit example where,
for a suitable choice of f0, the sequence of (T nyn)n does not converge.
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Figure 2. The graphs of L1 and L2 as in Remark 3.4

Example. Let (αn)n∈Z be a strictly positive sequence such that supn∈Z αn < ∞
and let (an)n∈Z be a subdivision of [0, 1] such that · · · < a−1 < a0 < a1 < · · · and
∪n∈ZIn = [0, 1], with In = [an, an+1). Define γ be the piecewise linear mapping
such that γ(Ik+1) = Ik for all k ∈ Z. Now set ek =

χIk

µ(Ik)1/2
. Then (ek)k∈Z is an

orthonormal sequence in L2([0, 1], dµ). Note that:

ek(γ(t)) =
χIk

(γ(t))
µ(Ik)1/2

=
χIk+1(t)
µ(Ik)1/2

.

Then we define w by:

w(t) =
∑
k∈Z

αk
µ(Ik)1/2

µ(Ik+1)1/2
χIk+1(t).

If, in addition, sup
k∈Z

αk
µ(Ik)1/2

µ(Ik+1)1/2
< ∞, then w ∈ L∞([0, 1]). The weighted compo-

sition operator T defined by T (f(t)) = w(t)f(γ(t)) satisfies T (en) = αnen+1.
We can show now that there exists f0 such that (T nyn)n does not con-

verge. First, we easily verify that T ∗(en) = αn−1en−1. Let f0 =
∑

k∈Z
ckek be in

L2([0, 1]); from the equalities f0−T nyn = (Id−µnT nT ∗n)−1f0 and ‖f0−T nyn‖ =
ε, we get:

f0 − T nyn =
∑
k∈Z

ck

1 + µn(α2
k−1 . . . α2

k−n)
ek (3.5)

and ∑
k∈Z

|ck|2
(1 + µn(α2

k−1 . . . α2
k−n))2

= ε2.

Moreover, by the dominated convergence theorem, (f0 − T nyn)n converges if and

only if lim
n→∞

1
1 + µn(α2

k−1 . . . α2
k−n)

exists for all k ∈ Z such that ck �= 0. Take now

f0 = e0 + e1 and 0 < ε <
√

2. Then (3.5) gives:
1

(1 + µn(α2
−1 . . . α2−n))2

+
1

(1 + µn(α2
0 . . . α2

1−n))2
= ε2,
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i.e.,
1

(1 + λnα2−n)2
+

1
(1 + λnα2

0)2
= ε2, (3.6)

where λn = µn(α2
−1 . . . α2

1−n).
Suppose that lim

n→∞αn does not exist. Then (3.6) implies that neither (λn)n

nor the sequence (T nyn)n converges.

Remark 3.5. Another natural setting in which weighted composition operators
have been much studied is the case of a space of analytic functions on the disc,
such as the Hardy space H2 or the Bergman space A2 (see, for example [8]). The
difficulty here is in the expression of T ∗n, since it now involves an orthogonal
projection, and thus T nT ∗n is no longer expressible as a multiplication. Even for
the simple example γ(z) = z and w(z) = z − 1, it is still unknown whether the
sequence (T nyn)n converges (see [5, 14]).

4. Hyperinvariant subspaces

4.1. Existence theorems

We first recall the following result, that appears in [2] in a Hilbert space context
and that was generalized to an arbitrary Banach space in [15].

Theorem A If there exists a subsequence (ynk
)k of minimal vectors such that

limk→∞
‖ynk−1‖
‖ynk

‖ = 0 and (T nk−1ynk−1)k converges in norm, then T has a non-
trivial hyperinvariant subspace. In particular, if T is quasinilpotent and (T nyn)n

converges in norm, then T has a nontrivial hyperinvariant subspace.

In order to provide concrete examples to illustrate Theorem A, we will first
settle a useful lemma.

Lemma 4.1. Let (yn)n be a sequence of minimal vectors. Then we have

‖yn‖ = µn‖A1/2
n (f0 − T nyn)‖,

where µn is a positive constant uniquely determined by the equality ‖f0−T nyn‖ = ε
and where An = T nT ∗n.

Proof. First let us recall that yn = µnT ∗n(f0 − T nyn), where µn is a positive
constant uniquely determined by the equality ‖f0−T nyn‖ = ε. Therefore we have

‖yn‖2 = 〈yn, yn〉
= µ2

n〈f0 − T nyn, (T nT ∗n)(f0 − T nyn)〉
= µ2

n〈f0 − T nyn, An(f0 − T nyn)〉
= µ2

n‖A1/2
n (f0 − T nyn)‖2. �
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Remark 4.2. Unfortunately, under the hypothesis of Corollary 3.1, it is impossible
to find a subsequence (ynk

)k such that limk→+∞
‖ynk−1‖
‖ynk

‖ = 0. Indeed, if |w|2/γ = c,

then f0 − T nyn = f0
1+µncn and thus µn =

(
‖f0‖2

ε − 1
)

1
cn and ‖yn‖2 = (‖f0‖2 −

ε) 1
cn/2 since An = Mcn/2. It follows that for all positive integers n we have:

‖yn−1‖2

‖yn‖2
=

1
c1/2

.

Here is an example of operator satisfying the hypothesis of Theorem A.
Let T ∈ L(L2([0, 1])) defined by

Tf(t) = tf(t/2).

It is not difficult to check that

T ∗f(t) = 4tf(2t)χ(0,1/2)(t).

Then, since

T nf(t) =
tn

2n(n−1)/2
f

(
t

2n

)
and T ∗nf(t) = 4ntn2n(n−1)/2χ[0,1/2n](t)f(2nt),

we get
Anf(t) := T nT ∗nf(t) = 4nt2n2−n2

f(t).

Therefore An = MΦn with Φn(t) = 4n2−n2
t2n, and thus T is of normal type. Using

Theorem 2.2, (T nyn)n converges in norm.
Moreover, T is quasinilpotent. Indeed, note that

‖T n‖ ≤
∥∥∥∥ tn

2n(n−1)/2

∥∥∥∥
∞

=
1

2n(n−1)/2
,

and thus ‖T n‖1/n ≤ 1
2(n−1)/2 , and then limn→+∞ ‖T n‖1/n = 0.

Now, by Theorem A, T has a nontrivial hyperinvariant subspace.
It is clear that T has nontrivial invariant subspaces, although since a charac-

terization of the the commutant {T }′ of T is not known, it is not otherwise obvious
that T has nontrivial hyperinvariant subspaces.

The previous example is in fact a particular case of a much more general
situation, which we now analyse.

Proposition 4.3. Let T be an operator on L2(X) defined as in Subsection 3.1.
Suppose that γ has a unique attractive fixed point x0 such that (γn(t))n converges
to x0 uniformly on X, and that h is continuous at x0. Then the spectral radius of
T satisfies r(T ) =

√
a, where a = h(x0). Therefore T is quasinilpotent if and only

if h(x0) = 0.

Proof. For f ∈ L2(X) we have:

‖T nf‖2
2 =

∫
s∈γn(X)

|w(γ−n(s)) . . . w(γ−1(s))|2|f(s)|2
|γ′(γ−n(s)) . . . γ′(γ−1(s))|α dµ(s).
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Suppose that h(x0) = a and take ε > 0. Then there exists a positive integer K

such that k ≥ K implies |w(γk(t))|2
|γ′(γk(t))|α < a + ε. So, for n > K, we have:

‖T nf‖2 ≤ ‖h‖K
∞ (a + ε)n−K ‖f‖2

2 .

It follows that limn→∞ ‖T n‖1/n ≤ a + ε and thus r(T ) ≤ √
a. If a = 0, then

r(T ) = 0. Suppose now that a > 0 and take ε < a. Then there exists K ′ such that
k ≥ K ′ implies |w(γk(t))|2

|γ′(γk(t))|α > a − ε. Let a > δ > 0 and set Sδ = {t : h(t) ≥ δ}. For
n > K ′ and f = χγn(Sδ), we get:

‖T nf‖2
2 =

∫
s∈γn(Sδ)

|w(γ−n(s)) . . . w(γ−1(s))|2
|γ′(γ−n(s)) . . . γ′(γ−1(s))|α ds

≥ δK′
(a − ε)n−K′ ‖f‖2

2

It follows that lim
n→∞ ‖T n‖1/n ≥ √

a − ε and thus r(T ) ≥ √
a. Finally r(T ) =

√
a

and obviously T is quasinilpotent if and only if h(x0) = 0. �

Using Theorem 3.2, Proposition 4.3 and Theorem A, we get the following
corollary.

Corollary 4.4. Let T be an operator on L2(X) defined as in Subsection 3.1. Suppose
that h determines a partial order ≺ that is both left- and right-regular, such that
for every t ∈ X one has (3.1) holding. Suppose also that γ has a unique attractive
fixed point x0 such that (γn(t))n converges to x0 uniformly on X, and that h is
continuous at x0 with h(x0) = 0. Then the operator T has nontrivial hyperinvariant
subspaces.

4.2. Möbius transformations on D

Now let γ : D → D be a Möbius transformation, i.e., a rational mapping of the
form

γ(z) =
az + b

cz + d
, with ad − bc �= 0 and |a|2 + |b|2 + 2|ab − cd| ≤ |c|2 + |d|2.

From now on we exclude the case when γ(z) = z for all z. As in [3], such transfor-
mations can be classified in terms of their two fixed points, which may coincide.
By Schwarz’s Lemma, it is not possible to have two fixed points in D, nor two
fixed points in C∪ {∞} \D, and if there is a unique fixed point then it lies on the
unit circle T. The remaining cases are as follows:

1. Two fixed points, one in D and one outside D (possibly at ∞).
2. Two fixed points, one on T and one outside D (possibly at ∞).
3. Two fixed points, one in D and one on T.
4. Two distinct fixed points on T.
5. A unique fixed point on T.

We shall see that the methods of this paper are most suited to cases 1 and 2 above.
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Theorem 4.5. Let γ : D → D be as in Case 1 or Case 2 above, and suppose that γ
is not an automorphism. Let T be a weighted composition operator on L2(D), as
defined in Subsection 3.1. Suppose also that w is C1 at the attractive fixed point
x0 ∈ D, with w(x0) = 0 and w′(x0) �= 0. Then T has nontrivial hyperinvariant
subspaces.

Proof. By conjugating with an automorphism of D, we may suppose without loss
of generality that x0 = 0 or x0 = 1.
Case 1: Without loss of generality the second fixed point is either real or infinite.
Suppose first that it is at ∞. Then γ(z) = kz with |k| < 1, since 0 is an attractive
fixed point. Then

h(γn(t))
h(γn(r))

=
∣∣∣∣w(knt)
w(knr)

∣∣∣∣2 .

This converges to |t/r|2 as n → ∞, and thus t ≺ r if and only if |t| < |r|; clearly
≺ is left- and right-regular. It is easily seen that the remaining hypotheses of
Corollary 4.4 are satisfied, and the result follows.

Figure 3. Representation of γn(D) in Case 1

If the second fixed point is finite, say x1, then by conjugating with the map-
ping g, defined by g(z) = z/(z − x1), we deduce easily that γn has the form

γn(z) =
knzx1

knz − z + x1
, with |k| < 1,

and asymptotically

|γn(z)| ∼ |k|n
∣∣∣∣ zx1

z − x1

∣∣∣∣ .
Thus we see that t ≺ r if and only if∣∣∣∣ tx1

t − x1

∣∣∣∣ <

∣∣∣∣ rx1

r − x1

∣∣∣∣ .
The argument is now completed as above.
Case 2: We begin with the case when the second fixed point is at ∞, and thus
γ(z) = 1 + k(z − 1) with |k| < 1. Thus

|γn(z) − 1| = |k|n|z − 1|,
and so t ≺ r if and only if |t− 1| < |r − 1|; hence we may use the same arguments
as before.
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Finally, if the second fixed point is at x1 ∈ C, then by conjugating with the
mapping g defined by g(z) = z−1

z−x1
, we obtain

γn(z) − 1 =
kn(z − 1)(x1 − 1)
kn(z − 1) + x1 − z

, with |k| < 1,

and thus, asymptotically,

|γn(z) − 1| ∼ |k|n|x1 − 1|
∣∣∣∣ z − 1
z − x1

∣∣∣∣ .

Figure 4. Representation of γn(D) in Case 2

We see that t ≺ r if and only if∣∣∣∣ t − 1
t − x1

∣∣∣∣ <

∣∣∣∣ r − 1
r − x1

∣∣∣∣ .
Once more the proof is completed by the same arguments. �

If w′ vanishes at x0, but w has a continuous higher derivative which is nonzero
at x0, then similar arguments can be applied. We omit the details.

It is necessary to exclude all cases when γ is an automorphism of D, since we
no longer have the uniform convergence of its iterates. Moreover, in Cases 3 and
4 it is not possible to apply the methods presented so far, since the iterates of γ
do not converge uniformly on D (note that in Case 4 the mapping γ is necessarily
an automorphism). There remains Case 5, which we now discuss separately.

Suppose now that γ is a parabolic mapping, that is, it has a unique fixed point
x0 on the unit circle. As in the proof of Theorem 4.5, we may assume without loss
of generality that x0 = 1. As in [3], one may conjugate γ by the mapping g, given
by g(z) = 1/(z − 1), to obtain the mapping z 
→ z + β for some β with Re β < 0.
It follows that

γn(z) = 1 +
z − 1

1 + nβ(z − 1)
.

Thus, asymptotically,

|1 − γn(z)| ∼ 1
|nβ| for all z �= 1.

Although the iterates of γ do converge uniformly in this case, they do so at the
same rate for all z, and thus the relation ≺ does not satisfy (3.1), and it is not
possible to apply Corollary 4.4.
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4.3. Mappings of the unit interval

On combining Remark 3.4 with Proposition 4.3 and Theorem A, we obtain a
sufficient condition for the existence of nontrivial hyperinvariant subspaces, which
is closely-related to Corollary 4.4. This is illustrated by the following examples.

Let γ : [0, 1] → [0, 1] defined by γ(t) = θt + a with 0 ≤ a ≤ 1 and θ satisfying
both −a ≤ θ ≤ 1 − a and |θ| < 1. Then γ has a unique fixed point x0 satisfying
x0 = a

1−θ . Moreover |γ(t1) − γ(t2)| = |θ||t1 − t2| and thus γ is strictly contractive
and the sequence (γn(t))n converges to x0 uniformly on [0, 1]. Then define w1 on
[0, 1] by:

w1(t) =

⎧⎪⎪⎨⎪⎪⎩
x0 − t

x0
if 0 ≤ t ≤ x0

t − x0

1 − x0
if x0 ≤ t ≤ 1

and set w = w
1/2
1 .

Figure 5. The graph of w1

So, w ∈ L∞([0, 1]); h := w1
|θ| ∈ L∞([0, 1]) is continuous at x0 and h(x0) = 0.

We now have to study the quotient
h(γn(t))
h(γn(r))

for some t, r ∈ [0, 1].

h(γn(t))
h(γn(r))

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
x0 − γn(t)
x0 − γn(r)

if r < t < x0

γn(t) − x0

γn(r) − x0
if x0 < t < r.

But

γn(t) = θnt + a

n−1∑
k=0

θk = θnt + x0(1 − θn).

So γn(t) − x0 = θn(t − x0). Thus,

h(γn(t))
h(γn(r))

=

⎧⎪⎪⎨⎪⎪⎩
x0 − t

x0 − r
if r < t < x0

t − x0

r − x0
if x0 < t < r,
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and in both cases we obtain:

lim sup
n→∞

h(γn(t))
h(γn(r))

< 1.

We conclude that for these choices of γ and w, T has nontrivial hyperinvariant
subspaces.

Now we take the same γ as before and w = w2 is defined by:

w2(t) = c(t − x0)2m, with m ≥ 1, c > 0.

Then we have:
h(γn(t))
h(γn(r))

=
(γn(t) − x0)2m

(γn(r) − x0)2m

=
(

t − x0

r − x0

)2m

If x0 < t < r or if r < t < x0 we obtain 0 <
t − x0

r − x0
< 1. So, in both cases

we have lim sup
n→∞

h(γn(t))
h(γn(r)) < 1 and we conclude that the operator T has nontrivial

hyperinvariant subspaces.

4.4. Bishop-type operators

The aim of this subsection is to discuss explicit examples of operators of the form

Tf(t) = w(t)f(τ(t)),

where w is essentially bounded, and where τ is ergodic. Such operators include
variations on the classical Bishop operator Tf(t) = tf({t+θ}), where θ is irrational
and { · } denotes taking the remainder modulo 1, studied in [4, 9, 12, 13].

In view of trying to apply Theorem A, it is natural to characterize quasinilpo-
tent Bishop-type operators. The answer to this is given in the next proposition.

Proposition 4.6 (Prop. 1.3 in [12]). Let T be a Bishop-type operator defined by
Tf(t) = w(t)f(τ(t)). Let w ∈ L∞([0, 1]) be such that |w| is continuous a.e. Then
r(T ) = e

∫ 1
0 log |w|dµ if log |w| ∈ L1([0, 1]) and r(T ) = 0 otherwise. It follows that if

|w| is continuous a.e. then T is quasinilpotent if and only if log |w| /∈ L1([0, 1]))

In order to be able to apply Theorem A, we need to prove the convergence of
(T nyn)n, but unfortunately, we are not able to decide this in general. Indeed, in
this case our operator T is not of normal type: let w ∈ L∞([0, 1]), |w|2

|γ′| ∈ L∞([0, 1]),
and γ an ergodic and injective mapping.

Let Fn =
∏n

k=0 h ◦ γk. We can prove that there exist r < t such that
(

Fn(r)
Fn(t)

)
n

does not tend to 0 when n tends to infinity in the following way. First, there exists
r such that γ(r) < r. Indeed, otherwise [r, 1] would be invariant under γ and this
is absurd since γ is ergodic. Now take r = γ(t), so that Fn(γ(t))

Fn(t) = h(γn+1(t))
h(t) .

Obviously we may assume that h �= 0. Therefore there exists δ > 0 such that
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Sδ = {x ∈ (0, 1) : h(x) > δ} ⊂ (0, 1) is of positive measure. The ergodic property
of γ implies that there exists (nk)k such that γnk(t) ∈ Sδ for all k. It follows that
Fnk

(γ(t))

Fnk
(t) ≥ δ

h(t) , and thus cannot tend to 0.

Furthermore, it is not possible to apply Corollary 4.4 in this case, since con-
dition (3.1) is never satisfied when γ is ergodic. To see this, we define, for any
δ < ‖h‖∞ the set

Rδ = {x ∈ [0, 1] : |h(x)| ≥ ‖h‖∞ − δ}.
Then, by ergodicity, for each t ∈ [0, 1] there is a sequence (nk)k with γnk(t) ∈ Rδ.
Thus for every r ∈ [0, 1] we obtain

lim sup
n→∞

h(γn(t))
h(γn(r))

≥ ‖h‖∞ − δ

‖h‖∞ for each δ,

and hence the lim sup equals 1. Therefore in this case there are no points t with
t ≺ r.
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Abstract. For a class of pairs of entire matrix functions the null space of the
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1. Introduction

We begin by stating the main theorem proved in this paper. This requires some
preparations. Fix ω > 0, and consider the n × n entire matrix functions

B(λ) = I +
∫ 0

−ω

eiλsb(s) ds, D(λ) = I +
∫ ω

0

eiλsd(s) ds. (1.1)

Here b ∈ Ln×n
1 [−ω, 0] and d ∈ Ln×n

1 [0, ω]. We define R(B,D) to be the operator
on Ln

1 [−ω, ω] given by

(
R(B,D)f

)
(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
f(t) +

∫ ω

−ω

d(t − s)f(s) ds, 0 ≤ t ≤ ω,

f(t) +
∫ ω

−ω

b(t − s)f(s) ds, −ω ≤ t < 0.

(1.2)

The research of the third author was partially supported by a visitor fellowship of the Nether-
lands Organization for Scientific Research (NWO) and the Glasberg-Klein Research Fund at the
Technion.
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Here we follow the convention that d(t) and b(t) are zero whenever t does not
belong to [0, ω] or [−ω, 0], respectively.

Our aim is to describe the null space of the operator R(B,D) in terms of the
common spectral data of the two functions B and D. Therefore we first review
some elements of the spectral theory of entire matrix functions. Note that from
the definitions in (1.1) it follows that

lim
�λ≤0, |λ|→∞

B(λ) = I, lim
�λ≥0, |λ|→∞

D(λ) = I.

Thus B has only a finite number of eigenvalues (zeros) in the closed lower half
plane, and the same is true for D with respect to the closed upper half plane. We
conclude that the number of common eigenvalues of B and D in C is finite. This
allows us to define the total common multiplicity ν(B,D) of B and D, namely:

ν(B,D) =
∑

λ

ν(B,D; λ),

where the sum is taken over the common eigenvalues, and ν(B,D; λ) is the common
multiplicity of λ as a common eigenvalue of B and D. For the definition of the
latter notion we refer to Section 2 below which also presents more details about
the notions used in the next paragraph.

Now let λ1, . . . , λ�◦ be the set of distinct common eigenvalues of B and D in
C. For each common eigenvalue λ� we let

Ξ� = {xjk,� | k = 0, . . . , κj,� − 1, j = 1, . . . , p�}
stand for a canonical set of common Jordan chains of B and D at λ�. The set of
vectors {Ξ�} �◦

�=1 generates the following set of Cn-valued functions:

Ξ̃ = {x̃jk,� | k = 0, . . . , κj,� − 1, j = 1, . . . , p�, � = 1, . . . , �◦}, (1.3)

where

x̃jk,�(t) = e−iλ�t
k∑

ν=0

(−it)k−ν

(k − ν)!
xjν,�. (1.4)

The functions x̃jk,� will be considered on intervals −∞ < α < β < ∞ for appropri-
ate choices of α and β. Notice that for any interval [α, β] the system of functions
Ξ̃ is linearly independent, and

dim span Ξ̃ = ν(B,D). (1.5)

We can now state the main theorem of this paper.

Theorem 1.1. Let B and D be the entire n × n matrix functions given by (1.1),
and let R(B,D) be the operator on Ln

1 [−ω, ω] defined by (1.2). Assume that there
exist entire n × n matrix functions A and C,

A(λ) = I +
∫ ω

0

eiλsa(s) ds, C(λ) = I +
∫ 0

−ω

eiλsc(s) ds, (1.6)
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where a ∈ Ln×n
1 [0, ω] and c ∈ Ln×n

1 [−ω, 0], such that

A(λ)B(λ) = C(λ)D(λ), λ ∈ C. (1.7)

Then the set of vector functions Ξ̃ in (1.3), considered in Ln
1 [−ω, ω], forms a basis

of KerR(B,D). In particular,

dim KerR(B,D) = ν(B,D). (1.8)

The above theorem is new for the matrix case (n > 1); for the scalar case
(n = 1) it has been proved in [7]. Note that in the scalar case condition (1.7) is
redundant. In fact, more generally, if the matrix functions B and D commute, then
one can always find matrix functions A and C of the form (1.6) such that (1.7) is
fulfilled; the trivial choice A = D and C = B will do.

In [7], for n = 1, the operator R(B,D) is introduced as the natural continuous
analogue of the classical Sylvester resultant matrix for polynomials (for the latter
see the survey article [20] or the book [23]). For this reason we call R(B,D) the
resultant operator associated with B and D.

We shall refer to condition (1.7) as the quasi commutativity property of the
quadruple {A, C;B,D}. In general, without this property being satisfied, Theorem
1.1 does not remain true. This follows from a simple example with n = 2 given
in [7]. On the other hand, in [7] it is also shown that the conclusion of Theorem
1.1, without the quasi commutativity property (1.7) being fulfilled, remains true
provided one replaces the resultant operator R(B,D) by a more complicated op-
erator, acting between different L1-spaces, namely by the operator Rε(B,D), with
ε > 0, acting from Ln

1 [−ω, ω + ε] into Ln
1 [−ω − ε, ω + ε], defined by

(
Rε(B,D)f

)
(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
f(t) +

∫ ω+ε

−ω

d(t − s)f(s) ds, 0 ≤ t ≤ ω + ε,

f(t) +
∫ ω+ε

−ω

b(t − s)f(s) ds, −ω − ε ≤ t < 0.

In this paper we also present two applications of Theorem 1.1 to inverse
problems for related convolution operators. The first application deals with the
problem of reconstructing a matrix-valued kernel function of a convolution integral
operator on a finite interval from four matrix functions satisfying integral equations
with this kernel function. The second problem is the inverse problem for continuous
analogues of orthogonal polynomials.

In our proof of Theorem 1.1 an essential role is played by Theorem 4.19
from the thesis [14]. The latter theorem describes the dimension of the null space
of a Bezout type operator on Ln

1 [0, ω] associated with entire matrix functions
A,B, C,D. The precise Bezout operator result needed in the present paper is stated
in [5], where it is also proved by a new method. For the four matrix functions
A,B, C,D appearing in Theorem 1.1 we show that after a simple extension the
Bezout operator from [5] is equivalent to the resultant operator R(B,D). To obtain
this equivalence we rewrite the quasi commutativity property in operator form.
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This is done by using a new method which is based on an analysis of related block
Laurent operators.

The paper consists of five sections (including the present introduction). In
Section 2 we review the elements of the spectral theory of entire n × n matrix
functions that are used in this paper, which includes facts about common spectral
data for pairs of such functions. In Section 3 we introduce the Bezout operator,
state the result from [5] needed in the present paper, and establish the equivalence
of the resultant operator with a simple extension of the Bezout operator. A more
refined connection between the Bezout operator and the resultant operator, which
turns out to be equivalent to the quasi commutativity property, is also given in this
section. In Section 4 we prove Theorem 1.1. Section 5 presents the two applications
of the main theorem to inverse problems.

Some words about notation. If −∞ < α < β < ∞, then L1[α, β] stands
for the standard Banach spaces of Lebesgue integrable functions on [α, β]. Any
function f ∈ L1[α, β] will be considered as a function on the entire real line by
setting f(t) = 0 whenever t < α or t > β. Given a positive integer n we denote
by Ln

1 [α, β] the Banach space of all n × 1 column vector functions with entries in
L1[α, β]. Similarly, Ln×n

1 [α, β] consists of all n × n matrix functions with entries
in L1[α, β]. As usual, we identify Lebesgue integrable functions which differ on a
set of measure zero.

2. Preliminaries on the spectral theory of entire matrix functions

In this section we review the elements of the spectral theory of entire n×n matrix
functions that are used in this paper.

2.1. Eigenvalues and Jordan chains

Let F be an entire n × n matrix function. We assume F to be regular. The latter
means that detF (λ) �≡ 0 on C. As usual, the values of F are identified with their
canonical action on Cn. In what follows λ0 is an arbitrary point in C.

The point λ0 is called an eigenvalue of F whenever there exists a vector
x0 �= 0 in Cn such that F (λ0)x0 = 0. In that case the non-zero vector x0 is
called an eigenvector of F at λ0. Note that λ0 is an eigenvalue of F if and only
if det F (λ0) = 0. In particular, in the scalar case, i.e., when n=1, the point λ0 is
an eigenvalue of F if and only if λ0 is a zero of F . The multiplicity ν(λ0) of the
eigenvalue λ0 of F is defined as the multiplicity of λ0 as a zero of detF (λ). The
set of eigenvectors of F at λ0 together with the zero vector is equal to KerF (λ0).

An ordered sequence of vectors x0, x1, . . . , xr−1 in Cn is called a Jordan chain
of length r of F at λ0 if x0 �= 0 and

k∑
j=0

1
j!

F (j)(λ0)xk−j = 0, k = 0, . . . , r − 1. (2.9)
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Here F (j)(λ0) is the jth derivative of F at λ0. From x0 �= 0 and (2.9) it follows
that λ0 is an eigenvalue of F and x0 is a corresponding eigenvector. The converse
is also true, that is, x0 is an eigenvector of F at λ0 if and only if x0 is the first
vector in a Jordan chain for F at λ0.

Given an eigenvector x0 of F at λ0 there are, in general, many Jordan chains
for F at λ0 which have x0 as their first vector. However, the fact that F is regular
implies that the lengths of these Jordan chains have a finite supremum which we
shall call the rank of the eigenvector x0.

To organize the Jordan chains corresponding to the eigenvalue λ0 we proceed
as follows. Choose an eigenvector x10 in KerF (λ0) such that the rank r1 of x10 is
maximal, and let x10, . . . , x1r1−1 be a corresponding Jordan chain. Next we choose
among all vectors x in KerF (λ0), with x not a multiple of x10, a vector x20 of
maximal rank, r2 say, and we choose a corresponding Jordan chain x20, . . . , x2r2−1.
We proceed by induction. Assume

x10, . . . , x1r1−1, . . . , xk0, . . . , xkrk−1

have been chosen. Then we choose xk+10 to be a vector in KerF (λ0) that does
not belong to span{x10, . . . , xk0} such that xk+10 is of maximal rank among all
vectors in KerF (λ0)\span{x10, . . . , xk0}. In this way, in a finite number of steps,
we obtain a basis x10, x20, . . . , xp0 of KerF (λ0) and corresponding Jordan chains

x10, . . . , x1r1−1, x20, . . . , x2r2−1, . . . , xp0, . . . , xprp−1. (2.10)

The system (2.10) is called a canonical system of Jordan chains for F at λ0. From
the construction it follows that p = dimKerF (λ0). The numbers r1 ≥ r2 ≥ · · · ≥
rp are uniquely determined by F and do not depend on the particular choices made
above. In fact, these numbers coincide with the degrees of λ−λ0 in the local Smith
form of F at λ0. The numbers r1, . . . , rp are called the partial multiplicities of F
at λ0. Their sum r1 + · · · + rp is equal to the multiplicity ν(λ0).

The above definitions of eigenvalue, eigenvector and Jordan chain for F at
λ0 also make sense when F is non-regular or when F is a non-square entire matrix
function on Ω. However, in that case it may happen that the supremum of the
lengths of the Jordan chains with a given first vector is not finite. On the other
hand, if for each non-zero vector x0 in KerF (λ0) the supremum of the lengths of
the Jordan chains with x0 as first vector is finite, then we can define a canonical
set of Jordan chains for F at λ0 in the same way as it was done above for regular
entire matrix functions.

More details on the above notions, including proofs, can be found in [13]; see
also the book [10] or the appendix of [8].

2.2. Common eigenvalues and common Jordan chains

Throughout this section F1 and F2 are entire n×n matrix functions. Furthermore,
λ0 ∈ C, and we assume that either F1 or F2 is regular on C.

Let λ0 be an arbitrary point in C. We say that λ0 is a common eigenvalue of
F1 and F2 if there exists a vector x0 �= 0 such that F1(λ0)x0 = F2(λ0)x0 = 0. In
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this case we refer to x0 as a common eigenvector of F1 and F2 at λ0. Note that x0

is a common eigenvector of F1 and F2 at λ0 if and only if x0 is a non-zero vector in

KerF1(λ0) ∩ KerF2(λ0) = Ker

[
F1(λ0)

F2(λ0)

]
.

If an ordered sequence of vectors x0, x1, . . . , xr−1 is a Jordan chain for both F1

and F2 at λ0, then we say that x0, x1, . . . , xr−1 is a common Jordan chain for F1

and F2 at λ0. In other words, x0, x1, . . . , xr−1 is a common Jordan chain for F1

and F2 at λ0 if and only if x0, x1, . . . , xr−1 is a Jordan chain for F at λ0, where F
is the non-square entire matrix function given by

F (λ) =

[
F1(λ)

F2(λ)

]
, λ ∈ C. (2.11)

Let x0 be a common eigenvector of F1 and F2 at λ0. Since F1 or F2 is
regular, the lengths of the common Jordan chains of F1 and F2 at λ0 with initial
vector x0 have a finite supremum. In other words, if x0 is a non-zero vector in
KerF (λ0), where F is the non-square analytic matrix function defined by (2.11),
then the lengths of the Jordan chains of F at λ0 with initial vector x0 have a finite
supremum. Hence (see the final paragraph of the previous section), for F in (2.11)
a canonical set of Jordan chains of F at λ0 is well defined. We say that

x10, . . . , x1r1−1, x20, . . . , x2r2−1, . . . , xp0, . . . , xprp−1 (2.12)

is a canonical set of common Jordan chains of F1 and F2 at λ0 if the chains in
(2.12) form a canonical set of Jordan chains for F at λ0, where F is defined by
(2.11). Furthermore, in that case the number

ν(F1, F2; λ0) :=
p∑

j=1

rj

is called the common multiplicity of λ0 as a common eigenvalue of the analytic
matrix functions F1 and F2.

For further details, including proofs, see [7].

3. Equivalence of Bezout and resultant operators

In this section we introduce the Bezout operator, recall some basic results from
the paper [5], and clarify the connection between the resultant operator and the
Bezout operator.

3.1. The Bezout operator and its main property

Throughout this section a, b, c, and d are n× n matrix functions, a and d belong
to Ln×n

1 [0, ω], while b and c belong to Ln×n
1 [−ω, 0]. We denote by A, B, C, D the
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entire n × n matrix functions given by

A(λ) = I +
∫ ω

0

eiλsa(s) ds, B(λ) = I +
∫ 0

−ω

eiλsb(s) ds, (3.1)

C(λ) = I +
∫ 0

−ω

eiλsc(s) ds, D(λ) = I +
∫ ω

0

eiλsd(s) ds. (3.2)

We shall assume that the functions a, b, c, and d satisfy the following additional
condition

A(λ)B(λ) = C(λ)D(λ), λ ∈ C, (3.3)
that is, the quadruple {A, C;B,D} has the quasi commutativity property; cf. (1.7).

Given four functions as above, we let T = I + Γ, where Γ is the integral
operator on Ln

1 [0, ω] defined by

(Γϕ)(t) =
∫ ω

0

γ(t, s)ϕ(s) ds, 0 ≤ t ≤ ω, (3.4)

with

γ(t, s) = a(t − s) + b(t − s)

+
∫ min{t,s}

0

a(t − r)b(r − s) − c(t − ω − r)d(r + ω − s) dr. (3.5)

We refer to the operator
T = T {A, C;B,D} (3.6)

as the Bezout operator associated with {A, C;B,D}. The main property of the
Bezout operator used in this paper is given by the following theorem which is
stated and proved in [5] and originates from [14].

Theorem 3.1. Assume the quadruple {A, C;B,D} satisfies the quasi commutativity
property. Then the dimension of the null space of the Bezout operator T associated
with {A, C;B,D} is equal to the total common multiplicity of the entire matrix
functions B and D, that is, dim KerT = ν(B,D).

For a comprehensive review of the history of Bezout matrices and Bezout
operators we refer the reader to the final paragraphs in the Introduction of [5]; the
early history can be found in [20]. For first results on Bezout operators for entire
scalar functions see [7] and [21]; cf., Chapter 5 in [22].

3.2. The quasi commutativity property in operator form

In this section we restate in operator form the quasi commutativity property (3.3).
The main result is Proposition 3.2 below. We begin with some preliminaries.

We shall adopt the following notations. If a lower case letter f denotes a
function in Ln×n

1 (R), then the corresponding bold face capital letter F denotes the
convolution operator on Ln

1 (R) given by

(Fϕ)(t) =
∫ ∞

−∞
f(t − s)ϕ(s) ds, −∞ < t < ∞. (3.7)
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We denote by F(λ) the symbol of the operator I + F, that is,

F(λ) = I +
∫ ∞

−∞
eiλsf(s) ds. (3.8)

Furthermore, for each ν ∈ Z we define Fν to be the convolution operator on
Ln

1 [0, ω] given by

(Fνϕ)(t) =
∫ ω

0

f(t − s + νω)ϕ(s) ds, 0 ≤ t ≤ ω.

We shall refer to the operators Fν , ν ∈ Z, as the operators corresponding to F .
With these operators Fν we associate the block Laurent operator

LF =

⎡⎢⎢⎢⎢⎢⎢⎣

. . .
F0 F−1 F−2

F1 F0 F−1

F2 F1 F0

. . .

⎤⎥⎥⎥⎥⎥⎥⎦ .

We consider LF as a bounded linear operator on the space �1, Z

(
Ln

1 [0, ω]
)
. The latter

space consists of all doubly infinite sequences ϕ = (ϕj)j∈ Z with ϕj ∈ Ln
1 [0, ω] such

that

‖ϕ‖�1, Z(Ln
1 [0, ω]) :=

∞∑
j=−∞

‖ϕj‖Ln
1 [0, ω] < ∞.

The spaces Ln
1 (R) and �1, Z

(
Ln

1 [0, ω]
)

are isometrically equivalent, and for f and g

in Ln×n
1 (R) we have

LFG = LFLG. (3.9)
Now let us return to the functions a, b, c, and d considered in the previous

section. Our goal is to restate the quasi commutativity property (3.3) in operator
form. We shall view a, b, c, and d as functions in Ln×n

1 (R), with a and d having
their support in [0, ω], while the support of b and c is in [−ω, 0]. Thus, using the
terminology of the previous paragraph, the functions A, B, C, D in (3.1), (3.2) are
the symbols of the operators I + A, I + B, I + C and I + D, respectively. Let us
consider the operators Aν , ν ∈ Z, corresponding to A. Since a has its support in
[0, ω], we have the following properties:

(i) (A0ϕ)(t) =
∫ t

0

a(t − s)ϕ(s) ds, 0 ≤ t ≤ ω,

(ii) (A1ϕ)(t) =
∫ ω

t

a(t + ω − s)ϕ(s) ds, 0 ≤ t ≤ ω,

(iii) Aν = 0 for ν �= 0, ν �= 1.
Similarly, since b has its support in [−ω, 0], the operators Bν , ν ∈ Z, corresponding
to B have the following properties:

(j) (B0ϕ)(t) =
∫ ω

t

b(t − s)ϕ(s) ds, 0 ≤ t ≤ ω,
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(jj) (B−1ϕ)(t) =
∫ t

0

b(t − s − ω)ϕ(s) ds, 0 ≤ t ≤ ω,

(jjj) Bν = 0 for ν �= 0, ν �= −1.

Analogous results hold for the operators Cν , ν ∈ Z, corresponding to C and for
Dν , ν ∈ Z, corresponding to D. In particular, the above formulas show that all the
operators

I + A0, I + B0, I + C0, I + D0

are invertible operators on Ln
1 [0, ω].

The next proposition is the main result of this section.

Proposition 3.2. The quasi commutativity property (3.3) is equivalent to the fol-
lowing two conditions:

(I + A0)B−1 = C−1(I + D0), (I + C0)D1 = A1(I + B0). (3.10)

Proof. Since A, B, C, and D are the symbols of the convolution operators I + A,
I + B, I + C, and I + D, respectively, condition (3.3) is equivalent to

(I + A)(I + B) = (I + C)(I + D), (3.11)

which according to (3.9) can be rewritten as

LA + LB + LALB = LC + LD + LCLD. (3.12)

Now recall the properties (i)–(iii) for the operator Aν , the properties (j)–(jjj) for the
operators Bν , and the analogous properties for the operators Cν and Dν (ν ∈ Z).
By comparing the entries in the infinite operator matrices determined by the left-
and right-hand sides of (3.12) we see that (3.3) is equivalent to

(α) B−1 + A0B−1 = C−1 + C−1D0,
(β) A0 + B0 + A0B0 + A1B−1 = C0 + D0 + C0D0 + C−1D1

(γ) A1 + A1B0 = D1 + C0D1.

Obviously, (α) is the same as the first part of (3.10), and (γ) is the same as the
second part of (3.10). Thus to complete the proof we have to show that (3.10)
implies condition (β).

Consider the functions f = a + b + a ∗ b and g = c + d + c ∗ d, where ∗
denotes the convolution product in Ln×n

1 (R). Then LF is equal to the left-hand
side of (3.12), and LG to the right-hand side of (3.12). The first part of (3.10)
yields F−1 = G−1, and the second part of (3.10) implies F1 = G1. Now notice
that F−1 = G−1 is equivalent to f(t) = g(t) for each −2ω ≤ t ≤ 0, and F1 = G1

is equivalent to f(t) = g(t) for each 0 ≤ t ≤ 2ω, i.e.,

F−1 = G−1 ⇐⇒ f |[−2ω, 0] = g|[−2ω, 0],

F1 = G1 ⇐⇒ f |[0, 2ω] = g|[0, 2ω].

In particular, if (3.10) holds, then f |[−ω, ω] = g|[−ω, ω], which is equivalent to
F0 = G0. But F0 = G0 is equivalent to (β). This completes the proof. �
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3.3. The equivalence theorem

Let A, B, C, D be the four entire n×n matrix functions given by (3.1), (3.2), and
assume that the quasi commutativity property (3.3) is satisfied. In this section
we show that after an appropriate extension the Bezout operator T associated
with the quadruple {A, C;B,D} is equivalent to the resultant operator R(B,D).
To state the precise result we need some additional notation.

First recall that the Bezout operator T is given by T = I + Γ, where Γ is
the integral operator with kernel function (3.5). Using this formula and notations
from the previous section we see that

T = (I + A0)(I + B0) − C−1D1. (3.13)

Here A0, B0, C−1 and D1 are the operators on Ln
1 [0, ω] introduced in the previous

section. Next, we consider the operators

H+ : Ln
1 [−ω, 0] → Ln

1 [0, ω], (H+f)(t) = f(t − ω) (0 ≤ t ≤ ω), (3.14)

H− : Ln
1 [0, ω] → Ln

1 [−ω, 0], (H−f)(t) = f(t + ω) (ω ≤ t ≤ 0). (3.15)

Note that H+ and H− are both invertible and (H+)−1 = H−. Representing the
space Ln

1 [−ω, ω] as the natural direct sum of the spaces Ln
1 [−ω, 0] and Ln

1 [0, ω], the
resultant operator R(B,D) can be written as a 2 × 2 operator matrix as follows:

R(B,D) =

[
I + H−B0H

+ H−B−1

D1H
+ I + D0

]
on Ln

1 [−ω, 0]⊕ Ln
1 [0, ω]. (3.16)

Here B−1 D0, and D1 are operators on Ln
1 [0, ω] of which the definition can be

found in the previous section. Since the operator I + D0 is invertible, formula
(3.16) allows us to factor R(B,D) as follows:

R(B,D) =

[
I H−B−1(I + D0)−1

0 I

]
(3.17)

×
[

H− ΥH+ 0

0 I + D0

][
I 0

(I + D0)−1D1H
+ I

]
,

where

Υ = I + B0 − B−1(I + D0)−1D1. (3.18)

Since the quasi commutativity property is satisfied, we know from Proposition 3.2
that B−1(I + D0)−1 = (I + A0)−1C−1, and therefore we obtain from (3.13) and
(3.18) that

Υ = I + B0 − (I + A0)−1C−1

= (I + A0)−1{(I + A0)(I + B0) − C−1D−1} = (I + A0)−1T.
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We conclude that the resultant operator R(B,D) and the Bezout operator T are
related in the following way:

R(B,D) =

[
H−(I + A0)−1 H−B−1(I + D0)−1

0 I

]
(3.19)

×
[

T 0

0 I

][
H+ 0

D1H
+ I + D0

]
.

Since the first and the third factor in the right-hand side of (3.19) are invertible,
we arrive at the following result.

Theorem 3.3. Let the entire n × n matrix functions A,B, C,D be given by (3.1),
(3.2), and assume that the quasi commutativity property (3.3) is fulfilled. Then the
Bezout operator T associated with the quadruple {A,B, C,D} is equivalent after
extension to the resultant operator R(B,D), with the equivalence after extension
relation being given by (3.19). In particular,

dim KerR(B,D) = dim KerT. (3.20)

3.4. A Kravitsky type formula

In this subsection we present a proposition which gives some further insight in the
use of the quasi commutativity property.

Let A, B, C, D be four entire n × n matrix functions given by (3.1), (3.2).
With the pair A, C we associate an operator S(A, C) on Ln

1 [−ω, ω] by setting(
S(A, C)f

)
(t) = f(t) +

∫ 0

−ω

a(t − s)f(s) ds +
∫ ω

0

c(t − s)f(s) ds, −ω ≤ t ≤ ω.

We call S(A, C) the pair operator associated with A, C. This operator can be
viewed as a transpose to the left resultant operator of A and C.

As in the previous section we write the space Ln
1 [−ω, ω] as the natural direct

sum of the spaces Ln
1 [−ω, 0] and Ln

1 [0, ω]. This allows us to represent the pair
operator S(A, C) by a 2 × 2 operator matrix,

S(A, C) =

[
I + H−A0H

+ H−C−1

A1H
+ I + C0

]
on Ln

1 [−ω, 0]⊕ Ln
1 [0, ω]. (3.21)

Here H+ and H− are the operators defined by (3.14) and (3.15), respectively.

Proposition 3.4. Let the entire n×n matrix functions A,B, C,D be given by (3.1),
(3.2). If the quadruple {A, C;B,D} has the quasi commutativity property, then

S(A, C)

[
ILn

1 [−ω,0] 0

0 −ILn
1 [0,ω]

]
R(B,D) =

[
H−TH+ 0

0 T

]
, (3.22)

where T is the Bezout operator associated with {A, C;B,D}. Conversely, if the left-
hand side of (3.22) is equal to a block diagonal 2 × 2 operator matrix relative to
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the partitioning Ln
1 [−ω, 0]⊕Ln

1 [0, ω], then {A, C;B,D} has the quasi commutativity
property and formula (3.22) holds true.

Proof. Using the operator matrix representation of R(B,D) and S(A, C) given by
(3.16) and (3.21), respectively, we have

S(A, C)

[
ILn

1 [−ω,0] 0

0 −ILn
1 [0,ω]

]
R(B,D)

=

[
H−((I + A0)(I + B0) − C−1D1

)
H+ H−((I + A0)B− − C−1(I + D0)

)
(
A1(I + B0) − (I + C0)D1

)
H+ −(I + C0)(I + D0) + A+B−1

]
,

Since the operators H+ and H− are invertible, we see that the left-hand side
of (3.22) is a block diagonal 2 × 2 operator matrix relative to the partitioning
Ln

1 [−ω, 0]⊕ Ln
1 [0, ω] if and only if

(I + A0)B− − C−1(I + D0) = 0, A1(I + B0) − (I + C0)D1 = 0.

By Proposition 3.2 the latter two identities are equivalent to the requirement that
{A, C;B,D} has the quasi commutativity property.

Next assume that {A, C;B,D} has the quasi commutativity property. As we
have seen in the proof of Proposition 3.2, the quasi commutativity property implies
that

A0 + B0 + A0B0 + A1B−1 = C0 + D0 + C0D0 + C−1D1.

It follows that the Bezout operator associated with {A, C;B,D} is not only given
by (3.13) but also by

T = (I + C0)(I + D0) − A1B−1. (3.23)

The formulas (3.13) and (3.23), together with the result of the preceding para-
graph, prove (3.22). �

Formula (3.22) has been proved in [16] for the classical resultant matrix and
the classical Bezout matrix corresponding to two scalar polynomials.

4. Proof of the main theorem

In this section we prove Theorem 1.1. To do this it suffices to show that any vector
function from the system Ξ̃ defined by (1.3) belongs to KerR(B,D). Indeed, when
this result has been established, then we know that

dim KerR(B,D) ≥ ν(B,D). (4.1)

On the other hand, from (3.20) and the fact (see Theorem 3.1) that dim KerT =
ν(B,D), we see that we have equality in (4.1), which proves Theorem 1.1.

To prove that any vector function from the system Ξ̃ defined by (1.3) belongs
to KerR(B,D) we follow the lead of [7] (on the way correcting some misprints in
the statement of Theorem 1.1 and in computations on page 198 of [7]).
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Let x0, x1, . . . , xr−1 in Cn be a common Jordan chain of the entire n × n
matrix functions B and D corresponding to the common eigenvalue λ0. As in
Section 1 we associate with the chain x0, x1, . . . , xr−1 the functions

x̃k(t) = e−iλ0t
k∑

ν=0

(−it)ν

ν!
xk−ν , k = 0, . . . , r − 1. (4.2)

In order to prove (4.1) it suffices to show that the functions x̃0, x̃1, . . . , x̃r−1 belong
to the null space of R(B,D). To do this we introduce operators R(B) and R(D)
from Ln

1 [−ω, ω] into Ln
1 [−ω, 0] and Ln

1 [0, ω], respectively, by setting

(R(B)f)(t) = f(t) +
∫ ω

−ω

b(t − s)f(s) ds, −ω ≤ t ≤ 0,

(R(D)f)(t) = f(t) +
∫ ω

−ω

d(t − s)f(s) ds, 0 ≤ t ≤ ω.

Obviously,
KerR(B,D) = KerR(B) ∩ KerR(D).

Thus (4.1) will be proved when we establish the following lemma.

Lemma 4.1. Fix λ0 ∈ C, let x0, x1, . . . , xr−1 be vectors in Cn, and consider the
associated functions x̃0, x̃1, . . . , x̃r−1 defined by formula (4.2). Then the vectors
x0, x1, . . . , xr−1 form a Jordan chain of B at λ0 (of D at λ0) if and only if the
functions x̃0, x̃1, . . . , x̃r−1 belong to KerR(B) (belong to KerR(D)).

Proof. We prove the statement concerning R(B); the result for R(D) follows in a
similar way.

Recall (see (2.9)) that x0, x1, . . . , xr−1 is a Jordan chain of B at λ0 if and
only if

k∑
j=0

1
j!
B(j)(λ0)xk−j = 0, k = 0, . . . , r − 1. (4.3)

Since B(λ) is given by the right-hand side of (3.1), we have

B(j)(λ) =
∫ 0

−ω

(is)jeiλsb(s) ds, j = 1, 2, . . . . (4.4)

Next, note that for each f ∈ Ln
1 [−ω, ω] we have

(R(B)f)(t) = f(t) +
∫ t+ω

t−ω

b(s)f(t − s) ds

= f(t) +
∫ 0

−ω

b(s)f(t − s) ds, −ω ≤ t ≤ 0.

Fix 0 ≤ ν ≤ r − 1, x ∈ Cn, and consider the functions

ϕν(t) = e−iλ0t (−it)ν

ν!
, ϕ̃ν(t) = ϕν(t)x (−ω ≤ t ≤ ω).
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Then for −ω ≤ t ≤ 0 we have

(R(B)ϕ̃ν)(t) = ϕ̃ν(t) +
∫ 0

−ω

b(s)ϕ̃ν(t − s) ds

= ϕν(t)x +
∫ 0

−ω

(is − it)ν

ν!
e−iλ0(t−s)b(s)xds

= ϕν(t)x +
ν∑

p=0

ϕp(t)
1

(ν − p)!

∫ 0

−ω

(is)ν−peiλ0sb(s)xds.

Using the definition of B, given in (3.1), and formula (4.4) we obtain

(R(B)ϕ̃ν)(t) = ϕν(t)B(λ0)x +
ν−1∑
p=0

ϕp(t)
1

(ν − p)!
B(ν−p)(λ0)x

=
ν∑

p=0

ϕp(t)
1

(ν − p)!
B(ν−p)(λ0)x.

Next notice that the function x̃k defined by (4.2) is also given by

x̃k(t) =
k∑

ν=0

ϕν(t)xk−ν , −ω ≤ t ≤ ω.

Thus the calculation in the previous paragraph yields

(R(B)x̃k)(t) =
k∑

ν=0

ν∑
p=0

ϕp(t)
1

(ν − p)!
B(ν−p)(λ0)xk−ν

=
k∑

p=0

ϕp(t)
( k∑

ν=p

1
(ν − p)!

B(ν−p)(λ0)xk−ν

)

=
k∑

p=0

ϕp(t)
( k−p∑

ν=0

1
ν!
B(ν)(λ0)x(k−p)−ν

)
.

Now assume that x0, x1, . . . , xr−1 is a Jordan chain for B at λ0. Then in the
formula of the preceding paragraph the last term between parentheses is equal
to zero because of (4.3). We conclude that x̃k belongs to the null space of R(B)
for k = 0, . . . , r − 1. Conversely, assume that x̃0, x̃1, . . . , x̃r−1 belong to KerR(B).
Then

k∑
p=0

ϕp(·)
( k−p∑

ν=0

1
ν!
B(ν)(λ0)x(k−p)−ν

)
= 0, k = 0, . . . , r − 1.

Since the functions ϕ0, . . . , ϕr−1 are linearly independent in L1[−ω, ω], it follows
that the vectors defined by the sum between parentheses are zero. This holds
for m = k − p running from 0 to r − 1. Hence, again using (4.3), we see that
x0, x1, . . . , xr−1 is a Jordan chain for B at λ0. �
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5. Applications to inverse problems

In this section we present applications of the main theorem to the inverse prob-
lem for convolution operators on a finite interval and to the inverse problem for
continuous analogues of orthogonal polynomials.

5.1. The inverse problem for convolution operators on a finite interval

First we recall the results of [6] concerning inversion of convolution operators
on a finite interval. Let k ∈ Ln×n

1 [−ω, ω], and on Ln
1 [0, ω] consider the operator

M = I − K, where K is the integral operator on Ln
1 [0, ω] given by

(Kf)(t) =
∫ ω

0

k(t − s)f(s) ds, 0 ≤ t ≤ ω. (5.1)

With the kernel function k we also associate the following four integral equations:

a(t) −
∫ ω

0

k(t − s)a(s) ds = k(t), 0 ≤ t ≤ ω, (5.2)

b(t) −
∫ 0

−ω

b(s)k(t − s) ds = k(t), −ω ≤ t ≤ 0, (5.3)

c(t) −
∫ 0

−ω

k(t − s)c(s) ds = k(t), −ω ≤ t ≤ 0, (5.4)

d(t) −
∫ −ω

0

d(s)k(t − s) ds = k(t), 0 ≤ t ≤ ω. (5.5)

The inversion theorem proved in [6] reads as follows.

Theorem 5.1. The operator M = I −K is invertible on Ln
1 [0, ω] if and only equa-

tions (5.2) and (5.3) have solutions in Ln×n
1 [0, ω] and Ln×n

1 [−ω, 0], respectively,
or equations (5.4) and (5.5) have solutions in Ln×n

1 [0, ω] and Ln×n
1 [−ω, 0], respec-

tively. Moreover, in this case M−1 is the integral operator given by

(M−1f)(t) = f(t) +
∫ ω

0

γ(t, s)f(s) ds, 0 ≤ t ≤ ω, (5.6)

with the kernel function γ being given by

γ(t, s) = a(t − s) + b(t − s)

+
∫ min{t,s}

0

[a(t − r)b(r − s) − c(t − r − ω)d(r − s + ω)] dr,

where a, b, c and d are the (unique) solutions of (5.2)–(5.5).

Note that the operator M−1 in the above theorem is of the same form as the
Bezout operator defined in Section 3. Theorem 5.1 remains true if the operator
M = I −K, where K is given by (5.1), is considered on Ln

p [0, ω] with 1 ≤ p ≤ ∞;
see [2], Section 7.2.
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In the scalar case, that is when n = 1, equations (5.3) and (5.5) are redundant.
For this scalar case Theorem 5.1 has been proved in [12] (see also [4], Section III.8).
For a recent proof of Theorem 5.1, in a L2-setting, using ideas from mathematical
system theory, see [9].

The following inverse problem is related to Theorem 5.1. Given four matrix
functions a, d in Ln×n

1 [0, ω] and b, c in Ln×n
1 [−ω, 0], find k ∈ Ln×n

1 [−ω, ω] such
that the corresponding operator M = I − K is invertible and the given functions
are solutions of the equations (5.2)–(5.5) for this kernel function k. The solution
to this problem is also given in the paper [6]. To state this solution introduce the
following operator acting on Ln

1 [0, ω] ⊕ Ln
1 [0, ω]:

Λ =
[

I + B0 B−1

D1 I + D0

]
. (5.7)

Theorem 5.2. Given a, d ∈ Ln×n
1 [0, ω] and b, c ∈ Ln×n

1 [−ω, 0], there exists a matrix
functions k ∈ Ln×n

1 [−ω, ω] such that the given matrix functions are solutions of
the equations (5.2)–(5.5) if and only if the following conditions are fulfilled:

C−1(I + D0) = (I + A0)B−1, (I + C0)D+1 = A+1(I + B0), (5.8)

and the operator Λ is invertible. Moreover, if these conditions are satisfied, then
the matrix function k is uniquely determined by

k(t) =

{
(Λ−1h)(t + ω) for − ω ≤ t ≤ 0,

(Λ−1h)(t) for 0 ≤ t ≤ ω,
(5.9)

where

h(t) =
[

h1(t)
h2(t)

]
, h1(t) = b(t − ω), h2(t) = d(t) (0 ≤ t ≤ ω) (5.10)

The aim of the present subsection is to present a more transparent version
of Theorem 5.2. For this purpose we associate with the given functions a, d ∈
Ln×n

1 [0, ω] and b, c ∈ Ln×n
1 [−ω, 0] the entire n × n matrix functions A, B, C and

D defined by formulas (3.1), (3.2). As already shown in Proposition 3.2, condition
(5.8) in Theorem 5.2 is equivalent to the quasi commutativity property:

A(λ)B(λ) = C(λ)D(λ), λ ∈ C.

Next we claim that the operator Λ in (5.7) is similar to the resultant operator
R(B,D) acting on Ln×n

1 [−ω, ω]. Indeed, in view of (3.16) we have[
H− 0
0 I

]
Λ
[

H+ 0
0 I

]
=
[

I + H−BH+ H−B−
D+H+ I + D

]
= R(B,D).

Thus the invertibility of the operator Λ in Theorem 5.2 is equivalent to the invert-
ibility of the resultant operator R(B,D). In other words, using Theorem 1.1, the
invertibility of Λ is equivalent to ν(B,D) = 0. Notice that ν(B,D) = 0 is equivalent
to KerB(λ) ∩ KerD(λ) = 0 for each λ ∈ C.
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The above considerations lead us to the following new version of Theorem 5.2.

Theorem 5.3. Let a, d ∈ Ln×n
1 [0, ω] and b, c ∈ Ln×n

1 [−ω, 0] be given, and let
A,B, C,D be the corresponding entire n × n matrix functions defined by (3.1),
(3.2). There exists a matrix function k ∈ Ln×n

1 [−ω, ω] such that the given matrix
functions a, b, c, d are solutions of the equations (5.2)–(5.5) if and only if for each
λ ∈ C the following two conditions are satisfied:

A(λ)B(λ) = C(λ)D(λ), KerB(λ) ∩ KerD(λ) = 0.

In this case the function k is uniquely determined by the formulas

k = [R(B,D)]−1f, f(t) =

{
b(t) for − ω ≤ t ≤ 0,

d(t) for 0 ≤ t ≤ ω,

In the scalar case Theorem 5.3 easily follows from [12] by making use of the
resultant operator for scalar entire functions (see [7]). For the case of finite block
Toeplitz matrices the analogous result can be found in [11].

5.2. The inverse problem for orthogonal matrix functions

A matrix function k in Ln×n
1 [−ω, ω] is said to be hermitian if k = k∗, where

k∗(t) = k(−t)∗. Given such a matrix function, consider on Ln×n
1 [0, ω] the equation

ϕ(t) −
∫ ω

0

k(t − s)ϕ(s) ds = k(t), 0 ≤ t ≤ ω, (5.11)

and set

Φ(λ) = I +
∫ ω

0

eiλtϕ(t) dt. (5.12)

We shall refer to the matrix function Φ as the orthogonal matrix function generated
by k (related to ω). With k we also associate the integral operator K defined by
(5.1), which will now be considered on Ln

2 [0, ω].
For n = 1 functions of this type have been introduced by M.G. Krein in

[17], who showed that for the case when I − K is strictly positive on L2[0, ω],
the function Φ exhibit properties, with respect to the real line, that are analogous
to those of the classical Szegő orthogonal polynomials with respect to the unit
circle. For that reason in [17] these functions Φ are called “continuous analogues
of orthogonal polynomials.” Later, M.G. Krein and H. Langer [18], [19] considered
the case of a non-definite I −K (still in case n = 1). They proved two remarkable
results on orthogonal functions for this case. Their first result relates the number
of zeroes of Φ in the upper half plane to the spectrum of the operator I −K. This
result has been generalized to the matrix case (n > 1) in [3] and [1] (see [2] for
a detailed exposition and related developments). The second Krein-Langer result
deals with the following inverse problem: given a matrix function

F (λ) = I +
∫ ω

0

eiλtf(t) dt, f ∈ Ln×n
1 [0, ω], (5.13)
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find criteria such that F is an orthogonal matrix function generated by some
hermitian k ∈ Ln×n

1 [−ω, ω] (i.e., F = Ψ), and if possible give a formula for k. For
the case n = 1 the following result is proved in [19].

Theorem 5.4. Let F be a scalar function of the form (5.13). There exists a her-
mitian function k ∈ L1[−ω, ω], i.e., k(t) = k(−t), such that F is the orthogonal
function generated by k if and only if F has no real zeroes and no conjugate pairs
λ0, λ0 of zeroes.

To the best of our knowledge there is no generalization of this result to the
matrix case (n > 1). The present paper provides a first step in this direction. In
this subsection we reduce this inverse problem for the matrix case to a certain
factorization problem, and we derive an explicit formula for the kernel function k.

First consider Theorems 5.1 and 5.3 for the case of a hermitian kernel k. Note
that if k∗ = k ∈ Ln×n

1 [−ω, ω], then the operator M in Theorem 5.1, considered on
Ln

2 [0, ω], is selfadjoint, and in this case to obtain the inversion formula of Theorem
5.1 one has to solve only one of the equations (5.2), (5.3) and one of the equations
(5.4), (5.5). Indeed, in this hermitian case b∗ = a and c∗ = d. Moreover, the
corresponding inverse theorem for a selfadjoint convolution operator on a finite
interval should be based on two given functions instead of the four functions used
in the general case. To be more specific in the selfadjoint case Theorem 5.3 takes
the following form.

Theorem 5.5. Given ϕ, ψ ∈ Ln×n
1 [0, ω], put

Φ(λ) = I +
∫ ω

0

eiλtϕ(t) dt, Ψ(λ) = I +
∫ ω

0

eiλtψ(t) dt,

and let Φ∗(λ) = Φ(λ̄)∗ and Ψ∗(λ) = Ψ(λ̄)∗. Then there is a hermitian matrix
function k ∈ Ln×n

1 [−ω, ω] such that

ϕ(t) −
∫ ω

0

k(t − s)ϕ(s) ds = k(t), 0 ≤ t ≤ ω, (5.14)

ψ(t) −
∫ ω

0

ψ(s)k(t − s) ds = k(t), 0 ≤ t ≤ ω, (5.15)

if and only if for each λ ∈ C the following two conditions are satisfied:

Φ(λ)Φ∗(λ) = Ψ∗(λ)Ψ(λ), KerΦ∗(λ) ∩ KerΨ(λ) = {0}.
In this case the function k is uniquely determined by the formulas

k = [R(Φ∗, Ψ)]−1f, f(t) =

{
ϕ∗(t) for − ω ≤ t ≤ 0,

ψ(t) for 0 ≤ t ≤ ω,

The connection between Theorem 5.5 and the inverse problem for orthogonal
matrix functions is now transparent: we have to produce a hermitian matrix func-
tion k ∈ Ln×n

1 [−ω, ω] such that (5.14) holds, given one matrix function ϕ only,
while in Theorem 5.4 we have given ϕ along with ψ (which has to satisfy (5.15)).
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Thus Theorem 5.4 leads to the following result.

Theorem 5.6. Given

F (λ) = I +
∫ ω

0

eiλtf(t) dt, f ∈ Ln×n
1 [0, ω],

there exists a hermitian matrix function k in Ln×n
1 [−ω, ω] such that F is the

orthogonal matrix function generated by k if and only if F (·)F ∗(·) admits a fac-
torization

F (λ)F ∗(λ) = Ψ∗(λ)Ψ(λ), λ ∈ C, (5.16)
where Ψ is an entire n × n matrix function of the form

Ψ(λ) = I +
∫ ω

0

eiλtψ(t) dt, ψ ∈ Ln×n
1 [0, ω],

and
KerF ∗(λ) ∩ KerΨ(λ) = {0}, λ ∈ C. (5.17)

In this case the kernel function k is given by

k = [R(F ∗, Ψ)]−1g, g(t) =

{
f∗(t) for − ω ≤ t ≤ 0,

ψ(t) for 0 ≤ t ≤ ω,

It is interesting to specify the above theorem for the scalar case. To do this,
we first note that for n = 1 a factorization (5.16), (5.17) implies that F has no
real zero and no conjugate pairs λ0, λ0 of zeroes. Indeed, assume F (λ0) = 0. Then
(5.16) implies that Ψ(λ) = 0 and/or Ψ(λ0) = 0. However, since F (λ0) = 0, we have
F ∗(λ0) = 0, and hence (5.17) excludes Ψ(λ0) = 0. Thus Ψ(λ) = 0. But then (5.17)
shows that F ∗(λ0) �= 0, and hence F (λ0) �= 0, which is a contradiction. Thus F
has no real zero and no conjugate pairs λ0, λ0 of zeroes. Conversely, if n = 1 and
F has no real zero and no conjugate pairs λ0, λ0 of zeroes, then (5.16), (5.17) hold
with Ψ = F . Furthermore in that case, the kernel function k is obtained by

k = [R(F ∗, F )]−1g, g(t) =

{
f∗(t) for − ω ≤ t ≤ 0,

f(t) for 0 ≤ t ≤ ω,
(5.18)

We conclude that in the scalar case Theorem 5.6 implies Theorem 5.4. More-
over, the formula for k in (5.18) is new in this scalar case.

In the general matrix case the meaning of the factorization (5.16), (5.17) in
terms of the zero data of F (λ) is much more involved and will be the topic of a
future publication.
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Split Algorithms for Centrosymmetric
Toeplitz-plus-Hankel Matrices
with Arbitrary Rank Profile

Georg Heinig and Karla Rost

Abstract. Split Levinson and Schur algorithms for the inversion of centrosym-
metric Toeplitz-plus-Hankel matrices are designed that work, in contrast to
previous algorithms, for matrices with any rank profile. Furthermore, it is
shown that the algorithms are related to generalized ZW-factorizations of the
matrix and its inverse.
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1. Introduction

This paper is dedicated to the solution of a linear system Anf = b with an n × n
nonsingular centrosymmetric Toeplitz-plus-Hankel (T+H) coefficient matrix

An = [ ai−j + si+j−1 ]ni,j=1 (1.1)

the entries of which are in a given field F of characteristics different from 2.
Recall that an n×n matrix A is called centrosymmetric if A = JnAJn, where

Jn stands for the n × n matrix of the counteridentity,

Jn =

⎡⎣ 0 1
. .

.

1 0

⎤⎦ .

The T+H matrix An is centrosymmetric if it has a representation (1.1) with a
symmetric Toeplitz matrix [ ai−j ] and a persymmetric Hankel matrix [ si+j−1 ]. It
is a surprising conclusion that centrosymmetric T+H matrices are also symmetric.
Clearly, symmetric Toeplitz matrices are special cases of centrosymmetric T+H
matrices.
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For n × n T+H matrices algorithms with O(n2) computational complexity
were designed in [24], [25], [12], [7], [21], and in many other papers. In our paper [20]
it was shown that the complexity of solution algorithms can be essentially reduced
(at least by the factor 4) if the centrosymmetry of the matrix is taken into account.
The algorithms proposed in [20] are developed in the spirit of the “split” algorithms
of P. Delsarte and Y. Genin in [4], [5] for the solution of symmetric Toeplitz
systems and of our paper [19] for skewsymmetric Toeplitz systems. However, the
algorithms in [20] work only under the condition that all central submatrices of
An are nonsingular.

The main aim of the present paper is to overcome this additional restriction
and so design fast algorithms that work for any nonsingular centrosymmetric T+H
matrix. The corresponding algorithms generalize not only those in [20] but also
those in our recent papers [22] and [23], in which split algorithms for symmetric
and skewsymmetric Toeplitz matrices with arbitrary rank profile are presented.

The secondary aim is to discuss the relations between the algorithms and
factorizations of the matrix An and its inverse A−1

n . More precisely, we will show
that the Levinson-type algorithm is related to a generalized WZ-factorization of
A−1

n and the Schur-type algorithm to a ZW-factorization of An. Note that WZ-
factorization was originally introduced by D.J. Evans and his coworkers for the
parallel solution of tridiagonal systems (see [6], [26] and references therein).

The rest of the paper is built as follows. First we recall some observations from
[18] and [20] about representations of centrosymmetric T+H matrices in Sections
2. Section 3 starts with an inversion formula for centrosymmetric T+H matrices
from [20]. Then a Gohberg-Semencul-type representation is derived, which is new
and particularly convenient if F is not the field of real or complex numbers or if
the entries of the matrix are integers.

In Section 4 we present a split Levinson-type algorithm for the computation
of the data in the inversion formula and in Section 5 a split Schur-type algorithm
for computing the residuals. The algorithms, in principle, coincide with those de-
veloped in [22] for the solution of symmetric Toeplitz systems. Therefore we refrain
from presenting all details.

Section 6 is dedicated to a discussion of how linear systems with coefficient
matrix An can be solved without using inversion formulas.

In Section 7 we show that the Levinson-type algorithm produces a gener-
alized WZ-factorization of A−1

n and the Schur-type algorithm a generalized ZW-
factorization of An.

Let us agree upon some notations. Occasionally we will use polynomial lan-
guage. For a matrix A = [ aij ], A(t, s) will denote the bivariate polynomial
A(t, s) =

∑
i,j aijt

i−1sj−1, which is called the generating function of A. In the
same spirit the polynomial x(t) is defined for a vector x.
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For a vector u = (ui)l
i=1, let Mk(u) denote the (k + l − 1) × k matrix

Mk(u) =

⎡⎢⎢⎢⎢⎢⎢⎣

u1 0
...

. . .
ul u1

. . .
...

0 ul

⎤⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
k + l − 1.

It is easily checked that, for x ∈ F k, (Mk(u)x)(t) = u(t)x(t).
We let ek ∈ F n stand for the kth vector in the standard basis of F n, and 0k

will be the zero vector of length k.

2. Representations

The starting point is to use a representation different from (1.1) for a centrosym-
metric T+H matrix An.

Let F n
+, F n

− be the subspaces of F n consisting of all symmetric or skewsym-
metric vectors, respectively. A vector u ∈ F n is called symmetric if u = Jnu and
skewsymmetric if u = −Jnu. Then P±

n = 1
2 (In ± Jn) are the projections onto F n

±,
respectively. Since An is assumed to be centrosymmetric, the subspaces F n

± are
invariant under An.

A centrosymmetric T+H matrix (1.1) can be represented in the form

An = T +
n P+

n + T−
n P−

n , (2.1)

with symmetric Toeplitz matrices T±
n = [ c±|i−j| ]

n
i,j=1, c±i = ai ± sn−i and con-

versely, each matrix of this form is a centrosymmetric T+H matrix. For details
we refer to [18]. Thus a linear system Anf = b is equivalent to the two symmetric
Toeplitz systems T±

n f± = P±
n b, where f = f+ + f−, f± ∈ F n±.

Note that the matrices T±
n in the representation (2.1) might be singular, but

they can have nullity at most 1 (for a discussion of this point see [18]).
Besides the matrix An = [ rij ]ni,j=1 we consider its central submatrices Ak =

[ rij ]n−l
i,j=l+1 for k = n−2l and l = 0, 1, . . . , [n/2], where [ · ] denotes the integer part.

These matrices inherit the centrosymmetry from An. Furthermore, the following
is obvious.

Proposition 2.1. If An is of the form (2.1), then for k = n− 2l, l = 0, 1, . . . , [n/2],
the central submatrices Ak are given by

Ak = P+
k T +

k P+
k + P−

k T−
k P−

k , (2.2)

where T±
k = [ c±|i−j| ]

k
i,j=1, c±i = ai ± si+n.

Moreover we consider a nonsingular, centrosymmetric extension An+2 of An,

An+2 = T +
n+2P

+
n+2 + T−

n+2P
−
n+2,
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where T±
n+2 = [ c±|i−j| ]

n+2
i,j=1. It can easily be checked that if An is nonsingular,

then for almost all choices of the numbers c±n and c±n+1 the matrix An+2 is also
nonsingular.

3. Inversion formulas

In [18] it was shown that the inverse of a centrosymmetric T+H matrix can be
represented in terms of special T+H Bezoutians which are defined next. It is
convenient to give the definition in polynomial language.

Let u,v ∈ F n+2 be either symmetric or skewsymmetric vectors. The T+H
Bezoutian of u and v is, by definition, the n × n matrix B = B(u,v) with the
generating function

B(t, s) =
u(t)v(s) − v(t)u(s)

(t − s)(1 − ts)
.

Note that these T+H Bezoutians are special cases of more general T+H Be-
zoutians, which were introduced in [14].

Obviously, B is a symmetric matrix and in the case, where u,v are both
symmetric or both skewsymmetric vectors, B is also centrosymmetric. Moreover,
it is easily checked that the columns and rows of B are symmetric if u and v
are symmetric, and they are skewsymmetric if u and v are skewsymmetric. The
entries of the matrix B can be constructed recursively from u and v with O(n2)
operations (see [18]).

Now we recall Theorem 3.1 of [20], which is a slight modification of Theorem
3.3 in [18].

Theorem 3.1. Let An+2 be an (n + 2) × (n + 2) nonsingular centrosymmetric
extension of An. Then the equations

T +
n x+

n = P+
n en , T+

n+2x
+
n+2 = P+

n+2en+2 ,

T−
n x−

n = P−
n en , T−

n+2x
−
n+2 = P−

n+2en+2

(3.1)

have unique symmetric or skewsymmetric solutions x±
n and x±

n+2, respectively1,
and

A−1
n =

1
r+

B(x+
n+2, x̃

+
n ) +

1
r−

B(x−
n+2, x̃

−
n ), (3.2)

where r± is the last component of x±
n+2, and x̃±

n ∈ F n+2 is the vector obtained
from x±

n ∈ F n
± by adding a zero at the top and the bottom.

In order to solve a linear system with coefficient matrix An one needs an ef-
ficient way for matrix-vector multiplication by B(x±

n+2, x̃
±
n ), which are both sym-

metric and centrosymmetric matrices. There are several possibilities for this.

1Here the superscript + at a vector indicates that the vector is symmetric and − that the vector
is skewsymmetric.
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If F is the field of real or complex numbers, then these matrices have matrix
representations that include only discrete Fourier matrices or matrices of other
trigonometric transformations and diagonal matrices. This allows one to carry out
matrix-vector multiplication with computational complexity O(n log n). Concern-
ing the complex case we refer to [15], and concerning the real case to [16] and [17].
However, this approach is not applicable for all fields F . It is also inconvenient for
matrices with integer entries or medium size problems.

A second possibility is to use the splitting approach in [11], where it is shown
that, in principle, the T+H Bezoutians introduced here are related to “Chebyshev-
Hankel Bezoutians” which are Hankel Bezoutians with respect to bases of Cheby-
shev polynomials. The Chebyshev-Hankel Bezoutians can be represented with the
help of elements of matrix algebras related to the algebra of τ -matrices (see [2], [3]).

One can also use results from [18] (Section 5) concerning the relation between
T+H Bezoutians of odd order n = 2l− 1 and classical Hankel Bezoutians of order
l via a transformation Sl that is generated by Pascal’s triangle, together with
matrix representations of Hankel Bezoutians. However, if F is the field of real or
complex numbers this approach cannot be recommended since the transformation
Sl is ill-conditioned.

In this paper we present a different possibility that is based on the relation
between T+H Bezoutians and Toeplitz Bezoutians. Using this relation, a matrix
representation of Toeplitz Bezoutians, like the Gohberg-Semencul formula [8], can
be applied.

The Toeplitz Bezoutian of p,q ∈ F n+1 is, by definition, the matrix BT (p,q)
with generating function

BT (p,q)(t, s) =
p(t)q(s−1)sn − q(t)p(s−1)sn

1 − ts
. (3.3)

Notice that

(Jn+1p)(t) = p(t−1)tn.

Obviously, BT (p,q) = −BT (q,p). It is well known that a nonsingular matrix is
the inverse of a Toeplitz matrix if and only if it is a Toeplitz Bezoutian. In the
case of a symmetric Toeplitz Bezoutian p can be chosen as symmetric and q as
skewsymmetric.

Proposition 3.2. Let p ∈ F n+1
+ and q ∈ F n+1

− ,

u±(t) = (1 ± t)p(t),

v±(t) = (1 ∓ t)q(t).

Then

B(u∓,v∓) = ±2 BT (p,q)P±
n .
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Proof. From (3.3) we obtain

2(BT (p,q)P+
n )(t, s)

=
(s − t)(p(t)q(s) + q(t)p(s)) + (1 − ts)(p(t)q(s) − q(t)p(s))

(t − s)(1 − ts)

=
p(t)q(s)(1 + s − t − ts) − q(t)p(s)(1 + t − s − ts)

(t − s)(1 − ts)

=
p(t)q(s)(1 − t)(1 + s) − q(t)p(s)(1 + t)(1 − s)

(t − s)(1 − ts)

=B(u−,v−)(t, s).

Analogously, 2(BT (p,q)P−
n )(t, s) = −B(u+,v+)(t, s) is shown. �

In our situation, the given u±(t) and v±(t) might be not divisible by t ± 1.
But nevertheless, the following is true.

Proposition 3.3. For given u+, v+ ∈ F n+2
+ there exist p ∈ F n+1

+ and q ∈ F n+1
−

such that

B(u+,v+) = −2 BT (p,q)P−
n . (3.4)

Proof. It is immediately verified that, for a, b, c, d ∈ F ,

B(au+ + bv+, cu+ + dv+) = (ad − bc)B(u+,v+)

We choose a, b, c, d such that ad − bc = 1, au+(−1) + bv+(−1) = 0 and cu+(1) +
dv+(1) = 0. It can easily be checked that this is possible. Then we set

p(t) = (au+(t) + bv+(t))(1 + t)−1, q(t) = (cu+(t) + dv+(t))(1 − t)−1 .

Now p ∈ F n+1
+ , q ∈ F n+1

− and (3.4) holds. �

A similar proposition can be shown for u−,v− ∈ F n+2
− . We arrived at the

following.

Theorem 3.4. The inverse of a centrosymmetric T+H matrix An admits a repre-
sentation

A−1
n = BT (p,q)P−

n + BT (p̃, q̃)P+
n , (3.5)

for some p, p̃ ∈ F n+1
+ , q, q̃ ∈ F n+1

− .

The vectors p, p̃,q, q̃ can be constructed from the solutions of (3.1) in O(n)
operations, as is shown in the proof of Proposition 3.3.

Note that Theorem 3.4 is trivial if T +
n and T−

n are both nonsingular. However,
there are cases in which one or more of the matrices T±

n are singular and An is
nonsingular (see [18]).
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Theorem 3.4 can be used in connection with matrix representations of Toep-
litz Bezoutians. The most familiar one is the Gohberg-Semencul formula

BT (p,q) =⎡⎢⎣ p0

...
. . .

pn−1 . . . p0

⎤⎥⎦
⎡⎢⎣ qn . . . q1

. . .
...

qn

⎤⎥⎦−

⎡⎢⎣ q0

...
. . .

qn−1 . . . q0

⎤⎥⎦
⎡⎢⎣ pn . . . p1

. . .
...

pn

⎤⎥⎦ ,

(3.6)

where p = (pi)n
i=0, q = (qi)n

i=0. For other representations we refer to [13], [1], [9],
[10].

Applying this formula to the matrix-vector multiplication A−1
n b, the cen-

trosymmetry of the two Toeplitz Bezoutians in (3.5) can be exploited, which im-
plies that BT (p,q)P−

n b is skewsymmetric and BT (p̃, q̃)P+
n b is symmetric. Hence

only the upper half of the vectors BT (p,q)P−
n b and BT (p̃, q̃)P+

n b have to be
computed. This leads to another formula for A−1

n involving matrices of size about
n/2.

We derive this formula for the case where n is even, n = 2m. The case of odd
n can be handled analogously.

We have

P±
n b =

[
c±

±Jmc±

]
where [

c−
c+

]
=

1
2

Qb and Q =
[

Im −Jm

Im Jm

]
.

Since BT (p,q) and BT (p̃, q̃) are centrosymmetric, we have

BT (p,q)P−
n b =

[
d−

−Jmd−

]
, BT (p̃, q̃)P+

n b =
[

d+

Jmd+

]
for some d± ∈ F m. Thus

A−1
n b =

[
d+ + d−

Jm(d+ − d−)

]
= QT

[
d−
d+

]
.

It remains to show how the vectors d± can be obtained from c±. For this we
introduce some notation. We associate a vector u = (ui)n

i=0 with the m×m Hankel
matrix H(u) and the m × m lower triangular Toeplitz matrix L(u) defined by

H(u) =

⎡⎢⎢⎢⎢⎣
u1 u2 . . . um

u2 . .
. ...

... . .
. ...

um . . . . . . un−1

⎤⎥⎥⎥⎥⎦ , L(u) =

⎡⎢⎢⎢⎣
u0

u1 u0

...
. . .

um−1 . . . . . . u0

⎤⎥⎥⎥⎦ .
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Now we obtain from (3.6) that d± = C±c± where

C− = −L(p)(H(q) + L(q)T ) − L(q)(L(p)T − H(p))

C+ = L(p̃)(H(q̃) − L(q̃)T ) − L(q̃)(L(p̃)T + H(p̃))

We arrived at the following.

Corollary 3.5. The inverse of An admits the representation

A−1
n =

1
2

QT

[
C− 0
0 C+

]
Q . (3.7)

4. Split Levinson-type algorithm

We show in this section how the solutions of (3.1) can be computed recursively.
Since the recursions for the + and the − vectors are the same, we omit this sign
as a subscript or superscript. So Tk stands for T +

k or T−
k , xk stands for x+

k or x−
k

and so on. For more details concerning the derivation and background material we
refer to [22].

Let {n1, . . . , nr}, n1 < · · · < nr = n, be the set of all integers j ∈ {1, . . . , n}
for which the restriction of Tj to F j

± (as a linear operator in F j
±) is invertible and

n − j is even, and nr+1 = n + 2. We set dk = nk−nk−1
2 . Instead of Tnk

we write
T (k).

Let x(k) ∈ F nk± be the solution of

T (k)x(k) = 2 Pke1 . (4.1)

Then the solutions of (3.1) are given by 1
2 x(r) and 1

2 x(r+1). It can be shown (see
[22]) that x(k) has the form

x(k) =

⎡⎣ 0dk−1

u(k)

0dk−1

⎤⎦
for some u(k) ∈ F nk−1+2

± with nonvanishing first component. In polynomial lan-
guage this means that x(k)(t) = tdk−1u(k)(t).

We show how (x(k+1), dk+1) can be found from (x(k), dk) and (x(k−1), dk−1).
First we compute the residuals

[ ci . . . cnk−1+i ]x(k) = r
(k)
i (4.2)

for i = 1, . . . , dk and, if dk > dk−1, also r
(k−1)
i for i = dk−1 + 1, . . . , dk. The

numbers r
(k−1)
i for i = 1, . . . , dk−1 are given from the previous step. Then we form

a (dk +1)× (dk +1) triangular Toeplitz matrix C(k) and a vector r(k−1)
0 according
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to

C(k) =

⎡⎢⎢⎣
r
(k)
0 0
...

. . .

r
(k)
dk

. . . r
(k)
0

⎤⎥⎥⎦ , r(k−1)
0 =

⎡⎢⎢⎣
r
(k−1)
0

...

r
(k−1)
dk

⎤⎥⎥⎦ , (4.3)

where r
(k)
0 = r

(k−1)
0 = 1 and solve the system C(k)c = r(k−1)

0 .
Let

c̃ =
[

c
c′

]
∈ F 2dk+1

+

the symmetric extension of c. We define the vector

w(k) = M2dk+1(u(k)) c̃ −
⎡⎣ 0dk+1

x(k−1)

0dk+1

⎤⎦ ∈ F nk+2
± .

Next we compute residuals for w(k) via

αi = [ ci−1 . . . cnk+i ]w(k)

starting with i = 1 until we arrive at the first nonzero αi. Let αµ �= 0 and αi = 0
for 1 ≤ i < µ. Then we have dk+1 = µ, i.e., nk+1 = nk +2µ, and u(k+1) = 1

αµ
w(k).

Finally, we set p(k) = 1
αµ

c̃ ∈ F 2dk+1
+ and q(k) = 1

αµ
. For convenience, we write

the recursions for u(k+1) and x(k+1) in polynomial form. Recall that x(k+1)(t) =
tdk+1−1 u(k+1)(t). Let us summarize.

Theorem 4.1. The polynomials u(k)(t) satisfy the recursion

u(k+1)(t) = p(k)(t)u(k)(t) − q(k) tdk−1+dk u(k−1)(t),

and the polynomials x(k)(t) the recursion

x(k+1)(t) = tdk+1−dkp(k)(t)x(k)(t) − q(k) tdk+1+dk x(k−1)(t),

where k = 1, . . . , r.

The computation of the initial vectors x(1) and x(2) requires the solution of
corresponding symmetric Toeplitz systems of order n1 and n2.

After applying the recursion in Theorem 4.1 r times for both the + and the
− vectors we arrive at the data which appear in the inversion formula (3.2).

5. Split Schur-type algorithms

The Schur-type algorithm presented below computes the complete set of resid-
uals r

(k)
i defined by (4.2) recursively. These residuals can be used in two ways.

Firstly, the computation of them can replace the inner product calculation in the
Levinson-type algorithm, which leads to a reduction of the parallel complexity
from O(n log n) to O(n) (for n processors). Secondly, the Schur-type algorithm
implies a factorization, which will be discussed in Section 7.
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Theorem 4.1 immediately leads to the relations

r
(k+1)
i =

2dk∑
j=0

p
(k)
j r

(k)
i+dk+1−dk+j − q(k)r

(k−1)
i+dk+1+dk

,

where p
(k)
j are the coefficients of p(k)(t). Introducing the polynomials

r(k)(t) =
n+2−nk∑

i=0

r
(k)
i ti

this can be written in the following form.

Theorem 5.1. The polynomials r(k)(t) satisfy the recursion

r(k+1)(t) = p(k)(t−1)r(k)(t)t−dk+1+dk − q(k) r(k−1)(t)t−dk−dk+1.

The initializations for this algorithm is obtained from the initializations of
the x(k).

6. Solution of linear systems

In this section we show how to solve a linear system Anf = b without using the
inversion formula. As mentioned in Section 2, this system is equivalent to the two
systems T±

n f± = b±, where b± = P±
n b. We use the notation introduced in Section

4 and again we omit the subscripts and superscripts + and −, for simplicity.
Suppose that b = (bi)n

i=1, where bn+1−i = ±bi (i = 1, . . . , n). Let b(k) be the
vector of the central nk components of b, b(k) = (bi)νk+nk

i=νk+1, νk = 1
2 (n− nk), k =

1, . . . , r. Then b(k) is also symmetric or skewsymmetric.
We consider the systems

T (k)f (k) = b(k).

Our aim is to compute f (k) from f (k−1) and u(k).
The vector b(k) and and the matrix T (k) are of the form

b(k) =

⎡⎢⎣ ±b̂(k)
1

b(k−1)

b(k)
1

⎤⎥⎦ , T (k) =

⎡⎢⎣ ∗ B̂(k) ∗
∗ T (k−1) ∗
∗ B(k) ∗

⎤⎥⎦ ,

where b̂(k)
1 = Jdk

b(k)
1 , and

B(k) =

⎡⎢⎣ cnk−1 · · · c1

...
. . .

...
cnk−1+dk−1 · · · cdk

⎤⎥⎦ , B̂(k) = Jdk
B(k)Jnk−1 .
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We compute the vectors s(k) = B(k)f (k−1). Then

T (k)

⎡⎣ 0
f (k−1)

0

⎤⎦ =

⎡⎣ ±ŝ(k)

b(k−1)

s(k)

⎤⎦ ,

where ŝ(k) = Jdk
s(k).

We have

T (k)M2dk−1(u(k)) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 ±r
(k)
0 . . . ±r

(k)
dk−1

...
. . .

...
0 0 ±r

(k)
0

0 0 0

r
(k)
0 0 0
...

. . .
...

r
(k)
dk−1 . . . r

(k)
0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (6.1)

We introduce the dk × dk matrix

C
(k)
1 =

⎡⎢⎢⎣
r
(k)
0 0
...

. . .
r
(k)
dk−1 . . . r

(k)
0

⎤⎥⎥⎦
which is a submatrix of the matrix C(k) in (4.3). Now the following is easily
checked.

Theorem 6.1. Let d(k) ∈ F dk be the solutions of

C
(k)
1 d(k) = b(k)

1 − s(k) . (6.2)

Then the solution f (k) is given by

f (k) =

⎡⎣ 0
f (k−1)

0

⎤⎦+ M2dk−1(u(k)) z(k) (6.3)

where z(k) =
[

d(k)

∗
]
∈ F 2dk−1

+ is the symmetric extension of d(k).

The computation of the initial vector f (1) requires the solution of a symmetric
Toeplitz system of order n1.

For one step of the recursion one has to first compute the vector s(k) which
consists in dk inner product calculations, then to solve a dk×dk triangular Toeplitz
system with the coefficient matrix C

(k)
1 to get z(k), and finally to apply formula

(6.3).
Inner product calculations can be avoided if the full residual vector is updated

at each step.
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7. Block ZW-factorization

We show that the algorithm described in the Section 5 can be used to compute a
block ZW-factorization of An. First we recall some concepts.

A matrix A = [ aij ]ni,j=1 is called W-matrix if aij = 0 for all (i, j) for which
i > j and i + j > n + 1, or i < j and i + j ≤ n. The matrix A will be called unit
W-matrix if in addition aii = 1 for i = 1, . . . , n and ai,n+1−i = 0 for i �= n+1

2 . The
transpose of a W-matrix is called a Z-matrix. A matrix which is both a Z- and a
W-matrix will be called X-matrix. The names arise from the shapes of the set of
all possible positions for nonzero entries, which are as follows:

W =

⎡⎢⎢⎢⎢⎢⎢⎣
• •
• ◦ ◦ •
• ◦ ◦ ◦ ◦ •
• ◦ • • ◦ •
• • • •
• •

⎤⎥⎥⎥⎥⎥⎥⎦ , Z =

⎡⎢⎢⎢⎢⎢⎢⎣
• • • • • •

◦ ◦ ◦ •
◦ •
• ◦

• ◦ ◦ ◦
• • • • • •

⎤⎥⎥⎥⎥⎥⎥⎦ ,

X =

⎡⎢⎢⎢⎢⎢⎢⎣
• •

• •
• •
• •

• •
• •

⎤⎥⎥⎥⎥⎥⎥⎦ .

A unit W- or Z-matrix A is obviously nonsingular and a system Af = b can
be solved by back substitution with n2

2 additions and n2

2 multiplications.
A representation A = ZXW of a nonsingular matrix A in which Z is a

Z-matrix, W is a W-matrix, and X an X-matrix is called ZW-factorization. WZ-
factorization is analogously defined.

A necessary and sufficient condition for a matrix A = [ ajk ]nj,k=1 to admit
a ZW-factorization is that the central submatrices Ac

n+2−2l = [ ajk ]n+1−l
j,k=l are

nonsingular for all natural numbers l = 1, . . . , [ n
2 ]. A matrix with this property

will be called centro-nonsingular. Under the same condition A−1 admits a WZ-
factorization. Among all ZW-factorizations of A there is a unique one in which the
factors are unit.

Symmetry properties of the matrix are inherited in the factors of the unit
ZW-factorization. If A is symmetric, then W = ZT . If A is centrosymmetric,
then all factors Z, X and W are also centrosymmetric. All this follows from the
uniqueness of the unit ZW-factorization.

The matrix An is both symmetric and centrosymmetric, so it admits a fac-
torization An = ZXZT , in which Z is centrosymmetric and X is centrosymmetric
and symmetric, provided that An is centro-nonsingular.

If An is not centro-nonsingular, then one might look for block ZW-factoriza-
tions. We show that such a factorization exists and can be found using the split
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Schur algorithm. However, the block factorization we present will not be a gener-
alization of the unit ZW-factorization but rather a generalization of a modification
of it as described next.

For sake of simplicity of notation we assume that n is even, n = 2m. The
case of odd n is similar. We introduce the n × n X-matrix

Θn =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1
. . . . .

.

−1 1
1 1

. .
. . . .

1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Obviously, Θ−1
n = 1

2 Θn.
If Z0 is an n × n centrosymmetric Z-matrix, then the matrix Z1 = Z0Θn

has the property JnZ1 = Z0JnΘn. That means that the first m columns of Z1 are
skewsymmetric, while the last m columns are symmetric. Let us call a matrix with
this property column-symmetric. If moreover the X-matrix built from the diagonal
and antidiagonal of Z1 is equal to Θn, then Z1 will be referred to as unit.

The unit ZW-factorization A = Z0X0Z
T
0 of a centrosymmetric, symmetric

matrix A can be transformed into a ZW-factorization A = ZXZT in which Z
is unit column-symmetric. We will call this factorization unit column-symmetric
ZW-factorization. Since the product[ −1 1

1 1

] [
a b
b a

] [ −1 1
1 1

]
is a diagonal matrix, the X-factor in the unit column-symmetric ZW-factorization
is actually a diagonal matrix. Thus, provided that An is centro-nonsingular, An

admits a factorization An = ZDZT in which Z is unit column-symmetric and D
is diagonal.

We show now that for the general case there is a block unit column-symmetric
ZW-factorization of An. This is a representation An = ZDZT in which D is a block
diagonal matrix and Z is a column-symmetric Z-matrix. The diagonal blocks of
D are assumed to have size d±k × d±k and the corresponding diagonal blocks of Z
are ±Id±

k
. In this case we call the Z-matrix block unit column-symmetric. Clearly,

such a factorization is, if it exists, unique.
Let Σd denote the (2d − 1) × d matrix

Σd =

⎡⎢⎢⎢⎣
1

1 1

. .
. . . .

1 1

⎤⎥⎥⎥⎦
⎫⎪⎪⎪⎬⎪⎪⎪⎭ d .
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The nk × (2dk − 1) matrix M2dk−1(u(k))ΣT
dk

has symmetric or skewsymmetric
columns, depending on whether we have the + or − case, and has the form⎡⎢⎣ ±Jdk

U (k)

∗
U (k)

⎤⎥⎦ ,

where U (k) is the (nonsingular) upper triangular Toeplitz matrix

U (k) =

⎡⎢⎢⎣
u

(k)
0 . . . u

(k)
dk−1

. . .
...

u
(k)
0

⎤⎥⎥⎦
and u

(k)
j (k = 0, . . . , dk − 1) are the first components of u(k) ∈ F nk−1+2 possibly

extended by zeros in case where nk−1 + 2 < dk. We evaluate, for the + and −
cases, the matrices M2dk−1(u(k))ΣT

dk
(U (k))−1. These matrices will be extended to

n × dk matrices by adding symmetrically zeros at the top and the bottom. The
resulting matrices will be denoted by W

(k)
± . Clearly, W

(k)
± has again symmetric or

skewsymmetric columns. From now on we indicate by a subscript or superscript
the + or − case.

We form the block matrix

W = [ W (r−)
− Jd−

r−
, . . . , W

(1)
− Jd−

1
, W

(1)
+ , . . . , W

(r+)
+ ] , (7.1)

which is a block unit column-symmetric W-matrix.
Next we evaluate AnW . According to (6.1) we have

T±
n W

(k)
± =

⎡⎢⎣ ±Jνk+d±
k
R

(k)
±

O

R
(k)
±

⎤⎥⎦ (U (k)
± )−1 ,

where

R
(k)
± =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

r
±(k)
0

. .
. ...

r
±(k)
0 . . . r

±(k)

d±
k −1

r
±(k)
1 . . . r

±(k)

d±
k

...
...

r
±(k)

ν±
k

. . . r
±(k)

ν±
k

+d±
k
−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

ν±
k = 1

2 (n − n±
k ) and O denotes the zero matrix of size (n − n±

k−1) × d±k .
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We introduce matrices V
(k)
± by

V
(k)
± =

⎡⎢⎢⎣
r
±(k)
0 . . . r

±(k)

d±
k −1

. . .
...

r
±(k)
0

⎤⎥⎥⎦
and the matrices Z

(k)
± by

Z
(k)
± = T±

n W
(k)
± U

(k)
± (V (k)

± )−1Jd±
k

=

⎡⎢⎣ ±Jν±
k +d±

k
R

(k)
±

O

R
(k)
±

⎤⎥⎦ (V (k)
± )−1Jd±

k
.

We arrange the matrices Z
(k)
± to the n × n matrix

Z = [ Z(r−)
− Jd−

r−
, . . . , Z

(1)
− Jd−

1
, Z

(1)
+ , . . . , Z

(r+)
+ ] .

This matrix is a block unit column-symmetric Z-matrix.
We have now the relation

AnW = ZD , (7.2)

where D = diag (D(r−)
− , . . . , D

(1)
− , D

(1)
+ , . . . , D

(r+)
+ ) and

D
(k)
+ = Jd+

k
V

(k)
+ (U (k)

+ )−1, D
(k)
− = V

(k)
− (U (k)

− )−1Jd−
k
.

Note that the matrices D
(k)
+ are lower triangular and the matrices D

(k)
− are upper

triangular Hankel matrices.
Since the inverse of a W-matrix is again a W-matrix we have a block ZW-

factorization An = ZDW−1. The matrix 2 W−1 is a block unit row-symmetric W-
matrix. Taking the uniqueness of unit ZW-factorization into account we conclude
that ZT = 2 W−1, thus

An =
1
2
ZDZT . (7.3)

Moreover we have obtained a WZ-factorization of A−1
n as

A−1
n =

1
2
WD−1WT . (7.4)

Summing up, we arrived at the following.

Theorem 7.1. Any nonsingular centrosymmetric T+H matrix An admits a repre-
sentation An = ZEZT in which Z is a block unit column-symmetric Z-matrix and
E is a block diagonal matrix the diagonal blocks of which are triangular Hankel
matrices.

In order to find the block ZW-factorization of An one has to run the split
Schur algorithm from Section 5. This gives the factor Z. In order to evaluate
the block diagonal factor one has to find the first d±k components of the vectors
u(k)
± . This can be done running partly the split Levinson algorithm described in
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Section 4. Unfortunately the numbers dk are not known a priori, so some updating
might be necessary during the procedure.

8. Concluding remarks

The split Levinson and Schur algorithms developed in this paper can be used in
different ways for fast solution of a linear system Anf = b with a nonsingular, cen-
trosymmetric T+H coefficient matrix An. There are basically three approaches,
namely (a) via an inversion formula, (b) via factorization, and (c) by direct recur-
sion.

Approach (a) means that first the data in an inversion formula, e.g., in (3.2)
or (3.5), are computed and then this formula is applied for fast matrix-vector
multiplication. This can be done in a standard way with O(n2) operations. In
the cases F = R and F = C it is more efficient to use representations of T+H
Bezoutians that involve only diagonal matrices and Fourier or real trigonometric
transformations (see [15], [16], [17]). The application of these formulas reduces the
amount for matrix-vector multiplication to O(n log n) operations.

The data in the inversion formula can be computed by means of the split
Levinson algorithm alone or, in order to avoid inner products, together with the
split Schur algorithm. The second method is more expensive in sequential but
preferable in parallel processing. Another advantage of the second method is that
it can be speeded up with the help of a divide and conquer strategy and FFT
to an O(n log2 n)-complexity algorithm, at least in the cases F = R and F = C
(see [11]).

Approach (b) is to use a factorization of the matrix An, of its inverse or
formula (7.2). To obtain the block ZW-factorization (7.3) of An one has to run
the split Schur algorithm for the full vectors and the split Levinson algorithm for
a few components depending on the rank profile. In the centro-nonsingular case
this reduces to the recursion of just one number. Finding the solution f requires
finally the solution of a ZT and Z-system.

Running only the split Levinson algorithm will provide a block WZ-factoriza-
tion (7.4) of A−1

n . The solution of the system is then obtained after two matrix-
vector multiplications.

To evaluate the factors W , Z and D in formula (7.2) one has to run both the
split Levinson and Schur algorithms. After that one has to solve a system with the
coefficient matrix ZD by back substitution and to multiply the result by W .

Approach (c) is to use the direct recursion formula from Section 6 together
with the split Levinson algorithm. Recall that there is also a Schur-type version
of the recursion in Section 6, so that inner products can be avoided. Approach (c)
is preferable if only a single system has to be solved.

The comparison of the complexities of the different algorithms will be similar
to that for the centro-nonsingular case discussed in [20]. Of course, the complexities
depend on the rank profile of the central submatrices of An, but it is remarkable
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that the presence of singular central submatrices does not essentially increase the
complexity. On the contrary, in many cases the complexity is smaller than in the
centro-nonsingular case (see [22], [23]). Let us also point out that complexity is
not the only criterion to select an algorithm. If finite precision arithmetic is used,
then another important issue is stability. As practical experience and theoretical
results indicate, Schur-type algorithms have better stability behavior than their
Levinson counterparts.
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Boston, Berlin, 1994.

[3] E. Bozzo, C. di Fiore, On the use of certain matrix algebras associated with discrete
trigonometric transforms in matrix displacement decompositions, SIAM J. Matrix
Analysis Appl., 16 (1995), 312–326.

[4] P. Delsarte, Y. Genin, The split Levinson algorithm, IEEE Transactions on Acoustics
Speech, and Signal Processing ASSP-34 (1986), 470–477.

[5] P. Delsarte, Y. Genin, On the splitting of classical algorithms in linear prediction
theory, IEEE Transactions on Acoustics Speech, and Signal Processing ASSP-35
(1987), 645-653.

[6] D.J. Evans, M. Hatzopoulos, A parallel linear systems solver, Internat. J. Comput.
Math., 7, 3 (1979), 227–238.

[7] I. Gohberg, I. Koltracht, Efficient algorithm for Toeplitz plus Hankel matrices, Inte-
gral Equations Operator Theory, 12, 1 (1989), 136–142.

[8] I. Gohberg, A.A. Semencul, On the inversion of finite Toeplitz matrices and their
continuous analogs (in Russian), Matemat. Issledovanya, 7, 2 (1972), 201–223.

[9] I. Gohberg, V. Olshevsky, Circulants, displacements and decompositions of matrices,
Integral Equations Operator Theory, 15, 5 (1992), 730–743.

[10] G. Heinig, Matrix representations of Bezoutians, Linear Algebra Appl., 223/224
(1995), 337–354.

[11] G. Heinig, Chebyshev-Hankel matrices and the splitting approach for centrosymmetric
Toeplitz-plus-Hankel matrices, Linear Algebra Appl., 327, 1-3 (2001), 181–196.

[12] G. Heinig, P. Jankowski, K. Rost, Fast inversion algorithms of Toeplitz-plus-Hankel
matrices, Numerische Mathematik, 52 (1988), 665–682.

[13] G. Heinig, K. Rost, Algebraic Methods for Toeplitz-like Matrices and Operators,
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c© 2006 Birkhäuser Verlag Basel/Switzerland

Schmidt-Representation of
Difference Quotient Operators
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Abstract. We consider difference quotient operators in de Branges Hilbert
spaces of entire functions. We give a description of the spectrum and a formula
for the spectral subspaces. The question of completeness of the system of
eigenvectors and generalized eigenvectors is discussed. For certain cases the
s-numbers and the Schmidt-representation of the operator under discussion
is explicitly determined.
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1. Introduction and Preliminaries

Let H be a Hilbert space whose elements are entire functions. We call H a
de Branges Hilbert space, or dB-space for short, if it satisfies the following ax-
ioms (cf. [dB]):
(dB1) For each w ∈ C the functional F 
→ F (w) is continuous.
(dB2) If F ∈ H, then also F#(z) := F (z) belongs to H. For all F, G ∈ H

(F#, G#) = (G, F ) .

(dB3) If w ∈ C \ R and F ∈ H with F (w) = 0, then also

z − w

z − w
F (z) ∈ H .

For all F, G ∈ H with F (w) = G(w) = 0(
z − w

z − w
F (z),

z − w

z − w
G(z)

)
= (F, G) .

For a dB-space H the linear space of associated functions can be defined as

AssocH := H + zH.
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Consider the operator S of multiplication by the independent variable in the dB-
space H:

domS := {F ∈ H : zF (z) ∈ H}
(SF )(z) := zF (z), F ∈ domS.

By (dB1)–(dB3) the operator S is a closed symmetric operator with defect index
(1, 1), is real with respect to the involution F 
→ F#, and the set of regular points
of S equals C.

There is a natural bijection between the set AssocH and the set of all rela-
tional extensions A of S with nonempty resolvent set, see, e.g., [KW1, Proposition
4.6]. It is established by the formula

(A− w)−1F (z) =
F (z) − S(z)

S(w)F (w)

z − w
, w ∈ C, S(w) �= 0. (1.1)

Throughout this paper we will denote the relation corresponding to a function
S ∈ AssocH via (1.1) by AS and will put RS := A−1

S . Note that

ker(AS − w)−1 = span{S} ∩ H ,

and therefore AS is a proper relation if and only if S ∈ H. Moreover, it is a
consequence of the formula (1.1) that the finite spectrum of the relation AS is
given by the zeros of the function S. Hence

σ(RS) \ {0} =
{

λ ∈ C : S

(
1
λ

)
= 0

}
.

If S(0) �= 0 the relation RS has no multivalued part, i.e., is an operator, and is
given by (1.1) with w = 0. As is seen by a perturbation argument (cf. Lemma 2.1)
it is in fact a compact operator.

In this note we give some results on the completeness of the system of eigen-
values and generalized eigenvalues (Theorem 3.3) and determine the s-numbers
and the Schmidt-representation of RS (Theorem 4.5) when S belongs to a certain
subclass of AssocH. In fact, we are mainly interested in the operator RE where
H = H(E) in the sense explained further below in this introduction. However, our
results are valid, and thus stated, for a slightly bigger subclass of AssocH. As a
preliminary result, in Section 2, we give a self-contained proof of the explicit form
of spectral subspaces of RS at nonzero eigenvalues.

In the final Section 5 we add a discussion of the operator RE in the case of a
space which is symmetric about the origin, for the definition see (5.1). This notion
was introduced by de Branges, and originates in the classical theory of Fourier
transforms, i.e., the theory of Paley-Wiener spaces. In our context it turns out
that in this case RE is selfadjoint with respect to a canonical Krein space in-
ner product on H(E). An investigation of the case of symmetry is of particular
interest for several reasons. Firstly, in spaces symmetric about the origin a rich
structure theory is available and thus much stronger results can be expected, cf.
[KWW2], [B]. Secondly, it appears in many applications, as for example in the
spectral theory of strings, cf. [LW], [KWW1], the theory of Hamiltonian systems
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with semibounded spectrum, cf. [W], or in the theory of functions of classical anal-
ysis like Gauss’ hypergeometric functions, cf. [dB], or the Riemann Zeta-function,
cf. [KW2]. Moreover, by comparing Lemma 4.3 with Theorem 1 of [OS] more op-
erator theoretic methods could be brought into the theory of sampling sequences
in de Branges spaces symmetric about the origin. It is a possible future direction
of research to investigate these subjects.

The present note should also be viewed as a possible starting point with
connections to several areas of research. For example in Corollary 4.6 we actually
apply the present results to the field of growth of entire function. The proofs
given are often elementary, which is due to the fact that we (basically) deal with
those operators RS having one-dimensional imaginary part. Thus many notions
are accessible to explicit computation.

Let us collect some necessary preliminaries. A function f analytic in the
open upper half-plane C+ is said to be of bounded type, f ∈ N(C+), if it can be
written as a quotient of two bounded analytic functions. If the assumption that f
is analytic is weakened to f being merely meromorphic, we speak of functions of
bounded characteristic, f ∈ Ñ(C+). If f ∈ Ñ(C+) there exists a real number mt f ,
the mean type of f , such that for all θ ∈ (0, π) with possible exception of a set of
measure zero

lim
r→∞

log |f(reiθ)|
r

= mt f · sin θ .

For f ∈ N(C+) the mean type can be obtained as

mt f = lim sup
y→+∞

log |f(iy)|
y

.

An entire function E is said to belong to the Hermite-Biehler class, E ∈ HB, if it
has no zeros in C+ and satisfies∣∣E#(z) |≤|E(z)

∣∣ , z ∈ C+ .

If, additionally, E has no real zeros we shall write E ∈ HB×.
Recall that the notions of dB-spaces and Hermite-Biehler functions are inti-

mately related: For given E ∈ HB define H(E) to be the set of all entire functions
F such that E−1F and E−1F# are of bounded type and nonpositive mean type in
C+ and, moreover, belong to L2(R). If H(E) is equipped with the inner product

(F, G) :=
∫

R

F (t)G(t)
dt

|E(t)|2 ,

it becomes a dB-space. Conversely, for any given dB-space H there exists a function
E ∈ HB such that H = H(E). In fact the function E is in essence uniquely
determined by H: Let E1, E2 ∈ HB and write E1 = A1− iB1, E2 = A2− iB2, with
A1 = A#

1 , A2 = A#
2 , etc. Then we have H(E1) = H(E2) if and only if there exists

a 2 × 2-matrix M whose entries are real numbers and which has determinant 1
such that (A2, B2) = (A1, B1)M .
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By its definition a dB-space H is a reproducing kernel Hilbert space; denote
its reproducing kernel by K(w, z), i.e.,

F (w) = (F (.), K(w, .)) , F ∈ H, w ∈ C .

If H is written as H = H(E), the kernel K(w, z) can be represented in terms of E:

K(w, z) =
E(z)E#(w) − E(w)E#(z)

2πi(w − z)
, z �= w ,

K(z, z) =
−1
2πi

(
E′(z)E#(z) − E(z)E#(z)′

)
.

The function E, and thus also E# as well as any linear combination of those
functions, belongs to AssocH and henceforth gives rise to an extension of the
operator S. Thereby the functions (E = A − iB)

Sφ(z) :=
1
2
ei(φ−π

2 )E(z) +
1
2
e−i(φ−π

2 )E#(z) = sinφA(z) − cosφB(z), φ ∈ R,

play a special role: The set {ASφ
: φ ∈ [0, π)

}
is equal to the set of selfadjoint extensions of S, cf. [KW1, Proposition 6.1]. Note
that there exists φ ∈ [0, π) such that Sφ ∈ H if and only if domS �= H in which
case φ is unique and domS ⊕ span{Sφ} = H, cf. [dB, Theorem 29, Problem 46].
Let us note for later reference that the reproducing kernel K can be expressed in
terms of the functions Sφ as

K(w, z) =
Sφ(z)Sφ+π

2
(w) − Sφ+ π

2
(z)Sφ(z)

πi(w − z)
, z �= w ,

K(z, z) =
1
π

(
Sφ(z)S′

φ+ π
2
(z) − S′

φ(z)Sφ+ π
2
(z)

)
.

(1.2)

If f is analytic at a point w we denote by Ordw f ∈ N ∪ {0} the order of w as a
zero of f . Note that by the definition of H(E) we have

(dH)(w) := min
F∈H

Ordw F =

{
Ordw E , w ∈ R

0 , w �∈ R
. (1.3)

We will confine our attention to dB-spaces H with dH = 0 which means, by
virtue of (1.3), to restrict to dB-spaces that can be written as H = H(E) with
E ∈ HB×. This assumption is no essential restriction since, if E ∈ HB and C
denotes a Weierstraß product formed with the real zeros of E, we have C−1E ∈ HB
and the mapping F 
→ C−1F is an isometry of H(E) onto H(C−1E), cf. [KW3,
Lemma 2.4].
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2. Spectral subspaces

Let us start with the following observation:

2.1. Lemma. Let S ∈ AssocH, S(0) �= 0. Then the operator RS is compact.

Proof. Let S, T ∈ AssocH, S(0), T (0) �= 0, then RS and RT differ only by a
one-dimensional operator:

(RS −RT )F (z) =
F (z) − S(z)

S(0)F (0)

z
−

F (z) − T (z)
T (0)F (0)

z

=
1
z

[
T (z)
T (0)

− S(z)
S(0)

]
(F (.), K(0, .)) .

(2.1)

Choose T = Sφ where φ is such that Sφ(0) �= 0. For this choice the operator RT

is a bounded selfadjoint operator whose nonzero spectrum is discrete, cf. [KW1,
Proposition 4.6] and hence RT is compact. It follows that RS is compact for any
S ∈ AssocH, S(0) �= 0. �

2.2. Remark. Assume that H = H(E) with a function E ∈ HB of finite order ρ.
Let S ∈ AssocH, S(0) �= 0, be given. Then for any ρ′ > ρ the operator RS belongs
to the symmetrically-normed ideal Sρ′ (cf. [GK]).

To see this recall, e.g., from [dB], that the nonzero spectrum of the selfadjoint
operator RSφ

consists of the simple eigenvalues {λ ∈ R : Sφ( 1
λ) = 0}. Since E is

of order ρ, also every function Sφ possesses this growth, cf. [KW3, Theorem 3.4].
Thus, for every ρ′ > ρ, its zeros µk satisfy∑ 1

µk
ρ′ < ∞ .

We start with determining the spectral subspaces of RS . The following result
is standard, however, since it is a basic tool for the following and no explicit
reference is known to us, we provide a complete proof.

If σ(RS) ∩ M is an isolated component of the spectrum denote by PM the
corresponding Riesz-projection.

2.3. Proposition. Let H be a dB-space, dH = 0, and let S ∈ AssocH, S(0) �= 0, be
given. Unless H is finite-dimensional and S ∈ (AssocH) \ H, we have

σ(RS) =
{

λ ∈ C : S

(
1
λ

)
= 0

}
∪ {0}.

In the case dimH < ∞, S ∈ (AssocH) \ H,

σ(RS) =
{

λ ∈ C : S

(
1
λ

)
= 0

}
.

If λ ∈ σ(RS) \ {0}, the Riesz-projection P{λ} is given as (n := Ordλ−1 S)(P{λ}F
)
(z) =

n∑
l=1

1
(n − l)!

dn−l

dzn−l

[(
z − 1

λ

)n
F (z)
S(z)

]
z= 1

λ

S(z)
(z − 1

λ )l
. (2.2)
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The spectral subspace ranP{λ} is spanned by the Jordan chain⎧⎪⎪⎪⎨⎪⎪⎪⎩
⎛⎜⎜⎝

S(z)
1−λz

...
S(z)

(1−λz)n

⎞⎟⎟⎠
T

(λM)k

⎛⎜⎜⎜⎝
0
...
0
1

⎞⎟⎟⎟⎠ , k = 0, . . . , n − 1

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (2.3)

where we have put

M :=

⎛⎜⎜⎜⎜⎝
0 1 · · · 1

0 0
. . .

...
...

. . . 1
0 0 · · · 0

⎞⎟⎟⎟⎟⎠
If S ∈ dom(Sk) for some k ∈ N ∪ {0}, then{

S(z), (1 + z)S(z), . . . , (1 + . . . + zk)S(z)
}

(2.4)

is a Jordan chain of RS at 0. Moreover, any Jordan-chain at 0 is of the form
{p(z)S(z),RS(p(z)S(z)),R2

S(p(z)S(z)), . . . , αS(z)} where p is a polynomial of de-
gree at most k and α is constant.

Proof. Assume that 0 �∈ σ(RS). Then |σ(RS)| < ∞ and since every nonzero
spectral point is an eigenvalue of finite type we conclude that dimH < ∞. Since

kerRS = span{S} ∩ H , (2.5)

we must have S �∈ H. Conversely assume that dimH < ∞, S �∈ H. Then σ(RS) =
σp(RS) and by (2.5) we have 0 �∈ σ(RS).

Let λ ∈ σ(RS) \ {0} be given. In order to compute the Riesz-projection P{λ}
we use the relation (µ ∈ ρ(RS), µ �= 0)

(RS − µ)−1 = − 1
µ
− 1

µ2

(
AS − 1

µ

)−1

.

Choose a sufficiently small circle Γ around λ so that neither 0 nor any spectral
point other than λ is contained in the interior of Γ. Then(P{λ}F

)
(z) =

−1
2πi

∮
Γ

(
(RS − µ)−1

F
)

(z) dµ

=
−1
2πi

∮
Γ

((
− 1

µ
− 1

µ2

(
AS − 1

µ

)−1
)

F

)
(z) dµ

=
−1
2πi

∮
Γ

((
AS − 1

µ

)−1

F

)
(z)

(
− 1

µ2
dµ

)

=
−1
2πi

∮
1
Γ

(
(AS − ν)−1

F
)

(z) dν
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=
−1
2πi

∮
1
Γ

F (z) − S(z)
S(ν)F (ν)

z − ν
dν

=
F (z)
2πi

∮
1
Γ

dν

ν − z
− S(z)

2πi

∮
1
Γ

F (ν)
(ν − z)S(ν)

dν . (2.6)

Assume that z is located in the exterior of the circle Γ−1, put ξ := λ−1 and let
n := Ordξ S. Then the first integral in (2.6) vanishes and the integrand in the
second term is analytic with exception of a pole at ξ with order n. Thus(P{λ}F

)
(z) = −S(z)Resµ=ξ

F (µ)
(µ − z)S(µ)

= − S(z)
(n − 1)!

dn−1

dµn−1

[
(µ − ξ)nF (µ)
(µ − z)S(µ)

]
µ=ξ

and we compute

dn−1

dµn−1

[
(µ − ξ)nF (µ)
(µ − z)S(µ)

]
µ=ξ

=
n−1∑
k=0

(
n − 1

k

)
dk

dµk

[
1

µ − z

]
· dn−1−k

dµn−1−k

[
(µ − ξ)nF (µ)

S(µ)

]
µ=ξ

=
n−1∑
k=0

(n − 1)!
(n − 1 − k)!

dn−1−k

dµn−1−k

[
(µ − ξ)nF (µ)

S(µ)

]
µ=ξ

(−1)k

(µ − z)k+1
.

Then P{λ}F coincides for z in the exterior of Γ−1 with the function on the right-
hand side of (2.2). Since both functions are entire this establishes (2.2).

Put Φl(z) := (1 − λz)−lS(z), l = 1, 2, . . . , n. Then, by the already proved
formula (2.2), we have ranPS ⊆ span{Φ1, . . . ,Φn}. We compute

(RS − λ) Φk(z) =
1
z

[
S(z)

(1 − λz)k
− S(z)

S(0)
Φk(0)

]
− λ

S(z)
(1 − λz)k

=
S(z) − (1 − λz)kS(z) − λzS(z)

z(1 − λz)k
=

S(z)
(1 − λz)k−1

· 1 − (1 − λz)k−1

z

=
S(z)

(1 − λz)k−1
λ

k−2∑
l=0

(1 − λz)l =
k−1∑
j=1

λΦj(z) .

Hence span{Φ1, . . . ,Φn} is an invariant subspace for RS and with respect to the
basis {Φ1, . . . ,Φn} the operator RS − λ has the matrix representation

RS − λ = λM .

The only eigenvalue of this matrix is 0 and therefore ranPS = span{Φ1, . . . ,Φn}.
Moreover, this space is spanned by the Jordan chain (2.3).
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Assume that S ∈ dom(Sk) and put τl(z) := (1 + z + · · · + zl)S(z), l =
0, 1, . . . , k. Then

RS τ0(z) = RS S(z) = 0 ,

and for l ≥ 1

RS τl(z) =
1
z

[
(1 + z + · · · + zl)S(z) − S(z)

S(0)
· S(0)

]
= τl−1(z).

We see that (2.4) is a Jordan chain at 0. �

3. Completeness of eigenvectors

In general the system E of eigenvectors and generalized eigenvectors of RS need
not be complete. For example consider a dB-space H with 1 ∈ (AssocH) \ H.
By Proposition 2.3 the operator R1 has no eigenvectors. However, in two special
situations a completeness result holds. The following statements answer the ques-
tion on completeness of eigenvectors in our particular situation. They complement
classical results on completeness of eigenvectors such as [KL, K, L, M].

The first case is easily explained, it follows immediately from Proposition 2.3.
Denote by C[z] the set of all polynomials with complex coefficients.

3.1. Proposition. Let H be a dB-space. Assume that C[z] ⊆ H and that S ∈ C[z],
S(0) �= 0. Then

span E = C[z] ,

ranP{0} ⊇ S(z)C[z] ,

ranPC\{0} = { p ∈ C[z] : deg p < deg S } .

(3.1)

The following are equivalent:
(i) cls E = H,
(ii) C[z] = H,
(iii) ranP{0} = cls{zkS(z) : k = 0, 1, 2, . . .}.
Proof. Let n := deg S. Since S has exactly n zeros (taking into account multiplic-
ities) and S(0) �= 0, we conclude from Proposition 2.3 that

span
⋃

{λ: S(λ)=0}
ranP{λ}

is an n-dimensional linear space which contains only polynomials with degree less
than n. Hence

ranPC\{0} = {p ∈ C[z] : deg p < deg S} .

Moreover, since S ∈ dom(Sk) for all k ∈ N, Proposition 2.3 implies that

S(z), (1 + z)S(z), (1 + z + z2)S(z), . . .

is a Jordan chain of infinite length of RS at 0. We have

span{S(z), (1 + z)S(z), (1 + z + z2)S(z), . . .} = S(z)C[z].
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We have proved all relations (3.1) and henceforth also the equivalence of (i), (ii)
and (iii). �

Let H be a dB-space and write H = H(E) for some E ∈ HB. The next
result, Theorem 3.3, which is the first main result of this note, deals with functions
S ∈ span{E, E#} =: D. It will be proved that generically for such S a completeness
result holds true. However, let us first clarify the meaning of the (two-dimensional)
space D.

3.2. Lemma. Let a dB-space H be given and write H = H(E) for some E ∈ HB.
The space D = span{E, E#} does not depend on the choice of E. We can write D
as the disjoint union

D = G ∪ C ∪ G# ,

with
C := {αT : α ∈ C, T ∈ AssocH,AT selfadjoint } ,

G := { ρH : ρ > 0, H ∈ HB,H(H) = H} .

We have D∩H ⊆ C, dim(D∩H) ≤ 1, and {S ∈ D : Ord0 S > Ord0 E} = span{Sφ}
for an appropriate φ ∈ [0, π).

Proof. Let E, H ∈ HB and write E = A − iB, H = K − iL, with A, B, K, L real.
Then, by [KW1, Corollary 6.2], we have H(E) = H(H) if and only if for some
2 × 2-matrix M with real entries and det M = 1 the relation (K, L) = (A, B)M
holds. Hence

span{H, H#} = span{K, L} = span{A, B} = span{E, E#} .

Choose E ∈ HB such that H = H(E) and write E = A − iB. Let S ∈ D, then
S = uA + vB for some appropriate u, v ∈ C. Then(

S + S#

2
, i

S − S#

2

)
= (A, B)

(
Re u − Imu
Re v − Im v

)
. (3.2)

Consider the determinant ∆ of the matrix on the right-hand side of (3.2). We have
∆ = 0 if and only if uv ∈ R and hence S = αSφ for certain α ∈ C and φ ∈ [0, π).
If ∆ > 0, the function

H(z) :=
1√
∆

S(z)

belongs to HB and H(H) = H(E). Thus S ∈ G. In case ∆ < 0 apply this argument
to S# instead of S to conclude that S ∈ G#.

The fact that D ∩ H is at most one-dimensional and is a subset of C was
proved in [dB, Problem 85]. Since we have E ∈ D, the set of all functions of D
which vanish at the origin with higher order than E is a at most one-dimensional
subspace of D. The present assertion follows since there exists a (unique) value
φ ∈ [0, π) such that Ord0 Sφ > Ord0 E. �
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For a dB-space H and numbers α, β ≤ 0 denote by H(α,β) the closed linear
subspace (cf. [KW3, Lemma 2.6])

H(α,β) :=
{

F ∈ H : mt
F

E
≤ α, mt

F#

E
≤ β

}
.

3.3. Theorem. Let H be a dB-space, dH = 0. Assume that S ∈ D, S(0) �= 0, and
put τ := 1

2 mtS−1S#. Then

E⊥ =
{

F ∈ H : Ordw F ≥ Ordw S# for all w ∈ C
}

. (3.3)

We have cls E = H if and only if τ = 0. In the case τ �= 0

cls E =

{
H(0,2τ) , τ < 0
H(−2τ,0) , τ > 0

,

and
E⊥ = S#(z)eiτzH(e−i|τ |z) .

Proof. If S ∈ C, we have τ = 0 and cls E = H by [dB, Theorem 22]. In the case
S ∈ G we may assume without loss of generality that H = H(S).

Let H = H(E) be given, then Proposition 2.3 implies that

(λ ∈ C, E(λ−1) = 0),

ranP{λ} = span
{

∂k

∂zk
K(

1
λ

, z) : 0 ≤ k < Ord 1
λ

E

}
,

and we conclude that (3.3) holds.
Let F ∈ H(E) and consider the inner-outer factorizations of E−1F, E−1E# ∈

N(C+):
F

E
(z) = B(z)U(z),

E#

E
(z) = B1(z)e−iz mt(E−1E#) ,

where B and B1 denote the Blaschke products to the zeros of F and E#, respec-
tively, and U is an outer function. By the already proved relation (3.3) we have
F ⊥ cls E if and only if B1|B in H2(C+). Under the hypothesis τ = 0 this tells us
that F (E#)−1 belongs to H2(C+), and hence that F = 0 since

1
E
H(E) = H2(C+) � E#

E
H2(C+).

Next assume that τ < 0 and put E0(z) := E(z) exp[−iτz]. Then H(E0) =
exp[−iτz]H(2τ,0) and (cf. [KW3, Theorem 2.7])

H(E) = H(2τ,0) ⊕ E0(z)H(eiτz) .

Hence also
H(E) = H(0,2τ) ⊕ E#(z)eiτzH(eiτz) .
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From what we have proved in the previous paragraph (mt(E−1
0 E#

0 ) = 0, Ordw E0 =
Ordw E), we know that a function F ∈H(0,2τ) =(H(E0)exp[iτz])# with Ordw F ≥
Ordw E# for all w ∈ C must vanish identically. Hence

E⊥ = E#(z) exp[iτz]H(exp[iτz])

and therefore cls E = H(0,2τ).
Finally let us turn to the case that S ∈ G#. Applying the already proved

result to the function S# we obtain the assertion of the theorem also in this case.
�

3.4. Remark. We would like to mention that the part of Theorem 3.3 which states
that cls E = H if and only if τ = 0, could also be approached differently. In fact
it can be deduced from a statement which is asserted without a proof in [GT].
However, the approach chosen here is self-contained and gives a more detailed
result.

The case τ �= 0 in Theorem 3.3 is actually exceptional: Put D0 := {S ∈ D :
mt(S−1S#) �= 0} ∪ {0}, then

3.5. Lemma. We have either D0 = {0} or

D0 = span{H0} ∪ span{H#
0 } ,

for some H0 ∈ G.

Proof. Assume that H0 ∈ HB generates the space H and satisfies mt(H−1
0 H#

0 ) <
0. All other functions H ∈ HB with H(H) = H are obtained as (H = K − iL,
H0 = K0 − iL0)

(K, L) = (K0, L0)M ,

where M runs through the group of all real 2 × 2-matrices with determinant 1.
Every such matrix M can be factorized uniquely as

M =
(

cos γ sinγ
− sinγ cos γ

) (
λ t
0 1

λ

)
, (3.4)

with γ ∈ [0, 2π), λ > 0 and t ∈ R.
If the second factor in (3.4) is not present, i.e., if (λ, t) = (1, 0), we have

H(z) = H0(z)e−iγ . We see that H ∈ span{H0} and thus as well mt(H−1H#) < 0.
Assume that (λ, t) �= (1, 0). Put H1 := K1 − iL1 where

(K1, L1) := (K0, L0)
(

cos γ sin γ
− sinγ cos γ

)
.

We already saw that mt(H−1
1 H#

1 ) < 0. The functions H1 and H are connected by

(K, L) = (K1, L1)
(

λ t
0 1

λ

)
.
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We compute

H#

H#
1

=
λK1 + i( 1

λL1 + tK1)
K1 + iL1

= λ + i
( 1

λ − λ)L1 + tK1

K1 + iL1

= λ +
i√

( 1
λ − λ)2 + t2

· Sφ,1

H#
1

,

for a certain φ ∈ [0, 2π). Since

mt
Sφ,1

H#
1

= mt
H1

H#
1

> 0,

it follows that

mt
H#

H#
1

= mt
H1

H#
1

.

Since both, H and H1, generate the same dB-Hilbert space, we must have
mt(H−1

1 H) = 0 and conclude that

mt
H#

H
= mt

[
H#

H#
1

· H#
1

H1
· H1

H

]
= 0.

We have proved that the set of all functions H ∈ HB, H(H) = H, with
mt(H−1H#) < 0 is either empty or of the form H0(z)e−iγ , γ ∈ [0, 2π). From
this knowledge the assertion of the lemma can be easily deduced: First note that,
by Sφ = S#

φ , we have mt(S−1S#) = 0 for all functions S ∈ C \ {0} and hence
D0∩C = {0}. Moreover, by mt(S−1S#) = −mt[(S#)−1S], it suffices to determine
D0 ∩ G. Finally, since for ρ > 0 we have mt[(ρS)−1(ρS)#] = mt(S−1S#), we are
in the case H ∈ HB, H(H) = H. �

4. s-numbers

In this section we investigate more closely the operators RS for S ∈ D. The next
lemma is immediate from [S, §4], and will therefore stated without a proof:

4.1. Lemma. Assume that S ∈ D, S(0) �= 0. Then[
(AS − w)−1

]∗
= (AS# − w)−1, w ∈ C, S(w) �= 0. (4.1)

In the case S ∈ C \ {0}, S(0) �= 0, the operator RS is selfadjoint. Hence the
Schmidt-representation of RS can be read off its spectral representation:

RS =
∑

{λ∈C: S(λ)=0}

1
λ

(., Φλ)Φλ ,

with Φλ = K(λ, z)K(λ, λ)−
1
2 . If S ∈ D \ C, then RS is no longer selfadjoint.

However, let us remark the following (cf. [dB, Theorem 27])
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4.2. Lemma. Assume that S ∈ D \ C. Then either RS or −RS is dissipative,
depending on whether S ∈ G or S ∈ G#.

Proof. It suffices to prove that RE is dissipative whenever H = H(E). We compute
(cf. (2.1))

Im (REF, F ) =
(RE −R∗

E

2i
F, F

)
=
(RE −RE#

2i
F, F

)
=
(

E#(z)E(0) − E(z)E#(0)
2iE(0)E#(0)z

F (0), F (z)
)

= π
F (0)

|E(0)|2 (K(0, z), F (z)) = π
|F (0)|2
|E(0)|2 . �

In order to compute the Schmidt-representation of RS we need some infor-
mation about the spectrum of R∗

SRS .

4.3. Lemma. Let S, T ∈ (AssocH) \ H, S(0), T (0) �= 0, and put

US,T (z) := T (z)S(−z) + T (−z)S(z) .

Then

σ(RSRT ) \ {0} =
{

λ ∈ C : US,T (
1√
λ

) = 0
}

. (4.2)

We have 0 �∈ σp(RSRT ). Denote by Eλ the geometric eigenspace at a nonzero
eigenvalue λ ∈ σ(RSRT ) \ {0}. Then dim Eλ = 1, 2 where the latter case appears
if and only if

T

(
± 1√

λ

)
= S

(
± 1√

λ

)
= 0 .

If dim Eλ = 2, then

Eλ = span
{

T (z)
1 − λz2

,
zS(z)

1 − λz2

}
. (4.3)

Let dim Eλ = 1. If
(
T ( 1√

λ
), S( 1√

λ
)
)
�= (0, 0), then

Eλ = span
{

1
1 − λz2

[
T (z)

1√
λ

S(
1√
λ

) − zS(z)T (
1√
λ

)
]}

,

if
(
T (− 1√

λ
), S(− 1√

λ
)
)
�= (0, 0), then

Eλ = span
{

1
1 − λz2

[
T (z)

1√
λ

S(− 1√
λ

) − zS(z)T (− 1√
λ

)
]}

. (4.4)

Proof. Since for any nonzero constants a, b we have RaS = RS , RbT = RT , and
UaS,bT (z) = abUS,T (z), we can assume without loss of generality that S(0) =
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T (0) = 1. We compute RSRT :

RSRT F (z) =
1
z

[
F (z) − T (z)F (0)

z
− S(z) (F ′(0) − T ′(0)F (0))

]
=

1
z2

[F (z) − T (z)F (0)− zS(z) (F ′(0) − T ′(0)F (0))] .

It is readily seen from this formula that kerRSRT = {0}, since the hypothe-
sis S, T ∈ (AssocH) \ H implies that the functions zS(z) and T (z) are linearly
independent and span{zS(z), T (z)} ∩ H = {0}.

Let µ ∈ C and assume that F ∈ ker(RSRT − µ), F �≡ 0. Then we must have

F (z)(1 − µz2) = T (z)F (0) + zS(z) (F ′(0) − T ′(0)F (0))

= T (z)φ0 + zS(z)φ1 ,
(4.5)

with certain φ0, φ1 ∈ C, not both zero. In the sequel always put ν := (
√

µ)−1

where we choose, e.g., the square root lying in the right half-plane. From (4.5) we
see that

T (ν)φ0 + νS(ν)φ1 = 0
T (−ν)φ0 − νS(−ν)φ1 = 0 . (4.6)

Hence,

0 = det
(

T (ν) νS(ν)
T (−ν) −νS(−ν)

)
= (−ν)US,T (ν) ,

and we conclude that the inclusion “⊆” in (4.2) holds.
Conversely, assume that µ ∈ C \ {0} and that US,T (ν) = 0 where again

ν = (
√

µ)−1. Then the system (4.6) of linear equations has nontrivial solutions. If
(φ0, φ1) is any such nontrivial solution of (4.6), the function

F (z) :=
1

1 − µz2
[T (z)φ0 + zS(z)φ1]

is entire and belongs to the space H. We have F (0) = φ0 and

F ′(0) = lim
z→0

F (z) − φ0

z
= lim

z→0

1
1 − µz2

[
T (z)− 1

z
φ0 + S(z)φ1

]
= T ′(0)φ0 + φ1 .

Hence F satisfies the first equality in (4.5) and thus belongs to ker(RSRT − µ).
The formulas (4.3) and (4.4) for Eλ now follow on solving the linear system

(4.6). �

4.4. Lemma. Assume that E ∈ HB, E(0) = 1, and denote by K(w, z) the repro-
ducing kernel of the space H(E). Let z, w ∈ C, w �= 0, z �= w. Then

REK(w, z) =
1

2πizw(w − z)
[
wE(w)

(
E(z) − E#(z)

)− zE(z)
(
E(w) − E#(w)

)]
.
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Proof. We substitute in the definition of RE :

REK(w, z) =
1
z

[
E(z)E#(w) − E(w)E#(z)

2πi(w − z)
− E(z)

E(w) − E#(w)
2πiw

]
=

1
2πizw(w − z)

[
wE(z)E#(w) − wE(w)E#(z)

−(w − z)
(
E(z)E#(w) − E(z)E(w)

)]
=

1
2πizw(w − z)

[−wE(w)E#(z) + wE(z)E(w) + zE(z)E#(w) − zE(z)E(w)
]

=
1

2πizw(w − z)
[
wE(w)

(
E(z) − E#(z)

)− zE(z)
(
E(w) − E#(w)

)]
. �

4.5. Theorem. Let H be a dB-space, dH = 0, let S ∈ D \ C and let ρ > 0 be such
that H = H(ρ−1S) (H = H(ρ−1S#), respectively). The zeros of the function

US,S#(z) = S(z)S#(−z) + S(−z)S#(z)

are real, simple, nonzero, and symmetric with respect to 0. Denote the sequence of
positive zeros of US,S# by

0 < µ1 < µ2 < · · · .

Then the s-numbers of the operator RS are given as

sj(RS) =
1
µj

, j = 1, 2, . . .

In the Schmidt-representation RS =
∑

sj(., φj)ψj we have

φj(z) = ρ
√

2π
S(−µj)K(µj , z) + S(µj)K(−µj, z)

|S(µj)S#(−µj)U ′
S,S#(µj)| 12

, (4.7)

ψj(z) = ρ
√

2π
S(−µj)K(µj , z) − S(µj)K(−µj , z)

|S(µj)S#(−µj)U ′
S,S#(µj)| 12

. (4.8)

Proof. Let us first assume that H = H(E) and determine the Schmidt-represen-
tation of RE . By Lemma 4.3 the zeros of U := UE,E# (= UE#,E) are exactly the
eigenvalues of the selfadjoint operator RERE# and, hence, are all real. The fact
that all zeros of U are simple will follow from the following relation which holds
for all λ with U(λ) = 0:

1
2πi

U ′(λ)E(λ)E#(−λ) = ‖E(−λ)K(λ, z) ± E(λ)K(−λ, z)‖2
. (4.9)

In order to establish this formula we compute the norm on the right-hand side of
(4.9):

‖E(−λ)K(λ, z) ± E(λ)K(−λ, z)‖2

= |E(−λ)|2K(λ, λ) + |E(λ)|2K(−λ,−λ)

±
[
E(−λ)E(λ)K(λ,−λ) + E(λ)E(−λ)K(−λ, λ)

]
.
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Since λ ∈ R and E(λ)E#(−λ) = −E(−λ)E#(λ) the term in the square bracket
vanishes:

E(−λ)E#(λ)
(

E(−λ)E#(λ) − E(λ)E#(−λ)
2πi(2λ)

)
+ E(λ)E#(−λ)

(
E(λ)E#(−λ) − E(−λ)E#(λ)

2πi(−2λ)

)
=

1
2πiλ

[(
E(−λ)E#(λ)

)2 − (
E(λ)E#(−λ)

)2]
= 0 .

The first two summands compute as

E(−λ)E#(−λ)
(

E′(λ)E#(λ) − E(λ)E′(λ)#

−2πi

)
+ E(λ)E#(λ)

(
E′(−λ)E#(−λ) − E(−λ)E′(−λ)#

−2πi

)
=

E(−λ)E#(λ)
−2πi

(
E′(λ)E#(−λ) − E(λ)E′(−λ)#

)
+

E(λ)E#(−λ)
−2πi

(−E(−λ)E′(λ)# + E′(−λ)E#(λ)
)

=
E(−λ)E#(λ)

−2πi

[
E′(λ)E#(−λ) − E(λ)E′(−λ)#

+E(−λ)E′(λ)# − E′(−λ)E#(λ)
]

=
E(−λ)E#(λ)

−2πi
U ′(λ) .

By definition the singular values of RE are the positive roots of the eigenvalues of
R∗

ERE = RE#RE and hence sj(RE) = µ−1
j .

The elements φj in the Schmidt-representation for RE are the members of
the orthogonal system of eigenvectors of R∗

ERE . Note here that by Lemma 4.3 the
operator R∗

ERE has only simple eigenvalues. Hence φj must be a scalar multiple
of the function

1
µ2

j − z2

[
E(z)µjE

#(µj) − E#(z)zE(µj)
]

.

We compute (U(λ) = 0)

E(−λ)K(λ, z) + E(λ)K(−λ, z)

= E(−λ)
E(z)E#(λ) − E(λ)E#(z)

2πi(λ − z)
+ E(λ)

E(z)E#(−λ) − E(−λ)E#(z)
2πi(−λ − z)

=
E(−λ)

2πi

[
E(z)E#(λ) − E(λ)E#(z)

λ − z
+

E(z)E#(λ) + E(λ)E#(z)
λ + z

]
=

E(−λ)
πi

E(z)E#(λ)λ − E(λ)E#(z)z
λ2 − z2

.

By virtue of (4.9) we may take φj as stated in (4.7).
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It remains to identify the elements ψj . First note that they must form an
orthonormal system of eigenvalues of RER∗

E . Hence ψj is a scalar multiple of
1

µ2
j − z2

[
E(z)zE#(µj) − E#(z)µjE(µj)

]
.

A similar computation as in the previous paragraph shows that ψj henceforth is
a scalar multiple of the function

E(−λ)K(λ, z) − E(λ)K(−λ, z) .

In order to prove (4.8) it is therefore sufficient to evaluate at a point z = z0 with
ψj(z0) �= 0 in the equation

REφj =
1
µj

ψj . (4.10)

We have (U(λ) = 0)

E(−λ)K(λ, 0) − E(λ)K(−λ, 0)

= E(−λ)
E#(λ) − E(λ)

2πiλ
− E(λ)

E#(−λ) − E(−λ)
2πi(−λ)

=
−E(−λ)E(λ)

πiλ
.

Note that this value is nonzero. In order to evaluate the left-hand side of (4.10)
we use Lemma 4.4:

RE (E(−λ)K(λ, z) + E(λ)K(−λ, z))

=
E(−λ)

2πiλ(λ − z)

[
λE(λ)

E(z) − E#(z)
z

− E(z)
(
E(λ) − E#(λ)

)]
+

E(λ)
2πiλ(λ + z)

[
−λE(−λ)

E(z) − E#(z)
z

− E(z)
(
E(−λ) − E#(−λ)

)]
.

Letting z tend to 0 we see that the first summands of each square bracket cancel.
For λ with U(λ) = 0, therefore,

RE (E(−λ)K(λ, 0) + E(λ)K(−λ, 0)) =
−E(−λ)E(λ)

πλ2
,

and we obtain the desired representation of RE .
Let S ∈ D \ C be given. We reduce the assertion to the already proved case.
Assume that S ∈ G and write S = ρE with ρ > 0 and H = H(E). We saw

that
RS = RE =

∑
sj (., φj(E)) ψj(E) ,

where φj(E) and ψj(E) denote the elements (4.7) and (4.8) with E instead of S.
Then

φj(E) =
√

2π
E(−µj)K(µj , z) + E(µj)K(−µj, z)

|E(µj)E#(−µj)U ′
E,E#(µj)| 12

=
√

2π
ρ−1 (S(−µj)K(µj , z) + S(µj)K(−µj , z))

ρ−2|S(µj)S#(−µj)U ′
S,S#(µj)| 12

.
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The same computation applies to ψj(E) and hence the assertion of the theorem
follows for S ∈ G.

Assume finally that S ∈ G# and write S = ρE# with ρ > 0 and H = H(E).
We have

RS = RE# = (RE)∗ =
∑

sj (., ψj(E)) φj(E) .

The element φj(E) computes as

φj(E) = ρ
√

2π
S(−µj)K(µj , z) + S(µj)K(−µj, z)

|S#(µj)S(−µj)U ′
S#,S

(µj)| 12
.

Since US#,S(µj) = 0, it follows that this expression is equal to

ρ
√

2π
S(−µj)K(µj , z) − S(µj)K(−µj , z)

|S(µj)S#(−µj)U ′
S,S#(µj)| 12

· S(−µj)
S(−µj)

.

Analogously

ψj(E) = ρ
√

2π
S(−µj)K(µj , z) + S(µj)K(−µj , z)

|S(µj)S#(−µj)U ′
S,S#(µj)| 12

· S(−µj)
S(−µj)

,

and henceforth also in the case S ∈ G# the assertion of the theorem follows. �

4.6. Corollary. Let E be a Hermite-Biehler function of finite order ρ > 1 and
assume that E can be written as

E(z) = e−iaz
∏
n∈N

(
1 − z

zn

)
exp

[
z Re

1
zn

+ · · · + zp

p
Re

1
zp

n

]
, (4.11)

with a ≥ 0 and zn ∈ C−, compare [KW3, Lemma 3.12]. Then the order of the
function

F (z) := E(z)E#(−z) + E(−z)E#(z)
is also equal to ρ.

Proof. First of all let us note that, since E is of the form (4.11) and we assume
that ρ > 1, the order of the product

∏
n∈N

(1 − z
zn

) exp[z Re 1
zn

+ · · · + zp

p Re 1
zp

n
]

must also be equal to ρ.
The fact that the order of F does not exceed the order of E is clear. Assume

that the order of F is ρ′ < ρ and choose ε > 0 such that 1 < ρ′ + ε < ρ′ + 2ε < ρ.
Denote by µk the sequence of zeros of F , then the series

∑
k |µk|−(ρ′+ε) is

convergent. By the above theorem the operator RE in the space H(E) belongs to
the class Sρ′+ε. By the proof of Lemma 2.1 for every S ∈ AssocH(E) we have
RS ∈ Sρ′+ε.

Consider the function A(z) := 1
2 (E(z) + E#(z)), and denote by (λk) the

sequence of its zeros. Since RA is a selfadjoint operator of the class Sρ′+ε and its
spectrum coincides with {λk}, we know that

∑
k |λk|−(ρ′+ε) converges. By [KW3,

Theorem 3.17], applied with the growth function λ(r) := rρ′+2ε, we obtain that
there exists a Hermite-Biehler function E1 of order ρ′′ ≤ ρ+2ε and a real and zero
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free function C such that H(E) = C · H(E1) . By [KW3, Lemma 2.4], it follows
that

H(E1) =
1
C
H(E) = H(

1
C

E) ,

and in particular C−1E ∈ AssocH(E1). Thus the order of C−1E cannot exceed the
order of ρ′′ of E1. However, since C is zero free and E is of the form (4.11), certainly
the order of C−1E is at least equal to ρ and we have reached a contradiction. �

The sequence of zeros of the function US,S# can be obtained from the knowl-
edge of a phase function. Recall from [dB, Problem 48] that, if E ∈ HB, a phase
function is a continuous function ϕ : R → R such that

E(t)eiϕ(t) ∈ R.

By this relation the function ϕ is uniquely determined up to integer multiples of π.

4.7. Lemma. Let E ∈ HB be given and let ϕ be a phase function of E. Then
UE,E#(t) = 0 if and only if

ϕ(t) − ϕ(−t) ≡ π

2
mod π .

Proof. We have for t ∈ R

UE,E#(t) = E#(−t)E#(t)
[

E(t)
E#(t)

+
E(−t)

E#(−t)

]
.

Both summands in the square bracket are complex numbers of modulus 1. Hence
their sum vanishes if and only if their arguments differ by an odd multiple of π,
i.e.,

arg
E(t)

E#(t)
≡ arg

E(−t)
E#(−t)

+ π mod 2π.

Since

arg
E(t)

E#(t)
≡ −2ϕ(t) mod 2π, arg

E(−t)
E#(−t)

≡ −2ϕ(−t) mod 2π,

we obtain
−2ϕ(t) ≡ −2ϕ(−t) + π mod 2π. �

4.8. Remark. Assume that E satisfies the functional equation E#(z) = E(−z).
Then E(0) ∈ R, hence we may choose a phase function ϕ such that ϕ(0) = 0.
Then ϕ is an odd function and hence UE,E#(t) = 0 if and only if

ϕ(t) ≡ π

4
mod

π

2
.

This observation is explained by the fact that in the present case the function
UE,E# can be factorized as

UE,E#(z) = 4Sπ
4
(z)S 3π

4
(z).
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5. Spaces symmetric about the origin

Let us consider the situation that the dB-space H is symmetric with respect to
the origin (cf. [dB]), i.e., has the property that the mapping F (z) 
→ F (−z) is an
isometry of H into itself. By [dB, Theorem 47] an equivalent property is that H
can be written as H = H(E) with some E ∈ HB satisfying

E#(z) = E(−z), z ∈ C. (5.1)

This symmetry property can also be read off the reproducing kernel K(w, z) of
the space H: In order that H is symmetric about the origin it is necessary and
sufficient that

K(w, z) = K(−w,−z), w, z ∈ C . (5.2)

A space H being symmetric about the origin can be decomposed orthogonally as

H = Hg ⊕Hu , (5.3)

where

Hg := {F ∈ H : F (−z) = F (z) } ,

Hu := {F ∈ H : F (−z) = −F (z) } .

The orthogonal projections P g : H → Hg and Pu : H → Hu are given by

(P gF ) (z) =
F (z) + F (−z)

2
, (PuF ) (z) =

F (z) − F (−z)
2

. (5.4)

In particular the reproducing kernel Kg of Hg (Ku of Hu, respectively) is given
by

Kg(w, z) =
1
2

(K(w, z) + K(w,−z)) =
1
2

(K(w, z) + K(−w, z)) ,

Ku(w, z) =
1
2

(K(w, z) − K(w,−z)) =
1
2

(K(w, z) − K(−w, z)) .

(5.5)

Taking (5.3) as a fundamental decomposition H can be regarded as a Krein space
〈H, [., .]〉, [., .] = (J ., .) where the fundamental symmetry J is given by

J =
(

I 0
0 −I

)
:

Hg

⊕
Hu

−→
Hg

⊕
Hu

.

Note that, by the formulas (5.4), J is nothing else but the isometry (JF )(z) =
F (−z).

5.1. Theorem. Assume that H, dH = 0, is symmetric with respect to the origin
and write H = H(E) where E ∈ HB× satisfies (5.1) and E(0) > 0. Then the
operator −iRE is selfadjoint in the Krein space 〈H, [., .]〉. In fact,

−iJRE =
∑

j

(−1)j+1sj (., φj)φj , (5.6)
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where {
(−1)j+1sj : j = 1, 2, . . .

}
=
{

w ∈ C : Sπ
2
(
1
w

) = 0
}

.

Let λ ∈ σ(−iRE)\{0} and let eλ be a corresponding eigenvector. Then eλ is neutral
if and only if either λ �∈ R or −iλ−1 ∈ iR− is a multiple root of E. Denote by n̂(t)
the number of zeros of E lying in [0,−it] counted according to their multiplicities.
If −iλ−1 ∈ iR− is a simple root of E, then

sgn[eλ, eλ] = (−1)n̂(λ−1)+1. (5.7)

Proof. Let RE =
∑

j sj(., φj)φj be the Schmidt-representation of RE . Then

−iJRE =
∑

j

(−i)sj(., φj)Jψj ,

and hence establishing (5.6) amounts to show that

Jψj = i(−1)j+1φj . (5.8)

From (5.6) selfadjointness with respect to [., .] follows immediately.
The function ψj is given by (4.8) and we obtain from (5.2)

1√
π
|E(µj)| ·

∣∣∣U ′
E,E#(µj)

∣∣∣ 1
2 · Jψj = J [E(−µj)K(µj , z) − E(µj)K(−µj , z)]

= E(−µj)K(−µj , z) − E(µj)K(µj , z) = E(µj)K(µj , z) − E(µj)K(−µj , z) .

Let ϕ be the phase function with ϕ(0) = 0, then by Remark 4.8 the numbers
µj = s−1

j are such that

ϕ(µj) =
π

4
+ (j − 1)

π

2
, (5.9)

which means that
arg E(µj) = i

(π

4
− j

π

2

)
.

From this we obtain

E(µj) = |E(µj)| e−i( π
4 −j π

2 ) = E(µj)e−2i( π
4 −j π

2 ) = E(µj)(−i)(−1)j ,

and by symmetry E(−µj) = E(−µj)i(−1)j. Thus we have

E(µj)K(µj , z) − E(µj)K(−µj , z)

= i(−1)j+1 [E(−µj)K(µj , z) + E(µj)K(−µj, z)] ,

and (5.8) follows. Next note that, since ϕ is odd, (5.9) implies

ϕ
(
(−1)j+1µj

)
=

{
π
4 + j−1

2 π , j odd
π
4 − j

2π , j even
,

and hence (−1)j+1µj , j = 1, 3, 5, . . ., enumerates the positive zeros of Sπ
4

and
(−1)j+1µj , j = 2, 4, 6, . . ., the negative zeros of this function.

Let λ ∈ σ(−iRE) be given. By Proposition 2.3 the geometric eigenspace at
λ is one-dimensional and spanned by eλ := K(iλ

−1
, z). The assertion concerning
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neutrality of eigenvectors follows from the selfadjointness of RE : If λ �∈ R the
eigenvector must be neutral. If λ ∈ R and −iλ−1 is a multiple root of E then by
Proposition 2.3 there exists a Jordan chain at λ and, hence, the eigenvector must
be neutral. It remains to consider the case that −iλ−1 is a simple root of E. To
this end we compute (put w := iλ

−1
)

[eλ, eλ] = [K(w, z), K(w, z)] = (K(−w, z), K(w, z)) = K(−w, w) .

Since w ∈ iR−, we have

K(−w, w) = K(w, w) =
i

2π

(
E′(w)E#(w) − E(w)E#(w)′

)
= iE′(w)

E#(w)
2π

.

From the symmetry relation (5.1) we find that E(iR) ⊆ R. Since E(0) > 0 and E
has no zeros in C+, we have E(iR+) ⊆ R+ and therefore

sgn[eλ, eλ] = sgn iE′(w) .

Consider the function f(t) := E(−it) : [0,∞) → R. Then f(0) > 0 and hence at a
simple zero t0 of f we have

sgn f ′(t0) = (−1)n̂(f,t0) ,

where n̂(f, t0) denotes the number of zeros of f in [0, t0] counted according to their
multiplicities. Since f ′(t) = −iE′(−it) the relation (5.7) follows. �

Let us conclude with giving the matrix representation of RE with respect to
the decomposition (5.3).

5.2. Lemma. With respect to (5.3) the operator RE has the representation

RE =
∑

j

4πi(−1)j+1sj

|U ′
E,E#(µj)| Mj ,

with

Mj =

(
( . , Kg(µj , z))Kg(µj , z) i(−1)j ( . , Ku(µj , z))Kg(µj , z)

i(−1)j ( . , Kg(µj , z))Ku(µj , z) − ( . , Ku(µj , z))Ku(µj , z)

)
.

Proof. We determine the decomposition of φj with respect to (5.3). Using (5.9)
we obtain

φj =
√

2π

|E(µj)| · |U ′
E,E#(µj)| 12

· |E(µj)|√
2

·
[(

(−1)[
j
2 ] − i(−1)[

j+1
2 ]

)
K(µj , z) +

(
(−1)[

j
2 ] + i(−1)[

j+1
2 ]

)
K(−µj, z)

]
=

2
√

π

|U ′
E,E#(µj)| 12

[
(−1)[

j
2 ]Kg(µj , z) − i(−1)[

j+1
2 ]Ku(µj , z)

]
.

Substituting into (5.6) the assertion of the lemma follows. �
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5.3. Remark. The value of |U ′
E,E#(µj)| can be determined from A and B: Making

use of (5.9) we obtain from UE,E#(z) = E(z)2 + E#(z)2 that

U ′
E,E#(µj) = 2

√
2|E(µj)|(−1)[

j
2 ]
(
A′(µj) + (−1)jB′(µj)

)
.

Since sgn(−i)E(µj)2 = (−1)j , we obtain from (4.9) that sgnU ′
E,E#(µj) = (−1)j

and, hence, conclude that∣∣∣U ′
E,E#(µj)

∣∣∣ = 2
√

2|E(µj)|(−1)[
j+1
2 ]

(
A′(µj) + (−1)jB′(µj)

)
.
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c© 2006 Birkhäuser Verlag Basel/Switzerland

Algebras of Singular Integral Operators
with Piecewise Continuous Coefficients
on Weighted Nakano Spaces

Alexei Yu. Karlovich

Abstract. We find Fredholm criteria and a formula for the index of an arbi-
trary operator in the Banach algebra of singular integral operators with piece-
wise continuous coefficients on Nakano spaces (generalized Lebesgue spaces
with variable exponent) with Khvedelidze weights over either Lyapunov curves
or Radon curves without cusps. These results “localize” the Gohberg-Krupnik
Fredholm theory with respect to the variable exponent.

Mathematics Subject Classification (2000). Primary 45E05; Secondary 46E30,
47B35.

Keywords. Weighted Nakano space, Khvedelidze weight, one-dimensional sin-
gular integral operator, Lyapunov curve, Radon curve, Fredholmness.

1. Introduction

The study of one-dimensional singular integral operators (SIOs) with piecewise
continuous (PC) coefficients on weighted Lebesgue spaces was started by Khvedeli-
dze in the fifties and then was continued in the sixties by Widom, Simonenko,
Gohberg, Krupnik, and others. The starting point for those investigations was the
sufficient conditions for the boundedness of the Cauchy singular integral operator
S on Lebesgue spaces with power weights over Lyapunov curves proved in 1956 by
Khvedelidze [27]. Gohberg and Krupnik constructed the Fredholm theory for SIOs
with PC coefficients under the assumptions of the Khvedelidze theorem and this
theory is the heart of their monograph [16] first published in Russian in 1973 (see
also the monographs [6, 20, 33, 35, 36]). In the same year Hunt, Muckenhoupt, and
Wheeden proved that for the boundedness of S on Lp(T, w) it is necessary and
sufficient that the weight w belongs to the so-called Muckenhoupt class Ap(T),
here T denotes the unit circle. In 1982 David proved that S is bounded on L2

This work is partially supported by an F.C.T. (Portugal) grant.
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over a rectifiable curve if and only if the curve is a Carleson curve. After some
hard analysis one can conclude, finally, that S is bounded on a weighted Lebesgue
space over a rectifiable curve if and only the weight belongs to a Carleson curve
analog of the Muckenhoupt class (see [11], [2] and also [36]). In 1992 Spitkovsky
[43] made the next significant step after Gohberg and Krupnik (20 years later!): he
proved Fredholm criteria for an individual SIO with PC coefficients on Lebesgue
spaces with Muckenhoupt weights over Lyapunov curves. Finally, Böttcher and
Yu. Karlovich extended Spitkovsky’s result to the case of arbitrary Carleson curves
and Banach algebras of SIOs with PC coefficients. With their work the Fredholm
theory of SIOs with PC coefficients is available in the maximal generality (that,
is, when the Cauchy singular integral operator S is bounded on weighted Lebesgue
spaces). We recommend the nice paper [3] for a first reading about this topic and
[2] for a complete and self-contained analysis (see also [4]).

It is quite natural to consider the same problems in other, more general,
spaces of measurable functions on which the operator S is bounded. Good can-
didates for this role are rearrangement-invariant spaces (that is, spaces with the
property that norms of equimeasurable functions are equal). These spaces have nice
interpolation properties and boundedness results can be extracted from known re-
sults for Lebesgue spaces applying interpolation theorems. The author extended
(some parts of) the Böttcher-Yu. Karlovich Fredholm theory of SIOs with PC co-
efficients to the case of rearrangement-invariant spaces with Muckenhoupt weights
[22, 24]. Notice that necessary conditions for the Fredholmness of an individual
singular integral operator with PC coefficients are obtained in [25] for weighted
reflexive Banach function spaces (see [1, Ch. 1]) on which the operator S is
bounded.

Nakano spaces Lp(·) (generalized Lebesgue spaces with variable exponent)
are a nontrivial example of Banach function spaces which are not rearrangement-
invariant, in general. Many results about the behavior of some classical operators
on these spaces have important applications to fluid dynamics (see [10] and the ref-
erences therein). Recently Kokilashvili and S. Samko proved [29] that the operator
S is bounded on weighted Nakano spaces for the case of nice curves, nice weights,
and nice (but variable!) exponents. They also extended the Gohberg-Krupnik Fred-
holm criteria for an individual SIO with PC coefficients to this situation [30]. So,
Nakano spaces are a natural context for the “localization” of the Gohberg-Krupnik
theory with respect to the variable exponent. In this paper we proved Fredholm
criteria and a formula for the index of an arbitrary operator in the Banach alge-
bra of SIOs with PC coefficients on Nakano spaces (generalized Lebesgue spaces
with variable exponent) with Khvedelidze weights over either Lyapunov curves or
Radon curves without cusps. These results generalize [30] (see also [25]) to the case
of Banach algebras and the results of [15] (see also [14]) to the case of variable
exponents (notice also that Radon curves were not considered in [15]). Basically,
under the assumptions of the theorem of Kokilashvili and Samko, we can replace
the constant exponent p by the value of the variable exponent p(t) at each point
t of the contour of integration in the Gohberg-Krupnik Fredholm theory [15].
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The paper is organized as follows. In Section 2 we define weighted Nakano
spaces and discuss the boundedness of the Cauchy singular integral operator S
on weighted Nakano spaces. Section 3 contains Fredholm criteria for an individual
SIO with PC coefficients on weighted Nakano spaces. In Section 4 we formulate
the Allan-Douglas local principle and the two projections theorem. The results of
Section 4 are the main tools allowing us to construct the symbols calculus for the
Banach algebra of SIOs with PC coefficients in Section 5. Finally, in Section 6, we
prove an index formula for an arbitrary operator in the Banach algebra of SIOs
with PC coefficients acting on a Nakano space with a Khvedelidze weight over
either a Lyapunov curve or a Radon curve without cusps.

2. Preliminaries

2.1. The Cauchy singular integral

Let Γ be a Jordan (i.e., homeomorphic to a circle) rectifiable curve. We equip Γ
with the Lebesgue length measure |dτ | and the counter-clockwise orientation. The
Cauchy singular integral of a measurable function f : Γ → C is defined by

(Sf)(t) := lim
R→0

1
πi

∫
Γ\Γ(t,R)

f(τ)
τ − t

dτ (t ∈ Γ),

where the “portion” Γ(t, R) is

Γ(t, R) := {τ ∈ Γ : |τ − t| < R} (R > 0).

It is well known that (Sf)(t) exists almost everywhere on Γ whenever f is inte-
grable (see [11, Theorem 2.22]).

2.2. Weighted Nakano spaces Lp(·)

Function spaces Lp(·) of Lebesgue type with variable exponent p were studied for
the first time by Orlicz [42] in 1931, but notice that other kind of Banach spaces
are named after him. Inspired by the successful theory of Orlicz spaces, Nakano
defined in the late forties [40, 41] so-called modular spaces. He considered the space
Lp(·) as an example of modular spaces. Musielak and Orlicz [38] in 1959 extended
the definition of modular spaces by Nakano. Actually, that paper was the starting
point for the theory of Musielak-Orlicz spaces (generalized Orlicz spaces generated
by Young functions with a parameter), see [37].

Let p : Γ → [1,∞) be a measurable function. Consider the convex modular
(see [37, Ch. 1] for definitions and properties)

m(f, p) :=
∫

Γ

|f(τ)|p(τ)|dτ |.

Denote by Lp(·) the set of all measurable complex-valued functions f on Γ such
that m(λf, p) < ∞ for some λ = λ(f) > 0. This set becomes a Banach space with
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respect to the Luxemburg-Nakano norm

‖f‖Lp(·) := inf
{

λ > 0 : m(f/λ, p) ≤ 1
}

(see, e.g., [37, Ch. 2]). So, the spaces Lp(·) are a special case of Musielak-Orlicz
spaces. Sometimes the spaces Lp(·) are referred to as Nakano spaces (see, e.g., [13,
p. 151], [19, p. 179]). We will follow this tradition. Clearly, if p(·) = p is constant,
then the Nakano space Lp(·) is isometrically isomorphic to the Lebesgue space Lp.
Therefore, sometimes Lp(·) are called generalized Lebesgue spaces with variable
exponent or, simply, variable Lp spaces.

A nonnegative measurable function w on the curve Γ is referred to as a weight
if 0 < w(t) < ∞ almost everywhere on Γ. The weighted Nakano space is defined
by

Lp(·)
w =

{
f is measurable on Γ and fw ∈ Lp(·)

}
.

The norm in this space is defined as usual by ‖f‖
L

p(·)
w

= ‖fw‖Lp(·) .

2.3. Carleson, Lyapunov, and Radon curves

A rectifiable Jordan curve Γ is said to be a Carleson (or Ahlfors-David regular)
curve if

sup
t∈Γ

sup
R>0

|Γ(t, R)|
R

< ∞,

where |Ω| denotes the measure of a measurable set Ω ⊂ Γ. Much information about
Carleson curves can be found in [2].

On a rectifiable Jordan curve we have dτ = eiθΓ(τ)|dτ | where θΓ(τ) is the
angle between the positively oriented real axis and the naturally oriented tangent
of Γ at τ (which exists almost everywhere). A rectifiable Jordan curve Γ is said to
be a Lyapunov curve if

|θΓ(τ) − θΓ(t)| ≤ c|τ − t|µ
for some constants c > 0, µ ∈ (0, 1) and for all τ, t ∈ Γ. If θΓ is a function of
bounded variation on Γ, then the curve gamma Γ is called a Radon curve (or a
curve of bounded rotation). It is well known that Lyapunov curves are smooth,
while Radon curves may have at most countable set of corner points or cusps. All
Lyapunov curves and Radon curves without cusps are Carleson curves (see, e.g.,
[28, Section 2.3]).

2.4. Boundedness of the Cauchy singular integral operator

We shall assume that

1 < ess inf
t∈Γ

p(t), ess sup
t∈Γ

p(t) < ∞. (1)

In this case the conjugate exponent

q(t) :=
p(t)

p(t) − 1
(t ∈ Γ)

has the same property.
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Not so much is known about the boundedness of the Cauchy singular integral
operator S on weighted Nakano spaces L

p(·)
w for general curves, general weights, and

general exponents p(·). From [25, Theorem 6.1] we immediately get the following.

Theorem 2.1. Let Γ be a rectifiable Jordan curve, let w : Γ → [0,∞] be a weight,
and let p : Γ → [0,∞) be a measurable function satisfying (1). If the Cauchy
singular integral generates a bounded operator S on the weighted Nakano space
L

p(·)
w , then

sup
t∈Γ

sup
R>0

1
R
‖wχΓ(t,R)‖Lp(·)‖χΓ(t,R)/w‖Lq(·) < ∞. (2)

From the Hölder inequality for Nakano spaces (see, e.g., [37] or [32]) and (2)
we deduce that if S is bounded on L

p(·)
w , then Γ is necessarily a Carleson curve.

If the exponent p(·) = p ∈ (1,∞) is constant, then (2) is simply the famous
Muckenhoupt condition Ap (written in the symmetric form):

sup
t∈Γ

sup
R>0

1
R

(∫
Γ(t,R)

wp(τ)|dτ |
)1/p (∫

Γ(t,R)

w−q(τ)|dτ |
)−1/q

< ∞,

where 1/p + 1/q = 1. It is well known that for classical Lebesgue spaces Lp this
condition is not only necessary, but also sufficient for the boundedness of the
Cauchy singular integral operator S. A detailed proof of this result can be found
in [2, Theorem 4.15].

Consider now a power weight of the form

�(t) :=
N∏

k=1

|t − τk|λk , τk ∈ Γ, k ∈ {1, . . . , N}, N ∈ N, (3)

where all λk are real numbers. Introduce the class P of exponents p : Γ → [1,∞)
satisfying (1) and

|p(τ) − p(t)| ≤ A

− log |τ − t| (4)

for some A ∈ (0,∞) and all τ, t ∈ Γ such that |τ − t| < 1/2.
Criteria for the boundedness of the Cauchy singular integral operator on

Nakano spaces with power weights (3) were recently proved by Kokilashvili and
Samko [29] under the condition that the curve Γ and the variable exponent p(·)
are sufficiently nice.

Theorem 2.2. (see [29, Theorem 2]). Let Γ be either a Lyapunov Jordan curve or
a Radon Jordan curve without cusps, let � be a power weight of the form (3), and
let p ∈ P. The Cauchy singular integral operator S is bounded on the weighted
Nakano space L

p(·)
� if and only if

0 <
1

p(τk)
+ λk < 1 for all k ∈ {1, . . . , N}. (5)
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For weighted Lebesgue spaces this result is classic, for Lyapunov curves it
was proved by Khvedelidze [27]. Therefore the weights of the form (3) are often
called Khvedelidze weights. We shall follow this tradition. For Lebesgue spaces
over Radon curves without cusps the above result was proved by Danilyuk and
Shelepov [8, Theorem 2]. The proofs and history can be found in [7, 16, 28, 36].

Notice that if p is constant and Γ is a Carleson curve, then (5) is equivalent
to the fact that � is a Muckenhoupt weight (see, e.g., [2, Chapter 2]). Analogously
one can prove that if the exponent p belong to the class P and the curve Γ is
Carleson, then the power weight (3) satisfies the condition (2) if and only if (5) is
fulfilled. The proof of this fact is essentially based on the possibility of estimation
of the norms of power functions in Nakano spaces with exponents in the class P
(see also [25, Lemmas 5.7 and 5.8] and [29], [31]).

2.5. Is the condition p ∈ P necessary for the boundedness?

What can be said about the necessity of the condition p ∈ P in Theorem 2.2? We
conjecture that this condition is not necessary, that is, the Cauchy singular integral
operator can be bounded on L

p(·)
� , but p does not satisfy (4). This conjecture is

supported by the following observation made by Andrei Lerner [34].
It is well known that, roughly speaking, singular integrals can be controlled

by maximal functions. Denote by M(Rn) the class of exponents p : Rn → [1,∞)
which are essentially bounded and bounded away from 1 and such that the Hardy-
Littlewood maximal operator is bounded on Lp(·)(Rn). Diening and Růžička [10,
Theorem 4.8] proved that if p ∈ M(Rn) and there exists s ∈ (0, 1) such that
s/p(t)+1/q̃(t) = 1 and q̃ ∈ M(Rn), then the Calderón-Zygmund singular integral
operator is bounded on Lp(·)(Rn). A weighted analog of this theorem was used by
Kokilashvili and Samko (see [29] and also [31]) to prove Theorem 2.2. Notice also
that the author and Lerner [26, Theorem 2.7] proved that if p, q ∈ M(Rn), then
the Calderón-Zygmund singular integral operator is bounded on Lp(·)(Rn). On the
other hand, Diening [9] showed that the following conditions are equivalent:

(i) p ∈ M(Rn);
(ii) q ∈ M(Rn);
(iii) there exists s ∈ (0, 1) such that s/p(t) + 1/q̃(t) = 1 and q̃ ∈ M(Rn).
So, p ∈ M(Rn) implies the boundedness of the Calderón-Zygmund singular inte-
gral operator on Lp(·)(Rn).

Lerner [34], among other things, observed that

p(x) = α + sin(log log(1/|x|)χE(x)),

where α > 2 is some constant and χE is the characteristic function of the ball
E := {x ∈ Rn : |x| ≤ 1/e}, belongs to M(Rn). Clearly, the exponent p in this
example is discontinuous at the origin, so it does not satisfy (an Rn analog of) the
condition (4). This exponent belongs to the class of pointwise multipliers for BMO
(the space of functions of bounded mean oscillation). For descriptions of pointwise
multipliers for BMO, see Stegenga [44], Janson [18] (local case) and Nakai, Yabuta
[39] (global case). So, we strongly believe that necessary and sufficient conditions
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for the boundedness of the Cauchy singular integral operator (and other singular
integrals and maximal functions) on Nakano spaces Lp(·) should be formulated
in terms of integral means of the exponent p (i.e., in BMO terms), but not in
pointwise terms like (4).

3. Fredholm criteria

3.1. Fredholm operators

A bounded linear operator A on a Banach space is said to be Fredholm if its image
is closed and both so-called defect numbers

n(A) := dim kerA, d(A) := dim kerA∗

are finite. In this case the difference n(A)− d(A) is referred to as the index of the
operator A and is denoted by IndA. Basic properties of Fredholm operators are
discussed in [5, 16, 20, 35, 36] and in many other monographs.

3.2. Singular integral operators with piecewise continuous coefficients

In the following we shall suppose that Γ is either a Lyapunov Jordan curve or a
Radon Jordan curve without cusps, the variable exponent p belongs to the class P ,
and the Khvedelidze weight (3) satisfies the conditions (5). Then, by Theorem 2.2,
the operator S is bounded on the weighted Nakano space L

p(·)
� . Let I be the

identity operator on L
p(·)
� . Put

P := (I + S)/2, Q := (I − S)/2.

Let L∞ denote the space of all measurable essentially bounded functions on
Γ. We denote by PC the Banach algebra of all piecewise continuous functions on
Γ: a function a ∈ L∞ belongs to PC if and only if the finite one-sided limits

a(t ± 0) := lim
τ→t±0

a(τ)

exist for every t ∈ Γ.
For a ∈ PC denote by aI the operator of multiplication by a. Obviously, it

is bounded on L
p(·)
� . If B is a bounded operator, then we will simply write aB for

the product aI · B. The operators of the form aP + bQ with a, b ∈ PC are called
singular integral operators (SIOs) with piecewise continuous (PC) coefficients.

Theorem 3.1. The operator aP +bQ, where a, b ∈ PC, is Fredholm on the weighted
Nakano space L

p(·)
� if and only if

a(t ± 0) �= 0, b(t ± 0) �= 0, − 1
2π

arg
g(t − 0)
g(t + 0)

+
1

p(t)
+ λ(t) /∈ Z

for all t ∈ Γ, where g = a/b and

λ(t) :=
{

λk, if t = τk, k ∈ {1, . . . , N},
0, if t /∈ Γ \ {τ1, . . . , τN}.
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If a, b have only finite numbers of jumps and � = 1, this result was obtained
in [30, Theorem A] (as well as a formula for the index of the operator aP + bQ).
In the present form this result is contained in [25, Theorem 8.3]. For Lebesgue
spaces with Khvedelidze weights over Lyapunov curves the corresponding result
was obtained in the late sixties by Gohberg and Krupnik [16, Ch. 9].

3.3. Widom-Gohberg-Krupnik arcs

Given z1, z2 ∈ C and r ∈ (0, 1), put

A(z1, z2; r) := {z1, z2} ∪
{

z ∈ C \ {z1, z2} : arg
z − z1

z − z2
∈ 2πr + 2πZ

}
.

This is a circular arc between z1 and z2 (which contains its endpoints z1 and
z2). Clearly, A(z, z; ν) degenerates to the point {z} and A(z1, z2; 1/2) is the line
segment between z1 and z2. A connection of these arcs to Fredholm properties
of singular integral operators with piecewise continuous coefficients on Lp(R) was
first observed by Widom in 1960. Gohberg and Krupnik expressed their Fredholm
theory of SIOs with PC coefficients on Lebesgue spaces with Khvedelidze weights
over piecewise Lyapunov curves in terms of these arcs. For more about this topic we
refer to the books [5, 16, 20, 36], where the Gohberg-Krupnik Fredholm theory is
presented; see also more recent monographs [2, 4], where generalizations of Widom-
Gohberg-Krupnik arcs play an essential role in the Fredholm theory of Toeplitz
operators with PC symbols on Hardy spaces with Muckenhoupt weights.

Fix t ∈ Γ and consider a function χt ∈ PC which is continuous on Γ \ {t}
and satisfies χt(t − 0) = 0 and χt(t + 0) = 1.

From Theorem 3.1 we immediately get the following.

Corollary 3.2. We have{
λ ∈ C : (χt − λ)P + Q is not Fredholm on Lp(·)

�

}
= A(0, 1; 1/p(t) + λ(t)

)
.

4. Tools for the construction of the symbol calculus

4.1. The Allan-Douglas local principle

Let B be a Banach algebra with identity. A subalgebra Z of B is said to be a
central subalgebra if zb = bz for all z ∈ Z and all b ∈ B.

Theorem 4.1. (see [5, Theorem 1.34(a)]). Let B be a Banach algebra with unit e
and let Z be closed central subalgebra of B containing e. Let M(Z) be the maximal
ideal space of Z, and for ω ∈ M(Z), let Jω refer to the smallest closed two-sided
ideal of B containing the ideal ω. Then an element b is invertible in B if and only
if b + Jω is invertible in the quotient algebra B/Jω for all ω ∈ M(Z).
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4.2. The two projections theorem

The following two projections theorem was obtained by Finck, Roch, Silbermann
[12] and Gohberg, Krupnik [17].

Theorem 4.2. Let F be a Banach algebra with identity e, let C = Cn×n be a Banach
subalgebra of F which contains e, and let p and q be two projections in F such
that cp = pc and cq = qc for all c ∈ C. Let W = alg(C, p, q) be the smallest closed
subalgebra of F containing C, p, q. Put

x = pqp + (e − p)(e − q)(e − p),

denote by sp x the spectrum of x in F , and suppose the points 0 and 1 are not
isolated points of spx. Then
(a) for each µ ∈ sp x the map σµ of C ∪ {p, q} into the algebra C2n×2n of all

complex 2n × 2n matrices defined by

σµc =
(

c 0
0 c

)
, σµp =

(
E 0
0 0

)
, (6)

σµq =
(

µE
√

µ(1 − µ)E√
µ(1 − µ)E (1 − µ)E

)
, (7)

where c ∈ C, E denotes the n × n unit matrix and
√

µ(1 − µ) denotes any
complex number whose square is µ(1 − µ), extends to a Banach algebra ho-
momorphism σµ : W → C2n×2n;

(b) an element a ∈ W is invertible in F if and only if detσµa �= 0 for all µ ∈ sp x;
(c) the algebra W is inverse closed in F if and only if the spectrum of x in W

coincides with the spectrum of x in F .

A further generalization of the above result to the case of N projections is
contained in [2].

5. Algebra of singular integral operators

5.1. The ideal of compact operators

The curve Γ divides the complex plane C into the bounded simply connected
domain D+ and the unbounded domain D−. Without loss of generality we as-
sume that 0 ∈ D+. Let Xn := [Lp(·)

� ]n be a direct sum of n copies of weighted
Nakano spaces X := L

p(·)
� , let B := B(Xn) be the Banach algebra of all bounded

linear operators on Xn, and let K := K(Xn) be the closed two-sided ideal of
all compact operators on Xn. We denote by Cn×n (resp. PCn×n) the collection
of all continuous (resp. piecewise continuous) n × n matrix functions, that is,
matrix-valued functions with entries in C (resp. PC). Put I(n) := diag{I, . . . , I}
and S(n) := diag{S, . . . , S}. Our aim is to get Fredholm criteria for an operator
A ∈ U := alg(PCn×n, S(n)), the smallest Banach subalgebra of B which con-
tains all operators of multiplication by matrix-valued functions in PCn×n and the
operator S(n).
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Lemma 5.1. K is contained in alg(Cn×n, S(n)), the smallest closed subalgebra of B
which contains the operators of multiplication by continuous matrix-valued func-
tions and the operator S(n).

Proof. The proof of this statement is standard, here we follow the presentation in
[21, Lemma 9.1]. First, notice that it is sufficient to prove the statement for n = 1.
By [32, Theorem 2.3 and Corollary 2.7] (see also [37]), (1) is equivalent to the
reflexivity of the Nakano space Lp(·). Then, in view of [25, Proposition 2.11], the
set of all rational functions without poles on Γ is dense in both weighted spaces
L

p(·)
� and L

q(·)
1/�. Hence {tk}∞k=−∞ is a basis in L

p(·)
� (we assumed that 0 ∈ D+),

whence L
p(·)
� has the approximating property: each compact operator on L

p(·)
�

can be approximated in the operator norm by finite-rank operators as closely as
desired. So, it is sufficient to show that a finite-rank operator on L

p(·)
� belongs to

alg(C, S). Since [Lp(·)
� ]∗ = L

q(·)
1/� (again see [32] or [37]), a finite-rank operator on

L
p(·)
� is of the form

(Kf)(t) =
m∑

j=1

aj(t)
∫

Γ

bj(τ)f(τ)dτ, t ∈ Γ, (8)

where aj ∈ L
p(·)
� and bj ∈ L

q(·)
1/�. Since C is dense in L

p(·)
� and in L

q(·)
1/�, one can

approximate in the operator norm every operator of the form (8) by operators
of the same form but with aj , bj ∈ C. Therefore it is sufficient to prove that the
operator (8) with aj , bj ∈ C belongs to alg(C, S). But the latter fact is obvious
because

K =
m∑

j=1

aj(SχI − χS)bjI,

where χ(τ) = τ for τ ∈ Γ. �
5.2. Operators of local type

We shall denote by Bπ the Calkin algebra B/K and by Aπ the coset A+K for any
operator A ∈ B. An operator A ∈ B is said to be of local type if AcI(n) − cA is
compact for all c ∈ C, where cI(n) denotes the operator of multiplication by the
diagonal matrix-valued function diag{c, . . . , c}. It easy to see that the set L of all
operators of local type is a closed subalgebra of B.

Proposition 5.2.

(a) We have K ⊂ U ⊂ L.
(b) An operator A ∈ L is Fredholm if and only if the coset Aπ is invertible in the

quotient algebra Lπ := L/K.

Proof. (a) The embedding K ⊂ U follows from Lemma 5.1, the embedding U ⊂ L
follows from the fact that cS − ScI is a compact operator on L

p(·)
� for c ∈ C (see,

e.g., [25, Lemma 6.5]).
(b) Straightforward. �
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5.3. Localization

From Proposition 5.2(a) we deduce that the quotient algebras Uπ := U/K and
Lπ := L/K are well defined. We shall study the invertibility of an element Aπ of
Uπ in the larger algebra Lπ by using the localization techniques (more precisely,
Theorem 4.1). To this end, consider

Zπ :=
{
(cI(n))π : c ∈ C

}
.

From the definition of L it follows that Zπ is a central subalgebra of Lπ. The
maximal ideal space M(Zπ) of Zπ may be identified with the curve Γ via the
Gelfand map G given by

G : Zπ → C,
(G(cI(n))π

)
(t) = c(t) (t ∈ Γ).

In accordance with Theorem 4.1, for every t ∈ Γ we define Jt ⊂ Lπ as the smallest
closed two-sided ideal of Lπ containing the set{

(cI(n))π : c ∈ C, c(t) = 0
}
.

Consider a function χt ∈ PC which is continuous on Γ \ {t} and satisfies
χt(t − 0) = 0 and χt(t + 0) = 1. For a ∈ PCn×n define the function at ∈ PCn×n

by
at := a(t − 0)(1 − χt) + a(t + 0)χt. (9)

Clearly (aI(n))π−(atI
(n))π ∈ Jt. Hence, for any operator A ∈ U , the coset Aπ +Jt

belongs to the smallest closed subalgebra Wt of Lπ/Jt containing the cosets

p :=
(
(I(n) + S(n))/2

)π + Jt, q := (χtI
(n))π + Jt, (10)

where χtI
(n) denotes the operator of multiplication by the diagonal matrix-valued

function diag{χt, . . . , χt} and the algebra

C :=
{
(cI(n))π + Jt : c ∈ Cn×n

}
. (11)

The latter algebra is obviously isomorphic to Cn×n, so C and Cn×n can be identified
to each other.

5.4. The spectrum of pqp + (e − p)(e − q)(e − p)

Since P 2 = P on L
p(·)
� (see, e.g., [25, Lemma 6.4]) and χ2

t−χt ∈ C, (χ2
t−χt)(t) = 0,

it is easy to see that

p2 = p, q2 = q, pc = cp, qc = cq (12)

for every c ∈ C, where p, q and C are given by (10) and (11). To apply Theorem 4.2
to the algebras F = Lπ/Jt and W = Wt = alg(C, p, q), we have to identify the
spectrum of

pqp + (e − p)(e − q)(e − p) =
(
P (n)χtP

(n) + Q(n)(1 − χt)Q(n)
)π + Jt (13)

in the algebra F = Lπ/Jτ , here P (n) := (I(n)+S(n))/2 and Q(n) := (I(n)−S(n))/2.
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Lemma 5.3. Let χt ∈ PC be a continuous function on Γ\{t} such that χt(t−0) = 0,
χt(τ + 0) = 1 and χt(Γ \ {t}) ∩ A(0, 1; 1/p(t) + λ(t)) = ∅. Then the spectrum of
(13) in the algebra Lπ/Jt coincides with A(0, 1; 1/p(t) + λ(t)).

Proof. Once we have at hand Corollary 3.2, the proof of this lemma can be devel-
oped by a literal repetition of the proof of [21, Lemma 9.4]. It is only necessary to
replace the spiralic horn S(0, 1; δt; αM , βM ) in that proof by the Widom-Gohberg-
Krupnik circular arc A(0, 1; 1/p(t) + λ(t)). A nice discussion of the relations be-
tween (spiralic) horns and circular arcs and their role in the Fredholm theory of
SIOs can be found in [2] and [3]. �

5.5. Symbol calculus

Now we are in a position to prove the main result of this paper.

Theorem 5.4. Define the “arcs bundle”

M :=
⋃
t∈Γ

(
{t} × A(0, 1; 1/p(t) + λ(t)

))
.

(a) for each point (t, µ) ∈ M, the map

σt,µ : {S(n)} ∪ {aI(n) : a ∈ PCn×n} → C2n×2n,

given by

σt,µ(S(n)) =
(

E O
O −E

)
, σt,µ(aI(n)) =

(
a11(t, µ) a12(t, µ)
a21(t, µ) a22(t, µ)

)
,

where

a11(t, µ) := a(t + 0)µ + a(t − 0)(1 − µ),

a12(t, µ) = a21(t, µ) := (a(t + 0) − a(t − 0))
√

µ(1 − µ),
a22(t, µ) := a(t + 0)(1 − µ) + a(t − 0)µ,

and O and E are the zero and identity n × n matrices, respectively, extends
to a Banach algebra homomorphism

σt,µ : U → C2n×2n

with the property that

σt,µ(K) =
(

O O
O O

)
for every compact operator K on Xn;

(b) an operator A ∈ U is Fredholm on Xn if and only if

detσt,µ(A) �= 0 for all (t, µ) ∈ M;

(c) the quotient algebra Uπ is inverse closed in the Calkin algebra Bπ, that is, if
an arbitrary coset Aπ ∈ Uπ is invertible in Bπ, then (Aπ)−1 ∈ Uπ.
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Proof. The idea of the proof of this theorem based on the Allan-Douglas local
principle and the two projections theorem is borrowed from [2].

Fix t ∈ Γ and choose a function χt ∈ PC such that χt is continuous on Γ\{t},
χt(t− 0) = 0, χt(t +0) = 1, and χt(Γ \ {t})∩A(0, 1; 1/p(t)+ λ(t)) = ∅. From (12)
and Lemma 5.3 we deduce that the algebras Lπ/Jt and Wt = alg(C, p, q), where
p, q and C are given by (10) and (11), respectively, satisfy all the conditions of the
two projections theorem (Theorem 4.2).

(a) In view of Theorem 4.2(a), for every µ ∈ A(0, 1; 1/p(t) + λ(t)), the map
σµ : Cn×n ∪ {p, q} → C2n×2n given by (6)–(7) extends to a Banach algebra homo-
morphism σµ : Wt → C2n×2n. Then the map

σt,µ = σµ ◦ πt : U → C2n×2n,

where πt : U → Wt = Uπ/Jt is acting by the rule A 
→ Aπ + Jt, is a well-defined
Banach algebra homomorphism and

σt,µ(S(n)) = 2σµp − σµe =
(

E O
O −E

)
.

If a ∈ PCn×n, then in view of (9) and (aI(n))π − (atI
(n))π ∈ Jt it follows that

σt,µ(aI(n)) = σt,µ(atI
(n)) = σµ(a(t − 0))σµ(e − q) + σµ(a(t + 0))σµq

=
(

a11(t, µ) a12(t, µ)
a21(t, µ) a22(t, µ)

)
.

From Proposition 5.2(a) it follows that πt(K) = Kπ + Jt = Jt for every K ∈ K
and every t ∈ Γ. Hence,

σt,µ(K) = σµ(0) =
(

O O
O O

)
.

Part (a) is proved.
(b) From Proposition 5.2 it follows that the Fredholmness of A ∈ U is equiv-

alent to the invertibility of Aπ ∈ Lπ . By Theorem 4.1, the former is equivalent to
the invertibility of πt(A) = Aπ +Jt in Lπ/Jt for every t ∈ Γ. By Theorem 4.2(b),
this is equivalent to

detσt,µ(A) = detσµπt(A) �= 0 for all (t, µ) ∈ M. (14)

Part (b) is proved.
(c) Since A(0, 1; 1/p(t) + λ(t)) does not separate the complex plane C, it

follows that the spectra of (13) in the algebras Lπ/Jt and Wt = Uπ/Jt coincide,
so we can apply Theorem 4.2(c). If Aπ, where A ∈ U , is invertible in Bπ, then
(14) holds. Consequently, by Theorem 4.2(b), (c), πt(A) = Aπ +Jt is invertible in
Wt = Uπ/Jt for every t ∈ Γ. Applying Theorem 4.1 to Uπ , its central subalgebra
Zπ, and the ideals Jt, we obtain that Aπ is invertible in Uπ , that is, Uπ is inverse
closed in the Calkin algebra Bπ. �
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6. Index of a Fredholm SIO

6.1. Functions on the cylinder Γ × [0, 1] with an exotic topology

Let us consider the cylinder M := Γ × [0, 1]. Following [14, 15], we equip it with
an exotic topology, where a neighborhood base is given as follows:

Ω(t, 0) :=
{
(t, x) ∈ M : |τ − t| < δ, τ ≺ t, x ∈ [0, 1]

} ∪ {
(t, x) ∈ M : x ∈ [0, ε)

}
,

Ω(t, 1) :=
{
(t, x) ∈ M : |τ − t| < δ, t ≺ τ, x ∈ [0, 1]

} ∪ {
(t, x) ∈ M : x ∈ (ε, 1]

}
,

Ω(t, x0) :=
{
(t, x) ∈ M : x ∈ (x0 − δ1, x0 + δ2)

}
,

where x0 �= 0, 0 < δ1 < x0, 0 < δ2 < 1 − x0, and 0 < ε < 1.
Note that A(z1, z2; r) has the following parametric representation

z(x) = z1 + (z2 − z1)ω(x, r), 0 ≤ x ≤ 1,

where ω(x, r) = x for r = 1/2 and

ω(x, r) :=
sin(θx) exp(iθx)

sin θ exp(iθ)
, θ := π(1 − 2r), r �= 1/2.

Let Λ be the set of all piecewise continuous scalar functions having only
finitely many jumps. For a ∈ Λ, put

Ua(t, x) := a(t+0)ω(x, 1/p(t)+λ(t))+a(t−0)
(
1−ω(x, 1/p(t)+λ(t))

)
, (t, x) ∈ M.

Let us consider the function

F (t, x) :=
k∏

j=1

Uaj (t, x), (t, x) ∈ M, (15)

where aj ∈ Λ, 1 ≤ j ≤ k, and k ≥ 1. If F (t, x) �= 0 for all (t, x) ∈ M, then F is
continuous on M and the image of this function is a continuous closed curve that
does not pass through the origin and can be oriented in a natural way. Namely,
at the points where the functions aj are continuous, the orientation of the curve
is defined correspondingly to the orientation of Γ. Along the complementary arcs
connecting the one-sided limits at jumps the orientation is defined by the variation
of x from 0 to 1. The index ind MF of F is defined as the winding number of the
above defined curve about the origin.

By F(M) we denote the class of functions H : M → C satisfying the following
two conditions:

(i) H(t, x) �= 0 for all (t, x) ∈ M;
(ii) H can be represented as the uniform limit with respect to (t, x) ∈ M of a

sequence of functions Fs of the form (15).
The numbers ind MFs are independent of s starting from some number s0.

The number
ind MH := lim

s→∞ ind MFs

will be called the index of H ∈ F(M). One can see that the index just defined is
independent of the choice of a sequence Fs of the form (15).
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6.2. Index formula

The matrix function

A(t, x) = σt,ω(x,1/p(t)+λ(t))(A), (t, x) ∈ M,

is said to be the symbol of the operator A ∈ U . We can write the symbol in the
block form

A(t, x) =
(

A11(t, x) A12(t, x)
A21(t, x) A22(t, x)

)
, (t, x) ∈ M,

where Aij(t, x) are n × n matrix functions.

Theorem 6.1. If an operator A ∈ U is Fredholm on Xn, then the function

QA(t, x) :=
detA(t, x)

det A22(t, 0) detA22(t, 1)
, (t, x) ∈ M,

belongs to F(M) and
Ind A = −ind MQA.

Proof. The proof of this theorem is developed as in the classical situation [14, 15]
(see also [22, 23] and [2]) in several steps. We do not present all details here,
although we mention the main steps.

1) The index formula for the scalar Fredholm operator aP + Q with a ∈ Λ:

Ind (aP + Q) = −ind MUa.

In a slightly different form (and in the non-weighted case) this formula was proved
by Kokilashvili and Samko [30].

2) The index formula for aP (n) + Q(n), where a ∈ Cn×n:

Ind (aP (n) + Q(n)) = − 1
2π

{Arg det a(t)}Γ,

where the latter denotes the Cauchy index of the continuous function deta. This
formula can be proved by using standard homotopic arguments.

3) The index formula for aP (n) + Q(n), where a is a function in Λn×n, the
set of n × n matrices with entries in Λ:

Ind (aP (n) + Q(n)) = −ind M detUa.

A proof of this fact is based on the possibility of a representation of a ∈ Λn×n as
the product c1Y c2, where c1 and c2 are nonsingular continuous matrix functions
and Y is an invertible upper-triangular matrix function in Λn×n. A proof of this
representation can be found, e.g., in [6, Ch. VIII, Lemma 2.2].

4) An index formula for the operators of the form
k∑

j=1

(aj1P
(n) + bj1Q

(n)) × · · · × (ajrP
(n) + bjrQ

(n)), (16)

where ajl, bjl ∈ Λn×n, 1 ≤ l ≤ r, k ≥ 1, can be proved by using the previous step
an a procedure of linear dilation as in [14, Theorem 7.1] or [15, Theorem 3.1].
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5) Every operator A ∈ U can be represented as a limit (in the operator
topology) of operators of the form (16). So, the index formula in the general case
follows from the fourth step by passing to the limits. Notice that if a sequence of
operators As ∈ U converges to A, then

detA(s) → det A, detA
(s)
11 → detA11, detA

(s)
22 → detA22

uniformly on M, where A and A(s) are the symbols of A and As (see [23, Theo-
rem 3]), so passage to the limits is legitimate. �
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Pseudodifferential Operators with
Compound Slowly Oscillating Symbols

Yuri I. Karlovich

Abstract. Let V (R) denote the Banach algebra of absolutely continuous func-
tions of bounded total variation on R. We study an algebra B of pseudodiffer-
ential operators of zero order with compound slowly oscillating V (R)-valued
symbols (x, y) �→ a(x, y, ·) of limited smoothness with respect to x, y ∈ R. Suf-
ficient conditions for the boundedness and compactness of pseudodifferential
operators with compound symbols on Lebesgue spaces Lp(R) are obtained. A
symbol calculus for the algebra B is constructed on the basis of an appropriate
approximation of symbols by infinitely differentiable ones and by use of the
techniques of oscillatory integrals. A Fredholm criterion and an index formula
for pseudodifferential operators A ∈ B are obtained. These results are carried
over to Mellin pseudodifferential operators with compound slowly oscillating
V (R)-valued symbols. Finally, we construct a Fredholm theory of general-
ized singular integral operators on weighted Lebesgue spaces Lp with slowly
oscillating Muckenhoupt weights over slowly oscillating Carleson curves.
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Secondary 45E05, 47G10, 47L15.

Keywords. Pseudodifferential operator, compound symbol, oscillatory inte-
gral, Lebesgue space, boundedness, compactness, Fredholm theory, general-
ized singular integral operator, Muckenhoupt weight, Carleson curve, slow
oscillation.

1. Introduction

Pseudodifferential operators with compound (double) symbols play an important
role in the modern theory of linear PDE and singular integral operators (see,
e.g., [13], [22], [39], [40], [42], [32], [1]). Treatments of pseudodifferential operators
most frequently concentrate on operators with smooth symbols, but for a lot of
applications we need to study pseudodifferential operators with symbols of limited
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smoothness. Thus, studying pseudodifferential operators with symbols of minimal
smoothness is of interest now (see, e.g., [6], [7], [24], [39], [41]).

Pseudodifferential operators of Mellin type were intensively studied along
with the Fourier pseudodifferential operators (see, e.g., H.O. Cordes [8], J.E. Lewis
and C. Parenti [23] and the references given there). The theory of Mellin pseudo-
differential operators of higher order with smooth symbols is applied in the study
of boundary value problems on manifolds with singularities (see, e.g., [35], [36] and
the references therein), in the diffraction theory (see, e.g., [25], [26]), and in the
theory of singular integral operators with singularities (see [2]–[4], [29]).

Let Bp = B(Lp(R)
)

be the Banach algebra of bounded linear operators acting
on the Lebesgue space Lp(R), 1 < p < ∞, and let K = Kp be the closed two-sided
ideal of all compact operators in Bp.

The paper is devoted to studying the Fourier and Mellin pseudodifferential
operators with compound symbols on Lebesgue spaces Lp over R and R+, re-
spectively. More precisely, we study an algebra B of (Fourier) pseudodifferential
operators of zero order with compound slowly oscillating V (R)-valued symbols
(x, y) 
→ a(x, y, ·) of limited smoothness with respect to x, y ∈ R, where V (R) is
the Banach algebra of absolutely continuous functions of bounded total variation
on R. Sufficient conditions for the boundedness and compactness of pseudodifferen-
tial operators with compound symbols on the Lebesgue spaces Lp(R) are obtained.
A symbol calculus for the algebra B is constructed on the basis of an appropri-
ate approximation of symbols by infinitely differentiable ones and by use of the
techniques of oscillatory integrals. As is well known (see, e.g., [5], [12], [1]), an
operator A ∈ A is said to be Fredholm, if its image is closed and the spaces kerA
and kerA∗ are finite-dimensional. In that case Ind A = dimkerA − dim kerA∗ is
referred to as the index of A. A Fredholm criterion and an index formula for the
pseudodifferential operators A ∈ B are obtained. These results are carried over to
Mellin pseudodifferential operators with compound slowly oscillating V (R)-valued
symbols (r, �) 
→ a(r, �, ·) of limited smoothness relative to r, � ∈ R+. Finally,
as an application we construct a Fredholm theory of generalized singular integral
operators on weighted Lebesgue spaces Lp over slowly oscillating Carleson curves
with slowly oscillating Muckenhoupt weights.

The paper extends the results of [16] and is organized as follows. By analogy
with [16], in Section 2 we introduce new classes of compound symbols Cb

(
Rn, V (R)

)
,

Sn, and EV
n ⊂ EC

n that consist of bounded continuous, uniformly continuous, and
slowly oscillating V (R)-valued functions on Rn, respectively. Approximations of
the functions in these classes by infinitely differentiable ones are constructed by
the scheme of [8, Chapter 3] with estimates caused by the considered classes of
symbols. Here we also introduce a subset Ẽn ⊂ EV

n of symbols which allows us
to construct a Fredholm theory for pseudodifferential operators with compound
symbols in Ẽ2.

In Section 3 we study (Fourier) pseudodifferential operators with compound
finitely differentiable (with respect to spatial variables) V (R)-valued symbols in
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Cb

(
R × R, V (R)

)
making use of the techniques of oscillatory integrals (see, e.g.,

[22], [42], [30], [32]).
In Section 4, we establish sufficient conditions for the boundedness and com-

pactness of (Fourier) pseudodifferential operators with compound V (R)-valued
symbols of limited smoothness relative to spatial variables on the Lebesgue spaces
Lp(R), 1 < p < ∞. The proofs are based on the results of Sections 2–3 and [16].

In Section 5 we construct the symbol calculus for pseudodifferential operators
with compound slowly oscillating V (R)-valued symbols of limited smoothness with
respect to spatial variables and obtain a Fredholm criterion and an index formula
for such operators making use of the results of [16] and Section 4.

In Section 6 we carry the results obtained for Fourier pseudodifferential op-
erators with compound symbols over to Mellin pseudodifferential operators with
compound slowly oscillating V (R)-valued symbols of limited smoothness with re-
spect to spatial variables r, � ∈ R+.

The next two sections are devoted to an application of Mellin pseudodifferen-
tial operators to constructing a Fredholm theory for generalized singular integral
operators on weighted Lebesgue spaces Lp(Γ, w) with slowly oscillating Mucken-
houpt weights w over slowly oscillating Carleson curves Γ.

Given an oriented rectifiable simple arc Γ in the plane and a function f in
L1(Γ), the Cauchy singular integral SΓf ,

(SΓf)(t) := lim
ε→0

1
πi

∫
Γ\Γ(t,ε)

f(τ)
τ − t

dτ, Γ(t, ε) :=
{
τ ∈ Γ : |τ − t| < ε

}
,

exists for almost all t ∈ Γ. We consider SΓ as an operator on the weighted Lp space
Lp(Γ, w) with the norm ‖f‖ :=

∥∥fw
∥∥

Lp(Γ)
where 1 < p < ∞ and w : Γ → [0,∞]

is a measurable function such that w−1({0,∞}) has measure zero. After a long
development, which culminated with the work by Hunt, Muckenhoupt, Wheeden
[14] and David [9], it became clear that SΓ is a well-defined and bounded operator
on Lp(Γ, w) if and only if

sup
ε>0

sup
t∈Γ

1
ε

(∫
Γ(t,ε)

w(τ)p|dτ |
)1/p(∫

Γ(t,ε)

w(τ)−q |dτ |
)1/q

< ∞, (1.1)

where 1/p + 1/q = 1 (see also [11] and [1]). Following [3], we write Ap for the set
of all pairs (Γ, w) satisfying (1.1). Using Hölder’s inequality, it is easily seen that
(1.1) implies that

sup
ε>0

sup
t∈Γ

|Γ(t, ε)|/ε < ∞, (1.2)

where |Γ(t, ε)| stands for the Lebesgue (length) measure of Γ(t, ε). Condition (1.1)
is called the Muckenhoupt condition. The curves Γ satisfying (1.2) are named
Carleson or Ahlfors-David curves (see [1]).

Applications of Mellin pseudodifferential operators with compound (double)
symbols to studying algebras of singular integral operators with slowly oscillat-
ing coefficients on weighted Lebesgue spaces with slowly oscillating Muckenhoupt
weights over slowly oscillating Carleson curves were considered in [29], [2], [3], [4]
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(see also [1], [32] and the references therein). Singular integral operators with some
slowly oscillating shifts were investigated in [17], pseudodifferential operators with
slowly oscillating shifts were studied in [31]. In all these papers the symbols of
pseudodifferential operators were infinitely differentiable. Now we apply the re-
sults on Mellin pseudodifferential operators with compound V (R)-valued symbols
of limited smoothness (with respect to spatial variables).

In Section 7 we introduce slowly oscillating data of generalized singular inte-
gral operators. In Section 8 we obtain a Fredholm criterion and an index formula
for generalized singular integral operators with slowly oscillating coefficients on
weighted Lebesgue spaces Lp(Γ, w) with slowly oscillating Muckenhoupt weights
w over slowly oscillating unbounded Carleson curves Γ with endpoints t ∈ C and
∞, making use of the results of Sections 4 to 6. Let α be an orientation-preserving
diffeomorphism of Γ0 = Γ \ {t,∞} onto itself that is slowly oscillating at the end-
points of Γ, and let Vα be the corresponding shift operator, Vαϕ = ϕ ◦ α. We call
the operators of the form VαSΓV −1

α generalized singular integral operators. The
Fredholm result obtained in Section 8 essentially depends on all slowly oscillating
data: the curve, the weight, the shift, and the coefficients.

2. Oscillating compound symbols and their approximation

Slowly oscillating functions. For n ∈ N and a point x = (x1, . . . , xn) ∈ Rn, fix
the norm ‖x‖ = max{|x1|, . . . , |xn|}. Given a continuous function a : Rn → C, let
Cb(Rn) := C(Rn) ∩ L∞(Rn) and let cmx(a) := cmx,1(a) where

cmx,ε(a) := max
{
|a(x + y) − a(x)| : y ∈ Rn, ‖y‖ ≤ ε

}
(2.1)

for ε > 0 is a local oscillation of a at a point x ∈ Rn.
According to [8, p. 122], a function a ∈ Cb(Rn) is called slowly oscillating at

∞ if

lim
‖x‖→∞

cmx(a) = 0 (2.2)

or, equivalently, lim
‖x‖→∞

cmx,ε(a) = 0 for every ε > 0.

Let SO(Rn) be the set of all functions in Cb(Rn) which are slowly oscillating
at ∞. By [8, Chapter 3, Lemma 10.4], SO(Rn) is a C∗-algebra being the closure
in L∞(Rn) of the algebra

SO∞(Rn) :=
{

a ∈ C∞
b (Rn) : lim

‖x‖→∞
∂α

x a(x) = 0, |α| > 0
}
. (2.3)

Here C∞
b (Rn) is the set of all infinitely differentiable functions a : Rn → C that

are bounded with all their partial derivatives, ∂xj = ∂/∂xj , ∂α
x = ∂α1

x1
. . . ∂αn

xn
and

|α| = α1 + · · · + αn for every multi-index α = (α1, . . . , αn) with non-negative
integers αj . For a ∈ SO(Rn), an approximation aε ∈ SO∞(Rn) (ε → 0) can be
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chosen in the form aε = ψε ∗ a where

ψε(x) = ϕε(x1)ϕε(x2) · · ·ϕε(xn), ϕε(xj) = ε−1ϕ(xj/ε) for ε > 0, (2.4)

ϕ ∈ C∞
0 (R), supp ϕ ⊂ [−1, 1], ϕ ≥ 0,

∫
R

ϕ(t)dt = 1, (2.5)

and C∞
0 (Rn) denotes the set of all infinitely differentiable complex-valued functions

on Rn with compact support.
Functions of bounded total variation. Let a be an absolutely continuous function
on R of bounded total variation V (a) where

V (a) := sup

{
n∑

k=1

|a(xk) − a(xk−1)| : −∞ < x0 < x1 < · · · < xn < +∞, n ∈ N

}
.

As is known (see, e.g., [27, Chapter VIII, § 3; Chapter IX, § 4]), if V (a) < ∞, then
the limits a(±∞) = lim

x→±∞a(x) exist and thus a is continuous on R = [−∞, +∞],

a′ ∈ L1(R), and

a(x) =
∫ x

−∞
a′(y)dy + a(−∞) for x ∈ R, V (a) =

∫
R

|a′(y)|dy.

The set V (R) of all absolutely continuous functions on R of bounded total variation
is a Banach space with the norm ‖a‖V := ‖a‖C +V (a) where

∥∥a∥∥
C

:= sup
{|a(x)| :

x ∈ R
}

and
∥∥ab

∥∥
V
≤ ∥∥a∥∥

V

∥∥b∥∥
V

.
Bounded symbols. In what follows we denote by L∞(

Rn, V (R)
)

the set of all
functions a : Rn × R → C such that x 
→ a(x, ·) is a bounded measurable V (R)-
valued function on Rn. Since the Banach space V (R) is separable, we conclude
according to [37, Chapter IV, Theorem 232] that every measurable V (R)-valued
function is a limit a.e. of a sequence of simple measurable functions ãk : Rn →
V (R) having only finite sets of values bi ∈ V (R), with measurable pre-images
ã−1

k (bi). This implies that the functions x 
→ a(x, λ) for all λ ∈ R and the function
x 
→ ∥∥a(x, ·)∥∥

V
are measurable on Rn as limits a.e. of corresponding sequences of

simple measurable functions. Therefore, a(·, λ) ∈ L∞(Rn) for every λ ∈ R, and
the function x 
→ ∥∥a(x, ·)∥∥

V
, where∥∥a(x, ·)∥∥

V
:= max

λ∈R

|a(x, λ)| +
∫

R

|∂λa(x, λ)|dλ, (2.6)

belongs to L∞(Rn). Clearly, L∞(
Rn, V (R)

)
is a Banach algebra with the norm∥∥a∥∥

L∞(Rn,V (R))
:= ess sup

x∈Rn

∥∥a(x, ·)∥∥
V

. (2.7)

Bounded continuous symbols. Let Cb

(
Rn, V (R)

)
stand for the set of all functions

a : Rn×R → C such that x 
→ a(x, ·) is a bounded continuous V (R)-valued function
on Rn. If a ∈ Cb

(
Rn, V (R)

)
, the functions x 
→ a(x, λ) for all λ ∈ R and the
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function x 
→ ‖a(x, ·)‖V given by (2.6) belong to Cb(Rn). Clearly, Cb

(
Rn, V (R)

)
is a Banach subalgebra of L∞(Rn, V (R)) with the norm

‖a‖Cb(Rn,V (R)) := sup
x∈Rn

∥∥a(x, ·)∥∥
V

. (2.8)

Let Sn be the Banach subalgebra of all functions a(x, λ) in Cb

(
Rn, V (R)

)
such that the V (R)-valued function x 
→ a(x, ·) is uniformly continuous on Rn and

lim
|h|→0

sup
x∈Rn

∥∥a(x, ·) − ah(x, ·)∥∥
V

= 0 (2.9)

where ah(x, λ) := a(x, λ + h) for all (x, λ) ∈ Rn × R.
By analogy with [16, Theorem 2.1] we prove the following.

Theorem 2.1. Every function a(x, λ) ∈ Sn can be approximated in the norm of
Cb

(
Rn, V (R)

)
by functions aε(x, λ) ∈ Sn (ε → 0) such that ∂α

x ∂j
λaε(x, λ) ∈ Sn for

all multi-indices α = (α1, . . . , αn) with |α| = 0, 1, 2, . . . and for all j = 0, 1, 2, . . ..

Proof. Fix a function ϕ given by (2.5) and define functions ψε and ϕε as in (2.4).
For every ε > 0, every multi-index α and every k = 0, 1, 2, . . ., we set

Iα :=
∫

Rn

∣∣∂α
x ψε(x)

∣∣dx < ∞, Ik :=
∫

R

∣∣ϕ(k)
ε (µ)

∣∣dµ < ∞. (2.10)

Following [8, Chapter 3, Lemma 10.4], we construct approximations aε in the form

aε(x, λ) =
∫∫

Rn+1
ψε(x − y)ϕε(λ − µ) a(y, µ)dydµ (2.11)

for (x, λ) ∈ Rn × R. Let |α|, j = 0, 1, 2, . . .. Since ψε ∈ C∞
0 (Rn) and ϕε ∈ C∞

0 (R),
we obtain[

∂α
x ∂j

λaε

]
(x, λ) =

∫∫
Rn+1

∂α
y ψε(y)ϕ(j)

ε (λ − µ) a(x − y, µ)dydµ. (2.12)

Hence, according to (2.4), (2.5) and (2.10), and because a ∈ Cb

(
Rn, C(R)

)
, we get∥∥[∂α

x ∂j
λaε

]
(x, ·)∥∥

C
≤ Ij

∫
Rn

∣∣∂α
y ψε(y)

∣∣∥∥a(x − y, ·)∥∥
C

dy. (2.13)

On the other hand, along with (2.12),[
∂α

x ∂j+1
λ aε

]
(x, λ) =

∫∫
Rn+1

∂α
y ψε(y)ϕ(j)

ε (λ − µ) ∂µa(x − y, µ)dydµ. (2.14)

From (2.14) and (2.10) it follows that

V
([

∂α
x ∂j

λaε

]
(x, ·)) ≤

∫
R

∣∣ϕ(j)
ε (λ − µ)

∣∣dλ

(∫
Rn

∣∣∂α
y ψε(y)

∣∣dy

∫
R

∣∣∂µa(x − y, µ)
∣∣dµ

)
≤ Ij

∫
Rn

∣∣∂α
y ψε(y)

∣∣V (
a(x − y, ·))dy. (2.15)
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Combining (2.13) and (2.15) we conclude that

∥∥[∂α
x ∂j

λaε

]
(x, ·)∥∥

V
≤ Ij

∫
Rn

∣∣∂α
y ψε(y)

∣∣∥∥a(x − y, ·)∥∥
V

dy

≤ max
‖y‖≤ε

∥∥a(x − y, ·)∥∥
V

IαIj . (2.16)

As
[
∂α

x ∂j
λaε

]h = ∂α
x ∂j

λ

(
ah
)
ε
, the estimate (2.16) implies that∥∥[∂α

x ∂j
λaε

]
(x, ·) − [

∂α
x ∂j

λaε

]
(z, ·)∥∥

V
≤ max

‖y‖≤ε

∥∥a(x − y, ·) − a(z − y, ·)∥∥
V

IαIj ,∥∥[∂α
x ∂j

λaε](x, ·) − [∂α
x ∂j

λaε]h(x, ·)∥∥
V
≤ max

‖y‖≤ε

∥∥a(x − y, ·) − ah(x − y, ·)∥∥
V

IαIj .

Hence, ∂α
x ∂j

λaε ∈ Cb

(
Rn, V (R)

)
for all |α|, j = 0, 1, 2, . . ., and, moreover,

lim
h→0

sup
‖x−z‖≤h

∥∥[∂α
x ∂j

λaε

]
(x, ·) − [

∂α
x ∂j

λaε

]
(z, ·)∥∥

V
= 0,

lim
|h|→0

sup
x∈Rn

∥∥[∂α
x ∂j

λaε](x, ·) − [∂α
x ∂j

λaε]h(x, ·)∥∥
V

= 0.

Thus, all the V (R)-valued functions x 
→ [
∂α

x ∂j
λaε

]
(x, ·) (|α|, j = 0, 1, 2, . . .) are

uniformly continuous on Rn and satisfy (2.9), that is, belong to the algebra Sn.
Since according to (2.3),∫∫

Rn+1

∣∣ψε(y)ϕε(µ)
∣∣dydµ =

∫∫
Rn+1

ψε(y)ϕε(µ)dydµ = 1, (2.17)

we obtain

∂j
λa(x, λ) − ∂j

λaε(x, λ) =
∫∫

Rn+1
ψε(x − y)ϕε(λ − µ)

[
∂j

λa(x, λ) − ∂j
λa(y, µ)

]
dydµ

=
∫∫

Rn+1
ψε(y)ϕε(λ − µ)

[
∂j

µa(x, µ) − ∂j
µa(x − y, µ)

]
dydµ

+
∫∫

Rn+1
ψε(x − y)ϕε(µ)

[
∂j

λa(x, λ) − ∂j
λa(x, λ − µ)

]
dydµ,

where j = 0, 1, supp ψε ⊂ [−ε, ε]n and supp ϕε ⊂ [−ε, ε]. Hence, taking into
account (2.5), we infer from the latter equality for j = 0 and j = 1, respectively,
that ∥∥a(x, ·) − aε(x, ·)∥∥

C
≤

∫
Rn

∣∣ψε(y)
∣∣∥∥a(x, ·) − a(x − y, ·)∥∥

C
dy

+
∫

R

∣∣ϕε(µ)
∣∣∥∥a(x, ·) − a−µ(x, ·)∥∥

C
dµ,

(2.18)
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V
(
a(x, ·) − aε(x, ·)) =

∫
R

∣∣∂λa(x, λ) − ∂λaε(x, λ)
∣∣dλ

≤
(∫

R

∣∣ϕε(λ − µ)
∣∣dλ

)(∫
Rn

∣∣ψε(y)
∣∣dy

∫
R

∣∣∂µa(x, µ) − ∂µa(x − y, µ)
∣∣dµ

)
+
(∫

Rn

∣∣ψε(x − y)
∣∣dy

)(∫
R

∣∣ϕε(µ)
∣∣dµ

∫
R

∣∣∂λa(x, λ) − ∂λa(x, λ − µ)
∣∣dλ

)
=
∫

Rn

∣∣ψε(y)
∣∣V (

a(x, ·) − a(x − y, ·))dy +
∫

R

∣∣ϕε(µ)
∣∣V (

a(x, ·) − a−µ(x, ·))dµ.

(2.19)
From (2.8), (2.18) and (2.19) it follows that∥∥a − aε

∥∥
Cb(Rn,V (R))

= sup
x∈Rn

∥∥a(x, ·) − aε(x, ·)∥∥
V

≤ sup
x∈Rn

(∫
Rn

∣∣ψε(y)
∣∣∥∥a(x, ·) − a(x − y, ·)∥∥

V
dy

+
∫

R

∣∣ϕε(µ)
∣∣∥∥a(x, ·) − a−µ(x, ·)∥∥

V
dµ

)

≤ sup
x∈Rn

max
‖y‖≤ε

∥∥a(x, ·) − a(x − y, ·)∥∥
V

+ sup
x∈Rn

max
|h|≤ε

∥∥a(x, ·) − ah(x, ·)∥∥
V

.

Hence lim
ε→0

∥∥a − aε

∥∥
Cb(Rn,V (R))

= 0 in view of the uniform continuity of the V (R)-

valued function x 
→ a(x, ·) on Rn and according to (2.9). �

Corollary 2.2. If ∂α
x ∂j

λa(x, λ) ∈ Sn for all multi-indices α = (α1, . . . , αn) with
|α| = 0, 1, 2, . . . , N and for all j = 0, 1, 2, . . . , M , then for all mentioned α and j,
∂α

x ∂j
λa(x, λ) = lim

ε→0
∂α

x ∂j
λaε(x, λ) in the norm of Cb

(
Rn, V (R)

)
.

Proof. By virtue of Theorem 2.1, the function a(x, λ) ∈ Sn can be approximated
in the norm of Cb

(
Rn, V (R)

)
by the functions

aε(x, λ) =
[
ψε(x)ϕε(λ)

]∗ a(x, λ) ∈ Sn. (2.20)

Since ∂α
x ∂j

λa(x, λ) ∈ Sn too, from (2.20) it follows that

∂α
x ∂j

λaε(x, λ) =
[
ψε(x)ϕε(λ)

]∗ ∂α
x ∂j

λa(x, λ) ∈ Sn.

Hence the function ∂α
x ∂j

λa(x, λ) is approximated in the norm of Cb

(
Rn, V (R)

)
by

the functions ∂α
x ∂j

λaε(x, λ). �

Slowly oscillating symbols. By analogy with (2.1), for a ∈ Cb

(
Rn, V (R)

)
, we define

cmC
x (a) := max

{∥∥a(x + y, ·) − a(x, ·)∥∥
C

: y ∈ Rn, ‖y‖ ≤ 1
}
,

cmV
x (a) := max

{∥∥a(x + y, ·) − a(x, ·)∥∥
V

: y ∈ Rn, ‖y‖ ≤ 1
}
.

(2.21)
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Let EC
n and EV

n be the subsets of all functions a : Rn × R → C in Sn that slowly
oscillate at ∞, that is, satisfy the conditions

lim
‖x‖→∞

cmC
x (a) = 0 and lim

‖x‖→∞
cmV

x (a) = 0, (2.22)

respectively. Thus, EC
n is contained in SO

(
Rn, C(R)

)
, the C∗-algebra of all bounded

continuous C(R)-valued functions on Rn that slowly oscillate at ∞. Analogously,
EV

n is contained in SO
(
Rn, V (R)

)
, the Banach algebra of all bounded continuous

V (R)-valued functions on Rn that slowly oscillate at ∞. Obviously, each func-
tion a in SO

(
Rn, C(R)

)
or in SO

(
Rn, V (R)

)
automatically is uniformly contin-

uous on Rn with values in C(R) or in V (R), and for every λ ∈ R the function
x 
→ a(x, λ) belongs to SO(Rn). Obviously, the sets EC

n = Sn ∩ SO
(
Rn, C(R)

)
and EV

n = Sn ∩ SO
(
Rn, V (R)

)
are Banach subalgebras of Cb

(
Rn, V (R)

)
.

Theorem 2.3. Let En ∈ {EC
n , EV

n }. Every function a(x, λ) ∈ En can be approx-
imated in the norm of Cb

(
Rn, V (R)

)
by functions aε ∈ En (ε → 0) such that

∂α
x ∂j

λaε(x, λ) ∈ En for all multi-indices α = (α1, . . . , αn) with |α| = 0, 1, 2, . . . and
for all j = 0, 1, 2, . . .. In particular, if |α| > 0, then

lim
‖x‖→∞

∥∥[∂α
x ∂j

λaε

]
(x, ·)∥∥

C
= 0 for a ∈ EC

n ,

lim
‖x‖→∞

∥∥[∂α
x ∂j

λaε

]
(x, ·)∥∥

V
= 0 for a ∈ EV

n .
(2.23)

Proof. By Theorem 2.1, all the derivatives ∂α
x ∂j

λaε (|α|, j = 0, 1, 2, . . .) of the
functions aε (ε > 0) given by (2.11) are in Sn. Moreover, in view of (2.21), (2.22)
and the inequalities∥∥[∂α

x ∂j
λaε

]
(x, ·) − [

∂α
x ∂j

λaε

]
(z, ·)∥∥

C
≤ max

‖y‖≤ε

∥∥a(x − y, ·) − a(z − y, ·)∥∥
C

IαIj ,∥∥[∂α
x ∂j

λaε

]
(x, ·) − [

∂α
x ∂j

λaε

]
(z, ·)∥∥

V
≤ max

‖y‖≤ε

∥∥a(x − y, ·) − a(z − y, ·)∥∥
V

IαIj

deduced, respectively, from (2.13) and (2.16), we conclude that aε and all its
derivatives satisfy the condition

lim
‖x‖→∞

cmC
x (∂α

x ∂j
λaε) = lim

‖x‖→∞
cmC

x (a) = 0 if a ∈ EC
n ,

lim
‖x‖→∞

cmV
x (∂α

x ∂j
λaε) = lim

‖x‖→∞
cmV

x (a) = 0 if a ∈ EV
n ,

(2.24)

and consequently belong to En. Furthermore, if |α| > 0, then
∫

R

∂α
y ψε(y)dy = 0

because ψε(x) = ϕε(x1)ϕε(x2) · · ·ϕε(xn) and ϕε(xj) = 0 for |xj | > ε. Therefore,[
∂α

x ∂j
λaε

]
(x, λ) =

∫∫
Rn+1

∂α
y ψε(y)ϕ(j)

ε (λ − µ)
[
a(x − y, µ) − a(x, µ)

]
dydµ.
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Hence, ∥∥[∂k
x∂j

λaε

]
(x, ·)∥∥

C
≤ max

‖y‖≤ε

∥∥a(x − y, ·) − a(x, ·)∥∥
C

IαIj ,∥∥[∂k
x∂j

λaε

]
(x, ·)∥∥

V
≤ max

‖y‖≤ε

∥∥a(x − y, ·) − a(x, ·)∥∥
V

IαIj ,

which together with (2.24) imply (2.23) for all |α| ∈ N and j = 0, 1, 2, . . .. �

Theorem 2.3 and Corollary 2.2 immediately imply the following.

Corollary 2.4. If En ∈ {EC
n , EV

n } and ∂α
x ∂j

λa(x, λ) ∈ En for all multi-indices α =
(α1, . . . , αn) with |α| = 0, 1, 2, . . . , N and for all j = 0, 1, 2, . . . , M , then for all
mentioned α and j satisfying the condition |α| > 0,

lim
‖x‖→∞

∥∥[∂α
x ∂j

λa
]
(x, ·)∥∥

C
= 0 if a ∈ EC

n ,

lim
‖x‖→∞

∥∥[∂α
x ∂j

λa
]
(x, ·)∥∥

V
= 0 if a ∈ EV

n .
(2.25)

Special slowly oscillating symbols. Let a(x, λ) ∈ Cb

(
Rn, V (R)

)
. Taking into ac-

count the fact that ∂λa(x, λ) ∈ Cb

(
Rn, L1(R)

)
, for M ∈ R we put

V +∞
M

(
a(x, ·)) :=

∫ +∞

M

∣∣∂λa(x, λ)
∣∣dλ, V M

−∞
(
a(x, ·)) :=

∫ M

−∞

∣∣∂λa(x, λ)
∣∣dλ. (2.26)

To construct a Fredholm theory for pseudodifferential operators with com-
pound symbols, we need to introduce the following subset of slowly oscillating
symbols:

Ẽn :=
{
a ∈ EC

n : lim
M→−∞

sup
x∈Rn

V M
−∞

(
a(x, ·)) = lim

M→+∞
sup

x∈Rn

V +∞
M

(
a(x, ·)) = 0

}
.

(2.27)
Obviously, Ẽn is a Banach subalgebra of the Banach algebra Cb

(
Rn, V (R)

)
.

Theorem 2.5. Every function a ∈ Ẽn belongs to EV
n and can be approximated in

the norm of Cb

(
Rn, V (R)

)
by functions aε ∈ Ẽn (ε → 0) such that ∂α

x ∂j
λaε(x, λ) ∈

Ẽn for all multi-indices α = (α1, . . . , αn) with |α| = 0, 1, 2, . . . and for all j =
0, 1, 2, . . ..

Proof. By Theorem 2.3, each function a∈EC
n can be approximated in Cb

(
Rn,V (R)

)
by functions aε ∈ EC

n such that ∂α
x ∂j

λaε(x, λ) ∈ EC
n for all |α|, j = 0, 1, 2, . . ..

Analogously to (2.15) for every M > 0 and every ε > 0 we get

V +∞
M

([
∂α

x ∂j
λaε

]
(x,·))≤∫

Rn

∣∣∂α
y ψε(x−y)

∣∣dy

(∫
R

∣∣ϕ(j)
ε (µ)

∣∣dµ

∫ +∞

M

∣∣∂λa(y,λ−µ)
∣∣dλ

)
≤ sup

x∈Rn

V +∞
M−ε

(
a(x,·))IαIj , (2.28)

where Iα, Ij are given by (2.10). Similarly,

V −M
−∞

([
∂α

x ∂j
λaε

]
(x, ·)) ≤ sup

x∈Rn

V −M+ε
−∞

(
a(x, ·)) IkIj . (2.29)
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Finally, (2.28), (2.29), and (2.27) yield that ∂α
x ∂j

λaε(x, λ) ∈ Ẽn for all |α|, j =
0, 1, 2, . . ..

Furthermore, from the first equality in (2.25), from (2.27) and from the esti-
mate

V
([

∂α
x ∂j

λaε

]
(x, ·)) ≤ 2M

∥∥[∂α
x ∂j+1

λ aε

]
(x, ·)∥∥

C
+
(
V −M
−∞ + V +∞

M

)([
∂α

x ∂j
λaε

]
(x, ·))

it follows that

lim
‖x‖→∞

∥∥[∂α
x ∂j

λaε

]
(x, ·)∥∥

V
= 0 for all |α| = 1, 2, . . . and all j = 0, 1, 2, . . . ,

which in its turn implies that all the functions ∂α
x ∂j

λaε (|α|, j = 0, 1, 2, . . .) belong to
SO

(
Rn, V (R)

)
. Since lim

ε→∞
∥∥a−aε

∥∥
Cb(Rn,V (R))

= 0 and SO(Rn, V (R)) is a Banach

subalgebra of Cb

(
Rn, V (R)

)
, the function a ∈ Ẽn also belongs to SO

(
Rn, V (R)

)
.

Finally, a ∈ EV
n because EC

n = Sn ∩ SO
(
Rn, C(R)

)
, EV

n = Sn ∩ SO
(
Rn, V (R)

)
,

and hence EV
n = EC

n ∩ SO
(
Rn, V (R)

)
. �

3. Oscillatory integrals and pseudodifferential operators

Let χ ∈ C∞
0 (R×R) and χ(y, η) = 1 in a neighborhood of the origin. Set χε(y, η) =

χ(εy, εη). If for a function a defined on R × R the limit

lim
ε→0

1
2π

∫∫
R2

χε(y, η)a(y, η)e−iyηdydη

exists and does not depend on the choice of the cut-off function χ, then it is called
the (double) oscillatory integral of a and is denoted by Os

[
a(y, η)e−iyη

]
(see, e.g.,

[38, Chapter 1], [42, Vol. 1, Chapter 1], or [30, Chapter 2]).
Clearly, if a ∈ L1(R × R), then, by the Lebesgue dominated convergence

theorem (see, e.g., [33, Theorem I.11]), Os
[
a(y, η)e−iyη

]
exists and

Os
[
a(y, η)e−iyη

]
=

1
2π

∫∫
R2

a(y, η)e−iyηdydη. (3.1)

In what follows we will use the notation

〈y〉−2 = (1 + y2)−1, 〈Dη〉2 = I − ∂2
η, Dη = −i∂η (3.2)

and will apply the following regularization of oscillatory integrals (see, e.g., [30,
Theorem 2.1.3]), which is based on the relations

〈y〉−2〈Dη〉2e−iyη = e−iyη, 〈η〉−2〈Dy〉2e−iyη = e−iyη, (3.3)

integrating by parts, and on the Lebesgue dominated convergence theorem.

Lemma 3.1. If ∂j
η∂k

y a(y, η) ∈ Cb

(
R, V (R)

)
for all k = 0, 1, 2 and j = 0, 1, then the

oscillatory integral Os
[
a(y, η)e−iyη

]
exists and

Os
[
a(y, η)e−iyη

]
=

1
2π

∫∫
R2
〈y〉−2〈Dη〉2

{
〈η〉−2〈Dy〉2

{
a(y, η)

}}
e−iyηdydη. (3.4)
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Proof. Choosing a cut-off function χ ∈ C∞
0 (R × R) and taking into account the

relations (3.3), we deduce by integrating by parts that∫∫
R2

χε(y, η)a(y, η)e−iyηdydη

=
∫∫

R2
χε(y, η)a(y, η)〈η〉−2〈Dy〉2

{
〈y〉−2〈Dη〉2

{
e−iyη

}}
dydη

=
∫∫

R2
〈y〉−2〈Dη〉2

{
〈η〉−2〈Dy〉2

{
χε(y, η)a(y, η)

}}
e−iyηdydη.

(3.5)

In view of the relations

∂η

{〈η〉−2
}

= −2η〈η〉−4, ∂2
η

{〈η〉−2
}

= (6η2 − 2)〈η〉−6,

we conclude that

sup
k=1,2

∣∣ ∂k
η

{〈η〉−2
}∣∣ ≤ 2〈η〉−2 for all η ∈ R.

Consequently,∣∣〈Dη〉2
{〈η〉−2f(y, η)

}∣∣ =
∣∣[〈η〉−2 +

(
2 − 6η2

)〈η〉−6
]
f(y, η)

+ 4η〈η〉−4∂ηf(y, η) − 〈η〉−2∂2
ηf(y, η)

∣∣
≤ 〈η〉−2

[
3
∣∣f(y, η)

∣∣ + 2
∣∣∂ηf(y, η)

∣∣+
∣∣∂2

ηf(y, η)
∣∣]. (3.6)

Taking f(y, η) = 〈Dy〉2
{
χε(y, η)a(y, η)

}
, we deduce from (3.6) that∣∣∣〈y〉−2〈Dη〉2

{
〈η〉−2〈Dy〉2

{
χε(y, η)a(y, η)

}}
e−iyη

∣∣∣
≤ 3〈y〉−2〈η〉−2

∣∣f(y, η)
∣∣+ 2〈y〉−2〈η〉−2

∣∣∂ηf(y, η)
∣∣+ 〈y〉−2

∣∣∂2
ηf(y, η)

∣∣. (3.7)

As ∂2
η∂k

y

{
χε(y, η)a(y, η)

} ∈ Cb

(
R, L1(R)

)
and ∂j

η∂k
y

{
χε(y, η)a(y, η)

} ∈ Cb(R × R)
for all k = 0, 1, 2 and j = 0, 1, each summand in (3.7) belongs to L1(R × R), and
hence the last double integral in (3.5) exists.

Taking into account the facts that the function

(y, η) 
→ 〈y〉−2〈Dη〉2
{
〈η〉−2〈Dy〉2

{
a(y, η)

}}
e−iyη

belongs to L1(R×R) and, therefore, the double integral on the right of (3.4) exists,
we proceed to prove the equality (3.4).

By the definition of oscillatory integrals and by (3.5),

Os
[
a(y, η)e−iyη

]
= lim

ε→0

1
2π

∫∫
R2

χε(y, η)a(y, η)e−iyηdydη

= lim
ε→0

1
2π

∫∫
R2
〈y〉−2〈Dη〉2

{
〈η〉−2〈Dy〉2

{
χε(y, η)a(y, η)

}}
e−iyηdydη.

(3.8)

Applying the Lebesgue dominated convergence theorem and taking into account
the fact that for k+j > 0 all the partial derivatives ∂k

y ∂j
ηχε(y, η) uniformly converge
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on compacts to zero as ε → 0, we infer from (3.8) that

Os
[
a(y, η)e−iyη

]
= lim

ε→0

1
2π

∫∫
R2

χε(y, η)〈y〉−2〈Dη〉2
{
〈η〉−2〈Dy〉2

{
a(y, η)

}}
e−iyηdydη

=
1
2π

∫∫
R2
〈y〉−2〈Dη〉2

{
〈η〉−2〈Dy〉2

{
a(y, η)

}}
e−iyηdydη.

Thus the oscillatory integral Os
[
a(y, η)e−iyη

]
exists, equals the double integral in

(3.4) and hence does not depend on the choice of the cut-off function χε. �

Lemma 3.2. If ∂k
y a(x, y, λ) ∈ Cb

(
R × R, V (R)

)
for k = 0, 1, 2, then the (Fourier)

pseudodifferential operator A defined for every u ∈ C∞
0 (R) by the iterated integral

(Au)(x) :=
1
2π

∫
R

dλ

∫
R

a(x, y, λ)ei(x−y)λu(y)dy, x ∈ R, (3.9)

can be represented in the form

(Au)(x) = Os
[
a(x, x + y, λ)u(x + y)e−iyλ

]
(3.10)

where the oscillatory integral depends on the parameter x ∈ R.

Proof. Applying the equality 〈λ〉−2〈Dy〉2
{
e−iyλ

}
= e−iyλ, we infer by integrating

by parts that∫
R

a(x, y, λ)u(y)ei(x−y)λdy =
∫

R

a(x, x + y, λ)u(x + y)〈λ〉−2〈Dy〉2
{
e−iyλ

}
dy

= 〈λ〉−2

∫
R

〈Dy〉2
{
a(x, x + y, λ)u(x + y)

}
e−iyλdy,

where for every x, λ ∈ R the function

〈Dy〉2
{
a(x, x + y, λ)u(x + y)

}
=
[〈Dy〉2{a}u − 2(∂ya)u′ − au′′](x, x + y, λ)

belongs to the space L1(R) with respect to y because u ∈ C∞
0 (R) and ∂k

y a(x, y, λ) ∈
Cb

(
R × R, V (R)

)
for k = 0, 1, 2. Therefore, the function

(x, λ) 
→
∫

R

〈Dy〉2
{
a(x, x + y, λ)u(x + y)

}
e−iyλdy

belongs to Cb(R × R), and hence in (3.9) the iterated integral

(Au)(x) =
1
2π

∫
R

dλ

∫
R

a(x, y, λ)u(y)ei(x−y)λdy

=
1
2π

∫
R

〈λ〉−2dλ

∫
R

〈Dy〉2
{
a(x, x + y, λ)u(x + y)

}
e−iyλdy

(3.11)

is well defined.
Since u ∈ C∞

0 (R), the function

(y, λ) 
→ 〈λ〉−2〈Dy〉2{a(x, x + y, λ)u(x + y)
}

e−iyλ
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belongs to L1(R×R) for every x ∈ R. Therefore, by analogy with Lemma 3.1, for
any cut-off function χ ∈ C∞

0 (R×R) and for every x ∈ R, we deduce with the help
of (3.1) that

Os
[
a(x, x + y, λ)u(x + y)e−iyλ

]
= lim

ε→0

1
2π

∫∫
R2

χε(y, λ)a(x, x + y, λ)u(x + y)e−iyλdydλ

=
1
2π

∫∫
R2
〈λ〉−2〈Dy〉2{a(x, x + y, λ)u(x + y)

}
e−iyλdydλ. (3.12)

Thus the oscillatory integral Os
[
a(x, x+y, λ)u(x+y)e−iyλ

]
exists and equals (3.12).

Finally, applying the Fubini theorem to the latter convergent double integral, we
deduce (3.10) from (3.11) and (3.12). �

Thus, under the conditions of Lemma 3.2, the pseudodifferential operator A
with compound symbol a(x, y, λ) can be defined via the oscillatory integral (3.10)
depending on the parameter. In that form the operator A can be extended to
functions in C2

b (R) whenever ∂j
λ∂k

ya(x, y, λ) ∈ Cb

(
R × R, V (R)

)
for k = 0, 1, 2

and j = 0, 1. In what follows let Cn
b (R) stand for the Banach space of n times

continuously differentiable functions f : R → C with the norm∥∥f∥∥
Cn

b (R)
:= sup

x∈R

n∑
k=0

∣∣∣f (k)(x)
∣∣∣ < ∞.

Below we also use the following simple relations:∫
R

〈y〉−2dy = π,

∫
R\[−M,M ]

〈y〉−2dy < 2/M for all M > 0. (3.13)

Lemma 3.3. If ∂j
λ∂k

ya(x, y, λ) ∈ Cb

(
R ×R, V (R)

)
for k = 0, 1, 2 and j = 0, 1, then

the pseudodifferential operator A given by (3.10) is bounded from the space C2
b (R)

into the space Cb(R) and

‖A‖ ≤ max
k=0,1,2

sup
x,y∈R

(
3π
∥∥∂k

ya(x, y, ·)∥∥
C

+2π
∥∥∂λ∂k

ya(x, y, ·)∥∥
C

+V
(
∂λ∂k

y a(x, y, ·))).

Proof. Let u ∈ C2
b (R). Obviously, ∂j

λ∂k
y{a(x, x+ y, λ)u(x+ y)} ∈ Cb

(
R×R, V (R)

)
for k = 0, 1, 2 and j = 0, 1. Therefore Lemma 3.1 implies that

(Au)(x) = Os
[
a(x, x + y, λ)u(x + y)e−iyλ

]
=

1
2π

∫∫
R2
〈y〉−2〈Dλ〉2

{
〈λ〉−2〈Dy〉2

{
a(x, x + y, λ)u(x + y)

}}
e−iyλdydλ

(3.14)

where the latter integral is a usual double integral of an L1(R × R) function for
every x ∈ R. From (3.14) it follows that

(Au)(x) =
1
2π

∫∫
R2
〈y〉−2〈Dλ〉2

{
〈λ〉−2

[
〈Dy〉2

{
a(x, x + y, λ)

}
u(x + y)

− 2∂ya(x, x + y, λ)∂yu(x + y) − a(x, x + y, λ)∂2
yu(x + y)

]}
e−iyλdydλ.
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By the Fubini theorem, the latter double integral is represented via iterated inte-
grals as follows:

(Au)(x)

=
1
2π

∫
R

〈y〉−2u(x + y)
(∫

R

〈Dλ〉2
{
〈λ〉−2〈Dy〉2

{
a(x, x + y, λ)

}}
e−iyλdλ

)
dy

− 1
π

∫
R

〈y〉−2∂yu(x + y)
(∫

R

〈Dλ〉2
{〈λ〉−2∂ya(x, x + y, λ)

}
e−iyλdλ

)
dy

− 1
2π

∫
R

〈y〉−2∂2
yu(x + y)

(∫
R

〈Dλ〉2
{〈λ〉−2a(x, x + y, λ)

}
e−iyλdλ

)
dy.

Hence, Au ∈ Cb(R) and, because
∫

R

〈y〉−2dy = π, we obtain

∥∥Au
∥∥

Cb(R)
≤ ∥∥u∥∥

C2
b (R)

max
k=0,1,2

sup
x,y∈R

∫
R

∣∣〈Dλ〉2
{〈λ〉−2∂k

ya(x, y, λ)
}∣∣dλ, (3.15)

Since in view of (3.6),∣∣〈Dλ〉2
{〈λ〉−2f(x, y, λ)

}∣∣ ≤ 〈λ〉−2
[
3
∣∣f(x, y, λ)

∣∣+ 2
∣∣∂λf(x, y, λ)

∣∣ +
∣∣∂2

λf(x, y, λ)
∣∣],

taking f(x, y, λ) = ∂k
y a(x, y, λ), we obtain∫

R

∣∣〈Dλ〉2
{〈λ〉−2∂k

y a(x, y, λ)
}∣∣dλ

≤ 3π
∥∥∂k

ya(x, y, ·)∥∥
C

+ 2π
∥∥∂λ∂k

ya(x, y, ·)∥∥
C

+
∥∥∂2

λ∂k
ya(x, y, ·)∥∥

L1(R)
. (3.16)

Finally, (3.15) and (3.16) imply the estimate of ‖A‖ in the lemma. �

Given u ∈ C∞
0 (R), let

û(λ) := (Fu)(λ) :=
∫

R

u(x)e−ixλdx (λ ∈ R)

be its Fourier transform.

Lemma 3.4. Let all the conditions of Lemma 3.3 hold. Then the pseudodifferential
operator A, given by (3.10) for u ∈ C∞

0 (R), can be represented in the form[
σA(x, D)u

]
(x) =

1
2π

∫
R

dλ

∫
R

σA(x, λ)ei(x−y)λu(y)dy, x ∈ R, (3.17)

where the symbol σA(x, λ) is given by the oscillatory integral

σA(x, λ) = Os
[
a(x, x + y, λ + η)e−iyη

]
, (x, λ) ∈ R × R. (3.18)

Proof. By Lemmas 3.2 and 3.3,

(Au)(x) = Os
[
a(x, x + y, η)u(x + y)e−iyη

]
,
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and the operator A is bounded from the space C2
b (R) into the space Cb(R). There-

fore, taking u(x) = eiλx ∈ C2
b (R) and following [40, Chapter 2, Theorem 3.8],

we get

σA(x, λ) := e−ixλA(ei(·)λ) = Os
[
e−ixλa(x, x + y, η)ei(x+y)λe−iyη

]
= Os

[
a(x, x + y, η)e−iy(η−λ)

]
= Os

[
a(x, x + y, λ + η)e−iyη

]
,

(3.19)

which gives (3.18). Substituting the first equality of (3.19) into (3.17) we infer for
u ∈ C∞

0 (R) that[
σA(x, D)u

]
(x) =

1
2π

∫
R

dλ

∫
R

σA(x, λ)ei(x−y)λu(y)dy =
1
2π

∫
R

eixλσA(x, λ)û(λ)dλ

=
1
2π

∫
R

[
A
(
ei(·)λ)](x) û(λ)dλ =

[
A

(
1
2π

∫
R

û(λ)ei(·)λdλ

)]
(x) = (Au)(x),

which completes the proof. �

If ∂j
λa(x, y, λ) ∈ Cb

(
R × R, V (R)

)
for j = 0, 1, 2, then we will write

F
[
a(x, y, λ)

]
:= 3

∣∣a(x, y, λ)
∣∣ + 2

∣∣∂λa(x, y, λ)
∣∣ +

∣∣∂2
λa(x, y, λ)

∣∣,
FC

[
a(x, y, ·)] := 3

∥∥a(x, y, ·)∥∥
C

+ 2
∥∥∂λa(x, y, ·)∥∥

C
+
∥∥∂2

λa(x, y, ·)∥∥
C

,

F̃V

[
a(x, y, ·)] := 3V

(
a(x, y, ·)) + 2V

(
∂λa(x, y, ·)) + V

(
∂2

λa(x, y, ·)),
FV

[
a(x, y, ·)] := 3

∥∥a(x, y, ·)∥∥
V

+ 2
∥∥∂λa(x, y, ·)∥∥

V
+
∥∥∂2

λa(x, y, ·)∥∥
V

.

(3.20)

Clearly, from (3.20) it follows that

FV

[
a(x, y, ·)] = FC

[
a(x, y, ·)]+ F̃V

[
a(x, y, ·)], (3.21)

sup
λ∈R

F
[
a(x, λ)

] ≤ FC

[
a(x, y, ·)], ∫

R

F
[
∂λa(x, y, λ)

]
dλ = F̃V

[
a(x, y, ·)].(3.22)

Theorem 3.5. If ∂j
λ∂k

ya(x, y, λ) ∈ Cb

(
R × R, V (R)

)
for all k, j = 0, 1, 2, then

σA(x, λ) given by (3.18) belongs to Cb

(
R, V (R)

)
. If ∂j

λ∂k
y a(x, y, λ) ∈ S2 for all

k, j = 0, 1, 2, then σA(x, λ) belongs to S1. If ∂j
λ∂k

y a(x, y, λ) belong to EC
2 (respec-

tively, to EV
2 ) for all k, j = 0, 1, 2, then σA(x, λ) belongs to EC

1 (respectively, to EV
1 ).

Proof. According to Lemma 3.1, the oscillatory integral

σA(x, λ) = Os
[
a(x, x + y, λ + η)e−iyη

]
with the parameters x, λ ∈ R can be represented by the convergent double integral

1
2π

∫∫
R2
〈y〉−2〈Dη〉2

{
〈η〉−2〈Dy〉2

{
a(x, x + y, λ + η)

}}
e−iyηdydη. (3.23)
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Setting f(x, y, λ+ η) := 〈Dy〉2
{
a(x, x+ y, λ+ η)

}
in (3.6) and taking into account

the first equality in (3.20), we obtain∣∣∣〈Dη〉2
{
〈η〉−2〈Dy〉2

{
a(x, x + y, λ + η)

}}∣∣∣ ≤ 〈η〉−2
(
3
∣∣〈Dy〉2

{
a(x, x + y, λ + η)

}∣∣
+ 2

∣∣∂λ〈Dy〉2
{
a(x, x + y, λ + η)

}∣∣+
∣∣∂2

λ〈Dy〉2
{
a(x, x + y, λ + η)

}∣∣)
= 〈η〉−2F

[〈Dy〉2
{
a(x, x + y, λ + η)

}]
. (3.24)

Therefore, for every x ∈ R we deduce from (3.23), (3.24) and the second equality
in (3.20) that∥∥σA(x, ·)∥∥

C
≤ 1

2π

∫∫
R2
〈y〉−2〈η〉−2FC

[〈Dy〉2
{
a(x, x + y, ·)}]dydη. (3.25)

Let E be the union of pairwise disjoint intervals (ck, dk), k = 1, 2, . . . , n. As
n∑

k=1

∣∣σA(x, dk) − σA(x, ck)
∣∣

≤ 1
2π

∫∫
R2
〈y〉−2

n∑
k=1

∣∣∣〈Dη〉2
{
a(x, x + y, dk + η) − a(x, x + y, ck + η)

}∣∣∣dydη

≤ 1
2π

∫
R

〈y〉−2dy

∫
R

dη

∫
E

(∣∣∂λa(x, x + y, λ + η)
∣∣ +

∣∣∂3
λa(x, x + y, λ + η)

∣∣)dλ

≤ 1
2π

∫
R

〈y〉−2dy

∫
E

(
V
(
a(x, x + y, ·))+ V

(
∂2

λa(x, x + y, ·)))dλ

≤ 1
2

sup
x,y∈R

(
V
(
a(x, y, ·)) + V

(
∂2

λa(x, y, ·))) n∑
k=1

(dk − ck),

we conclude that for every x ∈ R the function λ 
→ σA(x, λ) is absolutely contin-
uous on R.

Let us prove now that actually σA(x, λ) ∈ Cb

(
R, V (R)

)
. Let

f(x, y, η, λk, λk−1) := a(x, x + y, λk + η) − a(x, x + y, λk−1 + η)

where −∞ < λ0 < λ1 < · · · < λn < +∞. From (3.23) and (3.6) it follows that

1
2π

n∑
k=1

∣∣∣∣ ∫∫
R2
〈y〉−2〈Dη〉2

{
〈η〉−2〈Dy〉2

{
f(x, y, η, λk, λk−1)

}}
e−iyηdydη

∣∣∣∣
≤ 1

2π

∫∫
R2
〈y〉−2〈η〉−2dydη

n∑
k=1

(
3
∣∣〈Dy〉2

{
f(x, y, η, λk, λk−1)

}∣∣
+ 2

∣∣∂λ〈Dy〉2
{
f(x, y, η, λk, λk−1)

}∣∣+
∣∣∂2

λ〈Dy〉2
{
f(x, y, η, λk, λk−1)

}∣∣).

Therefore, passing in the latter expression to the supremum with respect to all
partitions −∞ < λ0 < λ1 < · · · < λn < +∞ (n ∈ N) and applying the third
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equality in (3.20), we obtain

V
(
σA(x, ·)) ≤ 1

2π

∫∫
R2
〈y〉−2〈η〉−2

(
3V

(〈Dy〉2
{
a(x, x + y, ·)})

+ 2V
(
∂λ〈Dy〉2

{
a(x, x + y, ·)}) + V

(
∂2

λ〈Dy〉2
{
a(x, x + y, ·)}))dydη

=
1
2π

∫∫
R2
〈y〉−2〈η〉−2F̃V

[〈Dy〉2
{
a(x, x + y, ·)}]dydη. (3.26)

The inequalities (3.25) and (3.26) together with the fourth equality in (3.20)
and (3.21) imply that∥∥σA(x, ·)∥∥

V
≤ 1

2π

∫∫
R2
〈y〉−2〈η〉−2FV

[〈Dy〉2
{
a(x, x + y, ·)}]dydη

≤ π

2
sup

x,y∈R

FV

[〈Dy〉2
{
a(x, y, ·)}] =

π

2
sup

x,y∈R

(
3
∥∥〈Dy〉2

{
a(x, y, ·)}∥∥

V

+ 2
∥∥∂λ〈Dy〉2

{
a(x, y, ·)}∥∥

V
+
∥∥∂2

λ〈Dy〉2
{
a(x, y, ·)}∥∥

V

)
< ∞. (3.27)

Taking into account (3.13) and applying a representation of the form∫
R

〈y〉−2f(x, y)dy =
∫

R\[−M,M ]

〈y〉−2f(x, y)dy +
∫

[−M,M ]

〈y〉−2f(x, y)dy,

we infer from the first inequality in (3.27) that∥∥σA(x, ·) − σA(x0, ·)
∥∥

V
≤ π

2
sup

|y|≤M

FV

[〈Dy〉2
{
a(x, x + y, ·) − a(x0, x0 + y, ·)}]

+
2
M

sup
x,y∈R

FV

[〈Dy〉2
{
a(x, y, ·)}]. (3.28)

Since the V (R)-valued functions (x, y) 
→ ∂j
λ∂k

ya(x, y, λ) ∈ Cb

(
R × R, V (R)

)
are

continuous on R × R for all k, j = 0, 1, 2, we conclude from (3.28) and (3.25) that
σA(x, λ) ∈ Cb

(
R, V (R)

)
.

Let now ∂j
λ∂k

ya(x, y, λ) ∈ S2 for all k, j = 0, 1, 2. Passing to limit in (3.28) as
M → ∞, we obtain∥∥σA(x, ·)−σA(x0, ·)

∥∥
V
≤ π

2
sup
y∈R

FV

[〈Dy〉2
{
a(x, x+y, ·)−a(x0, x0+y, ·)}]. (3.29)

Since the V (R)-valued functions (x, y) 
→ ∂j
λ∂k

y a(x, y, ·) are uniformly continuous
on R × R for all k, j = 0, 1, 2, we conclude from (3.29) that the V (R)-valued
function x 
→ σA(x, ·) is uniformly continuous on R.

Analogously to (3.29), the second inequality in (3.27) gives∥∥σA(x, ·) − σh
A(x, ·)∥∥

V
≤ π

2
sup

x,y∈R

FV

[〈Dy〉2
{
a(x, y, ·) − ah(x, y, ·)}]. (3.30)
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The estimate (3.30) and the relations

lim
|h|→0

sup
x,y∈R

∥∥∂j
λ∂k

ya(x, y, ·) − ∂j
λ∂k

yah(x, y, ·)∥∥
V

= 0 (k, j = 0, 1, 2) (3.31)

imply that

lim
|h|→0

sup
x∈R

∥∥σA(x, ·) − σh
A(x, ·)∥∥

V
= 0. (3.32)

Consequently, the function σA(x, λ) belongs to the Banach algebra S1.
Let now ∂j

λ∂k
y a(x, y, λ) ∈ EV

2 for all k, j = 0, 1, 2. Hence, for these k, j,

lim
|x|→∞

max
|y|≤M, |h|≤1

∥∥∥∂j
λ∂k

y a(x, x + y, ·) − ∂j
λ∂k

y a(x + h, x + y + h, ·)
∥∥∥

V
= 0. (3.33)

Fix ε > 0 and choose M > 0 such that

2
M

sup
x,y∈R

FV

[〈Dy〉2
{
a(x, y, ·)}] <

ε

2
. (3.34)

By (3.33), for all sufficiently large |x| we get

π

2
sup

|y|≤M, |h|≤1

FV

[〈Dy〉2
{
a(x, x + y, ·) − a(x + h, x + h + y, ·)}] <

ε

2
. (3.35)

Finally, setting x0 = x+h in (3.28), we deduce from (3.28), (3.34) and (3.35) that

lim
|x|→∞

max
|h|≤1

∥∥σA(x, ·) − σA(x + h, ·)∥∥
V

= 0 (3.36)

and hence σA(x, λ) ∈ EV
1 .

Analogously, starting from (3.25) instead of (3.28), one can prove that if
∂j

λ∂k
ya(x, y, λ) ∈ EC

2 for all k, j = 0, 1, 2, then σA(x, λ) ∈ EC
1 . �

Lemma 3.6. If ∂j
λ∂k

y a(x, y, λ) ∈ Cb

(
R × R, V (R)

)
for all k, j = 0, 1, 2, 3, then

σA(x, λ) = a(x, x, λ) + r(x, λ), (3.37)

where

r(x, λ) =
1
2π

∫ 1

0

dθ

∫∫
R2
〈y〉−2〈Dη〉2

{
〈η〉−2〈Dy〉2

{
Dη∂xa(x, x+θy, λ+η)

}}
e−iyηdydη.

(3.38)

Proof. From (3.18) it follows that

σA(x, λ) = Os
[
a(x, x + y, λ + η) − a(x, x, λ + η)

)
e−iyη

]
+ Os

[
a(x, x, λ + η)e−iyη

]
.

(3.39)
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Applying the equality

a(x, x + y, λ + η) − a(x, x, λ + η) = y

∫ 1

0

[
∂ya

]
(x, x + θy, λ + η)dθ

to the first oscillatory integral in (3.39) and changing in it the order of integration
on the basis of the Fubini theorem, we obtain

Os
[
a(x, x + y, λ + η) − a(x, x, λ + η)

)
e−iyη

]
= lim

ε→0

1
2π

∫∫
R2

χε(y, η)
(∫ 1

0

[
∂ya

]
(x, x + θy, λ + η)dθ

)
ye−iyηdydη

= lim
ε→0

1
2π

∫∫
R2

Dη

(
χε(y, η)

∫ 1

0

[
∂ya

]
(x, x + θy, λ + η)dθ

)
e−iyηdydη

= lim
ε→0

1
2π

∫ 1

0

dθ

∫∫
R2

Dη

{
χε(y, η)

}[
∂ya

]
(x, x + θy, λ + η)e−iyηdydη

+ lim
ε→0

1
2π

∫ 1

0

dθ

∫∫
R2

χε(y, η)
[
Dη∂ya

]
(x, x + θy, λ + η)e−iyηdydη.

Since the iterated integral on the right of (3.38) absolutely converges, we infer by
analogy with the proof of Lemma 3.1 that

lim
ε→0

1
2π

∫ 1

0

dθ

∫∫
R2

Dη

{
χε(y, η)

}[
∂ya

]
(x, x + θy, λ + η)e−iyηdydη = 0,

lim
ε→0

1
2π

∫ 1

0

dθ

∫∫
R2

χε(y, η)
[
Dη∂ya

]
(x, x + θy, λ + η)e−iyηdydη = r(x, λ),

where r(x, λ) is given by (3.38). Hence

Os
[
a(x, x + y, λ + η) − a(x, x, λ + η)

)
e−iyη

]
= r(x, λ). (3.40)

Since ∂j
λa(x, x, λ) ∈ Cb

(
R, V (R)

)
for j = 0, 1, we deduce from [16, Lemma 6.4]

that

Os
[
a(x, x, λ + η)e−iyη

]
= a(x, x, λ). (3.41)

Finally, (3.37) follows from (3.38), (3.40) and (3.41). �

By analogy with [16, Lemma 9.6] we obtain the following important property
of the function (3.38).

Lemma 3.7. If ∂j
λ∂k

y a(x, y, λ) ∈ EC
2 for all k, j = 0, 1, 2, 3, then the function r(x, λ)

given by (3.38) satisfies the condition

lim
x2+λ2→∞

r(x, λ) = 0. (3.42)
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Proof. From (3.38), (3.24) and (3.20) it follows that

|r(x, λ)|

≤ 1
2π

max
θ∈[0,1]

∫
R

〈y〉−2dy

∫
R

∣∣∣〈Dη〉2
{
〈η〉−2〈Dy〉2

{
Dη

[
∂ya

]
(x, x + θy, λ + η)

}}∣∣∣dη

≤ 1
π

max
k=1,3

max
θ∈[0,1]

∫
R

〈y〉−2dy

∫
R

〈η〉−2F
[[

∂η∂k
ya
]
(x, x + θy, λ + η)

]
dη

≤ max
k=1,3

((∫
R\[−N,N ]

〈y〉−2dy

)
sup

x,y∈R

FC

[
∂η∂k

ya(x, y, ·)]
+
(

1
π

∫ N

−N

〈y〉−2dy

)
sup

|y|≤N

∫
R

〈η − λ〉−2F
[
∂η∂k

y a(x, x + y, η)
]
dη

)
,

(3.43)
where N > 0. Hence for sufficiently large M > 0 and |λ| > M , we obtain

|r(x, λ)| ≤ max
k=1,3

(
2
N

sup
x,y∈R

FC

[
∂η∂k

y a(x, y, ·)]+
1

|λ| − M
sup

|y|≤N

F̃V

[
∂k

ya(x, x + y, ·)]
+ sup

|y|≤N

∫
R\[−M,M ]

F
[
∂η∂k

ya(x, x + y, η)
]
dη

)
. (3.44)

Since ∂j
λ∂k

ya(x, y, λ) ∈ Cb

(
R×R, V (R)

)
for all k, j = 0, 1, 2, 3, from [16, Lemma 4.2]

it follows that the latter summand in (3.44) tends to zero as M → ∞, uniformly
with respect to x ∈ [−K, K] for any K > 0. Thus, choosing sufficiently large
N, M > 0 and |λ| > M , we infer that

lim
|λ|→∞

max
|x|≤K

|r(x, λ)| = 0. (3.45)

On the other hand, from the first two inequalities in (3.43) it follows that

|r(x, λ)| ≤ max
k=1,3

max
θ∈[0,1]

∫
R

〈y〉−2FC

[[
∂λ∂k

y a
]
(x, x + θy, ·)]dy

≤ max
k=1,3

(
2
N

sup
x,y∈R

FC

[
∂λ∂k

ya(x, y, ·)] + π sup
|y|≤N

FC

[
∂λ∂k

y a(x, x + y, ·)]).

Since ∂λ∂k
ya(x, y, λ) ∈ EC

2 for (k = 0, 1, 2, 3), we infer from Corollary 2.2 and the
latter estimate that

lim
|x|→∞

max
λ∈R

|r(x, λ)| = 0. (3.46)

Finally, (3.45) and (3.46) imply (3.42). �

4. Boundedness and compactness of pseudodifferential operators

Let f ∈ C∞
0 (R) and its Fourier transform be given by

(Ff)(λ) := f̂(λ) :=
∫

R

f(x)e−ixλdx. (4.1)
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For −∞ < a < b < +∞, we consider the partial sum operators S(a,b) given by(
S(a,b)f

)
(x) =

1
2π

∫ b

a

f̂(λ)eixλdλ, x ∈ R.

Such operators can be represented in the form

S(a,b) = F−1χ(a,b)F =
1
2

[
eiaxSRe−iaxI − eibxSRe−ibxI

]
(4.2)

where χ(a,b) is the characteristic function of the interval (a, b) and SR is the Cauchy
singular integral operator defined for functions ϕ ∈ Lp(R) by

(SRϕ)(x) = lim
ε→0

1
πi

∫
R\(x−ε,x+ε)

ϕ(t)
t − x

dt, x ∈ R. (4.3)

Since the operator SR is bounded on all the spaces Lp(R) with 1 < p < ∞ (see,
e.g., [12], [1]), from (4.2) it follows that the operators S(a,b) also are bounded on
these spaces.

According to the celebrated Carleson-Hunt theorem on almost everywhere
convergence (more precisely, by its integral analog for Lp(R), see [6] and [20]), the
maximal operator S∗ given by

(S∗f)(x) = sup
−∞<a<b<+∞

∣∣(S(a,b)f)(x)
∣∣, x ∈ R,

is bounded on every space Lp(R), 1 < p < ∞ (also see [10, p. 18]). In particular,
for almost every x ∈ R,

sup
λ∈R

∣∣(S(0,λ)f)(x)
∣∣ ≤ (S∗f)(x) < ∞. (4.4)

Theorem 4.1. [16, Theorem 3.1] If σ ∈ L∞(
R, V (R)

)
, then the pseudodifferential

operator σ(x, D) defined for functions u ∈ C∞
0 (R) by the iterated integral[

σ(x, D)u
]
(x) =

1
2π

∫
R

dλ

∫
R

σ(x, λ)ei(x−y)λu(y)dy, x ∈ R, (4.5)

extends to a bounded linear operator on every Lebesgue space Lp(R), p ∈ (1,∞),
and ∥∥σ(x, D)

∥∥
B(Lp(R))

≤ 2
∥∥σ∥∥

L∞(R,V (R))

∥∥S∗
∥∥
B(Lp(R))

. (4.6)

Theorem 4.2. If ∂j
λ∂k

ya(x, y, λ) ∈ Cb

(
R × R, V (R)

)
for all k, j = 0, 1, 2, then the

pseudodifferential operator A defined for functions u ∈ C∞
0 (R) by the iterated

integral

(Au)(x) :=
1
2π

∫
R

dλ

∫
R

a(x, y, λ)ei(x−y)λu(y)dy, x ∈ R, (4.7)

extends to a bounded linear operator on every Lebesgue space Lp(R), p ∈ (1,∞),
and ∥∥A∥∥B(Lp(R))

≤ 2 sup
x∈R

∥∥σA(x, ·)∥∥
V

∥∥S∗
∥∥
B(Lp(R))

, (4.8)
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where σA(x, λ) is given by (3.18) and∥∥σA(x, ·)∥∥
V

≤ π

2
sup

x,y∈R

(
3
∥∥〈Dy〉2

{
a(x, y, ·)}∥∥

V

+ 2
∥∥∂λ〈Dy〉2

{
a(x, y, ·)}∥∥

V
+
∥∥∂2

λ〈Dy〉2
{
a(x, y, ·)}∥∥

V

)
.

Proof. By Lemma 3.4, the pseudodifferential operator A defined for functions u ∈
C∞

0 (R) by the iterated integral (4.7) can be represented in the form

(Au)(x) =
[
σA(x, D)u

]
(x) =

1
2π

∫
R

dλ

∫
R

σA(x, λ)ei(x−y)λu(y)dy, x ∈ R,

with σA(x, λ) given by (3.18). By Theorem 3.5, σA(x, λ) ∈ Cb

(
R, V (R)

)
and it

satisfies the estimate (3.27). It remains to apply Theorem 4.1. �
Theorem 4.3. [16, Theorem 4.4] If σ(x, λ) ∈ S1 and

lim
x2+λ2→∞

σ(x, λ) = 0, (4.9)

then the pseudodifferential operator σ(x, D) is compact on every Lebesgue space
Lp(R), 1 < p < ∞.

Theorem 4.4. If ∂j
λ∂k

ya(x, y, λ) ∈ EC
2 for all k, j = 0, 1, 2, then the pseudodifferen-

tial operator
r(x, D) = σA(x, D) − ã(x, D), (4.10)

where ã(x, λ) = a(x, x, λ), is compact on every Lebesgue space Lp(R), 1 < p < ∞.

Proof. Clearly, due to the conditions of the theorem, ã(x, λ) ∈ EC
1 ⊂ Cb

(
R, V (R)

)
.

Theorem 3.5 implies that σA(x, λ) ∈ EC
1 too. Therefore, the function r(x, λ) =

σA(x, λ) − ã(x, λ) also belongs to the Banach algebra EC
1 .

By Theorems 4.1 and 4.2, the pseudodifferential operators ã(x, D), r(x, D)
and σA(x, D) are bounded on all the spaces Lp(R), 1 < p < ∞. For the function
a(x, y, λ) ∈ EC

2 , we construct infinitely differentiable approximations aε(x, y, λ) ∈
EC
2 by formulas (2.11). By Theorem 2.3, the derivatives ∂k

y ∂j
λaε(x, y, λ) for all

k, j = 0, 1, 2, . . . also belong to the Banach algebra EC
2 ⊂ Cb

(
R, V (R)

)
and hence

ãε(x, λ) = aε(x, x, λ) ∈ EC
1 . Moreover, Theorem 2.3 and Corollary 2.2 imply that

for all k, j = 0, 1, 2,

lim
ε→0

sup
x,y∈R

∥∥∂k
y∂j

λa(x, y, ·) − ∂k
y ∂j

λaε(x, y, ·)∥∥
V

= 0, (4.11)

which, in particular, gives

lim
ε→0

sup
x∈R

∥∥ã(x, ·) − ãε(x, ·)∥∥
V

= 0. (4.12)

From (3.27) and (4.11) it follows that

lim
ε→0

sup
x∈R

∥∥σA(x, ·) − σε(x, ·)∥∥
V

= 0 (4.13)

where
σε(x, λ) = Os

[
aε(x, x + y, λ + η)e−iyη

]
, (x, λ) ∈ R × R. (4.14)
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Therefore, by Theorem 4.2, the pseudodifferential operators σε(x, D) are bounded
on all the spaces Lp(R), 1 < p < ∞, and

lim
ε→0

∥∥σε(x, D) − σA(x, D)
∥∥
B(Lp(R))

= 0. (4.15)

Analogously, we deduce from (4.12) and Theorem 4.1 that the pseudodifferential
operators ãε(x, D) are bounded on all the spaces Lp(R), 1 < p < ∞, and

lim
ε→0

∥∥ãε(x, D) − ã(x, D)
∥∥
B(Lp(R))

= 0. (4.16)

From (4.10), (4.15) and (4.16) it follows that

lim
ε→0

‖rε(x, D) − r(x, D)‖B(Lp(R)) = 0

where rε(x, D) is the pseudodifferential operator with the symbol rε(x, λ) :=
σε(x, λ)− ãε(x, λ) ∈ EC

1 and σε(x, λ) is given by (4.14). Since rε(x, λ) ∈ EC
1 ⊂ S1,

we infer from Lemma 3.7 and Theorem 4.3 that each pseudodifferential operator
rε(x, D) is compact on all the spaces Lp(R). Therefore, the operator r(x, D) =
lim
ε→0

rε(x, D) also is compact on the spaces Lp(R), 1 < p < ∞. �

5. Fredholm theory for pseudodifferential operators with
compound symbols

Given p ∈ (1,∞), let B = B(Lp(R)
)

denote the Banach algebra of all bounded
linear operators acting on the Banach space Lp(R), K = K(Lp(R)

)
be the closed

two-sided ideal of all compact operators in B, and let Bπ = B/K be the Calkin
algebra of the cosets Aπ = A + K where A ∈ B.

Let A denote the non-closed algebra of all pseudodifferential operators a(x, D)
with symbols a ∈ Ẽ1, where the algebra Ẽ1 is defined by (2.27). According to [16,
Lemma 10.1], the closure Ap of A in B(Lp(R)

)
contains all compact operators

K ∈ B(Lp(R)
)
.

Let B be the non-closed algebra of all pseudodifferential operators A of the
form (3.9) with compound symbols in the class

Ê2 :=
{
a(x, y, λ) : ∂j

λ∂k
ya(x, y, λ) ∈ Ẽ2, k, j = 0, 1, 2

}
.

Since Ẽ2 ⊂ EC
2 and since ã(x, λ) ∈ Ẽ1 whenever a(x, y, λ) ∈ Ê2, we immediately

deduce from Theorems 4.1, 4.2 and 4.4 that the closure Bp of B in B(Lp(R)
)

is a
Banach subalgebra of Ap. Moreover, the quotient algebra B

π

p = {Aπ : A ∈ Bp} ⊂
A

π

p is commutative because the Banach algebra A
π

p = Ap/K is commutative (see
[16, Theorem 11.11]).

The non-closed subalgebra B consists of all operators of the form A =∑
i

∏
j Ai,j where Ai,j are pseudodifferential operators of the form (3.9) with com-

pound symbols ai,j ∈ Ê2, i, j run through finite subsets, and products
∏

j Ai,j are
ordered. Since the operators a(x, D) with symbols a(x, λ) ∈ EC

1 commute to within
compact operators (see [16, Theorem 8.3]), we infer from Theorem 4.4 that every



Pseudodifferential Operators with Compound Symbols 213

operator A =
∑

i

∏
j Ai,j ∈ B can be represented as the sum of the pseudodifferen-

tial operator with the compound symbol a(x, y, λ) =
∑

i

∏
j ai,j(x, y, λ) ∈ Ê2 and

a compact operator. On the other hand, we can assign to A the pseudodifferential
operator ã(x, D) ∈ A with the usual symbol ã(x, λ) :=

∑
i

∏
j ai,j(x, x, λ) ∈ Ê1,

and the operator A − ã(x, D) again is compact. We call the function ã(x, λ) the
symbol of the operator A =

∑
i

∏
j Ai,j ∈ B. Thus, the symbol algebra generated

by the symbols ã(x, λ) is commutative.
As a result, the operator A ∈ B is Fredholm on the space Lp(R) (1 < p < ∞)

if and only if the corresponding operator ã(x, D) ∈ A is as well, and in this case
their indices coincide.

Finally, we derive from [16, Theorems 12.2 and 12.5] the following result (cf.
[29], [16]).

Theorem 5.1. The pseudodifferential operator A ∈ B of the form (3.9) with a
compound symbol a(x, y, λ) ∈ Ê2 is Fredholm on the Lebesgue space Lp(R) (1 <
p < ∞) if and only if

inf
x∈R

|a(x, x,±∞)| > 0, lim inf
x→±∞ min

λ∈R

|a(x, x, λ)| > 0. (5.1)

In the case A is Fredholm

Ind A = lim
r→+∞

1
2π

{
arg a(x, x, λ)

}
(x,λ)∈∂Πr

(5.2)

where Πr = [−r, r] × R and
{
arg a(x, x, λ)

}
(x,x,λ)∈∂Πr

denotes the increment
of arg a(x, x, λ) when the point (x, λ) traces the boundary ∂Πr of Πr counter-
clockwise.

6. Mellin pseudodifferential operators with compound symbols

Let R+ := (0,∞), Rn
+ = (R+)n, and let L∞(

Rn
+, V (R)

)
stand for the set of all

functions a : Rn
+ × R → C such that x 
→ a(x, ·) is a bounded measurable V (R)-

valued function on Rn
+. The set L∞(

Rn
+, V (R)

)
becomes a Banach algebra if we

equip it with the norm∥∥a∥∥
L∞(Rn

+,V (R))
:= ess sup

x∈Rn
+

∥∥a(x, ·)∥∥
V

< ∞. (6.1)

Theorem 6.1. If a ∈ L∞(
R+, V (R)

)
, then the Mellin pseudodifferential operator

OP (a), defined for functions f ∈ C∞
0 (R+) by the iterated integral[

OP (a)f
]
(r) =

1
2π

∫
R

dλ

∫
R+

a(r, λ)
(

r

�

)iλ

f(�)
d�

�
, r ∈ R+, (6.2)

extends to a bounded linear operator on every Lebesgue space Lp(R+, dµ) with the
measure dµ = d�/� (1 < p < ∞), and∥∥a(x, D)

∥∥
B(Lp(R+,dµ))

≤ 2
∥∥a∥∥

L∞(R+,V (R))

∥∥S∗
∥∥
B(Lp(R))

. (6.3)
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Proof. Let E be the isometric isomorphism

E : Lp(R+, dµ) → Lp(R), (Ef)(x) = f(ex), x ∈ R. (6.4)

Applying the transform A 
→ EAE−1 to the Mellin pseudodifferential operator
OP (a) given by (6.2) we get the equality

E
[
OP (a)

]
E−1 = b(x, D)

where b(x, λ) = a(ex, λ) and b(x, D) is the pseudodifferential operator given for
functions ϕ ∈ C∞

0 (R) by

[b(x, D)ϕ](x) =
1
2π

∫
R

dλ

∫
R

b(x, λ)ei(x−y)λϕ(y)dy, x ∈ R.

Since b ∈ L∞(
R, V (R)

)
if and only if a ∈ L∞(

R+, V (R)
)

and since∥∥b∥∥
L∞(R,V (R))

=
∥∥a∥∥

L∞(R+,V (R))
,

Theorem 6.1 immediately follows from Theorem 4.1. �

Obviously, for the function b(r, �, λ) = a(log r, log �, λ), the conditions

∂j
λ∂k

y a(x, y, λ) ∈ Cb

(
R × R, V (R)

)
for all k, j = 0, 1, 2,

are equivalent to the conditions

∂j
λ(�∂�)kb(r, �, λ) ∈ Cb

(
R+ × R+, V (R)

)
for all k, j = 0, 1, 2. (6.5)

Thus, similarly to Theorem 6.1, applying (6.4) and Theorem 4.2, we easily
obtain the following.

Theorem 6.2. If conditions (6.5) are fulfilled, then the Mellin pseudodifferential
operator B = OP (b) defined for functions f ∈ C∞

0 (R+) by the iterated integral[
OP (b)f

]
(r) =

1
2π

∫
R

dλ

∫
R+

b(r, �, λ)
(

r

�

)iλ

f(�)
d�

�
, r ∈ R+, (6.6)

extends to a bounded linear operator on every Lebesgue space Lp(R+, dµ), p ∈
(1,∞), and ∥∥B∥∥

B(Lp(R+,dµ))
≤ 2 sup

x∈R

∥∥σA(x, ·)∥∥
V

∥∥S∗
∥∥
B(Lp(R))

, (6.7)

where σA(x, λ) is given by (3.18) with

a(x, x + y, λ + η) = b(ex, ex+y, λ + η), x, y, λ, η ∈ R, (6.8)

and σA(x, λ) satisfies the estimate

sup
x∈R

∥∥σA(x, ·)∥∥
V

≤ π

2
sup

r,�∈R+

(
3
∥∥〈D̃�〉2

{
b(r, �, ·)}∥∥

V
+ 2

∥∥∂λ〈D̃�〉2
{
b(r, �, ·)}∥∥

V

+
∥∥∂2

λ〈D̃�〉2
{
b(r, �, ·)}∥∥

V

)
where 〈D̃�〉2 = I − (�∂�)2.
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A function a ∈ Cb(R+) is called slowly oscillating at 0 and at +∞ if the
function x 
→ a(ex) ∈ Cb(R) is slowly oscillating at the points ±∞. Thus (see [28]
and [34]), a function a ∈ Cb(R+) is slowly oscillating at 0 if for every λ ∈ (0, 1),

lim
r→0

max
{|a(x) − a(y)| : x, y ∈ [λr, r]

}
= 0 (6.9)

or, equivalently,

lim
r→0

max
{|a(x) − a(y)| : x, y ∈ [r/2, r]

}
= 0. (6.10)

Analogously, a function a ∈ Cb(R+) is slowly oscillating at ∞ if

lim
r→∞max

{|a(x) − a(y)| : x, y ∈ [r/2, r]
}

= 0. (6.11)

Clearly (see, e.g., [3] or Corollary 2.4), if a ∈ Cn
b (R+), then it slowly oscillates at

0 if and only if

lim
r→0

|ra′(r)| = 0, (6.12)

which in its turn is equivalent to the relations

sup
r∈R+

|(rdr)ja(r)| < ∞ (j = 0, 1, . . . , n), (6.13)

lim
r→0

|(rdr)ja(r)| = 0 (j = 1, 2, . . . , n) (6.14)

where (rdr)a(r) = ra′(r).
Below we need the following classes of compound symbols for Mellin pseudo-

differential operators. Let

EC
2 (R+) :=

{
b(r, �, λ) ∈ Cb

(
R+ × R+, V (R)

)
: b(ex, ey, λ) ∈ EC

2

}
,

Ẽ2(R+) :=
{
b(r, �, λ) ∈ Cb

(
R+ × R+, V (R)

)
: b(ex, ey, λ) ∈ Ẽ2

}
,

Ê2(R+) :=
{
b(r, �, λ) ∈ Cb

(
R+ × R+, V (R)

)
: b(ex, ey, λ) ∈ Ê2

} (6.15)

Theorem 4.4 implies the following.

Theorem 6.3. If ∂j
λ(�∂�)kb(r, �, λ) ∈ EC

2 (R+) for all k, j = 0, 1, 2, then the pseu-
dodifferential operator OP (b) − OP (̃b), where OP (b) is given by (6.6) and OP (̃b)
is of the form (6.2) with b̃(r, λ) = b(r, r, λ), is compact on every Lebesgue space
Lp(R+, dµ), 1 < p < ∞.

Obviously, we can easily rewrite Theorem 5.1 for Mellin pseudodifferential
operators with compound symbols b(r, �, λ) ∈ Ê2(R+). Let M be the Banach sub-
algebra of B(Lp(R+, dµ)

)
generated by all Mellin pseudodifferential operators with

compound symbols b(r, �, λ) ∈ Ê2(R+). Below we consider an application of such
pseudodifferential operators to generalized singular integral operators on weighted
Lebesgue spaces on some Carleson curves.
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Remark 6.4. All the previous results remain valid if in the definitions of the al-
gebras SO(Rn), SO∞(Rn), EC

n , EV
n (that is, in (2.2), (2.3), and (2.22)), and in

equations (2.23) and (2.25), we replace lim
‖x‖→∞

, where x = (x1, . . . , xn) ∈ Rn,

with the two limits lim
x1,...,xn→+∞ and lim

x1,...,xn→−∞, assume in addition the uniform

continuity of functions in SO(Rn) and SO∞(Rn), and modify accordingly the defi-
nitions of the algebras Ẽn, Ê2, EC

2 (R+), Ẽ2(R+), and Ê2(R+). In what follows we
will use these algebras defined in this new way.

7. Oscillating data

Following [3], we introduce the slowly oscillating data.
Slowly oscillating functions. Let SO(R+) stand for the set of all functions in
Cb(R+) which are slowly oscillating at 0 and at ∞. Thus, SO(R+) is a C∗-
subalgebra of L∞(R+).
Slowly oscillating curves. Let Γ be an unbounded oriented simple arc with the
starting point t and the terminating point ∞ that is defined by

Γ =
{
τ = t + reiθ(r) : r ∈ R+

}
(7.1)

where θ is a real-valued function in C3(R+). We say that Γ is a slowly oscillating
curve (at the endpoints t and ∞) if the function rθ′(r) is slowly oscillating at 0
and ∞. A slow oscillation of rθ′(r) at 0 and ∞ means in the case of θ ∈ C3(R+)
that

sup
r∈R+

|(rdr)jθ(r)| < ∞ (j = 1, 2, 3), (7.2)

lim
r→0

(rdr)jθ(r) = 0, lim
r→∞(rdr)jθ(r) = 0 (j = 2, 3). (7.3)

Condition (7.1) says that Γ may be parameterized by the distance to the starting
point t. Note that θ(r) may be unbounded as r → 0 and r → ∞. Since

|dτ | =
√

1 + (rθ′(r))2 dr,

condition (7.2) for j = 1 ensures that Γ is a Carleson curve (see, e.g., [1]).
Slowly oscillating weights. Let Γ be a slowly oscillating curve as above. We call a
function w : Γ → (0, +∞) a slowly oscillating weight (at the endpoints t and ∞ of
Γ) if

w
(
t + reiθ(r)

)
= ev(r), r ∈ R+, (7.4)

where v is a real-valued function in C3(R+) and rv′(r) is slowly oscillating at the
points 0 and ∞. The latter means that

sup
r∈R+

|(rDr)jv(r)| < ∞ (j = 1, 2, 3), (7.5)

lim
r→0

(rDr)jv(r) = 0, lim
r→∞(rDr)jv(r) = 0 (j = 2, 3). (7.6)
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One can show (see, e.g., [1, Theorem 2.36] and [18, Section 5]) that the Mucken-
houpt condition (1.1) is satisfied if and only if

−1/p < lim inf
r→0

rv′(r) ≤ lim sup
r→0

rv′(r) < 1/q,

−1/p < lim inf
r→∞ rv′(r) ≤ lim sup

r→∞
rv′(r) < 1/q.

(7.7)

We denote by A0
p the set of all pairs (Γ, w) ∈ Ap in which Γ is a slowly

oscillating curve and w is a slowly oscillating weight. Thus, (Γ, w) ∈ A0
p means

that (7.1) to (7.7) are true with functions θ and v in C3(R+).
Slowly oscillating shifts. Let (Γ, w) ∈ A0

p and let α be an orientation-preserving
diffeomorphism of Γ onto itself such that log |α′| ∈ Cb(Γ0) where Γ0 = Γ \ {t,∞}.
We call α a slowly oscillating shift (at the endpoints t and ∞ of Γ) if

α
(
t + reiθ(r)

)
= t + reω(r) exp

(
iθ
(
reω(r)

))
, r ∈ R+, (7.8)

where ω is a real-valued function in C3(R+) and the functions ω and rω′(r) are
slowly oscillating at 0 and ∞. Then ω, rω′(r) ∈ SO(R+).

Since rω′(r) is slowly oscillating at 0, the slow oscillation of ω at 0 and ∞ is
equivalent to the property:

lim
r→0

rω′(r) = 0, lim
r→∞ rω′(r) = 0. (7.9)

Thus, in contrast to (7.5) and (7.6), slow oscillation of α means that

sup
r∈R+

|(rDr)jω(r)| < ∞ (j = 0, 1, 2, 3),

lim
r→0

(rDr)jω(r) = 0, lim
r→∞(rDr)jv(r) = 0 (j = 1, 2, 3).

If α is a slowly oscillating shift at the point t (respectively, at ∞), then the
derivative α′, given by

α′(τ) =
1 + rω′(r)
1 + irθ′(r)

(
1 + ireω(r)θ′

(
reω(r)

))
exp

(
ω(r) + iθ

(
reω(r)

)− iθ(r)
)

(7.10)
for τ = t + reiθ(r) ∈ Γ, is a slowly oscillating function at the point t (respectively,
at ∞) (cf. [17] and [15]). The inverse assertion is false in general.

Since log |α′| ∈ Cb(Γ0), we conclude that inf
r∈R+

|1 + rω′(r)| > 0, whence we

infer due to (7.9) that
inf

r∈R+
(1 + rω′(r)) > 0. (7.11)

Slowly oscillating coefficients. Let (Γ, w) ∈ A0
p. We denote by SOn(Γ) the set of

all functions cΓ : Γ → C such that

cΓ

(
t + reiθ(r)

)
= c(r), r ∈ R+,

where c ∈ Cn
b (R+) ∩ SO(R+), respectively. Below we assume that coefficients

belong to SO2(Γ).
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8. Algebra of generalized singular integral operators

Let DΓ,w denote the smallest closed subalgebra of B(Lp(Γ, w)
)

containing the set{
cΓI : cΓ ∈ SO2(Γ)

} ∪ {SΓ} ∪ {VαSΓV −1
α }, (8.1)

where Vα is the shift operator, Vαϕ = ϕ ◦ α. The Banach algebra DΓ,w plays an
important role in studying singular integral operators with shifts (see, e.g., [21],
[19], [17]). Here, in general, the shift operator Vα is an isometric isomorphism
from the space Lp(Γ, w̃) with the weight w̃ = (w ◦ α−1)

∣∣(α−1)′
∣∣1/p onto the space

Lp(Γ, w). This makes a contribution of the properties of the shift α in the Fredholm
theory of operators D ∈ DΓ,w. To get the boundedness of the operator VαSΓV −1

α

on Lp(Γ, w), we need to assume that along with (7.7),

−1/p < lim inf
r→0

rṽ ′(r) ≤ lim sup
r→0

rṽ ′(r) < 1/q,

−1/p < lim inf
r→∞ rṽ ′(r) ≤ lim sup

r→∞
rṽ ′(r) < 1/q.

(8.2)

where w̃
(
t + reiθ(r)

)
= eṽ(r) for r ∈ R+.

We will show below that the Banach algebra DΓ,w can be imbedded into the
Banach algebra of Mellin pseudodifferential operators M ⊂ B(Lp(R+, dµ)

)
as a

Banach algebra CΓ,w.
Let (Γ, w) ∈ A0

p. The map Φ given by

(Φf)(r) = ev(r)r1/pf
(
t + reiθ(r)

)
, r ∈ R+, (8.3)

is an isomorphism of Lp(Γ, w) onto Lp(R+, dµ). Consider the map

Ψ : B(Lp
(
Γ, w)

) → B(Lp(R+, dµ)
)
, A 
→ ΦAΦ−1.

Then CΓ,w := Ψ(DΓ,w).
For a real-valued function b ∈ Cn(R+), let

mb(r, �) = (b(r) − b(�))/(log r − log �). (8.4)

Along with mb(r, �), for a real-valued function a ∈ Cn(R), we put

m̃a(x, y) = (a(x) − a(y))/(x − y). (8.5)

Lemma 8.1. If a ∈ C3(R) and a′ ∈ SO(R), then the functions (x, y) 
→ ∂j
xm̃a(x, y)

belong to SO(R2) for all j = 0, 1, 2, where according to Remark 6.4,

SO(R2) :=
{
f ∈ Cb(R2) : lim

x,y→+∞ cm(x,y)(f) = lim
x,y→−∞ cm(x,y)(f) = 0

}
. (8.6)

Proof. As a ∈ C3(R) and a′ ∈ SO(R) = closL∞(R)SO∞(R), (2.3) implies that

a′, a′′, a′′′ ∈ Cb(R), lim
x→∞ a′′(x) = lim

x→∞ a′′′(x) = 0. (8.7)

Hence, by the mean value theorem, the function m̃a is bounded on R2. Since a′ is
continuous on R and since for every z ∈ R,

lim
x,y→z

[
m̃a(x, y) − a′(z)

]
= lim

x,y→z

∫ x

y

[
a′(t) − a′(z)

]
dt

x − y
= 0,
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the function (x, y) 
→ m̃a(x, y) is continuous at the points (z, z) and hence on the
whole plane R2. Thus, m̃a ∈ Cb(R2). On the other hand, because

m̃a(x, y) =
1

x − y

∫ x

y

a′(τ)dτ =
∫ 1

0

a′(y + t(x − y)
)
dt,

m̃a(x + h, y + s) − m̃a(x, y) =
∫ 1

0

∫ y+s+t(x+h−y−s)

y+t(x−y)

a′′(τ) dτdt, (8.8)

we conclude from (2.1), (8.8), and (8.7) that

lim
x,y→+∞ cm(x,y)(m̃a) = lim

x,y→−∞ cm(x,y)(m̃a) = 0,

whence m̃a ∈ SO(R2) in view of (8.6).
Further, from the equalities

∂xm̃a(x, y) =
a′(x) − m̃a(x, y)

x − y
=

∫ x

y

[
a′(x) − a′(t)

]
dt

(x − y)2
=

∫ x

y

∫ x

t
a′′(τ)dτdt

(x − y)2
,

lim
x,y→z

[
∂xm̃a(x, y) − a′′(z)/2

]
= lim

x,y→z

∫ x

y

∫ x

t

[
a′′(τ) − a′′(z)

]
dτdt

(x − y)2
= 0

it follows, respectively, that the function (x, y) 
→ ∂xm̃a(x, y) is bounded on R2

and continuous at every point (z, z). Consequently, ∂xm̃a ∈ Cb(R2). As

∂xm̃a(x, y) =
∫ 1

0

∫ 1

0

(1 − t) a′′(y + [t + τ(1 − t)](x − y)
)
dτdt,

∂xm̃a(x + h, y + s) − ∂xm̃a(x, y) =
∫ 1

0

∫ 1

0

∫ y+s+[t+τ(1−t)](x+h−y−s)

y+[t+τ(1−t)](x−y)

(1 − t) a′′′(ξ) dξdτdt,

and the points y+[t+τ(1−t)](x−y) are in the segment with the endpoints x, y for
all t, τ ∈ [0, 1], we conclude from (2.1), (8.8), (8.7), and (8.6) that ∂xm̃a ∈ SO(R2).

Analogously, the equalities

∂2
xm̃a(x, y) =

2
∫ x

y

∫ x

t

[
a′′(x) − a′′(τ)

]
dτdt

(x − y)3
=

2
∫ x

y

∫ x

t

∫ x

τ
a(3)(ξ)dξdτdt

(x − y)3
,

lim
x,y→z

[
∂2

xm̃a(x, y) − a(3)(z)/3
]

= lim
x,y→z

2
∫ x

y

∫ x

t

∫ x

τ

[
a(3)(ξ) − a(3)(z)

]
dξdτdt

(x − y)3
= 0,

where z ∈ R, imply that ∂2
xm̃a ∈ Cb(R2). Finally, since

∂2
xm̃a(x+h,y+s)−∂2

xm̃a(x,y)

=2
∫ 1

0

∫ 1

0

∫ 1

0

(1− t)2(1−τ)
[
a′′′(θ(x+h,y+s,t,τ,ξ)

)−a′′′(θ(x,y,t,τ,ξ)
)]

dξdτdt,

where the points θ(x, y, t, τ, ξ) := y +[t+(τ + ξ(1− τ))(1− t)](x− y) belong to the
segment with the endpoints x, y, we again infer from (2.1), (8.8), (8.7), and (8.6)
that ∂2

xm̃a ∈ SO(R2). �
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Lemma 8.1 immediately gives the following.

Corollary 8.2. If a ∈ C3(R+) and ra′(r) ∈ SO(R+), then for all j = 0, 1, 2,

(r∂r)jma(r, �) ∈ SO
(
R2

+

)
:=

{
b(r, �) ∈ Cb

(
R2

+

)
: b(ex, ey) ∈ SO

(
R2

)}
.

The following theorem reveals our interest in Mellin pseudodifferential oper-
ators with slowly oscillating compound symbols.

Theorem 8.3. Let (Γ, w) ∈ A0
p and

0 < inf
r,�∈R+

(
1/p + mv(r, �)

) ≤ sup
r,�∈R+

(
1/p + mv(r, �)

)
< 1, (8.9)

0 < inf
r,�∈R+

1/p + mv(r, �)
1 + mω(r, �)

≤ sup
r,�∈R+

1/p + mv(r, �)
1 + mω(r, �)

< 1. (8.10)

If cΓ ∈ SO2(Γ) then Ψ(cΓI) = cI. For the operators SΓ ∈ B(Lp(Γ, w)
)

and
VαSΓV −1

α ∈ B(Lp(Γ, w)
)
, we have

Ψ(SΓ) = OP (σ), Ψ(VαSΓV −1
α ) = OP (σα),

where for (r, �, λ) ∈ R+ × R+ × R,

σ(r, �, λ) :=
1 + i�θ′(�)

1 + imθ(r, �)
coth

(
π

λ + i(1/p + mv(r, �))
1 + imθ(r, �)

)
, (8.11)

σα(r, �, λ) :=
1 + �ω′(�) + i�γ′(�)

1 + mω(r, �) + imγ(r, �)
coth

(
π

λ + i(1/p + mv(r, �))
1 + mω(r, �) + imγ(r, �)

)
,(8.12)

γ(r) = θ(reω(r)), and the functions σ and σα belong to Ê2(R+).

Proof. One can easily check that (8.10) implies (8.2) for the weight w̃, and hence
(Γ, w̃) ∈ A0

p. Thus the operator SΓ is bounded on the space Lp(Γ, w̃) and therefore
the operator VαSΓV −1

α is bounded on the space Lp(Γ, w) together with SΓ.
The function (8.14) is calculated in [2]. A straightforward computation on

the basis of (7.8) and (8.3) shows that for r > 0,

[Ψ(VαSΓV −1
α ) f ](r)

=
1
πi

∫
R+

ev(r)−v(�) (r/�)1/p (1 + � ω ′(�) + i� γ ′(�)) eω(�)+iγ(�)

� eω(�)+iγ(�) − r eω(r)+iγ(r)
f(�) d�

=
1
πi

∫
R+

(r/�)1/p+mv(r,�) (1 + � ω ′(�) + i� γ ′(�))
1 − (r/�)1+mω(r,�)+imγ (r,�)

f(�)
d�

�
=: I0.

Further, taking into account (8.10) and using the Mellin transform identity
1
πi

δ xµ

1 − xδ
=

1
2π

∫
R

coth [π(λ + iµ)/δ] xiλ dλ (x > 0, Re δ ≥ 1, 0 < µ < 1)

(see, e.g., [2]), we infer for x = (r/�)1+mω(r,�) and

µ = (1/p + mv(r, �))/(1 + mω(r, �)), δ = 1 + imγ(r, �)/(1 + mω(r, �)),
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that

I0 =
1
πi

∫
R+

∫
R

coth

[
π

(
λ + i

1/p + mv(r, �)
1 + mω(r, �)

)(
1 + i

mγ(r, �)
1 + mω(r, �)

)−1
]

× (
1 + � ω ′(�) + i� γ ′(�)

)(
1 + i

mγ(r, �)
1 + mω(r, �)

)−1(
r

�

)iλ(1+mω(r,�))

dλ f(�)
d�

�

=
1
πi

∫
R

dλ

∫
R+

σα(r, �, λ)
(

r

�

)iλ

f(�)
d�

�
,

which gives (8.15).
It is easily seen with the help of Corollary 8.2 that the functions σ, σα belong

to the class Ê2(R+) given by (6.15). �

Finally, we deduce from Theorems 5.1, 6.3 and 8.3 the following Fredholm
result.

Theorem 8.4. Let 1 < p < ∞, (Γ, w) ∈ A0
p, α is a slowly oscillating shift on Γ,

and let (8.9)–(8.10) hold. Then the operator

B =
∑

i

∏
j

(
(ci,j)ΓI + (di,j)ΓSΓ + (gi,j)ΓVαSΓV −1

α

)
∈ DΓ,w, (8.13)

with coefficients (ci,j)Γ, (di,j)Γ, (gi,j)Γ ∈ SO2(Γ) and i, j running through finite
subsets, is Fredholm on the space Lp(Γ, w) if and only if

inf
r∈R+

|b(r, r,±∞)| > 0, lim inf
r→0

min
λ∈R

|b(r, r, λ)| > 0, lim inf
r→+∞ min

λ∈R

|b(r, r, λ)| > 0,

where

b(r, r, λ) :=
∑

i

∏
j

(
ci,j(r) + di,j(r)σ(r, r, λ) + gi,j(r)σα(r, r, λ)

)
,

σ(r, r, λ) := coth
(

π
λ + i(1/p + rv′(r))

1 + irθ′(r)

)
, (8.14)

σα(r, r, λ) := coth
(

π
λ + i(1/p + rv′(r))
1 + rω′(r) + irγ′(r)

)
, (8.15)

and γ(r) = θ(reω(r)). In the case B is Fredholm

Ind B = lim
m→+∞

1
2π

{
arg b(r, r, λ)

}
(r,λ)∈∂Πm

(8.16)

where Πm = [1/m, m] × R and
{
arg b(r, r, λ)

}
(r,r,λ)∈∂Πm

denotes the increment
of arg b(r, r, λ) when the point (r, λ) traces the boundary ∂Πm of Πm counter-
clockwise.

Note that Theorems 8.3 and 8.4 remain true without the property of slow
oscillation of ω(r). In the same manner we can study the algebra of generalized sin-
gular integral operators containing several operators VαnSΓV −1

αn
, n = 1, 2, . . . , n0.
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Extension of Operator Lipschitz and
Commutator Bounded Functions

Edward Kissin, Victor S. Shulman and Lyudmila B. Turowska

1. Introduction and preliminaries

Let (B(H), ‖·‖) be the algebra of all bounded operators on an infinite-dimensional
Hilbert space H . Let B(H)sa be the set of all selfadjoint operators in B(H).
Throughout the paper we denote by α a compact subset of R and by B(H)sa(α)
the set of all operators in B(H)sa with spectrum in α:

B(H)sa(α) = {A = A∗ ∈ B(H) : Sp(A) ⊆ α}.
We will use similar notations Asa, Asa(α) for a Banach ∗-algebra A. Each bounded
Borel function g on α defines, via the spectral theorem, a map A → g(A) from
B(H)sa(α) into B(H). Various smoothness conditions when imposed on this map
define the corresponding classes of operator-smooth functions.

Definition 1.1.

(i) A function g on α in R is operator Lipschitzian if there is D > 0 such that

‖g(A) − g(B)‖ ≤ D‖A − B‖ for A, B ∈ B(H)sa(α).

(ii) A function g on an open subset Γ of R is operator Lipschitzian if it is operator
Lipschitzian on each compact subset of Γ.

For infinite-dimensional H , the classes of operator Lipschitz functions defined
above do not depend on the dimension of H . For finite-dimensional spaces, the
classes defined in (i) coincide with the class of all functions Lipschitzian on α in
the usual sense, that is, such that |g(x) − g(y)| ≤ D |x − y| for some D > 0 and
all x, y ∈ α.

The study of operator Lipschitz functions was initiated by Daletskii and
Krein [DK] and motivated by various problems in the scattering theory. Following
their paper, there have been significant articles by Birman and Solomyak [BS1],
[BS2], Johnson and Williams [JW], Farforovskaya [F], Peller [Pe] and others (see
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the bibliography in [KS3]) which consider “scalar” smoothness properties of op-
erator Lipschitz functions. In [KS2] the first two authors investigated the action
of operator Lipschitz functions on the domains of ∗-derivations of C∗-algebras. It
was shown that operator Lipschitz functions are exactly the functions which act
on the domains of all weakly closed ∗-derivations of C∗-algebras.

In this paper we study the following extension problems for operator Lipschitz
functions.

Question 1. Let g be an operator Lipschitz function on intervals [a, b] and [c, d]
with b < c. Is it operator Lipschitzian on [a, b] ∪ [c, d]?

Question 2. Let a function g be operator Lipschitzian on an interval [a, b]. Can it
be extended to an operator Lipschitz function on a larger interval [a, c]?

Question 3. Let a continuous function g on [a, b] be operator Lipschitzian on an
infinite set of closed intervals covering [a, b). Under which conditions is it operator
Lipschitzian on [a, b]?

We show that Question 1 always has a positive answer as long as b �= c. This
implies that a function on an open subset of R is operator Lipschitzian if and
only if it is operator Lipschitzian in a neighborhood of each point. For b = c, the
answer, in general, is negative and we find some conditions when it is positive.

We also show that Question 2 has a positive answer if supp(g) ⊂ [a, b).
However, we do not know the full answer to the more subtle case when supp(g) =
[a, b] nor the full answer to Question 3. We prove that under some conditions on
the behavior of g near the point b these questions have positive answers.

As an important consequence of these results, we construct in Section 5 a large
variety of operator Lipschitz functions which are not continuously differentiable.
The problem of the existence of such functions was posed by Williams in [W] and
the first example was given in [KS3]. The existence of such functions allows us to
distinguish between the classes of operator Lipschitz and operator differentiable
functions (see [KS2]).

In this paper we study the extension of operator Lipschitz functions in a
wider framework. Apart from the standard operator norm, we consider also other
unitarily invariant norms on B(H) and the classes of operator Lipschitz functions
with respect to these norms. This approach gives rise to a rich variety of functional
spaces.

Recall (see [GK]) that a two-sided ideal J of B(H) is symmetrically normed
(s.n.) if it is a Banach space with respect to a norm ‖ · ‖J and

‖AXB‖J ≤ ‖A‖‖X‖J‖B‖ for A, B ∈ B(H) and X ∈ J.

It is a ∗-ideal and, by the Calkin theorem, it lies in the ideal C(H) of all compact
operators on H . An important class of s.n. ideals is constituted by Schatten ideals
Cp, 1 ≤ p < ∞. We will write ‖ · ‖p instead of ‖ · ‖Cp . We denote C∞ = C(H) and
Cb = B(H).
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Definition 1.2. Let J be an s.n. ideal and let Γ be an open subset of R, or one of
the finite or infinite intervals (a, d], [a, d).

(i) A function g on a compact α in R is J-Lipschitzian, if there is D > 0 such
that

g(A) − g(B) ∈ J and ‖g(A) − g(B)‖J ≤ D‖A − B‖J for A, B ∈ Jsa(α). (1.1)

Denote by D(g, α) the minimal value of D for which the above inequality
holds.

(ii) A function g on Γ is J-Lipschitzian if it is J-Lipschitzian on each compact
set in Γ.

It should be noted (see [KS3]) that the class of operator Lipschitz functions
coincides with the classes of C∞-Lipschitz functions and of C1-Lipschitz functions.

Davies [D] and Farforovskaya [F] studied the smoothness properties of Cp-
Lipschitz functions. For arbitrary symmetrically normed ideals J , the spaces of J-
Lipschitz functions, their hierarchy and properties were investigated in [KS2] and
[KS3]. De Pagter, Sukochev and Witvliet studied in [PSW] properties of Lipschitz
functions on non-commutative Lp-spaces.

Let A,B be C∗-algebras and let a Banach space X be a left A- and right B-
module. It is a Banach (A,B)-bimodule if the actions commute and are bounded:
there is M = M(A,B,X ) > 0 such that

‖AX‖X ≤ M‖A‖‖X‖X and ‖XB‖X ≤ M‖B‖‖X‖X , for A ∈ A, B ∈ B, X ∈ X .
(1.2)

We write ‘A-bimodule’ instead of (A,A)-bimodule and [A, X ] instead of the com-
mutator AX − XA for A ∈ A and X ∈ X . Note that all symmetrically normed
ideals are Banach B(H)-bimodules and Banach A-modules for each C∗-subalgebra
A of B(H).

The following notion of commutator X -bounded functions has no “scalar”
analogues.

Definition 1.3. Let X be a Banach A-bimodule and let Γ be an open set in R, or
one of the finite or infinite intervals (a, d], [a, d).

(i) A continuous function g on α is commutator (A,X )-bounded, if there is K >
0 such that

‖[g(A), X ]‖X ≤ K‖[A, X ]‖X , for X ∈ X and A ∈ Asa(α). (1.3)

Denote by K(g, α) the minimal constant K for which (1.3) holds.
(ii) A continuous function on Γ is commutator (A,X )-bounded, if it is commu-

tator (A,X )-bounded on each compact in Γ.

The proof of the following result can be found in [D, F, KS1].

Theorem 1.4. Let J be a symmetrically normed ideal and α be a compact sub-
set of R. The space of J-Lipschitz (respectively, operator Lipschitz) functions on
α coincides with the space of all commutator (B(H), J)-bounded (respectively,
(B(H), B(H))-bounded) functions on α.
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We extend now the above result to C∗-algebras.

Theorem 1.5. Let A be an infinite-dimensional C∗-algebra of operators on H and
let α = [−a, a].

(i) If J is a separable s.n. ideal, then the space of commutator (A, J)-bounded
functions on α coincides with the space of J-Lipschitz functions.

(ii) The spaces of commutator (A, B(H))-bounded functions on α coincides with
the space of operator Lipschitz functions.

Proof. Let B be the weak closure of A and B ∈ Bsa(α). By Kaplansky’s density
theorem, there are An in Asa such that ‖An‖ ≤ ‖B‖ and An converge to B in the
strong operator topology (An

sot→ B). Hence An ∈ Asa(α). Let g be a commutator
(A, J)-bounded function on α. Since g is uniformly approximated by polynomials
on α and since P (An) sot→ P (B) for each polynomial P , we have g(An) sot→ g(B).
Hence

[g(An), X ] sot→ [g(B), X ] for X ∈ B(H). (1.4)

Let J be a separable s.n. ideal. By Theorem III.6.3 of [GK], ‖[An, X ] −
[B, X ]‖J → 0 for X ∈ J . Hence

lim‖[g(An), X ]‖J ≤ Klim‖[An, X ]‖J = K‖[B, X ]‖J .

Then [g(B), X ] ∈ J and it follows from the above inequality, from (1.4) and from
Theorem III.5.1 of [GK] that ‖[g(B), X ]‖J ≤ K‖[B, X ]‖J . Thus g is a commutator
(B, J)-bounded function on α.

Since B is an infinite-dimensional W ∗-algebra, there is a self-adjoint operator
B with Sp(B) = α. It follows from Theorem 3.4 of [KS1] that

‖[g(A), X ]‖J ≤ K‖[A, X ]‖J for every A ∈ B(H)sa(α).

Hence g is a commutator (B(H), J)-bounded function on α.
Conversely, each commutator (B(H), J)-bounded function on α is continuous

(see [KS3]), so it is commutator (A, J)-bounded. From this and from Theorem
1.4 we have that the spaces of commutator (A, J)-bounded and of J-Lipschitz
functions on α coincide. This proves part (i).
All commutator (A,B(H))-bounded functions on α are commutator (A,C(H))-
bounded. By (i), they are all commutator (B(H), C(H))-bounded on α. It was
proved in [KS3] that the spaces of commutator (B(H), C(H))-bounded functions
on α, of commutator (B(H), B(H))-bounded functions and of operator Lipschitz
functions coincide. This completes the proof of (ii). �

The possibility to reduce the study of J-Lipschitz functions to the study of
commutator bounded functions is very useful, since it linearizes the problems and
enables one to avoid the complicated techniques of double operator integrals.
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2. Commutator (A,X )-bounded functions

Let A,B be C∗-algebras and let X be a Banach (A,B)-bimodule. If Sp(A)∩
Sp(B) = ∅, for A ∈ A and B ∈ B, then, by Rosenblum’s Theorem (see [RR]),
there is C > 0 such that

‖AX − XB‖X ≥ C‖X‖X for all X ∈ X . (2.1)

The constant C can be estimated via the distance between Sp(A) and Sp(B). The
next two results are known (see [BR] and the references there). We include their
proofs for the convenience of the reader.

Lemma 2.1. Let T be a bounded operator on a Banach space such that

Sp(T ) ⊂ (∞,−δ) ∪ (δ,∞) and ‖ exp(isT )‖ ≤ R, for all s ∈ R,

where R, δ are some positive numbers. Then ‖T−1‖ ≤ C0Rδ−1 for some universal
constant C0.

Proof. Let f be a smooth odd function in L2(R) that coincides with 1/t on
(−∞,−1) ∪ (1,∞). Denote by f̂ its Fourier transform. Since f ′ ∈ L2(R), we
have sf̂(s) ∈ L2(R) whence |s|f̂(s) ∈ L2(R). Hence (1 + |s|)f̂(s) ∈ L2(R). Since
(1 + |s|)−1 ∈ L2(R), f̂ ∈ L1(R).

Set C0 =
∫∞
−∞ |f̂(s)|ds and let fδ(t) = 1

δ f( t
δ ). Then fδ(t) = 1/t for |t| ≥ δ

whence fδ(T ) = T−1. Since f̂(δs) is the Fourier transform of fδ,

fδ(T ) =
∫ ∞

−∞
f̂(δs) exp(−isT )ds.

Therefore ‖T−1‖ ≤ ∫∞
−∞ |f̂(δs)|Rds ≤ C0Rδ−1. �

For disjoint subsets α, β of R, let δ(α, β) = inf
t∈α,s∈β

|t − s| be the distance

between them.

Lemma 2.2. Let A and B be C∗-algebras and let X be a Banach (A,B)-bimodule.
If δ = δ(α, β) > 0, for disjoint subsets α and β of R, then

‖AX − XB‖X ≥ C−1
0 M−2δ‖X‖X , for X ∈ X , A ∈ Asa(α), B ∈ Bsa(β),

where M is the constant in (1.2) and C0 > 0 is the constant in Lemma 2.1.

Proof. For A ∈ Asa(α) and B ∈ Bsa(β), the operators LA: X ∈ X → AX , RB:
X ∈ X → XB act on X and commute. Set T = LA −RB . To prove the lemma, it
suffices to show that ‖T−1‖ ≤ C0M

2δ−1. It is easy to see that

‖ exp(isT )‖ = ‖ exp(isLA) exp(−isRB)‖ = ‖Lexp(isA)Rexp(−isB)‖
≤ M2‖ exp(isA)‖‖ exp(−isB)‖ = M2.

Since Sp(T ) ⊂ {t− s : t ∈ α, s ∈ β} ⊂ (−∞,−δ)∪ (δ,∞), it only remains to apply
Lemma 2.1. �
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In the rest of this paper A will be a W ∗-algebra on a Hilbert space H and X
be a Banach A-bimodule. Let g be a continuous function on α and A ∈ Asa(α). Let
E(t) be the spectral resolution of the identity for A continuous from the right in the
strong operator topology and let P (γ), for γ ⊆ α, be the corresponding spectral
measure of A. Let E(t − 0) = s- lim

s→t−0
E(s) in the strong operator topology. Then

E(t) = P ((−∞, t]) and E(t − 0) = P ((−∞, t)) belong to A. Set Hγ = P (γ)H .
Then Sp(A|Hγ ) ⊆ γ and

P (γ)g(A) = g(A)P (γ) = P (γ)g(P (γ)A) = g(A|Hγ ) ⊕ 0|H⊥
γ

. (2.2)

Corollary 2.3. Let β and γ be disjoint closed subsets of α and let g be a continuous
function on α. For each A ∈ Asa(α) and X ∈ X ,

‖P (γ)g(A)XP (β)‖X ≤ C0δ(γ, β)−1M5 sup
t∈γ

|g(t)|‖[A, X ]‖X ,

‖P (β)Xg(A)P (γ)‖X ≤ C0δ(γ, β)−1M5 sup
t∈γ

|g(t)|‖[A, X ]‖X .

Proof. From (2.2) we have ‖P (γ)g(A)‖ = ‖g(A|Hγ )‖ ≤ supt∈γ |g(t)|. Hence, by
(1.2),

‖P (γ)g(A)XP (β)‖X ≤ M‖P (γ)g(A)‖‖P (γ)XP (β)‖X
≤ M sup

t∈γ
|g(t)|‖P (γ)XP (β)‖X .

Set T = A|Hγ , S = A|Hβ
. Then Sp(T ) ⊆ γ, Sp (S) ⊆ β. Since Y = P (γ)XP (β) is

a Banach left P (γ)AP (γ)-module and right P (β)AP (β)-module with constant

M(P (γ)AP (γ), P (β)AP (β),Y) ≤ M(A,A,X ) = M,

we obtain from (1.2) and Lemma 2.2 that

M2‖[A, X ]‖X ≥ ‖P (γ)[A, X ]P (β)‖X = ‖TP (γ)XP (β)− P (γ)XP (β)S‖Y
≥C−1

0 M−2δ(γ, β)‖P (γ)XP (β)‖Y = C−1
0 M−2δ(γ, β)‖P (γ)XP (β)‖X .

Combining the above two inequalities, we obtain the first inequality of the corol-
lary. The proof of the second inequality is similar. �

For β = [a, d], P (β) = E(d) − E(a − 0). Set

P̃ (β) = E(d) − E(a) = P ((a, d]) and H̃β = P̃ (β)H.

Then Sp(A|H̃β
) ⊆ β.

Remark 2.4. Let β and γ be closed intervals in α. The inequalities in Corollary
2.3 hold if P (β) is replaced by P̃ (β) or (and) P (γ) by P̃ (γ).

Now we turn our attention to commutator (A,X )-bounded functions. The
set of all such functions on α is an algebra with respect to the usual operations.
Supplied with the norm

|f |α = ‖f‖∞ + K(f, α)
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it becomes a differential Banach algebra in the sense of [BK, KS]. The result below
shows that this algebra is quite rich.

Proposition 2.5. Let g ∈ L1(R) with Fourier transform ĝ satisfy∫
R

|sĝ(s)| < ∞.

For all A and X , g is commutator (A,X )-bounded on each α ⊂ R and K(g, α) ≤
M2

2π

∫
R
|sĝ(s)|.

Proof. Let X ∈ X and A ∈ A. Repeating the argument of Lemma 2 [Po], we have

[eA, X ] =
∫ 1

0

etA[A, X ]e(1−t)Adt.

The function g acts on B(H)sa by the formula

g(B) =
∫

R

e−isB ĝ(s)ds for B ∈ B(H)sa.

Hence it follows from (1.2) that

‖[g(A), X ]‖X =
∥∥∥∥∫

R

ĝ(s)[e−isA, X ]ds

∥∥∥∥
X

≤
∫

R

|ĝ(s)|
(∫ 1

0

M2‖e−istA‖‖[sA, X ]‖X‖e−is(1−t)A‖dt

)
ds

= M2‖[A, X ]‖X
∫

R

|sĝ(s)|ds

which proves the lemma. �

Let g be a continuous function on α and A ∈ Asa(α). Let γ be a subset of
α. By (2.2), 0 ∈ Sp(P (γ)A) ⊆ γ ∪ {0}. If 0 /∈ α, Sp(P (γ)A) does not lie in α, so g
does not act on P (γ)A.

Lemma 2.6. Let g be a commutator (A,X )-bounded function on a compact β ⊆ α.
For any subsets γ, δ of β and all A ∈ Asa(α) and X ∈ X ,

‖P (γ)[g(A), X ]P (γ)‖X ≤ K(g, β)M2‖[A, X ]‖X , (2.3)

‖P (γ)[g(A), X ]P (δ)‖X ≤ K(g, β)M4‖[A, X ]‖X . (2.4)

Proof. Choose λ ∈ γ and set B = P (γ)A+ λ(1−P (γ)). Then Sp(B) ⊆ γ ⊆ β. By
(2.2), P (γ)g(A) = P (γ)g(B). Since P (γ)A = P (γ)B, we obtain (2.3) by applying
(1.3):

‖P (γ)[g(A), X ]P (γ)‖X = ‖[g(B), P (γ)XP (γ)]‖X ≤ K(g, β)‖[B, P (γ)XP (γ)]‖X
= K(g, β)‖P (γ)[A, X ]P (γ)‖X ≤ K(g, β)M2‖[A, X ]‖X .
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From (1.2) and (2.3) we obtain (2.4)

‖P (γ)[g(A), X ]P (δ)‖X = ‖P (γ)P (β)[g(A), X ]P (β)P (δ)‖X
≤ M2‖P (β)[g(A), X ]P (β)‖X ≤ K(g, β)M4‖[A, X ]‖X . �

Proposition 2.7. Let a continuous function g be commutator (A,X )-bounded on
compact subsets α and β of R. If α \ β ∩ β \ α = ∅ then g is commutator (A,X )-
bounded on α ∪ β.

Proof. Let A ∈ Asa(α∪β). Set γ1 = α \ β, γ2 = α∩β, γ3 = β \α and Pi = P (γi).
Then α ∪ β = γ1 ∪ γ2 ∪ γ3 and

‖[g(A), X ]‖X ≤
∑
i,j

‖Pi[g(A), X ]Pj‖X , for X ∈ X .

To prove the proposition, it suffices to show that, for all i, j ∈ {1, 2, 3},
‖Pi[g(A), X ]Pj‖X ≤ Cij‖[A, X ]‖X ,

where Cij do not depend on A and X .
If γi ∪ γj ⊆ α, it follows from (2.4) that

‖Pi[g(A), X ]Pj‖X ≤ M4K(g, α)‖A, X ]‖X .

If γi ∪ γj ⊆ β then ‖Pi[g(A), X ]Pj‖X ≤ M4K(g, β)‖A, X ]‖X .
Since γ1 and γ3 are disjoint, we have from (1.2) and Corollary 2.3,

‖P1[g(A), X ]P3‖X ≤ M2‖P (γ1)[g(A), X ]P (γ3)‖X
≤ M2‖P (γ1)g(A)XP (γ3)‖X + M2‖P (γ1)Xg(A)P (γ3)‖X
≤ 2C0δ(γ1, γ3)−1M7r‖[A, X ]‖X ,

where r = supt∈α∪β |g(t)|. We get the same inequality, if we exchange P1 and P3.
�

Note that the proof of Proposition 2.7 gives the following estimate for K(g, α∪β):

K(g, α ∪ β) ≤ 7M4 max(K(g, α), K(g, β)) + 4C0δ(γ1, γ3)−1M7 sup
t∈α∪β

|g(t)|. (2.5)

Corollary 2.8. If a function is commutator (A,X )-bounded on open sets Γi, i ∈ I,
for some index set I, then it is commutator (A,X )-bounded on their union Γ.

Proof. Without loss of generality, assume that all Γi are open intervals. Since any
compact subset α of Γ is contained in the union of a finite number of Γi, it suffices
to consider finite sets I. A simple induction reduces the problem to the case of two
intervals.

If α ⊂ Γ1 ∪ Γ2, it can be represented as the union of compact sets β in Γ1

and γ in Γ2 such that γ \ β ∩ β \ γ = ∅. By Proposition 2.7, g is commutator
(A,X )-bounded on Γ1 ∪ Γ2. �

We obtain immediately that locally commutator (A,X )-bounded functions
are commutator (A,X )-bounded.
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Corollary 2.9. A continuous function g is commutator (A,X )-bounded on an open
set Γ in R if and only if it is commutator (A,X )-bounded on a neighborhood of
each point of Γ.

If g is a continuous function on α = [a, d] (a can be −∞ and d can be ∞),
we denote by g̃ its extension to R that equals 0 outside α.

Corollary 2.10. Let g be a commutator (A,X )-bounded function on α.

(i) If supp(g) ⊂ [a, d), then g̃ is commutator (A,X )-bounded on [a,∞).
(ii) If supp(g) ⊂ (a, d], then g̃ is commutator (A,X )-bounded on (−∞, d].

Proof. If supp(g) ⊂ [a, d), there is c < d such that supp(g) ⊆ [a, c]. For each
r > d, g̃(t) ≡ 0 on [c, r] and, therefore, is commutator (A,X )-bounded on [c, r].
By Proposition 2.7, it is commutator (A,X )-bounded on [a, r]. This proves part
(i). The proof of (ii) is identical. �

Making use of Theorem 1.4, we have

Corollary 2.11. Let A be a W∗-subalgebra of B(H) and J be a separable sym-
metrically normed ideal of B(H). Proposition 2.7, Corollaries 2.8, 2.9 and 2.10
hold if the words “commutator (A,X )-bounded” are replaced by “J-Lipschitzian”
or “operator Lipschitzian”.

It follows from Proposition 2.7 that a commutator bounded function on
two intervals, which are either disjoint or intersect by an interval, is commuta-
tor bounded on their union. The case when the intersection consists of one point
is more subtle and will be considered in the next section.

3. Extension of Cp-Lipschitz functions from a closed interval

In Corollary 2.10 we proved that if g is a commutator (A,X )-bounded function on
[d, c] and supp(g) does not contain d, then its extension g̃ over d is commutator
(A,X )-bounded on (−∞, c]. In this section we consider the case when d ∈ supp(g)
and find some sufficient conditions for g̃ to be commutator bounded on (−∞, c].

We say that a function g on [a, c] is square-summable at d ∈ [a, c) from the
right if there are λn ↘ d such that

G =
∞∑

n=1

(
gn

λn − d

)2

< ∞ where gn = sup{|g(t) − g(d)| : t ∈ [d, λn−1]}. (3.1)

Similarly, we define the square-summability of g at d from the left.
If g is square-summable at d from the right then gn

λn−d → 0, so g is differen-
tiable at point d from the right and g′(d) = 0. Conversely, if g′(d) = g′′(d) = 0
then g is square-summable at d.

The proof of the next lemma is evident.
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Lemma 3.1. Let g and h be functions on [a, c] and let h be square-summable from
the right at d ∈ [a, c). Then g is square-summable from the right at d, if there are
ε, M > 0 such that

|g(t) − g(d)| ≤ M |h(t) − h(d)| for t ∈ (d, d + ε).

The condition of the square-summability can be written in a simpler way.
Denote by ge the monotone envelope of g for t ≥ d, that is, ge(t) = supd≤s≤t |g(s)−
g(d)|.
Proposition 3.2. The following conditions are equivalent:

(i) g is square-summable at t = d from the right;
(ii)

∑∞
n=1 2nge(d + 2−

n
2 )2 < ∞;

(iii)
∑∞

n=1 ge(d + n− 1
2 )2 < ∞;

(iv)
∫ 1

0 ge(d + t)2 dt
t3 < ∞.

Proof. The function f(x) = ge(d + x−1/2)2, for x ∈ [δ,∞) with δ = (c − d)−2, is
non-increasing and non-negative. The conditions (i)–(iv) can be rewritten for f as
follows:

(i′) there are xn ↗ ∞ such that
∞∑

n=1

xnf(xn−1) < ∞;

(ii′)
∞∑

n=1

2nf(2n) < ∞; (iii′)
∞∑

n=1

f(n) < ∞; (iv′)
∫ 1

0

f(x)dx < ∞.

The equivalence of (ii′), (iii′) and (iv′) is well known, (ii′) −→ (i′) is clear. Suppose
that (i′) holds. Then (iii′) also holds, since

∑
n

f(n) =
∑

k

⎛⎝ ∑
xk<n≤xk+1

f(n)

⎞⎠ ≤
∑

k

(xk+1 − xk + 1)f(xk)

≤
∑

k

xk+1f(xk) < ∞. �

Our next aim is to prove that any commutator (A,X )-bounded function on
[d, c], square summable from the right at d, can be extended to a commutator
(A,X )-bounded function on (−∞, c]. To do this we need to restrict the class of
bimodules.

Let A be a W ∗-algebra. We say that a left Banach A-module X is subsquare
if, for all projections P ∈ A,

‖X‖2
X ≤ ‖PX‖2

X + ‖(1− P )X‖2
X , for X ∈ X .

Let X be subsquare, let Xn ∈ X and let Pn ∈ A be mutually orthogonal projec-
tions. If

∑
n ‖PnXn‖2

X < ∞ then
∑

n PnXn converges in X and

‖
∑

n

PnXn‖2
X ≤

∑
n

‖PnXn‖2
X . (3.2)
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Similarly, we define right subsquare Banach A-modules. A Banach A-bimodule is
subsquare if it is subsquare as a left and right module.

All Schatten ideals Cp, 2 ≤ p < ∞, are subsquare. Indeed, for X ∈ Cp,
‖X‖2

p = ‖X∗X‖ p
2
. Since p

2 ≥ 1,

‖X‖2
p = ‖X∗(P + (1 − P ))X‖ p

2
≤ ‖X∗PX‖ p

2
+ ‖X∗(1 − P )X‖ p

2

= ‖PX‖2
p + ‖(1− P )X‖2

p.

In the same way it follows that C∞ = C(H) and Cb = B(H) are also subsquare.

Theorem 3.3. Suppose that a Banach A-bimodule X is subsquare. Let g be a com-
mutator (A,X )-bounded function on α = [d, c] and g(d) = 0. If g is square-
summable at t = d from the right, then its extension g̃ is commutator (A,X )-
bounded on (−∞, c].

Proof. Since g is square-summable at d from the right, there are λn ↘ d such that
λ0 = c and (3.1) holds. Set αn = [λn, λn−1]. For some p ≤ d, set γ = [p, c] and
β = [p, d]. For A = A∗ ∈ A with Sp(A) ⊆ γ, let E(t) be its spectral resolution of
the identity. Then E(c) = 1 and E(p − 0) = 0. Set Q = E(d) and P = 1 − Q.
Then Q = E(d) − E(p − 0) = P (β) and P = E(c) − E(d) = P ((d, c]).

Since supp(g̃) ⊆ [d, c] and Sp(QA|QH) ⊆ [p, d], we have from (2.2) that
Qg̃(A) = g̃(A)Q = Qg̃(QA) = 0. Hence, for X ∈ X ,

‖[g̃(A), X ]‖X ≤ ‖P [g̃(A), X ]P‖X + ‖P [g̃(A), X ]Q‖X
+ ‖Q[g̃(A), X ]P‖X + ‖Q[g̃(A), X ]Q‖X

= ‖P [g̃(A), X ]P‖X + ‖P g̃(A)XQ]‖X + ‖QXg̃(A)P ]‖X .

Since g̃ is commutator (A,X )-bounded on α with K(g̃, α) = K(g, α), we have from
(2.3)

‖P [g̃(A), X ]P‖X ≤ K(g, α)M2‖[A, X ]‖X .

For P̃ (αn) = E(λn−1) − E(λn), we obtain from Corollary 2.3 and Remark
2.4 that

max{‖P̃ (αn)g̃(A)XP (β)]‖X , ‖P (β)Xg̃(A)P̃ (αn)]‖X }
≤ C−1

0 M5δ(αn, β)−1 sup
t∈αn

|g(t)|‖[A, X ]‖X ≤ C−1
0 M5(λn − d)−1gn‖[A, X ]‖X .

Since E(t) is strongly continuous from the right, s- lim
n→∞E(λn) = E(d) = Q = P (β)

and

P = 1−Q = E(c) − s- lim
n→∞E(λn) = s- lim

n→∞

n∑
k=1

P̃ (αn).

By (3.1) and (3.2),

‖P g̃(A)XQ]‖2
X = ‖

∞∑
n=1

P̃ (αn)g̃(A)XP (β)]‖2
X

≤
∞∑

n=1

‖P̃ (αn)g̃(A)XP (β)]‖2
X ≤ GC−2

0 M10‖[A, X ]‖2
X .
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Similarly, ‖QXg̃(A)P ]‖2
X ≤ GC−2

0 M10‖[A, X ]‖2
X . Therefore

‖[g̃(A), X ]‖X ≤ K‖[A, X ]‖X
where K = K(g, α)M2 + 2G

1
2 C−1

0 M5. �
Corollary 3.4. Let p ∈ [1,∞] ∪ b, let g be a Cp-Lipschitz function on [d, c] and let
g(d) = 0. If g is square-summable at t = d from the right, then its extension g̃ is
Cp-Lipschitzian on (−∞, c].

Proof. For p ∈ [2,∞] ∪ b, the ideal Cp is subsquare, so the result follows from
Theorems 1.4 and 3.3.

For 1 ≤ p < 2, g is Cp-Lipschitzian if and only if it is Cq-Lipschitzian for
q = p

p−1 , if p �= 1, and for q = ∞, if p = 1 (see [KS3]). Combining this with the
case p ≥ 2, we complete the proof. �

Let f and h be Cp-Lipschitz functions on [a, d] and [d, c], respectively, and let
f(d) = h(d) = λ. Suppose that they have, respectively, left and right derivatives
r, s at d. Consider the function

g(t) =
{

f(t) for t ∈ [a, d],
h(t) for t ∈ [d, c].

Recall that any function square-summable from the left (right) at point d has zero
left (right) derivative in d.

Corollary 3.5. Let r = f ′(d) and s = h′(d). Let the function f(t) − r(t − d) be
square-summable at point d from the left and let the function h(t) − s(t − d) be
square-summable at d from the right.

(i) If 1 < p < ∞, then g is Cp-Lipschitzian on [a, c].
(ii) If p ∈ {1,∞, b} and r = s, then g is Cp-Lipschitzian on [a, c].

Proof. Let 1 < p < ∞. It is known (see [D]) that the function

ξ(t) =
{

r(t − d) + λ for t ∈ [a, d],
s(t − d) + λ for t ∈ [d, c],

is Cp-Lipschitzian for all r, s. Set θ = g − ξ, θ1 = θ|[a,d] and θ2 = θ|[d,c].
The function θ1 on [a, d] is square-summable at point d from the left and

θ1(d) = 0. It is Cp-Lipschitzian, since it is a linear combination of Cp-Lipschitz
functions f and r(t − d) + λ. By Corollary 3.4, its extension θ̃1 to [a,∞) is a
Cp-Lipschitz function. Similarly, the extension θ̃2 to (−∞, c] of the function θ2 on
[d, c] is Cp-Lipschitzian. Hence the function

θ = θ̃1|[a,c] + θ̃2|[a,c]

is Cp-Lipschitzian on [a, c]. Thus g is Cp-Lipschitzian on [a, c]. Part (i) is proved.
The classes of Cp-Lipschitz functions, for p ∈ {1,∞, b}, coincide and all the

functions are differentiable at each point (see [JW]). This is why we set r = s
in (ii). In this case ξ = r(t − d) + λ is Cp-Lipschitzian on [a, c]. By the above
argument, g is Cp-Lipschitzian on [a, c]. �
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It was proved in [KS3] that the function

g(t) = t2 sin (1/t) , for t �= 0, and g(0) = 0,

is operator Lipschitzian on [0, 1], although it is not continuously differentiable at
t = 0. By Proposition 3.2(iv), h(t) = t2 is square-summable at t = 0 from the
right. Since |g(t)| ≤ h(t), it follows from Lemma 3.1 that g is square-summable
at t = 0 from the right. Hence, by Theorem 3.3, the extension of g to (−∞, 1] is
operator Lipschitzian.

4. Extension of locally Cp-Lipschitz functions to closed intervals

It was proved in Section 2 that a function is J-Lipschitzian on (a, c) if and only
if it is locally J-Lipschitzian. In this section we find some conditions for locally
Cp-Lipschitz functions to be Cp-Lipschitzian on [a, c]. As before, we first consider
this problem for commutator (A, Cp)-bounded functions.

To begin with, note that if g is commutator (A,X )-bounded on [a, d], it is
commutator (A,X )-bounded on (a, d) and

K(g, α) ≤ K(g, [a, d]), for each compact α in [a, d].

To prove the converse statement, we need the following result.

Lemma 4.1. Let g be a function on α and let λ be a non-isolated point in α. If
(1.3) holds for all A ∈ Asa(α) with Ker(A − λ1) = {0}, then it holds for all A
∈ Asa(α).

Proof. Let P be the projection on L = Ker(A − λ1) �= {0}. Set Tn = A + λnP ,
where λ �= λn ∈ α and λn → λ. Then Tn ∈ Asa, Ker(Tn − λ1) = {0} and
Sp(Tn) ⊆ α. Hence ‖[g(Tn), X ]‖X ≤ K‖[Tn, X ]‖X . Since Tn → A and

g(Tn) = g(A|H�L) ⊕ g(λn)P → g(A|H�L) ⊕ g(λ)P = g(A),

we have ‖[g(A), X ]‖X ≤ K‖[A, X ]‖X . �
Let A be a W ∗-algebra. A Banach A-bimodule X is approximate if there is

C > 0 such that, for each sequence of projections Pn in A converging to 1 in the
strong operator topology (Pn

sot→ 1),

||X ||X ≤ Csup
n
||PnXPn||X for all X ∈ X .

In particular, B(H) and all separable and all dual to separable symmetrically
normed ideals of B(H) are approximate Banach B(H)-bimodules (see [GK]).

Proposition 4.2. Let X be an approximate Banach A-bimodule. A commutator
(A,X )-bounded function g on (a, d) is commutator (A,X )-bounded on [a, d] if and
only if

K = sup{K(g, α) : α ⊂ (a, d)} < ∞.

Proof. We only need to prove the “if” part. Let A = A∗ and Sp(A) ⊆ [a, d].
By Lemma 4.1, we only have to prove (1.3) in the case when Ker(A − a1) =
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Ker(A − d1) = {0}. Let E(t) be the spectral resolution of the identity for A. For
dn ↗ d and an ↘ a,

E(dn) sot→ E(d − 0) = 1−PKer(A−d1) = 1 and E(an) sot→ E(a) = PKer(A−a1) = 0.

Set Pn = E(dn) − E(an). Then Sp(A|PnH) ⊆ [an, dn] and Pn
sot→ 1. Choose some

λ which lies in all [an, dn] and set An = PnA +λ(1−Pn). Then Sp(An) ⊆ [an, dn]
and, by ( 2.2), Png(An) = Png(PnAn) = Png(PnA). Since X is approximate, we
have from (1.2) and (2.2)

‖[g(A), X ]‖X ≤ C sup ‖Pn[g(A), X ]Pn‖X = C sup ‖[Png(PnA), PnXPn]‖X
= C sup ‖[g(An), PnXPn]‖X ≤ CK(g, dn − an) sup ‖[An, PnXPn]‖X
≤ CK sup ‖Pn[A, X ]Pn‖X = CKM2‖[A, X ]‖X .

Thus g is commutator (A,X )-bounded on [a, d]. �

Corollary 4.3. Let J be an approximate s.n. ideal. A J-Lipschitz function g on
(a, d) is J-Lipschitzian on [a, d] if and only if sup{D(g, α) : α ⊂ (a, d)} < ∞.

Proof. By Proposition 3.4 of [KS3], g is J-Lipschitzian on a compact α if and only
if it is commutator (B(H), J)-bounded. Moreover, D(g, α) = K(g, α). Hence the
result follows from Proposition 4.2. �

Let {Pn} be a set of mutually orthogonal projections in B(H). Then (see
[GK]), for A ∈ Cp, p ∈ [1,∞),

‖A‖p ≥ ‖
∑

n

PnAPn‖p, (4.1)

‖
∑

n

PnAnPn‖p
p =

∑
n

‖PnAnPn‖p
p. (4.2)

We need the following extension of these formulae.

Lemma 4.4. Let {Pn} be a set of mutually orthogonal projections in B(H) and let
{Qn} be another set of mutually orthogonal projections. Let p ∈ [1,∞). For each
A ∈ Cp,

‖A‖p
p ≥ ‖

∑
n

PnAQn‖p
p =

∑
n

‖PnAQn‖p
p. (4.3)

Proof. Set X =
∑

n PnAQn. Since

‖Y ∗Y ‖p/2 = ‖Y ‖2
p = ‖Y ∗‖2

p = ‖Y Y ∗‖p/2 for Y ∈ Cp, (4.4)

we obtain the proof of the equality in (4.3):

‖
∑
n

PnAQn‖p
p

(4.4)
= ‖X∗X‖p/2

p/2 = ‖
∑

n

QnA∗PnAQn‖p/2
p/2

(4.2)
=

∑
n

‖QnA∗PnAQn‖p/2
p/2

(4.4)
=

∑
n

‖PnAQn‖p
p.
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Let 2 ≤ p. Since ‖QnY Qn‖p ≤ ‖Qn‖‖Y ‖p‖Qn‖ = ‖Y ‖p, for Y ∈ Cp, we have
from the above formula

‖
∑

n

PnAQn‖p
p =

∑
n

‖QnA∗PnAQn‖p/2
p/2 ≤

∑
n

‖A∗PnA‖p/2
p/2

(4.4)
=

∑
n

‖PnAA∗Pn‖p/2
p/2

(4.2)
= ‖

∑
n

PnAA∗Pn‖p/2
p/2

(4.1)

≤ ‖AA∗‖p/2
p/2

(4.4)
= ‖A‖p

p.

This completes the proof of (4.3) for 2 ≤ p.
For 1 < p < 2, set q = p

p−1 and consider the bounded functional FX on Cq

defined by the formula

FX(Y ) = Tr(XY ) = Tr

(∑
n

PnAQnY

)
= Tr

(
A
∑

n

QnY Pn

)
.

Since q > 2, it follows from (4.3) that ‖∑n QnY Pn‖q ≤ ‖Y ‖q. Hence

|FX(Y )| =

∣∣∣∣∣Tr

(
A
∑

n

QnY Pn

)∣∣∣∣∣ ≤ ‖A‖p‖
∑

n

QnY Pn‖q ≤ ‖A‖p‖Y ‖q.

Since ‖X‖p = ‖FX‖ (see [GK]), we have ‖X‖p ≤ ‖A‖p. Thus (4.3) is proved for
1 < p < 2.

For p = 1, we have q = ∞ and the proof is the same as above. �

We shall now prove the main result of this section.

Theorem 4.5. Let A be a W∗-algebra and let p ∈ [2,∞] ∪ b. Let g be a continuous
function on [a, c]. Let {λn}∞n=0 in [a, c] be such that λ0 = c and λn ↘ a and let

S =
∞∑

n=1

(
gn

λn − λn+1

)2

< ∞, where gn = sup
t∈[a,λn−1]

|g(t) − g(a)|. (4.5)

Set αn = [λn, λn−2]. The function g is commutator (A, Cp)-bounded on [a, c] if
and only if

1) g is commutator (A, Cp)-bounded on all αn;
2) sup

n
{K(g, αn)} = K < ∞.

Proof. The “only if” part is evident. Without loss of generality we assume that
g(a) = 0. Let A = A∗, Sp(A) ⊆ [a, c] and let E(λ) be its spectral resolution of
identity. By Lemma 4.1, we only need to consider the case when Ker(A−a1) = {0},
so that s- lim

n→∞E(λn) = 0. Consider the projections Pn = E(λn−1) − E(λn) =

P ((λn, λn−1]). Then

E(λn−1) =
∞∑

j=n

Pj and 1 =
∞∑

j=1

Pj .
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Therefore

‖[g(A), X ]‖p = ‖
∞∑

n=1

∞∑
j=1

Pn[g(A), X ]Pj‖p

≤ ‖
∞∑

n=1

Pn[g(A), X ]Pn‖p + ‖
∞∑

n=1

Pn[g(A), X ]Pn+1‖p + ‖
∞∑

n=1

Pn+1[g(A), X ]Pn‖p

+ ‖
∞∑

n=1

Pn[g(A), X ]E(λn+1)‖p + ‖
∞∑

n=1

E(λn+1)[g(A), X ]Pn‖p. (4.6)

We will evaluate all terms in (4.6).
In our case M =1 in (1.2). Since all Pn commute with g(A), since (λn,λn−1]⊂

αn+1 and (λn+1, λn] ⊂ αn+1, we have from Lemma 2.6

‖Pi[g(A), X ]Pj‖p ≤ K(g, αn+1)‖[A, X ]‖p ≤ K‖[A, X ]‖p, (4.7)

‖Pi[g(A), X ]Pj‖p = ‖Pi[g(A), PiXPj]Pj‖p

≤ K(g, αn+1)‖[A, PiXPj ]‖p ≤ K‖[A, PiXPj]‖p, (4.8)

where i and j are either n or n + 1. Hence, if p is ∞ or b, then

‖
∞∑

n=1

Pn[g(A), X ]Pn‖p = sup
n

‖Pn[g(A), X ]Pn‖p

(4.7)

≤ K‖[A, X ]‖p,

‖
∞∑

n=1

Pn[g(A), X ]Pn+1‖p = sup
n

‖Pn[g(A), X ]Pn+1‖p

(4.7)

≤ K‖[A, X ]‖p,

‖
∞∑

n=1

Pn+1[g(A), X ]Pn‖p = sup
n

‖Pn+1[g(A), X ]Pn‖p

(4.7)

≤ K‖[A, X ]‖p.

If p ∈ [2,∞) then

‖
∞∑

n=1

Pn[g(A), X ]Pn‖p
p

(4.3)
=

∞∑
n=1

‖Pn[g(A), X ]Pn‖p
p

(4.8)

≤ Kp
∞∑

n=1

‖[A, PnXPn]‖p
p

= Kp
∞∑

n=1

‖Pn[A, X ]Pn]‖p
p

(4.3)

≤ Kp‖[A, X ]]‖p
p.

Similarly,

‖
∞∑

n=1

Pn[g(A), X ]Pn+1‖p
p ≤ Kp‖[A, X ]]‖p

p

and

‖
∞∑

n=1

Pn+1[g(A), X ]Pn‖p
p ≤ Kp‖[A, X ]]‖p

p.
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Therefore, for all p ∈ [2,∞] ∪ b,

‖
∞∑

n=1

Pn[g(A), X ]Pn‖p + ‖
∞∑

n=1

Pn[g(A), X ]Pn+1‖p + ‖
∞∑

n=1

Pn+1[g(A), X ]Pn‖p

≤ 3K‖[A, X ]]‖p. (4.9)

Set γn = [λn, λn−1]. Using Corollary 2.3 and Remark 2.4, we have

‖Pn[g(A),X ]E(λn+1)‖p≤‖Png(A)XE(λn+1)‖p +‖PnXg(A)E(λn+1)‖p

≤C0δ(γn,[a,λn+1])−1‖[A,X ]‖p

(
sup
t∈γn

|g(t)|+ sup
t∈[a,λn+1]

|g(t)|
)
≤ 2C0gn

λn−λn+1
‖[A,X ]‖p.

Since all Cp are subsquare (see Section 3), it follows from the above formula

‖
∞∑

n=1

Pn[g(A),X ]E(λn+1)‖p

(3.2)

≤
( ∞∑

n=1

‖Pn[g(A),X ]E(λn+1)‖2
p

)1/2

≤2C0S‖[A,X ]‖p.

Similarly,
∞∑

n=1

‖E(λn+1)[g(A), X ]Pn‖p ≤ 2C0S‖[A, X ]‖p.

Substituting this and (4.9) in (4.6), we obtain that

‖[g(A), X ]‖p ≤ (3K + 4C0S)‖[A, X ]]‖p,

so g is commutator (A, Cp)-bounded on [a, c], for p ∈ [2,∞] ∪ b. �
Although conditions (3.1) and (4.5) look similar, comparing them, one can

see that G < S. Thus condition (4.5) is stronger than condition (3.1) of square-
summability of functions. We do not know whether condition (4.5) in Theorem 4.5
can be replaced by more natural and weaker condition (3.1).

Corollary 4.6. Let p ∈ [1,∞] ∪ b and let g be a continuous function on [a, c]. Let
{λn}∞n=0 in [a, c] be such that λ0 = c and λn ↘ a and let

S =
∞∑

n=1

(
gn

λn − λn+1

)2

< ∞, where gn = sup
t∈[a,λn−1]

|g(t) − g(a)|.

Set αn = [λn, λn−2]. The function g is Cp-Lipschitzian on [a, c] if and only if
1) g is Cp-Lipschitzian on all αn;
2) sup

n
{D(g, αn)} = D < ∞ (see Definition 1.1).

Proof. It follows from Proposition 3.4 of [KS3] that g is Cp-Lipschitzian on a com-
pact α if and only if it is commutator (B(H), Cp)-bounded. Moreover, D(g, α) =
K(g, α). Hence, for p ∈ [2,∞] ∪ b, the result follows from Theorem 4.5.

For 1 ≤ p < 2, g is Cp-Lipschitzian if and only if it is Cq-Lipschitzian for
q = p

p−1 , if p �= 1, and for q = ∞, if p = 1 (see [KS3]). Moreover, the corresponding
constants D(g, α) are the same in both cases. Combining this with the case p ≥ 2,
we complete the proof. �
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5. Operator Lipschitz functions with discontinuous derivative

In this section we consider only the case X = B(H) and show that Theorem
4.5 allows us to construct a large variety of operator Lipschitz functions with dis-
continuous derivatives. We will call commutator (B(H), B(H))-bounded functions
just commutator bounded.

Let ϕ be an infinitely differentiable, non-negative function on R such that

supp(ϕ) = [−1, 1], max
t∈R

(ϕ(t)) = 1, ϕ′(−1
2
) = 1, ϕ′(

1
2
) = −1.

Let {σn} be such that 0 < σn+1 < σn < 1
4 and

∑∞
n=1 σ2

n < ∞. Set

dn =
3

2n+1
, an =

σn

2n
and ϕn(t) = anϕ

(
t − dn

an

)
.

Set supp(ϕn) = ∆n. Then

sup
t∈R

|ϕn(t)| = an, ∆n = [dn − an, dn + an] ⊂ [2−n, 2−n+1]

and ∆n ∩ ∆k = ∅, if n �= k. The function

g(t) =
∞∑

n=1

ϕn(t) (5.1)

is infinitely differentiable on R − {0} and supp(g) = {0} ∪ (∪∞
n=1∆n) ⊆ [0, 1]. It is

differentiable but not continuously differentiable at t = 0. Indeed,

g(t) − g(0)
t

=
g(t)
t

= 0, if t /∈ ∪∞
n=1∆n,

g(t) − g(0)
t

=
g(t)
t

≤ an

dn − an
, if t ∈ ∆n.

Since an

dn−an
→ 0, as n → ∞, we have that g is differentiable at t = 0 and g′(0) = 0.

On the other hand, the points dn ± an

2 lie in ∆n, tend to 0 and

g′(dn±an

2
) = ϕ′

n(dn±an

2
) = ϕ′(±1

2
) = ∓1.

Theorem 5.1. The function g in (5.1) is commutator bounded on R.

Proof. Since ϕ is infinitely differentiable and has compact support, it is commu-
tator bounded on R (see Proposition 2.5), that is, there exists K > 0 such that
‖[ϕ(A), X ]‖ ≤ K‖[A, X ]‖, for all X ∈ B(H) and A = A∗. Therefore

‖[ϕn(A), X ]‖ = ‖[anϕ

(
1
an

(A − dn1)
)

, X ]‖

≤ K‖[ 1
an

(A − dn1), anX ]‖ = K‖[A, X ]‖. (5.2)

Hence ϕn are commutator bounded on R and K(ϕn, γ) ≤ K for each compact
subset γ of R.
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For some c > 1, set λ0 = c, λn = 2−n+1, for n ≥ 1, and αn = [λn, λn−2], for
n ≥ 2. Since supp(ϕn) = [dn − an, dn + an] ⊂ [2−n, 2−n+1], we have g|α2 = ϕ1|α2

and g|αn = (ϕn + ϕn−1)|αn , for n ≥ 3. Therefore g is commutator bounded on
each αn, K(g, α2) = K(ϕ1, α2) ≤ K and

K(g, αn) = K(ϕn + ϕn−1, αn) ≤ K(ϕn, αn) + K(ϕn−1, αn) ≤ 2K.

Finally, let us show that condition (4.5) holds. We have g1 = g2 = σ1
2 and

gn = sup
t∈[0,λn−1]

|g(t)| = sup
k≥n−1

(
sup
t∈R

|ϕk(t)|
)

= sup
k≥n−1

ak =
σn−1

2n−1
,

for n > 1. Therefore
∞∑

n=1

(
gn

λn − λn+1

)2

= σ1 +
∞∑

n=2

(2σn−1)2 < ∞.

Thus, by Theorem 4.5, g is commutator bounded on [0, c]. Since c is arbitrary, g
is commutator bounded on [0,∞). Since g is square-summable at t = 0 from the
right and g|(−∞,0] ≡ 0, we have from Theorem 3.3 that g is commutator bounded
on R. �

Combining Theorems 1.4 and 5.1 yields

Corollary 5.2. The function g in (5.1) is operator Lipschitzian on R.
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2, Birkhäuser, Basel-Boston, Mass., 1981.

Edward Kissin
Department of Computing,

Communications Technology and Mathematics
London Metropolitan University
Holloway Road , London N7 8DB, Great Britain
e-mail: e.kissin@londonmet.ac.uk

Victor S. Shulman
Department of Mathematics
Vologda State Technical University
Vologda, Russia
e-mail: shulman v@yahoo.com

Lyudmila B. Turowska
Department of Mathematics
Chalmers University of Technology
Gothenburg, Sweden
e-mail: turowska@math.chalmers.se



Operator Theory:
Advances and Applications, Vol. 171, 245–257
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On the Kernel of Some One-dimensional
Singular Integral Operators with Shift

Viktor G. Kravchenko and Rui C. Marreiros

Abstract. An estimate for the dimension of the kernel of the singular integral

operator with shift

(
I +

n∑
j=1

aj(t)U
j

)
P+ + P− : L2(R) → L2(R) is obtained,

where P± are the Cauchy projectors, (Uϕ)(t) = ϕ(t+h), h ∈ R+, is the shift
operator and aj(t) are continuous functions on the one point compactification

of R. The roots of the polynomial 1 +
n∑

j=1

aj(∞)ηj are assumed to belong all

simultaneously either to the interior of the unit circle or to its exterior.

Mathematics Subject Classification (2000). Primary 47G10, Secondary 45P05.

Keywords. Singular integral operators, shift operators.

1. Introduction

We consider the singular integral operator with shift, on the real line R,

T = AP+ + P− : L2(R) → L2(R), (1)

where

A = I +
n∑

j=1

aj(t)U j , (2)

I is the identity operator, aj ∈ C(
o

R), j = 1, n are continuous functions,
o

R = R ∪ {∞} is the one point compactification of R,

(Uϕ)(t) = ϕ(t + h), h ∈ R+,

This research was supported by Fundação para a Ciência e Tecnologia (Portugal) through Centro
de Matemática e Aplicações of Instituto Superior Técnico.
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is an isometric shift operator, and

P± =
1
2
(I ± S)

are mutually complementary projection operators, where

(Sϕ)(t) = (πi)−1

∫
R

ϕ(τ)(τ − t)−1dτ

is the operator of singular integration.
We note that for the singular integral operator with shift in Ln

2 (R)

T (A1, A2) = A1P+ + A2P−,

where
A1 = a1I + b1U, A2 = a2I + b2U

and a1, a2, b1, b2 ∈ Cn×n(
o

R), the Fredholmness conditions and the index formulas
are known [6]. The Fredholm criterion can be formulated as follows: the operator
T (A1, A2) is Fredholm in Ln

2 (R) if and only if the functional operators A1 and
A2 are continuously invertible in Ln

2 (R). The spectral properties of the operator
T (A1, A2) have been less studied (see [7], [8]), even for the case of a so-called
Carleman shift, i.e., a diffeomorphism of a curve onto itself which, after a finite
number of iterations, will coincide with the identity transform. For the case of a
non-Carleman shift (such as t+ h on R), the only works known to the authors are
[1] and [9].

In [1] an estimate for dim kerT was obtained, with

T = (I − cU)P+ + P− : L2(T) → L2(T),

where (Uϕ)(t) = |α′(t)| 12 ϕ(α(t)) and α a non-Carleman shift on the unit circle T.
In particular, it was shown that:

For any continuous function c ∈ C(T) such that

|c(τj)| < 1, j = 1, s,

where {τ1, . . . , τs} are the fixed points of the shift α, there exists a polynomial

r(t) =
m∏

k=1

(t − λk), |λk| > 1, k = 1, m

such that the condition ∣∣r(t)c(t)r−1(α(t))
∣∣ < 1, t ∈ T,

holds.
Furthermore, using some auxiliary results, it was shown that

dim kerT ≤ m.

In [9] an analogous estimate for dimkerT was obtained for the operator

T = (I − cU)P+ + P− : Ln
2 (T) → Ln

2 (T),
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with matrix coefficients, satisfying one of the conditions:
1. σ[c(τj)] ⊂ T+, j = 1, s,
2. σ[c(τj)] ⊂ T−, j = 1, s, and det c(t) �= 0, ∀t ∈ T,

where T+(T−) denotes the interior (exterior, respectively) of the unit disk and
σ(g) is the spectrum of a matrix g ∈ Cn×n.

In the present paper, an estimate for the dimension of the kernel of the
operator (1) is obtained under conditions corresponding to 1 and 2 in the matrix
case above. Then we consider two subtypes of the operator (1) and examples which
show that our estimate, in a certain sense, is sharp.

2. The main proposition

From now on, the Cauchy index of a continuous function f ∈ C(Γ), on Γ, for

Γ = T,
o

R, will be denoted by ind f , i.e.,

ind f =
1
2π

{arg f(t)}t∈Γ.

We define the polynomial

A∞(η) = 1 +
n∑

j=1

aj(∞)ηj , η ∈ T. (3)

The invertibility of the operator (2) implies (see, for instance, p. 142–145 in [6])

A∞(η) �= 0, η ∈ T. (4)

Therefore for the index k(A) of the polynomial A∞(η) we have

0 ≤ k(A) ≤ n.

Consider now the matrix operator (see [6], [10])

T̃ = ÃP+ + P− : Ln
2 (R) → Ln

2 (R),

with
Ã = I + aU, (5)

where

a(t) =

⎛⎝ a1(t) a2(t) · · · an−1(t) an(t)

−En−1 O(n−1)×1

⎞⎠
and En is the unit matrix.

Our main result in this section is the following:

Proposition 2.1. The operator T is a Fredholm operator in L2(R) if and only if the
operator T̃ is a Fredholm operator in Ln

2 (R). In this case, dim kerT = dimker T̃

and dim cokerT = dim coker T̃ .
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Proof. As we know, the Fredholmness of a bounded linear operator T is preserved
under multiplication by invertible operators, as are the numbers dim kerT and
dim cokerT .

We multiply T̃ on the right by the invertible operator

N =

⎛⎜⎜⎜⎜⎝
0 0 · · · 0 I
0 0 · · · I UP+

· · ·
0 I · · · Un−3P+ Un−2P+

I UP+ · · · Un−2P+ Un−1P+

⎞⎟⎟⎟⎟⎠ .

Using UP+ = P+U , we obtain

T̃N =

⎛⎜⎜⎜⎜⎝
D1 D2 · · · Dn−1 T
0 0 · · · I 0
· · ·
0 I · · · 0 0
I 0 · · · 0 0

⎞⎟⎟⎟⎟⎠ ,

where D1 = anUP+, D2 = (an−1U + anU2)P+, . . . , Dn−1 = (a2U + a3U
2 + . . . +

anUn−1)P+.

The operator T̃N is Fredholm if and only if the operator T is Fredholm.
Moreover, the defect numbers of T̃N and T coincide. �

We define
D∞(η) = En + a(∞)η, η ∈ T.

If the necessary condition for the invertibility of the matrix operator (5) (see
p. 118–120 in [6])

detD∞(η) �= 0, η ∈ T,

is satisfied, then for the index k(Ã) of the polynomial det D∞(η) we have

0 ≤ k(Ã) ≤ n.

We note that
detD∞(η) = A∞(η). (6)

Then
k(Ã) = k(A) ≡ indA∞.

Furthermore, denoting by λi(a,∞), the eigenvalues of the matrix a(∞), and by ηi

the roots of the polynomial A∞(η), we have λ−1
i (a,∞) = −ηi, i = 1, n, taking into

account equality (6). Therefore we note that indA∞ coincides with the number
of the roots of the polynomial A∞(η) that are situated inside the unit disk, or,
equivalently, with the eigenvalues of the matrix a(∞) that are situated outside the
unit disk.

In general, the necessary and sufficient conditions of invertibility for the
operator (2), and so the Fredholmness conditions for the operator (1), can not be
expressed in an explicit form. Instead the conditions are expressed by a particular
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choice of a solution of the homogeneous functional equation associated with the
operator A. In the two extreme cases, the invertibility conditions for the operator
(2) and also Fredholmness conditions for the operator (1), can be written in a
simple form:

Proposition 2.2. [6] Let T be the operator defined by (1) with coefficients aj ∈ C(
o

R),
j = 1, n, A∞(η) be defined by (3) and let (4) be fulfilled. The following assertions
hold:

1. If indA∞ = 0, then the operator T is Fredholm and

Ind T = 0.

2. If indA∞ = n and an(t) �= 0, ∀t ∈
o

R, then the operator T is Fredholm and

Ind T = ind a−1
n .

Remark. If n = 1, then the conditions 1 and 2 of Proposition 2.2 are not only
sufficient but also necessary for the Fredholmness of the operator T . Both cases
mentioned in the proposition are considered in this paper.

We will need the following result.

Proposition 2.3. [9] For any continuous matrix function d ∈ Cn×n(
o

R) such that

σ[d(∞)] ⊂ T+,

there exist an induced matrix norm ‖·‖0 and a rational matrix r satisfying the
conditions

max
t∈

o

R

∥∥r(t)d(t)r−1(t + h)
∥∥

0
< 1 (7)

and
P+r±1P+ = r±1P+. (8)

Let Rd be the set of all rational matrices r satisfying the conditions (7), (8),

l1(r) =
n∑

i=1

max
j=1,n

li,j,

where li,j is the degree of the element ri,j(t) = pi,j

(
t−i
t+i

)
(pi,j is a polynomial) of

the rational matrix r, and
l(d) = min

r∈Rd

{l1(r)}. (9)

Proposition 2.4. If indA∞ = 0 and

a(t) =

⎛⎝ a1(t) a2(t) · · · an−1(t) an(t)

−En−1 O(n−1)×1

⎞⎠ ,

then the estimate
dim kerT ≤ l(a), (10)

holds.
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Proof. Since indA∞ = 0, i.e., σ[a(∞)] ⊂ T+, we can apply the Proposition 2.3
to the matrix function a so that there exists a rational matrix r satisfying the
conditions (7) and (8). For the matrix a, let l(a) be defined by (9). Then, from
Propositions 2.2 and 2.3 in [9], we obtain the estimate (10). �

It is known that (see, for instance, [11]; see also [2], [3], [4]) if a ∈ Cn×n(
o

R)
satisfies

det a(t) �= 0, ∀t ∈
o

R,

then the continuous matrix function a admits the factorization in Ln×n
2 (R)

a = a−Λa+, (11)

where

(t − i)−1a±1
− ∈

[
L̂−

2 (R)
]n×n

, (t + i)−1a±1
+ ∈

[
L̂+

2 (R)
]n×n

,

Λ = diag
{(

t − i

t + i

)κj
}

,

κj are the partial indices of the factorization with κ1 ≥ κ2 ≥ · · · ≥ κn, L̂±
2 are

the spaces of the Fourier transforms of the functions of L±
2 , respectively, and, as

usual, L+
2 = P+L2, L

−
2 = P−L2 ⊕ C.

Proposition 2.5. If the conditions indA∞ = n, an(t) �= 0, ∀t ∈
o

R, (11) with

(t − i)−1a±1
− , (t + i)−1a±1

+ ∈ Ln×n
∞ (R),

are fulfilled, then the estimate

dim kerT ≤ l(a−1) +
∑

κj<0

|κj | , (12)

holds.

Proof. From (11), according to Proposition 2.4 in [9], the estimate

dim ker T̃ ≤ dim ker(I − a−1U−1P+) +
∑

κj<0

|κj | , (13)

holds. Furthermore, as indA∞ = n, i.e., σ[a(∞)] ⊂ T−, we can see that a−1

satisfies the conditions of Proposition 2.3, i.e., for a−1 there exists a rational matrix
r satisfying the conditions (7) and (8). For this matrix a−1, let l(a−1) be defined
by (9). Then Proposition 2.4 yields

dim ker(I − a−1U−1P+) ≤ l(a−1).

Together with (13) we get (12). �

If n = 2 the estimate (12) can be written in a simpler form.
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Corollary 2.1. Let n = 2. Under the conditions of Proposition 2.5, the estimate

dim kerT ≤ l(a−1) − min{0, inda2}, (14)

holds.

Proof. If n = 2 the matrix a has the form

a =
(

a1 a2

−1 0

)
. (15)

We compute (
0 1
1 0

)
aT =

(
a2 0
a1 −1

)
.

The partial indices κ1,2 of the factorization

aT = b+Λb−,

are equal to ind a2 and 0 if ind a2 ≤ 1 (see p. 147–148 in [11]). Obviously the
partial indices of the factorization

a = a−Λa+,

are the same. Therefore negative partial indices are possible only if ind a2 < 0
which implies (14). �

3. Some particular cases and examples

Having the estimate (14) in mind, we will consider two subtypes of the operator
(1) with n = 2. The first one is an operator T , such that dim kerT = −ind a2;
the number l(a−1) will not play any role in this case. For the second subtype we
will consider examples of operators T with dim kerT = l(a−1) and dim kerT =
l(a−1) − ind a2.

D+(D−) will denote the upper (lower, respectively) half plane (D+(D−) =
{z ∈ C : Imz > 0(< 0)}).

We consider the singular integral operator with shift

T1 =
[
I + a1U + a2U

2
]
P+ + P− : L2(R) → L2(R), (16)

where a1,2 ∈ C(
o

R) have analytic continuation into D−.
As we noted in Section 1, the operator T1 is Fredholm in L2(R) if and only

if the operator
A1 = I + a1U + a2U

2

is continuously invertible in L2(R). Under the conditions on a1,2, the operator A1

satisfies the equalities

P−A1P− = A1P−, P+A1P− = 0.

From this, it follows that

T
(−1)
1 = (P+ + A1P−)A−1

1
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is a right inverse operator to T1. Therefore, if the operator T1 is Fredholm, then

Ind T1 = dimkerT1.

Let
A1,∞(η) = 1 + a1(∞)η + a2(∞)η2, η ∈ T, (17)

and
A1,∞(η) �= 0, η ∈ T. (18)

Taking into account Proposition 2.2, we can write

Proposition 3.1. Let T1 be the operator defined by (16) with coefficients a1,2 ∈ C(
o

R)
having analytic continuation into D−, A1,∞(η) be defined by (17) and let (18) be
fulfilled. The following assertions hold:

1. If indA1,∞ = 0, then the operator T1 is invertible.

2. If indA1,∞ = 2 and a2(t) �= 0, ∀t ∈
o

R, then the operator T1 is right invertible
and

dim kerT1 = ind a−1
2 .

Let us consider again the case ind A1,∞ = 2. From the Proof of the Corollary
2.1, since ind a2 ≤ 0, the partial indices of the matrix (15) are κ1 = ind a2 and
κ2 = 0.

It is not difficult to construct an example of an operator T1, satisfying the
conditions of assertion 2 of Proposition 3.1, such that l(a−1) = 0, and we would
have equality in estimate (14).

Now we consider the operator

T2 =
[
I + a1U + a2U

2
]
P+ + P− : L2(R) → L2(R), (19)

where a1,2 ∈ C(
o

R), a1(t) = a−(t)+a+(t), a2(t) = a−(t)a+(t+h), a± have analytic
continuation into D±, respectively.

Let
A2 = I + (a−(t) + a+(t))U + a−(t)a+(t + h)U2

and
A2,∞(η) = 1 + (ν1 + ν2)η + ν1ν2η

2, η ∈ T, (20)
where ν1 ≡ a−(∞), ν2 ≡ a+(∞). The invertibility of the operator A2 implies

A2,∞(η) �= 0, η ∈ T. (21)

Then |η1,2| �= 1, where η1,2 are the roots of the polynomial A2,∞(η). We note that

η1,2 = − 1
ν1,2

. (22)

The operator T2 can be written as the product

T2 = T2,1 · T2,2, (23)

where
T2,1 = A2,1P+ + P−, T2,2 = A2,2P+ + P−,



On the Kernel of Some Singular Integral Operators 253

and
A2,1 = I + a−U, A2,2 = I + a+U.

Taking into account the remark after Proposition 2.2, and the equalities (23), (22),
under conditions on the coefficients a± similar to those on a1 for the operator T
with n = 1, depending on the value of indA2,∞, it follows that the operator T2 is
Fredholm if and only if indA2,∞ = k, 0 ≤ k ≤ 2.

Making use of equality (23) we analyze the operator T2 in more detail.
The operator T2,1 is invertible when |ν1| < 1, and is right invertible when |ν1| > 1.
The operator T2,2 is invertible when |ν2| < 1, and is left invertible when |ν2| > 1.
We have

Ind T2 = IndT2,1 + Ind T2,2 = dim kerT2,1 − dim cokerT2,2.

Denoting
ind a− ≡ −γ1, ind a+ ≡ γ2, γ1,2 ≥ 0,

we can write

Ind T2 = 0, when |ν1,2| < 1, (indA2,∞ = 0),
Ind T2 = −γ2, when |ν1| < 1, |ν2| > 1, (indA2,∞ = 1),
Ind T2 = γ1, when |ν1| > 1, |ν2| < 1, (ind A2,∞ = 1),
Ind T2 = γ1 − γ2, when |ν1,2| > 1, (ind A2,∞ = 2).

Moreover, we can show that the following equalities hold:

dim kerT2 = 0, when |ν1,2| < 1 or |ν1| < 1, |ν2| > 1. (24)
dim kerT2 = γ1, when |ν1| > 1, |ν2| < 1 or |ν1,2| > 1. (25)

The equality (24) is obvious. To show the equality (25), we take into account that:

• The operator T2,1 is right invertible and T
(−1)
2,1 = (P+ +A2,1P−)A−1

2,1 is a right
inverse operator to T2,1, and

• Since the operator T2,2 is left invertible, dimkerT2,2 = 0.
We consider the projector onto the kernel of the operator T2,1,

Π = I − T
(−1)
2,1 T2,1 = −(I − A2,1)P+A−1

2,1P−.

We verify that
ΠT2,2 = Π.

Therefore Π is also a projector onto the kernel of the operator T2. Thus

dim kerT2 = dim kerT2,1 = γ1.

We collect the results on the operator T2 in the following proposition:

Proposition 3.2. Let T2 be the operator defined by (19) with coefficients

a1,2 ∈ C(
o

R), a1(t) = a−(t) + a+(t), a2(t) = a−(t)a+(t + h), a±

having analytic continuation into D±, respectively, A2,∞(η) be defined by (20) and
let (21) be fulfilled.
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The operator T2 is Fredholm if and only if one of the following conditions is
fulfilled:

1. indA2,∞ = 0. Moreover, the operator T2 is invertible.
2. indA2,∞ = 1 with

(a) |a−(∞)| < 1, |a+(∞)| > 1 and a+(t) �= 0, ∀t ∈
o

R. Moreover, the opera-
tor T2 is left invertible and

dim cokerT2 = ind a+.

(b) |a−(∞)| > 1, |a+(∞)| < 1 and a−(t) �= 0, ∀t ∈
o

R. Moreover, the opera-
tor T2 is right invertible and

dim kerT2 = −inda−.

3. indA2,∞ = 2 and a±(t) �= 0, ∀t ∈
o

R. Moreover,

dim kerT2 = −ind a− and dim cokerT2 = ind a+.

Let us consider two particular operators of the type of T2.
Example 1. Let

a−(t) = 2
t + i

t − i
, a+(t) = 2

t − i

t + i
, (Uϕ)(t) = ϕ(t + 1).

In this case
dim kerT2 = 1.

The partial indices κ1,2 of the factorization of the matrix

a(t) =
(

a−(t) + a+(t) a−(t)a+(t + 1)
−1 0

)
,

are κ1 = κ2 = 0 (see p. 147–148 in [11]). Now we apply the estimate (14) to the
operator T2:

dim kerT2 ≤ l(a−1).
We have

a−1(t) =

⎛⎜⎝ 0 −1
1
4

t − i

t + i

t + 1 + i

t + 1 − i

1
2

(
1 +

(
t − i

t + i

)2
)

t + 1 + i

t + 1 − i

⎞⎟⎠ .

It is easily seen that

ρ[a−1(∞)] < 1, but, max
t∈

o

R

ρ[a−1(t)] > 1,

where ρ(g) denotes the spectral radius of the matrix g. According to the proof of
the Proposition 2.5, let

r(t) =

( t + 2 + 3i

t + i
0

0 1

)
.



On the Kernel of Some Singular Integral Operators 255

Then we have

max
t∈

o
R

ρ[r(t)a−1(t)r−1(t + 1)] =

= max
t∈

o

R

ρ

⎛⎜⎜⎜⎜⎝
0 − t + 2 + 3i

t + i

1
4

t − i

t + i

t + 1 + i

t + 1 − i

t + 1 + i

t + 3 + 3i

1
2

(
1 +

(
t − i

t + i

)2
)

t + 1 + i

t + 1 − i

⎞⎟⎟⎟⎟⎠ < 1.

Thus l(a−1) = 1. We get

1 = dim kerT2 ≤ 1.

Example 2. Now let

a−(t) = 2
(

t + i

t − i

)2

, a+(t) = 2
t − i

t + i
, (Uϕ)(t) = ϕ(t + 1).

In this case

dim kerT2 = 2.

The partial indices κ1,2 of the factorization of the matrix

a(t) =
(

a−(t) + a+(t) a−(t)a+(t + 1)
−1 0

)
,

are κ1 = −1 and κ2 = 0. Applying estimate (14) to the operator T2 yields

dim kerT2 ≤ 1 + l(a−1).

We have

a−1(t) =

⎛⎜⎜⎝
0 −1

1
4

(
t − i

t + i

)2
t + 1 + i

t + 1 − i

1
2

(
1 +

(
t − i

t + i

)3
)

t + 1 + i

t + 1 − i

⎞⎟⎟⎠ .

It is easy to check that

ρ[a−1(∞)] < 1, but, max
t∈

o

R

ρ[a−1(t)] > 1.

As in the previous example, let

r(t) =

⎛⎝ t + 2 + 3i

t + i
0

0 1

⎞⎠ .
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Then we have

max
t∈

o
R

ρ[r(t)a−1(t)r−1(t + 1)]

= max
t∈

o
R

ρ

⎛⎜⎜⎜⎜⎝
0 − t + 2 + 3i

t + i

1
4

(
t − i

t + i

)2
t + 1 + i

t + 1 − i

t + 1 + i

t + 3 + 3i

1
2

(
1 +

(
t − i

t + i

)3
)

t + 1 + i

t + 1 − i

⎞⎟⎟⎟⎟⎠ < 1.

Thus l(a−1) = 1. We obtain

2 = dim kerT2 ≤ 2.
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The Fredholm Property of Pseudodifferential
Operators with Non-smooth Symbols on
Modulation Spaces

Vladimir S. Rabinovich and Steffen Roch

Abstract. The aim of the paper is to study the Fredholm property of pseu-
dodifferential operators in the Sjöstrand class OPSw where we consider these
operators as acting on the modulation spaces M2, p(RN). These spaces are
introduced by means of a time-frequency partition of unity. The symbol class
Sw does not involve any assumptions on the smoothness of its elements.

In terms of their limit operators, we will derive necessary and sufficient
conditions for operators in OPSw to be Fredholm. In particular, it will be
shown that the Fredholm property and, thus, the essential spectra of operators
in this class are independent of the modulation space parameter p ∈ (1, ∞).

Mathematics Subject Classification (2000). Primary 47G30; Secondary 35S05,
47L80.

Keywords. Pseudodifferential operators, modulation spaces, Fredholm prop-
erty, limit operators.

1. Introduction

This paper is devoted to the study of the Fredholm property of pseudodifferential
operators in the Sjöstrand class OPSw. The class Sw of Sjöstrand symbols and the
corresponding class OPSw of pseudodifferential operators were introduced in [8, 9].
This class contains the Hörmander class OPS0

0, 0 and other interesting classes of
pseudodifferential operators. One feature of the class Sw is that no assumptions
on the smoothness of its elements are made.

Sjöstrand [8, 9] considers operators in OPSw as acting on L2(RN ). He proves
the boundedness of these operators and shows that OPSw is an inverse closed
Banach subalgebra of the algebra L(L2(RN )) of all bounded linear operators on
L2(RN ).

Supported by CONACYT project 43432.
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Applications in time-frequency analysis had lead to an increasing interest in
pseudodifferential operators in classes similar to OPSw but acting on several kinds
of modulation spaces (see, for instance [1, 3, 2, 11]). These spaces are defined by
means of a so-called time-frequency partition of unity (i.e., a partition of unity on
the phase space).

Whereas the main emphasis in [1, 3, 2, 11] is on boundedness results, we
are going to examine the Fredholm property of pseudodifferential operators in
OPSw on modulation spaces which seems to have not been considered earlier.
Our approach is based on the limit operators method. An introduction to this
method as well as several applications of limit operators to other quite general
operator classes can be found in the monograph [6] (see also the references therein).
For several of these operator classes (including OPSw and the Hörmander class
OPS0

0, 0), the limit operators approach seems to be the only available method to
treat the Fredholm property.

The present paper is organized as follows. In Section 2 we recall some auxiliary
material from [5] and [6]. In particular, we introduce the Wiener algebraW(ZN , X)
of band-dominated operators with operator-valued coefficients acting on the spaces
lp(ZN , X) where X is a Banach space. For operators belonging to the so-called
rich subalgebra W$(ZN , X) of W(ZN , X) we formulate necessary and sufficient
conditions for their Fredholmness. It will turn out that the Fredholm property
and, thus, the essential spectrum of an operator A ∈ W$(ZN , X) are independent
of p ∈ (1, ∞).

Section 3 is devoted to modulation spaces and their discretizations. Given a
time-frequency partition of unity by pseudodifferential operators∑

α∈Z2N

Φ∗
αΦα = I,

the modulation space M2, p(RN ) is defined as the space of all distributions u ∈
S′(RN ) with

‖u‖M2, p(RN ) :=

( ∑
α∈Z2N

‖Φαu‖p
L2(RN )

)1/p

< ∞

if p ∈ [1, ∞) and with

‖u‖M2, ∞(RN ) := sup
α∈Z2N

‖Φαu‖L2(RN ) < ∞

in case p = ∞. In Section 4, we introduce the continuous analogue W(RN ) of the
discrete Wiener algebra W(ZN , X) by imposing conditions on the decay of the
operators ΦαAΦ∗

α−γ . More precisely, an operator A belongs to W(RN ) if

‖A‖W(RN ) :=
∑

γ∈Z2N

sup
α∈Z2N

‖ΦαAΦ∗
α−γ‖L(L2(RN )) < ∞.

We prove that the operators in W(RN ) act boundedly on M2, p(RN ) for every
p ∈ [1, ∞] and that W(RN ) is an inverse closed subalgebra of L(M2, p(RN )).
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Via discretization, the results recalled in Section 2 apply to yield necessary and
sufficient conditions for the Fredholmness on M2, p(RN ) of operators in the so-
called rich subalgebra W$(RN ) of W(RN ). Moreover, the essential spectrum of
A ∈ W $(RN ) proves to be independent of p ∈ (1, ∞).

In the concluding fifth section, we apply the description of operators in OPSw

derived in [1] to conclude that OPSw ⊂ W $(RN ). Thus, the results of the previous
sections specify to give Fredholm criteria for pseudodifferential operators in OPSw

acting on modulation spaces M2, p(RN ) in terms of limit operators. One conse-
quence is the independence of the essential spectrum of an operator A ∈ OPSw of
the modulation space parameter p.

Notice that a criterion for the Fredholmness of pseudodifferential operators
in OPS0

0, 0 acting on L2(RN ) was obtained in [5] by similar techniques (see also
Chapter 4 in [6]).

2. Operators in the discrete Wiener algebra

2.1. Band-dominated operators and P-Fredholmness

Given a complex Banach space X , let L(X) and K(X) stand for the Banach
algebra of all bounded linear operators on X and for its closed ideal of all compact
operators, respectively. For each positive integer N , each real number p ≥ 1,
and each complex Banach space X , let lp(ZN , X) denote the Banach space of all
functions f : ZN → X with

‖f‖lp(ZN , X) :=

( ∑
x∈ZN

‖f(x)‖p
X

)1/p

< ∞.

Further, let l∞(ZN , X) refer to the Banach space of all bounded functions f :
ZN → X with norm

‖f‖l∞(ZN , X) := sup
x∈ZN

‖f(x)‖X ,

and write c0(ZN , X) for the closed subspace of l∞(ZN , X) which consists of all
functions f with

lim
x→∞ ‖f(x)‖X = 0.

For 1 ≤ p < ∞, the Banach dual space of lp(ZN , X) can be identified in a
standard way with lq(ZN , X∗) where 1/p + 1/q = 1, and the dual of c0(ZN , X)
is isomorphic to l1(ZN , X∗). Moreover, if X is a reflexive Banach space, then the
spaces lp(ZN , X) are reflexive for 1 < p < ∞. If X = H is a Hilbert space with
inner product 〈., .〉H , then l2(ZN , H) becomes a Hilbert space on defining an inner
product by

〈f, g〉 :=
∑

x∈ZN

〈f(x), g(x)〉H .
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In what follows, we agree upon using the notation E(X) to refer to one of the
spaces lp(ZN , X) with 1 < p < ∞ or c0(ZN , X), whereas we will write E∞(X) if
one of the spaces E(X), l1(ZN , X) or l∞(ZN , X) is taken into consideration.

For n ∈ N, we denote the operator of multiplication by the characteristic
function of the discrete cube In := {x ∈ ZN : |x|∞ := max1≤j≤N |xj | ≤ n} by
Pn. This operator acts boundedly on each of the spaces E∞(X). We let P refer
to the set of all operators Pn with n ∈ N and set Qn := I − Pn. Following the
terminology introduced in [6], an operator K ∈ L(E∞(X)) is called P-compact if

lim
n→∞ ‖KQn‖E∞(X) = lim

n→∞ ‖QnK‖E∞(X) = 0.

We write K(E∞(X), P) for the set of all P-compact operators and L(E∞(X), P)
for the set of all operators A ∈ L(E∞(X)) for which both AK and KA are P-
compact whenever K is P-compact. Then L(E∞(X), P) is a closed subalgebra of
L(E∞(X)) which contains K(E∞(X), P) as a closed ideal.

Definition 2.1. An operator A ∈ L(E∞(X), P) is called a P-Fredholm operator if
the coset A + K(E∞(X), P) is invertible in the quotient algebra

L(E∞(X), P)/K(E∞(X), P),

i.e., if there exist operators B, C ∈ L(E∞(X), P) and K, L ∈ K(E∞(X), P) such
that BA = I + K and AC = I + L.

This definition is equivalent to the following one.

Definition 2.2. An operator A ∈ L(E∞(X), P) is P-Fredholm if and only if there
exist an m ∈ N and operators Lm, Rm ∈ L(E∞(X), P) such that

LmAQm = QmARm = Qm.

P-Fredholmness is often referred to as local invertibility at infinity. If X has
finite dimension, then these definitions become equivalent to the usual definition
of Fredholmness, which says that an operator is Fredholm if both its kernel and
its cokernel have finite dimension.

For k ∈ ZN , let V̂k stand for the operator of shift by k,

(V̂ku)(x) = f(x − k), x ∈ ZN .

Clearly, V̂k ∈ L(E∞(X)) and ‖V̂k‖L(E∞(X)) = 1.

Definition 2.3. A band operator on E∞(X) is a finite sum of the form
∑

α aαV̂α

where α ∈ ZN and aα ∈ l∞(ZN , L(X)). An operator is band-dominated if it is
the uniform limit in L(E∞(X)) of a sequence of band operators.

In case X = C and N = 1, and with respect to the standard basis of E∞(X),
band operators are given by matrices with finite band width, which justifies this
notion. Observe also that the class of band operators is independent of the concrete
space E∞(X) whereas the class of band-dominated operators, which we denote by
A(E∞(X)), depends heavily on E∞(X). It is easy to see that A(E∞(X)) is a
closed subalgebra both of L(E∞(X)) and of L(E∞(X), P).
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Definition 2.4. Let A ∈ L(E∞(X)), and let h : N → ZN be a sequence which
tends to infinity. An operator Ah ∈ L(E∞(X)) is called a limit operator of A with
respect to the sequence h if

lim
n→∞ ‖Pk(V̂−h(n)AV̂h(n) − Ah)‖L(E∞(X))

= lim
n→∞ ‖(V̂−h(n)AV̂h(n) − Ah)Pk‖L(E∞(X)) = 0 (1)

for every k ∈ N. The set of all limit operators of A will be denoted by σop(A) and is
called the operator spectrum of A. Let further H stand for the set of all sequences
h : N → ZN which tend to infinity, and let A$(E∞(X)) refer to the set of all
operators A ∈ A(E∞(X)) enjoying the following property: Every sequence h ∈ H
possesses a subsequence g for which the limit operator Ag exists. We refer to the
operators in A$(E∞(X)) as rich band-dominated operators.

Obviously, richness is a compactness condition with respect to the conver-
gence defined by (1).

The following is our main result on P-Fredholmness of rich band-dominated
operators. For its proof see [6], Theorem 2.2.1.

Theorem 2.5. An operator A ∈ A$(E∞(X)) is P-Fredholm if and only if each of
its limit operators is invertible and if the norms of their inverses are uniformly
bounded, i.e.,

sup
{‖(Ah)−1‖L(E∞(X)) : Ah ∈ σop(A)

}
< ∞.

2.2. The discrete Wiener algebra

The statement of Theorem 2.5 has a more satisfactory form for band-dominated
operators which belongs to the discrete Wiener algebra, in which case the uniform
boundedness of the inverses of the limit operators follows from their invertibility.

Let W(ZN , X) denote the set of all band-dominated operators of the form

A =
∑

α∈ZN

aαV̂α

where the coefficients aα ∈ l∞(ZN , L(X)) are subject to the condition

‖A‖W(ZN , X) :=
∑

α∈ZN

‖aα‖l∞(ZN , L(X)) < ∞. (2)

Provided with usual operations and with the norm (2), the set W(ZN , X) becomes
a Banach algebra, the so-called discrete Wiener algebra. The estimate

‖A‖L(E∞(X)) ≤ ‖A‖W(ZN , X)

shows that W(ZN , X) is a non-closed subalgebra of A(E∞(X)).
One of the remarkable properties of the discrete Wiener algebra is its inverse

closedness.

Proposition 2.6. The Wiener algebra W(ZN , X) is inverse closed in every algebra
L(E∞(X)).
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Otherwise stated: If an operator A ∈ W(ZN , X) acts on E∞(X) and is
invertible there, then A−1 ∈ W(ZN , X) again. A proof is in [6], Theorem 2.5.2.
An immediate consequence of the inverse closedness is the independence of the
spectrum of an operator A ∈ W(ZN , X), thought of as acting on one of the spaces
E∞(X), on the concrete choice of that space.

Set W$(ZN , X) := W(ZN , X) ∩ A$(E∞(X)), and let A ∈ W$(ZN , X).
We consider this operator on one of the spaces E∞(X) and determine its limit
operators with respect to this space. It turns out that the operator spectrum of A
does not depend on the choice of that space and that all limit operators of A belong
to the Wiener algebra W(ZN , X) again. The following is Theorem 2.5.7 in [6].

Theorem 2.7. Let X be a reflexive Banach space. The following assertions are
equivalent for an operator A ∈ W$(ZN , X):
(a) there is a space E(X) on which A is P-Fredholm;
(b) there is a space E(X) such that all limit operators of A are invertible

on that space;
(c) all limit operators of A are invertible on l∞(ZN , X);
(d) all limit operators of A are invertible on l∞(ZN , X) and the

norms of their inverses are uniformly bounded;
(e) all limit operators of A are invertible on all spaces E∞(X) and the

L(E∞(X))-norms of their inverses are uniformly bounded;
(f) A is P-Fredholm operator on each of the spaces E(X).

Let A ∈ L(E∞(X), P)). We say that the complex number λ belongs to the
P-spectrum of A if the operator A−λI is not P-Fredholm on E∞(X). We denote
the P-spectrum of A by σP(A|E∞(X)) or σP (A) for short. The common spectrum
of A will be denoted by σ(A|E∞(X)) or simply by σ(A).

Theorem 2.8. Let X be a reflexive Banach space and A ∈ W$(ZN , X). Then the
P-spectrum of A, considered as an operator on E(X), is equal to

σP(A|E(X)) =
⋃

Ah∈σop(A)

σ(Ah|E(X)). (3)

Moreover, neither the operator spectrum of A, nor the P-spectrum of A, nor the
spectra of the limit operators of A on the right-hand side of (3) depend on the
choice of E(X).

If the space X has finite dimension, then the P-spectrum of A is the com-
mon essential spectrum of that operator; that is, the spectrum of the coset A +
K(E∞(X)) in the Calkin algebra L(E∞(X))/K(E∞(X)). In this setting, the rich
Wiener algebra coincides with the full Wiener algebra. Hence, Theorem 2.8 has
the following corollary.

Theorem 2.9. Let X be a finite-dimensional space. Then the essential spectrum of
A ∈ W(ZN , X) does not depend on the choice of E(X), and is given by (3).
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3. Operators on modulation spaces

In the following two sections we define the modulation spaces and consider the
continuous counterparts of the band-dominated operators and the Wiener alge-
bra. The discrete and the continuous world are linked by a certain discretization
operation which we are going to introduce first.

3.1. Time-frequency discretization

Recall that a function a ∈ C∞(RN ×RN ) belongs to the Hörmander class S0
0, 0 if,

for all r, t ∈ N,

|a|r, t :=
∑

|α|≤r, |β|≤t

sup
(x, ξ)∈RN×RN

|∂β
x ∂α

ξ a(x, ξ)| < ∞. (4)

Let a ∈ S0
0, 0. The associated pseudodifferential operator Op(a) (also written as

a(x, D)) is defined at u ∈ S(RN) by

(Op(a)u)(x) := (2π)−N

∫
RN

∫
RN

a(x, ξ)ei〈x−y, ξ〉u(y) dy dξ. (5)

The function a is called the symbol of Op(a), and the class of all pseudodifferential
operators with symbols in S0

0, 0 is denoted by OPS0
0, 0. Standard references on

pseudodifferential operators are [12, 7, 10], to mention only a few.
It is well known that OPS0

0, 0 forms an algebra with respect to the usual
sum and composition of operators. Further, the operators Op(a) ∈ OPS0

0, 0 are
bounded both on the Schwartz space S(RN) and on the Lebesgue space L2(RN ),
and

‖Op(a)‖L(L2(RN )) ≤ C|a|2k, 2l if 2k > N, 2l > N. (6)
The latter fact is known as the Calderón-Vaillancourt theorem.

Let A : S(RN ) → S(RN ) be a bounded linear operator. An operator At is
called the formal adjoint of A if

〈Au, v〉 = 〈u, Atv〉 for all u, v ∈ S(RN ). (7)

If A ∈ OPS0
0, 0, then its formal adjoint At is again a pseudodifferential operator

in OPS0
0, 0. Furthermore, if A ∈ OPS0

0, 0 acts on L2(RN ), then its Hilbert space
adjoint A∗ also belongs to OPS0

0, 0. Hence, (7) can be used to define the action of
A ∈ OPS0

0, 0 on the space of tempered distributions S′(RN ).
Our next goal is to introduce the time-frequency discretization (which is

called bi-discretization in [6]). For γ = (γ1, γ2) ∈ ZN × ZN , set Uγ := Vγ1Eγ2 ,
where

(Vαu)(x) := u(x − α) and (Eβu)(x) := ei〈β, x〉u(x)
for α, β ∈ ZN . The operators Uγ are unitary on L2(RN ), and U∗

γ = E−γ2V−γ1 =
U−1

γ . Note that these operators, together with the scalar unitary operators eirI
with r ∈ Z form a noncommutative group, the so-called discrete Heisenberg group.
In particular, one has

U∗
α = ei〈α2, α1〉U−α, UαUβ = ei〈α2, β1〉Uα+β (8)
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and

U∗
αUβ = ei〈α2, α1−β1〉Uβ−α = ei〈β2, α1−β1〉U∗

α−β

where α = (α1, α2), β = (β1, β2) ∈ ZN × ZN .
Let f ∈ C∞

0 (RN ) be a non-negative function such that f(x) = f(−x) for
all x and such that f(x) = 1 if |xi| ≤ 2/3 for all i = 1, . . . , N and f(x) = 0 if
|xi| ≥ 3/4 for at least one i. Define a non-negative function ϕ on RN by

ϕ2(x) :=
f(x)∑

β∈ZN f(x − β)

and set ϕα(x) := ϕ(x − α) for α ∈ ZN . The family (ϕα)α∈ZN forms a partition of
unity on RN in sense that∑

α∈ZN

ϕ2
α(x) = 1 for each x ∈ RN .

For γ = (α, β) ∈ ZN × ZN , define φγ on RN × RN by

φγ(x, ξ) := ϕα(x)ϕβ(ξ),

and write Φγ for the pseudodifferential operator Op(φγ). It is evident that

Φγu = ϕαϕβ(D)u = ϕαOp(ϕβ)u

at u ∈ S′(RN ), and the formal adjoint of the operator Φγ acts as

Φ∗
γu = ϕβ(D)ϕαu = Op(ϕβ)ϕαu

at u ∈ S′(RN ).
The operators Φγ induce a partition of unity on the phase space RN × RN

in the sense that∑
γ∈Z2N

Φ∗
γΦγu =

∑
γ∈Z2N

ΦγΦ∗
γu = u for each u ∈ S′(RN ) (9)

where the series converge in S′(RN ). With these notations, we define the operator
G of time-frequency discretization by

(Gu)γ := Φ0U
∗
γ u where γ ∈ Z2N and u ∈ S′(RN ),

that is, we consider Gu as a vector-valued function on Z2N with values in S′(RN ).
Now we are in a position to define the announced modulation spaces

M2, p(RN ) which will provide the framework for a localization of functions in
the time-frequency domain. The modulation spaces under consideration were in-
troduced in [4] where they are used to study the Fredholm property of pseudo-
differential operators in OPS0

0, 0. Similar (but different) modulation spaces are
considered in [3] (see also Chapter 11 of [2]).
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Definition 3.1. For p ∈ [1, ∞), let M2, p(RN ) denote the space of all distributions
u ∈ S′(RN ) such that (Gu)γ ∈ L2(RN ) for every γ ∈ Z2N and

‖u‖M2, p(RN ) :=

⎛⎝ ∑
γ∈Z2N

‖(Gu)γ‖p
L2(RN )

⎞⎠1/p

< ∞, (10)

and let L2,∞(RN ) stand for the space of all distributions u ∈ S′(RN ) with (Gu)γ ∈
L2(RN ) for every γ ∈ Z2N and

‖u‖M2, ∞(RN ) := sup
γ∈Z2N

‖(Gu)γ‖L2(RN ) < ∞. (11)

Since Uγ is a unitary operator on L2(RN ), one can replace (Gu)γ = Φ0U
∗
γ u

by Φγu = UγΦ0U
∗
γu in the definitions (10) and (11) of the norms.

The following proposition is taken from [4]. It summarizes basic properties
of modulation spaces.

Proposition 3.2.

(a) Under the norms (10) and (11), M2, p(RN ) is a Banach space for each p ∈
[1,∞], and M2, 2(RN ) coincides with L2(RN ).

(b) For p ∈ [1,∞), every linear continuous functional on M2, p(RN ) is of the
form

v 
→
∫

RN

u(x)v(x) dx, (12)

with some distribution u ∈ M2, q(RN ) where 1/p + 1/q = 1. Hence, the
Banach dual M2, p(RN )∗ can be identified with M2, q(RN ), and M2, p(RN ) is
reflexive for p ∈ (1, ∞).

(c) The Schwartz space S(RN ) is contained in M2, p(RN ) for each p ∈ [1,∞],
and it is dense in M2, p(RN ) for each p ∈ [1,∞).

(d) M2, p(RN ) is contained in S′(RN ) in the sense that u ∈ M2, p(RN ) defines a
linear functional on S(RN ) acting at ϕ via

u(ϕ) :=
∫

RN

u(x)ϕ(x) dx.

Moreover, if un → 0 in M2, q(RN ), then un(ϕ) → 0 for each function ϕ ∈
S(RN ).

Notice that the operators Uγ = VβEα are bijective isometries on each of the
spaces M2, p(RN ) with p ∈ [1, ∞] and that U−1

γ = E−αV−β .

Proposition 3.3. The operator G : M2, p(RN ) → lp(Z2N , L2(RN )) is an isometry,
and the operator G−1

l defined at f ∈ lp(Z2N , L2(RN )) by

G−1
l f :=

∑
γ∈Z2N

UγΦ∗
0f(γ) (13)

is a left inverse for G.
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Proof. That G is an isometry is evident, and the equality G−1
l G = I follows from

G−1
l Gu =

∑
γ∈Z2N

UγΦ∗
0Φ0U

∗
γ u =

∑
γ∈Z2N

Φ∗
γΦγu = u,

which holds for every u ∈ M2, p(RN ) due to (9) and Proposition 3.2 (d). �

Thus, the operator Q := GG−1
l : lp(Z2N , L2(RN )) → lp(Z2N , L2(RN )) is a

projection for all p ∈ [1, ∞]. We denote its range by Rp(Q). Then

G : M2, p(RN ) → Rp(Q)

becomes an isometric bijection, and an operator A ∈ L(M2, p(RN )) is similar to
the operator

AG := GAG−1
l |Rp(Q) : Rp(Q) → Rp(Q).

We extend AG to an operator Γ(A) acting on all of lp(Z2N , L2(RN )) by setting

Γ(A) := AGQ + I − Q = GAG−1
l + I − Q

and call Γ(A) the time-frequency discretization of A. Clearly,

G−1
l Γ(A)G = G−1

l (GAG−1
l + I − GG−1

l )G = A.

Proposition 3.4. Q ∈ W(Z2N , L2(RN )).

Proof. The definitions of G and G−1
l imply that Q acts at f ∈ lp(Z2N , L2(RN ))

by

(Qf)(δ) =
∑

γ∈Z2N

Φ0U
∗
δ Uδ−γΦ∗

0f(δ − γ) =
∑

γ∈Z2N

Rγ(δ)(V̂γf)(δ)

where Rγ(δ) := Φ0U
∗
δ Uδ−γΦ∗

0 and where V̂γ denotes again the discrete shift oper-
ator (V̂γf)(δ) := f(δ−γ) on lp(Z2N , L2(RN )). Choose 2k > N . In [6], Proposition
4.3.2, it is shown that then

‖Rγ(δ)‖L(L2(RN )) = ‖Φ0U
∗
δ Uδ−γΦ∗

0‖L(L2(RN ))

= ‖UδΦ0U
∗
δ Uδ−γΦ∗

0U
∗
δ−γ‖L(L2(RN ))

= ‖ΦδΦ∗
δ−γ‖L(L2(RN ))

≤ C(1 + |α|)−2k(1 + |β|)−2k (14)

with a constant C independent of γ = (α, β). Consequently,∑
γ∈Z2N

‖Rγ(δ)‖L(L2(RN )) ≤ C
∑

(α, β)∈ZN×ZN

(1 + |α|)−2k(1 + |β|)−2k < ∞

showing that ‖Q‖W(Z2N , L2(RN )) < ∞. �
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3.2. Fredholmness and time-frequency discretization

Our next goal is to point out the relation between the Fredholmness of an operator
acting on a modulation space M2, p(RN ) and the P-Fredholmness of its time-
frequency discretization. Beginning with this subsection, we assume p ∈ (1, ∞)
unless otherwise stated.

Proposition 3.5.

(a) For every n ∈ N, the operators PnQ and QPn are compact
on lp(Z2N , L2(RN )).

(b) The projection Q belongs to L(lp(Z2N , L2(RN )), P).

(c) For A ∈ L(M2, p(RN )), one has Γ(A) ∈ L(lp(Z2N , L2(RN )),P).

(d) If K ∈ L(lp(Z2N , L2(RN ))) is a P-compact operator of the form
K = QKQ, then G−1

l KG is compact on M2, p(RN ).

(e) The operator A ∈ L(M2, p(RN )) is invertible if and only if
the operator Γ(A) ∈ L(lp(Z2N , L2(RN ))) is invertible.

(f) The operator A ∈ L(M2, p(RN )) is Fredholm if and only if
the operator Γ(A) ∈ L(lp(Z2N , L2(RN ))) is P-Fredholm.

This proposition is proved in [5] for p = 2, see also Proposition 4.2.2 in [6].
The proof for general p ∈ (1, ∞) runs similarly.

Definition 3.6. Let A ∈ L(M2, p(RN )), and let h : N → Z2N be a sequence tending
to infinity. We say that the operator Ah ∈ L(M2, p(RN )) is a limit operator of A
with respect to the sequence h if

U−1
h(m)AUh(m) → Ah and U−1

h(m)A
∗Uh(m) → A∗

h

strongly as m → ∞. The set σop(A) of all limit operators of A is called the operator
spectrum of A.

The following proposition describes the relation between the time-frequency
discretization of the limit operators of A and the limit operators of the time-
frequency discretization of A. Its proof for p = 2 is in [5] and Proposition 4.2.5 in
[6]. The case of general p ∈ (1, ∞) can be treated analogously.

Proposition 3.7. Let A ∈ L(M2, p(RN )), and let h : N → Z2N be a sequence tending
to infinity such that the limit operator Ah of A with respect to h exists. Then there
is a subsequence g of h such that the limit operator Γ(A)g of Γ(A) with respect
to g exists, and there is an isometric isomorphism Tg mapping lp(Z2N , L2(RN ))
onto itself such that

Γ(A)g = T−1
g Γ(Ah)Tg.

We still need the counterparts of the notions of band and band-dominated
operators for operators on modulation spaces.
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Definition 3.8. An operator A ∈ L(S′(RN )) is called a band operator if there exists
an R > 0 such that ΦαAΦ∗

β = 0 for all subscripts α, β ∈ Z2N with

|α − β| := max
1≤i≤2N

|αi − βi| > R.

An operator A ∈ L(M2, p(RN )) is called band-dominated if it is the limit of a
sequence of band operators converging to A in the norm of L(M2, p(RN )).

It is easy to check that the class of all band-dominated operators on M2, p(RN )
is a closed subalgebra of L(M2, p(RN )). We denote this algebra by A(M2, p(RN )).
Further we call A ∈ A(M2, p(RN )) a rich operator if every sequence h : N → Z2N

which tends to infinity possesses a subsequence g for which the limit operator Ag

exists. The set of all rich operators forms a closed subalgebra of A(M2, p(RN ))
which we denote by A$(M2, p(RN )).

Proposition 3.9.

(a) If A ∈ A(M2, p(RN )), then Γ(A) ∈ A(lp(Z2N , L2(RN )).
(b) If A ∈ A$(M2, p(RN )), then Γ(A) ∈ A$(lp(Z2N , L2(RN )).

Proof. We prove assertion (a) only. The second statement follows from (a) and
Proposition 3.7. First let A be a band operator on M2, p(RN ). Then, for u ∈
lp(Z2N , L2(RN )),

(AGu)(δ) =
∑

θ∈Z2N

Φ0U
∗
δ AUθΦ∗

0u(θ) =
∑

γ∈Z2N

Φ0U
∗
δ AUδ−γΦ∗

0u(δ − γ)

=
∑

γ∈Z2N

Aγ(δ)(V̂γu)(δ) (15)

where Aγ(δ) := Φ0U
∗
δ AUδ−γΦ∗

0. Since A is a band operator, all series in (15) have
a finite number of non-vanishing items only. Indeed,

‖Aγ(δ)‖L(L2(RN )) = ‖ΦδAΦ∗
δ−γ‖L(L2(RN )) = 0

if |γ| > R with R > 0 being large enough. Hence, AG is a band operator. That the
operator AG is band-dominated whenever A is follows by an evident approximation
argument (take into account that G : M2, p(RN ) → Rp(Q) and G−1

l : Rp(Q) →
M2, p(RN ) are isometries). Finally, since the projection Q belongs to the discrete
Wiener algebra due to Proposition 3.4 (and is, thus, band-dominated), the operator
Γ(A) = AGQ+(I −Q) is band-dominated for each band-dominated operator A.

�
Combining Propositions 3.5, 3.7 and Theorem 2.5 we arrive at the following

Fredholm criterion for rich band-dominated operators on modulation spaces.

Theorem 3.10. An operator A ∈ A$(M2, p(RN )) is Fredholm if and only if all limit
operators Ah of A are invertible and if the norms of their inverses are uniformly
bounded, i.e.,

sup
Ah∈σop(A)

‖A−1
h ‖L(M2, p(RN )) < ∞.
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4. The Wiener algebra on RN

We define the continuous analogue of the discrete Wiener algebra by imposing
conditions on the decay of the norms ‖ΦαAΦ∗

α−γ‖L(L2(RN )) as γ tends to infinity.

Definition 4.1. A linear operator A : S′(RN ) → S′(RN ) belongs to the Wiener
algebra W(RN ) if

‖A‖W(RN ) :=
∑

γ∈Z2N

sup
α∈Z2N

‖ΦαAΦ∗
α−γ‖L(L2(RN )) < ∞. (16)

The Wiener algebra W(RN ) contains many interesting operators. Indeed, we
will see in the next section that W(RN ) contains the pseudodifferential opera-
tors with non-smooth symbols in the Sjöstrand class OPSw and, thus, also the
Hörmander class OPS0

0, 0. Here are some basic properties of W(RN ).

Proposition 4.2.

(a) W(RN ) ⊂ L(M2, p(RN )), and

‖A‖L(M2, p(RN )) ≤ ‖A‖W(RN)

for each p ∈ [1, ∞] and A ∈ W(RN ).
(b) Provided with the norm (16), the set W(RN ) becomes a unital Banach algebra.
(c) The Banach dual operator A∗ of an operator A ∈ W(RN ) considered as acting

on M2, p(RN ) belongs W(RN ), too.

Proof. (a) First let p ∈ [1, ∞). Then

‖Au‖p
M2, p(RN )

=
∑

γ∈Z2N

‖ΦγAu‖p
L2(RN )

=
∑

γ∈Z2N

∥∥∥∥∥ΦγA
∑

δ∈Z2N

Φ∗
δΦδu

∥∥∥∥∥
p

L2(RN )

≤
∑

γ∈Z2N

( ∑
α∈Z2N

‖ΦγAΦ∗
γ−α‖L(L2(RN )) ‖Φγ−αu‖L2(RN )

)p

≤
∑

γ∈Z2N

( ∑
α∈Z2N

kA(α) ‖Φγ−αu‖L2(RN )

)p

≤
∑

γ∈Z2N

( ∑
α∈Z2N

kA(γ − α) ‖Φαu‖L2(RN )

)p

where kA(α) := supγ∈ZN ‖ΦγAΦ∗
γ−α‖L(L2(RN )). Since kA is a sequence in l1(Z2N ),

Corollary 4.1.14 in [6] implies that

‖Au‖M2, p(RN ) ≤
∑

γ∈Z2N

kA(γ)

( ∑
α∈Z2N

‖Φαu‖p
L2(RN )

)1/p

= ‖A‖W(RN ) ‖u‖M2, p(RN ).
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In the same way, one gets the estimate

‖Au‖M2, ∞(RN ) ≤
∑

γ∈Z2N

kA(γ) sup
α∈Z2N

‖Φαu‖L2(RN ) = ‖A‖W(RN) ‖u‖M2, ∞(RN ).

(b) It is easy to verify that

‖AB‖W(RN ) ≤ ‖A‖W(RN) ‖B‖W(RN),

and estimate (14) shows that the identity operator I belongs to W(RN ). Hence,
W(RN ) is a unital algebra, and its completeness with respect to the norm (16)
follows straightforwardly.
(c) Let A∗ be the Banach adjoint operator of A acting on M2, p(RN ), that is∫

RN

Auv dx =
∫

RN

uA∗v dx, (17)

where u ∈ M2, p(RN ) and v ∈ M2, q(RN ) with 1/p + 1/q = 1. The operator A is
bounded on L2(RN ) since A ∈ W(RN ) (Proposition 4.3.4 in [6]). Since (17) holds
for arbitrary u, v ∈ S(RN ), this identity states that A∗ is the adjoint operator to
A considered as acting on L2(RN ). Hence,

‖ΦαA∗Φ∗
α−γ‖L(L2(RN )) = ‖Φα−γAΦ∗

α‖L(L2(RN )),

which implies that∑
γ∈Z2N

sup
α∈Z2N

‖ΦαA∗Φ∗
α−γ‖L(L2(RN )) =

∑
γ∈Z2N

sup
α∈Z2N

‖Φα−γAΦ∗
α‖L(L2(RN )).

Replacing on the right-hand side α by α+γ and then γ by −γ yields A∗ ∈ W(RN )
and ‖A∗‖W(RN ) = ‖A‖W(RN). �

Proposition 4.3.

(a) If A ∈ W(RN ), then the operators GAG−1
l and Γ(A) belong to the discrete

Wiener algebra W(Z2N , L2(RN )).

(b) Conversely, if B ∈ W(Z2N , L2(RN )), then G−1
l AG lies in W(RN ).

The proof runs as that of Proposition 3.9; compare also [5] and Proposition
4.3.5 in [6].

Proposition 4.4. W(RN ) is inverse closed on each of the spaces M2, p(RN ) with
p ∈ [1, ∞], i.e., if A ∈ W(RN ) is invertible in L(M2, p(RN )), then A−1 ∈ W(RN ).

Proof. Let the operator A ∈ W(RN ) be invertible on M2, p(RN ). Then Γ(A) be-
longs to W(Z2N , L2(RN )) by Proposition 4.3, and Γ(A) is invertible on lp(Z2N ,
L2(RN )) by Proposition 3.5 (e). From Proposition 2.6 we infer that Γ(A)−1 lies in
the discrete Wiener algebra W(Z2N , L2(RN )), and since

G−1
l Γ(A)−1GA = G−1

l Γ(A)−1GAG−1
l G = G−1

l Γ(A)−1Γ(A)QG = I,

one has G−1
l Γ(A)−1G = A−1 ∈ W(RN ) due to Proposition 4.3 (b). �
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We fix a p ∈ [1, ∞] and define the rich Wiener algebra by

W$(RN ) := W(RN ) ∩ A$(M2, p(RN )).

Thus, an operator A belongs to W$(RN ) if every sequence h : N → Z2N possesses
a subsequence g for which the limit operator Ag of A with respect to strong
convergence on M2, p(RN ) exists. It is easy to see that the limit operators Ag

belong to W(RN ) again. Thus, the definition of W$(RN ) does not depend on the
concrete choice of the parameter p ∈ [1, ∞].

Theorem 4.5. The following conditions are equivalent for A ∈ W$(RN ):
(a) A is a Fredholm operator on M2, p(RN ) for a certain p ∈ (1, ∞);
(b) A is a Fredholm operator on M2, p(RN ) for each p ∈ (1, ∞);
(c) there exists a p ∈ [1, ∞] for which all limit operators of A are

invertible on M2, p(RN );
(d) all limit operators of A are invertible on every space

M2, p(RN ) with p ∈ [1, ∞];
(e) all limit operators of A are uniformly invertible on each of the

spaces M2, p(RN ) with p ∈ [1, ∞].

This is an immediate consequence of Theorem 2.7 and Proposition 3.5 (e)
and (f). The preceding theorem has the following corollary for the essential spec-
trum of an operator A in the rich Wiener algebra when considered on M2, p(RN ),
i.e., for the spectrum of the coset A + K(M2, p(RN )) in the corresponding Calkin
algebra.

Theorem 4.6. Let A ∈ W$(RN ). Then the essential spectrum σessA of A considered
on M2, p(RN ) is equal to

σess(A|M2, p(RN )) =
⋃

Ah∈σop(A)

σ(Ah|M2, p(RN )).

Moreover, the operator spectrum of A, the essential spectrum of A, and the common
spectra of the limit operators of A are independent of p ∈ (1, ∞).

5. Fredholm properties of pseudodifferential operators
in the Sjöstrand class

We start with recalling the definition of the class of symbols of pseudodifferential
operators introduced by Sjöstrand [8] in 1994; see also [9]. We introduce this class
for Rn with arbitrary n ∈ N. Later, we let n = 2N .

Let χ ∈ S(Rn) be a function with
∫

Rn χ(x) dx = 1. A function a : Rn → C
belongs to the Sjöstrand class Sw(Rn) if

‖a‖Sw(Rn) :=
∫

Rn

sup
k∈Zn

∣∣∣∣∫
Rn

ei〈x, ξ〉a(x)χ(x − k) dx

∣∣∣∣ dξ < ∞. (18)
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Provided with the norm (18), Sw(Rn) becomes a Banach space. Notice that a
change of the function χ gives rise to an equivalent norm on Sw(Rn) and leads,
thus, to the same class of symbols.

There is another description of the Sjöstrand class Sw(Rn). In 1997, Boulkhe-
mair [1] introduced the class B(Rn) of all functions a : Rn → C which have the
property

‖a‖B(Rn) :=
∫

Rn

sup
x∈Zn

∣∣∣∣∫
Rn

e−i〈x, ξ〉â(ξ)χ(ξ − η)dξ

∣∣∣∣ dη < ∞ (19)

where â refers to the Fourier transform of a in the sense of distributions. The norm
(19) can be also written as

‖a‖B(Rn) =
∫

Rn

‖χ(D − η) a‖L∞(Rn)dη

and is further equivalent to the norm

‖a‖B(Rn) :=
∑
l∈Zn

‖χ(D − l) a‖L∞(Rn). (20)

Moreover, Boulkhemair proved that the Sjöstrand class Sw(Rn) and his class B(Rn)
coincide. As a consequence of this fact, he derived the following very convenient
constructive characterization of Sw(Rn).

Proposition 5.1 ([1]). A distribution a ∈ S′(Rn) belongs to Sw(Rn) if and only
if there exist a compact subset Q of Rn and a sequence of functions (ak)k∈Zn in
L∞(Rn) with supp (âk) ⊆ Q and∑

k∈Zn

‖ak‖L∞(Rn) < ∞,

such that
a(x) =

∑
k∈Zn

ei〈x, k〉ak(x)

almost everywhere.

Now let n = 2N and a ∈ Sw(R2N ). As usual, we write the independent
variable in R2N as (x, ξ) ∈ RN × RN . Then the pseudodifferential operator with
symbol a is defined by

(Op(a)u)(x) := (2π)−N

∫
RN

∫
RN

ei〈x−y, ξ〉a(x, ξ)u(y) dy dξ

where u ∈ S(RN ). Let OPSw = OPSw(R2N ) stand for the class of all pseudo-
differential operators with symbols in Sw(R2N ). It has been shown in [8] that
the operators in OPSw are bounded on L2(RN ) and that OPSw is an inverse
closed subalgebra of L(L2(RN )), i.e., if A ∈ OPSw is invertible on L2(RN ), then
A−1 ∈ OPSw again.
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The Sjöstrand class Sw contains several interesting classes of pseudodiffer-
ential operators. For instance, the Hörmander class S0

0, 0 is contained in Sw(Rn)
which can be checked as follows. Let a be in C∞

b (Rn), i.e., let

|a|m :=
∑

|α|≤m

sup
r∈Rn

|∂αa(x)| < ∞

for all m ∈ N (note that S0
0, 0 = C∞

b (RN × RN )). Then χ(D)a = k0 ∗ a where
k0 ∈ S(Rn) is given by

k0(x) = (2π)−n

∫
Rn

e−i〈x, ξ〉χ(ξ) dξ.

Consequently, for m ∈ N and all multi-indices l,

(χ(D − l)a)(x) =
∫

Rn

e−i〈l, x−y〉k0(x − y)a(y) dy

= 〈l〉−2m

∫
Rn

e−i〈l, x−y〉〈Dy〉2m(k0(x − y)a(y)) dy

with the standard notations

〈l〉 := (1 + |l|22)1/2 and 〈Dy〉2 := I − ∆y.

The latter estimate implies

‖χ(D − l)a‖L∞(Rn) ≤ Cm〈l〉−2m|a|2m

since ∂α
x k0 ∈ S(Rn) for all multi-indices α. �

Similar classes of pseudodifferential operators have been considered in [2], see
also [6].

To prove the inclusion of OPSw into the Wiener algebra in Proposition 5.3
below we need the following estimates.

Proposition 5.2. Let Q be a compact subset of Rn, and let f ∈ S′(Rn) be a distri-
bution with supp f̂ ⊂ Q. Then f ∈ C∞, and for every multi-index α,

‖∂αf‖L∞(Rn) ≤ Cα‖f‖L∞(Rn)

where the constant Cα depends on α only.

Proof. Let φ ∈ C∞
0 (Rn) be such that f̂φ = f̂ . Since f̂ ∈ E ′(Rn), the compactly

supported distributions, one has

f(x) = (2π)−nf̂(φe−x)

where e−x(ξ) := e−i〈x, ξ〉. Consequently,

(∂αf)(x) = (2π)−nf̂(ψα, x) = (2π)−n

∫
Rn

f(y)ey(ψα, x) dy

where ψα, x ∈ C∞
0 (Rn) is given by

ψα, x(ξ) = (−iξ)αφ(ξ)e−i〈x, ξ〉.



276 V.S. Rabinovich and S. Roch

The linear functional ey is continuous on C∞
0 (Rn). Hence,

(2π)−ney(ψα, x) = (2π)−n

∫
Rn

(−iξ)αφ(ξ)e−i〈x−y, ξ〉dξ =: hα(x − y).

Integrating by parts one finds hα ∈ L1(Rn). Thus,

(∂αf)(x) =
∫

Rn

hα(x − y)f(y) dy,

whence
‖∂αf‖L∞(Rn) ≤ ‖hα‖L1(Rn)‖f‖L∞(Rn)

for every multi-index α. �

Proposition 5.3. OPSw(R2N ) ⊂ W(RN ).

Proof. Let a ∈ Sw(RN × RN ). By Proposition 5.1, a can be represented as

a(x, ξ) =
∑

(α, β)∈ZN×ZN

ei〈x, α〉+i〈ξ, β〉aαβ(x, ξ) (21)

where supp âαβ is contained in a compact subset Q of R2N and∑
(α, β)∈ZN×ZN

‖aαβ‖L∞(R2N ) < ∞.

Then
Op(a) =

∑
(α, β)∈ZN×ZN

EαOp(aαβ)Vβ (22)

and

‖Φ(γ1, γ2)Op(a)Φ∗
(δ1, δ2)‖

= ‖Φ0U
∗
(γ1, γ2)

Op(a)U(δ1, δ2)Φ∗
0‖

≤
∥∥∥∥∥∥

∑
(α, β)∈ZN×ZN

ei〈α, γ2〉Φ0Eα−γ1V−γ2Op(aαβ)Vβ+δ2Eδ1Φ
∗
0

∥∥∥∥∥∥
≤

∑
(α, β)∈ZN×ZN

‖Φ0Eα−γ1V−γ2Op(aαβ)Vβ+δ2Eδ1Φ
∗
0‖.

By Proposition 5.2,

‖∂γ
x∂δ

ξaαβ‖L∞(R2N ) ≤ Cγδ‖aαβ‖L∞(R2N ). (23)

Hence (see, for instance, [6], Proposition 4.1.16),

‖Φ0Eα−γ1V−γ2Op(aαβ)Vβ+δ2Eδ1Φ
∗
0‖

≤ C |aαβ |2k1, 2k2(1 + |α − γ1 + δ1|)−2k1(1 + |β + δ2 − γ2|)−2k2 ,

where 2k1 > N and 2k2 > N , and where the constant C is independent of aαβ .
From (23) one concludes that

|aαβ |2k1, 2k2 ≤ C ‖aαβ‖L∞(RN )
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with a constant C independent of aαβ again. So one finally has

‖Φ(γ1, γ2)Op(a)Φ∗
(δ1, δ2)‖

≤ C
∑

(α, β)∈ZN×ZN

‖aαβ‖L∞(RN )(1 + |α − γ1 − δ1|)−2k1(1 + |β + δ2 − γ2|)−2k2

=: h(γ1 − δ1, γ2 − δ2)

with a sequence h ∈ l1(ZN × ZN ). Consequently, Op(a) ∈ W(RN ). �
The following corollary follows immediately from the preceding proposition

in combination with Proposition 4.2 (a).

Corollary 5.4. Let a ∈ Sw(R2N ) be represented as in (21), and let p ∈ [1, ∞]. Then

‖Op(a)‖L(M2, p(RN )) ≤ C
∑

(α, β)∈ZN×ZN

‖aαβ‖L∞(RN )

with a constant C independent of aαβ.

We say that the symbol a belongs to the class R(R2N ) if there are integers
k1, k2 with 2k1 > N and 2k2 > N such that a can be represented as

a(y) =
∑

γ∈Z2N

ei〈γ, y〉aγ(y)

where y = (x, ξ) ∈ RN × RN , and where the functions aγ ∈ S0
0, 0 satisfy∑

γ∈Z2N

|aγ |2k1, 2k2 < ∞. (24)

Proposition 5.5. The classes R(R2N ) and Sw(R2N ) coincide.

Proof. Let a ∈ R(R2N ). Then∑
l∈Z2N

‖χ(D − l)a‖L∞(R2N )

≤
∑

l∈Z2N

∑
γ∈Z2N

‖χ(D − l − γ)aγ‖L∞(R2N )

≤ C
∑

γ∈Z2N

|aγ |2k1, 2k2

∑
l∈Z2N

(1 + |l1|)−2k1(1 + |l2|)−2k2 < ∞,

whence the inclusion R(R2N ) ⊂ Sw(R2N ). The reverse inclusion follows from
Proposition 5.1. �

The following observation will be needed to prove the richness of the operators
in OPSw(R2N ).

Lemma 5.6. Let (Aj)j∈N be a sequence of bounded linear operators on a Hilbert
space H with ∑

j∈N

‖Aj‖ < ∞, (25)
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and let A :=
∑

j∈N
Aj. Furthermore, let (Um)m∈N be a sequence of unitary oper-

ators on H such that the sequences (U∗
mAjUm)m∈N converge strongly as m → ∞

to certain operators Ãj for every j. Then the sequence (U∗
mAUm)m∈N converges

strongly to Ã :=
∑

j∈N
Ãj.

Proof. Let u ∈ H and ε > 0. By condition (25), there is an n0 ∈ N such that∑
j>n0

‖Aju‖ <
ε

3
, (26)

and due to strong convergence, there is an m0 ∈ N such that, for m > m0,

max
1≤j≤n0

‖(Ãj − U∗
mAjUm)u‖ <

ε

3n0
.

Hence, given arbitrary u ∈ H and ε > 0, one finds an m0 ∈ N such that

‖(Ã − U∗
mAUm)u‖ ≤

n0∑
j=1

‖(Ãj − U∗
mAjUm)u‖ + 2

∑
j>n0

‖Aju‖ < ε

for m ≥ m0. �

Proposition 5.7. OPSw(R2N ) ⊂ W$(RN ).

Proof. Let A := Op(a) ∈ OPSw(RN × RN ). By Proposition 5.5, the operator A
can be written as

A =
∑

(α, β)∈ZN×ZN

EαOp(aαβ)Vβ

where ∑
(α, β)∈ZN×ZN

‖Op(aαβ)‖ < ∞.

Let h : m 
→ hm := (h′
m, h′′

m) ∈ ZN × ZN be a sequence which tends to infinity.
Then, evidently,

U∗
hm

AUhm =
∑

(α, β)∈ZN×ZN

(U∗
hm

EαUhm) (U∗
hm

Op(aαβ)Uhm) (U∗
hm

VβUhm).

Since Uγ = VβEα and U∗
γ = E−αV−β , one has

U∗
hm

EαUhm = e−i〈α, h′′
m〉Eα and U∗

hm
VβUhm = ei〈β, h′

m〉Vβ .

In [6], Lemma 4.2.4, it is verified that there is a subsequence g of h such that the
functions

ϕm : α 
→ e−i〈α, g′′
m〉 and γm : β 
→ e−i〈β, g′

m〉

converge uniformly with respect to α, β ∈ ZN to certain limit functions ϕ and γ
as m → ∞. Clearly, |ϕ(α)| = |γ(β)| = 1 for each α, β ∈ ZN . It is also easy to see
that

U∗
gm

Op(aαβ)Ugm = Op(agm

αβ )
where

agm

αβ (x, ξ) := aαβ(x + g′m, ξ + g′m).
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According to the Arzéla-Ascoli Theorem, one further finds a subsequence k of g
such that the functions akm

αβ converge to a limit function ak
αβ in the topology of

C∞(R2N ). This implies (compare [6], Theorem 4.3.15) that ak
αβ ∈ S0

0, 0 and that

U∗
km

Op(aαβ)Ukm → Op(aK
αβ) strongly as m → ∞.

Applying the standard Cantor diagonal process, we finally obtain that every se-
quence h has a subsequence l such that

U∗
lm(EαOp(aαβ)Vβ)Ulm → ϕ(α)γ(β)EαOp(al

αβ)Vβ

strongly as m → ∞. Hence, the strong convergence

U∗
lmAUlm → Al :=

∑
(α, β)∈ZN×ZN

ϕ(α)γ(β)EαOp(al
αβ)Vβ (27)

as m → ∞ follows from Lemma 5.6, and the strong convergence of the adjoint
sequences

U∗
lmA∗Ulm → A∗

l :=
∑

(α, β)∈ZN×ZN

ϕ̄(α)γ̄(β)V−β

[
Op(al

αβ)
]∗

E−α

can be checked in the same way. �

Now Theorem 17 implies the following final results on the Fredholmness of
pseudodifferential operators in the Sjöstrand class acting on modulation spaces.

Theorem 5.8. The following conditions are equivalent for A ∈ OPSw:

(a) A is a Fredholm operator on M2, p(RN ) for a certain p ∈ (1, ∞);

(b) A is a Fredholm operator on M2, p(RN ) for each p ∈ (1, ∞);

(c) there exists a p ∈ [1, ∞] for which all limit operators of A are invertible on
M2, p(RN );

(d) all limit operators of A are invertible on every space M2, p(RN ) with p ∈
[1, ∞];

(e) all limit operators are uniformly invertible on each of the spaces M2, p(RN )
with p ∈ [1, ∞].

Corollary 5.9. Let A ∈ OPSw. Then the essential spectrum σess(A) of A considered
as an operator on M2, p(RN ) does not depend on p ∈ (1,∞), and

σess(A|M2, p(RN )) =
⋃

Ah∈σop(A)

σ(Ah|L2(RN )).
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On Indefinite Cases of Operator Identities
Which Arise in Interpolation Theory

James Rovnyak and Lev A. Sakhnovich

Abstract. Operator identities involving nonnegative selfadjoint operators play
a fundamental role in interpolation theory and its applications. The theory
is generalized here to selfadjoint operators whose negative spectra consist
of a finite number of eigenvalues of finite total multiplicity. It is shown that
such identities are closely associated with generalized Nevanlinna functions by
means of the Krĕın-Langer integral representation. The Potapov fundamental
matrix inequality is generalized to this situation, and it is used to formulate
and solve an operator interpolation problem analogous to the definite case.

Mathematics Subject Classification (2000). Primary 47A57; Secondary 47A56,
30E05, 47B50, 46C20.

Keywords. Interpolation, operator identity, indefinite, negative squares, gen-
eralized Nevanlinna function, Krĕın-Langer representation, Potapov, funda-
mental matrix inequality.

1. Introduction

One approach to interpolation theory and spectral problems for canonical differ-
ential equations is based on operator identities of the form{

AS − SA∗ = i
[
Φ1Φ∗

2 + Φ2Φ∗
1

]
,

A, S ∈ L(H), Φ1, Φ2 ∈ L(G, H),
(1.1)

where H and G are Hilbert spaces, dim G < ∞, and S = S∗. A well-known matrix
example is A = diag{z1, z2, . . . , zn},

S =
[
wµ − w̄ν

zµ − z̄ν

]n

µ,ν=1

, Φ1 = −i

⎡⎢⎢⎢⎣
w1

w2

...
wn

⎤⎥⎥⎥⎦ , Φ2 =

⎡⎢⎢⎢⎣
1
1
...
1

⎤⎥⎥⎥⎦ ,

J. Rovnyak was supported by the National Science Foundation Grant DMS-0100437.
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where z1, . . . , zn are points in the upper half-plane and w1, . . . , wn are any complex
numbers. In the definite case, that is, when

S ≥ 0, (1.2)

a systematic treatment of identities (1.1) and their applications is given in [12, 13].
A large class of operator identities (1.1) satisfying (1.2) is obtained by first choosing
operators A ∈ L(H) and Φ2 ∈ L(G, H) for some Hilbert space H and G = Cm, and
an m×m matrix-valued Nevanlinna function v(z). The Nevanlinna representation
of v(z) has the form

v(z) = α + β z +
∫ ∞

−∞

[
1

t − z
− t

1 + t2

]
dτ(t), (1.3)

depending on data
τ = {τ(t), α, β}, (1.4)

where α and β are selfadjoint matrices, β ≥ 0, and τ(t) is a nondecreasing matrix-
valued function such that the integral

∫∞
−∞ dτ(t)/(1 + t2) is convergent. We define

operators

Sv =
∫ ∞

−∞
(I − At)−1Φ2 [dτ(t)] Φ∗

2(I − A∗t)−1 + FF ∗, (1.5)

Φ1,v = −i

∫ ∞

−∞

[
A(I − At)−1 +

tI

t2 + 1

]
Φ2 [dτ(t)] + i

(
Φ2α + Fβ1/2

)
, (1.6)

where F = A−1Φ2 β1/2 if A is invertible and F = 0 otherwise. Conditions for
convergence of the integrals are given in [12, p. 2], and whenever the integrals
converge the operators S = Sv, Φ1 = Φ1,v, A, and Φ2 satisfy (1.1) and (1.2).
Conversely, given an operator identity (1.1) satisfying (1.2), the abstract interpo-
lation problem is to determine all representations of S and Φ1 in the form S = Sv

and Φ1 = Φ1,v. Solutions are obtained in [12] with the aid of an operator analog
of Potapov’s fundamental matrix inequality. These results are applied in [12, 13]
to concrete interpolation problems and spectral problems for canonical differen-
tial systems. The theory is simplest in the nondegenerate case, that is, when S is
invertible.

In this paper, in place of (1.2) we assume that the negative spectrum of S
consists of eigenvalues of finite total multiplicity. We replace (1.3) and (1.4) by
the Krĕın-Langer representation (2.1) of a generalized Nevanlinna function and
corresponding data (2.2) and extend the definite theory. Such a generalization was
initiated by A.L. Sakhnovich [10] in the scalar case. Other special cases are treated
by the authors [9, 7]. We now take up the general case.

We state the Krĕın-Langer representation of a generalized Nevanlinna func-
tion in Section 2. Our main results are formulated in Sections 3–5, with proofs
deferred to Section 6. Section 3 is devoted to the construction of operators Sv

and Φ1,v generalizing (1.5) and (1.6). The constructions of Sv and Φ1,v differ de-
pending whether 0 �∈ σ(A) or 0 ∈ σ(A), and these are referred to as Case 1 and
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Case 2 throughout the paper. The abstract interpolation problem is formulated in
Definition 3.6.

Section 4 derives an indefinite generalization of Potapov’s fundamental ma-
trix inequality. The generalization takes the form of a condition on the number
of negative squares of a two-variable kernel. The results of Section 4 are used in
Section 5 to characterize solutions of the abstract interpolation problem in the
nondegenerate case.

Notation and preliminaries. Let C,C± be the complex plane and open upper
and lower half-planes. Throughout, we use a finite-dimensional Hilbert space G,
which we take to be G = Cm for a fixed positive integer m. Operators on G
are represented as m × m matrices. The generalized Nevanlinna class Nκ, κ =
0, 1, 2, . . . , is the set of m×m matrix-valued functions v(z) which are meromorphic
on C+∪C− such that v(z) = v(z̄)∗ and the kernel [v(z)−v(ζ)∗]/(z−ζ̄) has κ = κv

negative squares (for example, see [1, 2, 5]). We also write κK for the number of
negative squares of any Hermitian kernel K(z, ζ). If S is a selfadjoint operator on
a Hilbert space, κS denotes the dimension of the eigenspace for (0,∞).

We assume familiarity with Stieltjes integrals
∫
∆ f(t) [dτ(t)] g(t), where τ(t)

is an m×m matrix-valued function and f(t) and g(t) are matrix-valued functions
of orders p × m and m × q. In our applications, ∆ is either an interval or a finite
union of intervals and τ(t) is nondecreasing on each interval in ∆. By L2(dτ) we
mean a completion of the space of continuous G-valued functions g(t) on ∆ such
that ‖g‖2 =

∫
∆

g(t)∗ [dτ(t)] g(t) < ∞. We also use integrals of the form∫
∆

G(t)∗ [dτ(t)] F (t), (1.7)

where F (t) and G(t) are continuous functions with values in L(H, G) and L(K, G)
for some Hilbert spaces H and K. If F (t)h and G(t)k belong to L2(dτ) for all
vectors h in H and k in K, we define (1.7) as the unique operator in L(H, K) such
that 〈(∫

∆

G(t)∗ [dτ(t)] F (t)
)

h, k

〉
L2(dτ)

=
∫

∆

[G(t)k]∗[dτ(t)]F (t)h ,

for all h ∈ H and k ∈ K. Integrals of the type (1.7) also appear in the form

∫
∆

r∑
j=1

Gj(t)∗[dτ(t)]Fj(t) =
∫

∆

[
G1(t)∗ · · · Gr(t)∗

]
[dτ(t)]

⎡⎢⎣F1(t)
...

Fr(t)

⎤⎥⎦ .

In practice, to prove convergence of such an integral we show that
r∑

j=1

Gj(t)∗[dτ(t)]Fj(t) =
s∑

k=1

G̃k(t)∗[dτ(t)]F̃k(t),

where the integrals
∫
∆ G̃j(t)∗ [dτ(t)] F̃j(t), j = 1, . . . , s, exist separately.
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2. Krĕın-Langer integral representation

The Krĕın-Langer integral representation of a generalized Nevanlinna function is
given in [5] in the scalar case. The matrix case of the representation is due to Daho
and Langer [2], and we use this case in a form given in [8].

Theorem 2.1. Let v(z) be an m×m matrix-valued meromorphic function such that
v(z̄)∗ = v(z) on C+ ∪ C−. A necessary and sufficient condition that v(z) belong
to some class Nκ, κ ≥ 0, is that it can be written in the form

v(z) =
∫ ∞

−∞

[
1

t − z
−

r∑
j=0

Sj(t, z)
]

dτ(t) (2.1)

+ R0(z) −
r∑

j=1

Rj

(
1

z − αj

)

−
s∑

k=1

[
Mk

(
1

z − βk

)
+ Mk

(
1

z̄ − βk

)∗ ]
,

where α1, . . . , αr ∈ (−∞,∞) and β1, . . . , βs ∈ C+ are distinct numbers, and

(1◦) the real line is a union of sets ∆0, ∆1, . . . ,∆r such that ∆1, . . . ,∆r are
bounded open intervals containing α1, . . . , αr and having disjoint closures,
∆0 is their complement, and

1
t − z

− Sj(t, z) =
1

t − z

(
t − αj

z − αj

)2ρj

on ∆j , j = 1, . . . , r ,

1
t − z

− S0(t, z) =
1 + tz

t − z

(1 + z2)ρ0

(1 + t2)ρ0+1
on ∆0 ,

for some positive integers ρ1, . . . , ρr and some nonnegative integer ρ0, and
Sj(t, z) = 0 off ∆j for each j = 0, 1, . . . , r;

(2◦) τ(t) is an m × m matrix-valued function which is nondecreasing on each of
the r + 1 open intervals of the real line determined by the points α1, . . . , αr

such that the integral∫ ∞

−∞

(t − α1)2ρ1 · · · (t − αr)2ρr

(1 + t2)ρ1+···+ρr

dτ(t)
(1 + t2)ρ0+1

converges;
(3◦) for each j = 0, 1, . . . , r, Rj(z) is a polynomial of degree at most 2ρj + 1,

having selfadjoint m×m matrix coefficients, such that if a term of maximum
degree Cjz

2ρj+1 is present then Cj ≥ 0, and R1(0) = · · · = Rr(0) = 0;
(4◦) for each k = 1, . . . , s, Mk(z) is a polynomial �≡ 0 with m × m matrix coeffi-

cients such that Mk(0) = 0.

The sets ∆0, ∆1, . . . ,∆r in (2.1) can be chosen arbitrarily subject to the
conditions in (1◦).
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Definition 2.2. By Krĕın-Langer data we mean a collection of quantities

τ = {τ(t); α1, . . . , αr; β1, . . . , βs; ρ0, . . . , ρr; ∆0, . . . ,∆r; (2.2)

R0(z), . . . , Rr(z); M1(z), . . . , Ms(z)}
having the properties listed in Theorem 2.1. Given data τ , we write vτ (z) for the
associated function (2.1).

The identities

1
t − z

(
t − α

z − α

)2p

=
1

t − z
+

2p−1∑
j=0

(t − α)j

(z − α)j+1
(2.3)

(1 + z2)p

(1 + t2)p+1

1 + tz

t − z
=

1
t − z

− (t + z)
p−1∑
j=0

(1 + z2)j

(1 + t2)j+1
(2.4)

− t
(1 + z2)p

(1 + t2)p+1

show that the convergence terms in (2.1) are given by

Sj(t, z) = −
2ρj−1∑
p=0

(t − αj)p

(z − αj)p+1
χ

∆j
(t), j = 1, . . . , r, (2.5)

S0(t, z) =

{
(t + z)

ρ0−1∑
p=0

(1 + z2)p

(1 + t2)p+1
+ t

(1 + z2)ρ0

(1 + t2)ρ0+1

}
χ

∆0
(t). (2.6)

3. Interpolation problem for operator identities

Throughout this section we understand that H is some Hilbert space, and, as
usual, G = Cm. Our first task is to construct operators Sv and Φ1,v corresponding
to a given generalized Nevanlinna function v(z). These operators appear in the
statement of the abstract interpolation problem in Definition 3.6.

Assumptions 3.1. Let A ∈ L(H) and Φ2 ∈ L(G, H) be given operators, and let v(z)
be a generalized Nevanlinna function which is represented in the form (2.1) for
some Krĕın-Langer data (2.2). Assume that σ(A) is a finite set that contains no
point 1/βk, 1/β̄k, k = 1, . . . , s, and no real point except perhaps 0.
Case 1: 0 �∈ σ(A). There are no additional assumptions in this case.
Case 2: 0 ∈ σ(A). Here we assume further that (2.1) can be chosen such that
ρ0 = 0, R0(z) is constant, and∫

∆0

〈
dτ(t)Φ∗

2(I − A∗t)−1h, Φ∗
2(I − A∗t)−1h

〉
< ∞, h ∈ H. (3.1)

By [8, Theorem 4.1], the condition that v(iy)/y → 0 as y → ∞ is necessary
and sufficient that a representation (2.1) can be chosen such that ρ0 = 0 and R0(z)
is constant.
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Under the Assumptions 3.1, in both Case 1 and Case 2, we shall define
operators

Sv =
∫ ∞

−∞

{
(I − At)−1Φ2[dτ(t)]Φ∗

2 (I − A∗t)−1−
r∑

j=0

dτj(t; A, Φ2)
}

(3.2)

+
r∑

j=0

Rj +
s∑

k=1

[
M1k + M2k

]
,

Φ1,v =−i

∫ ∞

−∞

{
A(I − At)−1 −

r∑
j=0

Sj(t; A)
}

Φ2 [dτ(t)] (3.3)

− i

( r∑
j=0

R̂j +
s∑

k=1

[
M̂1k + M̂2k

])
,

which generalize (1.5) and (1.6) to the indefinite case. The terms in (3.2) and (3.3)
are associated with the parts in the Krĕın-Langer representation (2.1) of v(z). The
definitions differ slightly in Case 1 and Case 2 of the Assumptions 3.1, that is,
according as 0 �∈ σ(A) or 0 ∈ σ(A).

Definition of Sv and Φ1,v in Case 1. In Case 1, 0 �∈ σ(A) and so σ(A) contains no
real point. We first define the convergence terms dτj(t; A, Φ2) and Sj(t; A) in the
integral parts of (3.2) and (3.3), j = 0, . . . , r. These terms are defined to be zero
off ∆j , j = 0, . . . , r. For j = 1, . . . , r, we expand

(I − tA)−1Φ2[dτ(t)]Φ∗
2(I − tA∗)−1 and A(I − tA)−1 (3.4)

in powers of t − αj using the series

(I − tA)−1 =
∞∑

p=0

Ap(αj)(t − αj)p, Ap(αj) = Ap(I − αjA)−p−1 , (3.5)

and we define dτj(t; A, Φ2) and Sj(t; A) on ∆j to be the expressions that remain
after discarding all terms that are O(

(t − αj)2ρj
)

as t → αj .
To define dτ0(t; A, Φ2) and S0(t; A) on ∆0, we expand (3.4) in a neighborhood

of infinity using

(I − tA)−1 = (I + tA)
(
I + A2 − (1 + t2)A2

)−1

(3.6)

= − (A−2 + tA−1)
1 + t2

(
I − I + A−2

1 + t2

)−1

= −
∞∑

p=0

(A−2 + tA−1)(I + A−2)p

(1 + t2)p+1
,

and collect into terms 1/(1 + t2)� and t/(1 + t2)�, � ≥ 1. After discarding all terms
that are O(

1/(1 + t2)ρ0+1
)

as |t| → ∞, the expressions that remain are defined to
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be dτ0(t; A, Φ2) and S0(t; A) on ∆0. These definitions assure that the integrals in
(3.2) and (3.3) converge weakly.

In the discrete parts of (3.2) and (3.3), we define⎧⎪⎨⎪⎩
R0 = Res

λ=0

[
(A − λI)−1Φ2R0(λ−1)Φ∗

2(A
∗ − λI)−1

]
,

R̂0 = −Res
λ=0

[
A(A − λI)−1Φ2R0(λ−1)λ−1

]
.

(3.7)

For j = 1, . . . , r, set⎧⎪⎪⎪⎨⎪⎪⎪⎩
Rj = Res

λ=αj

[
(I − λA)−1Φ2Rj

( 1
λ − αj

)
Φ∗

2(I − λA∗)−1
]
,

R̂j = Res
λ=αj

[
A(I − λA)−1Φ2Rj

( 1
λ − αj

)]
.

(3.8)

For k = 1, . . . , s, set⎧⎪⎪⎨⎪⎪⎩
M1k = Res

λ=βk

[
(I − λA)−1Φ2Mk

( 1
λ − βk

)
Φ∗

2(I − λA∗)−1
]
,

M̂1k = Res
λ=βk

[
A(I − λA)−1Φ2Mk

( 1
λ − βk

)]
,

(3.9)

and ⎧⎪⎪⎨⎪⎪⎩
M2k = Res

λ=β̄k

[
(I − λA)−1Φ2Mk

( 1

λ̄ − βk

)∗
Φ∗

2(I − λA∗)−1
]
,

M̂2k = Res
λ=β̄k

[
A(I − λA)−1Φ2Mk

( 1

λ̄ − βk

)∗ ]
.

(3.10)

Definition of Sv and Φ1,v in Case 2. Now 0 ∈ σ(A), ρ0 = 0, R0(z) = C0 is constant,
and (3.1) holds. In this case we define⎧⎨⎩ dτ0(t; A, Φ2) = 0, S0(t; A) = − t I

1 + t2
,

R0 = 0, R̂0 = −Φ2C0.

(3.11)

All other terms are defined as in Case 1. The integral in (3.2) converges weakly
by construction. The proof that the integral in (3.3) converges weakly in Case 2 is
similar to an argument in [12, p. 2].

Theorem 3.2. Under the Assumptions 3.1, on ∆j, j = 1, . . . , r,

dτj(t; A, Φ2) =
2ρj−1∑
�=0

(t − αj)�
∑

p+q=�
p,q≥0

Ap(αj)Φ2[dτ(t)]Φ∗
2 Aq(αj)∗

= − Res
λ=αj

[
(I − λA)−1Sj(t, λ)Φ2[dτ(t)] Φ∗

2(I − λA∗)−1
]
,
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Sj(t; A) =
2ρj−1∑
p=0

(t − αj)pAp(αj)A

= − Res
λ=αj

[
A (I − λA)−1 Sj(t, λ)

]
.

If 0 �∈ σ(A), then also on ∆0,

dτ0(t; A, Φ2) =
ρ0−1∑
�=0

1
(1 + t2)�+1

�∑
p=0

(
�

p

) ∑
j+k=2p+2

j,k≥1

A−jΦ2[dτ(t)] Φ∗
2A

∗−k

+
ρ0−1∑
�=0

t

(1 + t2)�+2

�+1∑
p=1

(
� + 1

p

) ∑
j+k=2p+1

j,k≥1

A−jΦ2[dτ(t)] Φ∗
2A

∗−k

= Res
λ=0

[
(A − λI)−1S0(t, λ−1)Φ2[dτ(t)] Φ∗

2(A
∗ − λI)−1

]
,

S0(t; A) = −S0(t, A−1)

= −Res
λ=0

[
λ−1 A (A − λI)−1S0(t, λ−1)

]
.

In the case 0 �∈ σ(A), the identity

Sj(t; A) = −Sj(t, A−1) (3.12)

holds for all j = 0, . . . , r.

Theorem 3.3. Under the Assumptions 3.1, if

R0(z) =
2ρ0+1∑
p=0

R0p zp , Rj(z) =
2ρj+1∑
p=1

Rjp zp, Mk(z) =
σk∑

p=1

Mkp zp,

are the polynomials in the representation (2.1) of v(z), then

Rj =
2ρj+1∑
p=1

∑
µ+ν=p+1

µ,ν≥1

Aµ−1(αj)Φ2RjpΦ∗
2Aν−1(αj)∗ ,

R̂j =
2ρj+1∑
p=1

AAp−1(αj)Φ2Rjp ,

M1k =
σk∑

p=1

∑
µ+ν=p+1

µ,ν≥1

Aµ−1(βk)Φ2MkpΦ∗
2Aν−1(β̄k)∗ ,

M̂1k =
σk∑

p=1

AAp−1(βk)Φ2Mkp ,
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M2k =
σk∑

p=1

∑
µ+ν=p+1

µ,ν≥1

Aµ−1(β̄k)Φ2M
∗
kpΦ

∗
2Aν−1(βk)∗ ,

M̂2k =
σk∑

p=1

AAp−1(β̄k)Φ2M
∗
kp ,

j = 1, . . . , r and k = 1, . . . , s. If 0 �∈ σ(A), then also

R0 =
2ρ0+1∑
p=1

∑
µ+ν=p+1

µ,ν≥1

A−µΦ2R0pΦ∗
2A

∗−ν ,

R̂0 = −
2ρ0+1∑
p=0

A−pΦ2R0p .

When κ = 0, the Krĕın-Langer representation (2.1) reduces to the Nevanlinna
representation (1.3); the Nevanlinna representation is unique, and the definitions
of Sv and Φ1,v given above reduce to the known forms (1.5) and (1.6). In contrast,
the Krĕın-Langer representation (2.1) in general is not unique. We show that the
definitions of Sv and Φ1,v do not depend on the choice of representation (2.1)
for v(z).

Theorem 3.4. So long as the Assumptions 3.1 are met, the definitions of Sv and
Φ1,v do not depend on the choice of Krĕın-Langer data (2.2) in the representa-
tion (2.1).

We obtain a large class of examples of the operator identity (1.1).

Theorem 3.5. Under the Assumptions 3.1, in both Case 1 and Case 2, the operator
Sv is selfadjoint, κSv < ∞, and the operators S = Sv and Φ1 = Φ1,v together with
the given operators A and Φ2 satisfy (1.1).

Definition 3.6. The abstract interpolation problem for a given operator identity
(1.1) is to find all generalized Nevanlinna functions v(z) such that

S = Sv and Φ1 = Φ1,v . (3.13)

The motivating example is classical Pick-Nevanlinna interpolation, where we
choose H = Cm ⊕ · · · ⊕Cm with n summands.

Theorem 3.7. Let z1, . . . , zn be distinct points in C+, and set

A =

⎡⎢⎢⎣
z1Im 0 · · · 0

0 z2Im · · · 0
· · ·

0 0 · · · znIm

⎤⎥⎥⎦ , Φ2 =

⎡⎢⎢⎢⎣
Im

Im

...
Im

⎤⎥⎥⎥⎦ . (3.14)
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Let v(z) be a generalized Nevanlinna function. Set w(z) = −v(1/z̄)∗, and assume
that the poles of w(z) are disjoint from z1, . . . , zn. Then the operators (3.2) and
(3.3) are given by

Sv =
[
w(zµ) − w(zν)∗

zµ − z̄ν

]n

µ,ν=1

, Φ1,v = −i

⎡⎢⎢⎢⎣
w(z1)
w(z2)

...
w(zn)

⎤⎥⎥⎥⎦ . (3.15)

For the same A and Φ2, the operator identity (1.1) is satisfied with

S =
[
wµ − w∗

ν

zµ − z̄ν

]n

µ,ν=1

, Φ1 = −i

⎡⎢⎢⎢⎣
w1

w2

...
wn

⎤⎥⎥⎥⎦ ,

where w1, . . . , wn are given matrices. Solutions of the abstract interpolation prob-
lem in this case correspond to solutions of the classical Pick-Nevanlinna interpo-
lation problem w(zµ) = wµ, µ = 1, . . . , n.

4. Generalization of the fundamental matrix inequality

In this section we introduce and study two kernels, Lv(z, ζ) and Lv,T (z, ζ) de-
fined by (4.2) and (4.4)–(4.5) below, which are associated with any given operator
identity (1.1) and generalized Nevanlinna function v(z). These kernels are related
to linear fractional transformations and the fundamental matrix inequality. The
fundamental matrix inequality is used to solve classical interpolation problems by
Kovalishina and Potapov [4] and Katsnelson [3], for example. In the definite case,
the fundamental matrix inequality is adapted to the abstract interpolation prob-
lem in [12, Theorem 1.2.1]; it asserts that the kernel Lv(z, ζ) defined by (4.2) is
nonnegative on the diagonal z = ζ for any solution v(z). Our generalization, The-
orem 4.5, asserts that in the indefinite case the two-variable kernel Lv(z, ζ) has a
finite number of negative squares for any solution v(z) of an abstract interpolation
problem.

If A, S, Φ1, Φ2 are operators which satisfy (1.1), we shall also write

AS − SA∗ = i ΠJΠ∗, Π =
[
Φ1 Φ2

]
, J =

[
0 I
I 0

]
. (4.1)

For any generalized Nevanlinna function v(z), we define a kernel

Lv(z, ζ) =

[
S Bv(z)

Bv(ζ)∗ Cv(z, ζ)

]
, (4.2)
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where ⎧⎪⎨⎪⎩
Bv(z) = (I − zA)−1

[
Φ1 − iΦ2v(z)

]
,

Cv(z, ζ) =
v(z) − v(ζ)∗

z − ζ̄
.

(4.3)

We also use the transformed kernel

Lv,T (z, ζ) =
[

S −iBv,T (z)
iBv,T (ζ)∗ Cv,T (z, ζ)

]
(4.4)

defined by

Lv,T (z, ζ) =
[

I 0
L0(ζ̄) L2(ζ̄)

] [
S Bv(z)

Bv(ζ)∗ Cv(z, ζ)

] [
I L0(z̄)∗

0 L2(z̄)∗

]
, (4.5)

where
L0(z) = iA(I − zA)−1 and L2(z) = (I − zA)−1Φ2, (4.6)

as in [12, p. 6]. By direct calculation,

Bv,T (z) − Bv,T (ζ)∗ = (z − ζ̄)Cv,T (z, ζ),

and hence

Bv,T (z) = Bv,T (z̄)∗, Cv,T (z, ζ) =
Bv,T (z) − Bv,T (ζ)∗

z − ζ̄
, (4.7)

at all points z and ζ in C+ ∪ C− where the functions are defined.
The nondegenerate case (S invertible) is assumed in Theorems 4.1, 4.2, 4.4

and Definition 4.3.

Theorem 4.1. Let A, S, Φ1, Φ2 be operators which satisfy (1.1) such that S is in-
vertible. Define

A(z) = I − izΠ∗(I − zA∗)−1S−1ΠJ (4.8)
on the set ΩA of all z ∈ C such that the inverse exists. For all z̄, ζ̄ ∈ ΩA,

J − A(ζ̄)JA(z̄)∗

i(ζ̄ − z)
= Π∗(I − ζ̄A∗)−1S−1(I − zA)−1Π. (4.9)

If z, z̄ ∈ ΩA, A(z) is invertible and A(z)−1 = JA(z̄)∗J .

In particular, A(z) has invertible values except at isolated points of its do-
main.

Theorem 4.2. Let A, S, Φ1, Φ2 be operators which satisfy (1.1) such that S is in-
vertible. Given any generalized Nevanlinna function v(z), set[

P (z)
Q(z)

]
= A(z)−1

[−iv(z)
I

]
. (4.10)

Then P (z̄)∗Q(z) + Q(z̄)∗P (z) = 0 and

Lv(z, ζ) =
[

I 0
Bv(ζ)∗S−1 I

] [
S 0
0 Dv(z, ζ)

] [
I S−1Bv(z)
0 I

]
, (4.11)
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where

Dv(z, ζ) =
v(z) − v(ζ)∗

z − ζ̄
− Bv(ζ)∗S−1Bv(z) (4.12)

= i
P (ζ)∗Q(z) + Q(ζ)∗P (z)

z − ζ̄

at all points where the functions are defined.

The block entries a(z), b(z), c(z), d(z) of A(z) are used as coefficients of a
class of linear fractional transformations.

Definition 4.3. Let A, S, Φ1, Φ2 be operators which satisfy (1.1) such that σ(A) is
a finite set, S is invertible, and κS < ∞. Write

A(z) =
[
a(z) b(z)
c(z) d(z)

]
, (4.13)

where a(z), b(z), c(z), d(z) are m×m matrix-valued functions. By N(A) we mean
the set of functions

v(z) = i [a(z)P (z) + b(z)Q(z)] [c(z)P (z) + d(z)Q(z)]−1 , (4.14)

where P (z) and Q(z) are m × m matrix-valued functions which are analytic on
C+ ∪C− except at isolated points, such that

(i) P (z̄)∗Q(z) + Q(z̄)∗P (z) ≡ 0;
(ii) c(z)P (z) + d(z)Q(z) is invertible except at isolated points;
(iii) the kernel

DP,Q(z, ζ) = i
P (ζ)∗Q(z) + Q(ζ)∗P (z)

z − ζ̄

has a finite number κP,Q of negative squares.

Theorem 4.4. Let A, S, Φ1, Φ2 be operators which satisfy (1.1) such that σ(A) is a
finite set, S is invertible, and κS < ∞. If v(z) ∈ N(A) and has the representation
(4.14), then v(z) = v(z̄)∗ at all points where the functions are defined, and v(z) ∈
Nκv where

κv ≤ κP,Q + κS = κLv . (4.15)

In particular, κLv = κP,Q + κS < ∞. Moreover,

v(z) − v(ζ)∗

z − ζ̄
= K(ζ)∗−1DP,Q(z, ζ)K(z)−1 + Bv(ζ)∗S−1Bv(z) , (4.16)

and

Bv,T (z) − Bv,T (ζ)∗

z − ζ̄
= L2(ζ̄)K(ζ)∗−1

DP,Q(z, ζ)K(z)−1L2(z̄)∗

+ Bv,T (ζ)∗S−1Bv,T (z) , (4.17)

where K(z) = [c(z)P (z) + d(z)Q(z)]−1 except at isolated points.
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A consequence of Theorem 4.4 is that the kernel Lv(z, ζ) has a finite number
of negative squares in a particular case in which S is invertible. Theorems 4.5, 4.6,
and 4.7 below do not presume that S is invertible. Theorem 4.5 describes another
case in which Lv(z, ζ) has a finite number of negative squares, but its proof does
not give a simple description of the exact value of κLv as in Theorem 4.4. Theorem
4.5 can be viewed as a generalization of the fundamental matrix inequality to the
indefinite setting.

Theorem 4.5. Let A, S, Φ1, Φ2 be operators which satisfy (1.1), where S = Sv and
Φ1 = Φ1,v are defined by (3.2) and (3.3) for some generalized Schur function v(z).
Then in both Case 1 and Case 2 of the Assumptions 3.1, the kernel Lv(z, ζ) defined
by (4.2) has a finite number of negative squares.

The next two results establish companions to Theorem 4.5 that provide ad-
ditional necessary conditions on solutions of the abstract interpolation problem
particular to Case 1 and Case 2.

Theorem 4.6. In Theorem 4.5, Case 1, the function Bv(z) in (4.2) is analytic on
C+ ∪C− except perhaps for poles at the poles βk, β̄k, k = 1, . . . , s, of v(z). Hence
Bv(z) is analytic at every point λ such that 1/λ ∈ σ(A).

Theorem 4.7. In Theorem 4.5, Case 2, the functions Bv(z) and Bv,T (z) in (4.2)
and (4.4) satisfy

‖Bv(z)‖ = O(1) (4.18)
and

‖Bv,T (z)‖ = O
(

1
|z|

)
(4.19)

as |z| → ∞ in any set Dδ = {z : 0 < | arg z| < π − δ} where 0 < δ < π.

5. Interpolation theorems

We now begin with an operator identity AS − SA∗ = i
[
Φ1Φ∗

2 + Φ2Φ∗
1

]
such that

σ(A) is a finite set, S is invertible, and κS < ∞. The abstract interpolation problem
(3.13) is to characterize all generalized Nevanlinna functions v(z) such that S = Sv

and Φ1 = Φ1,v. We shall see that such a function v(z) belongs to the class N(A)
introduced in Definition 4.3. We give necessary and sufficient conditions on a
function v(z) in N(A) that it is a solution of the abstract interpolation problem.
They assert, roughly, that the necessary conditions on the functions

Bv(z) = (I − zA)−1
[
Φ1 − iΦ2v(z)

]
and

Bv,T (z) =
[
SA∗ + iBv(z)Φ∗

2

]
(I − zA∗)−1

= (I − zA)−1
[
AS − iΦ2Bv(z̄)∗

]
,

defined as in Section 4 are sufficient in the nondegenerate case, that is, when S is
invertible.
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Theorem 5.1 (Interpolation in Case 1). Let A, S, Φ1, Φ2 be operators which satisfy
(1.1) such that

• S is invertible, and κS < ∞;
• σ(A) is a finite set and σ(A) ∩ σ(A∗) = ∅.

(1) Suppose that v(z) ∈ N(A), and that

(i) v(z) has at most a removable singularity at every nonreal number λ such that
1/λ ∈ σ(A);

(ii) Bv(z) has at most a removable singularity at every nonreal number λ such
that 1/λ ∈ σ(A).

Then v(z) is a generalized Nevanlinna function, the conditions of Assumptions
3.1, Case 1, are met, and S = Sv and Φ1 = Φ1,v.
(2) Conversely, if S = Sv and Φ1 = Φ1,v for some generalized Nevanlinna function
v(z) having a representation (2.1) which satisfies Assumptions 3.1, Case 1, then
v(z) belongs to N(A) and satisfies conditions (i) and (ii) in (1).

We note a sufficient condition that the technical conditions (i) and (ii) in
Theorem 5.1(1) are satisfied.

Theorem 5.2. Conditions (i) and (ii) in Theorem 5.1(1) hold if v(z) has a rep-
resentation (4.14) such that every point λ satisfying 1/λ ∈ σ(A) belongs to the
domain of holomorphy of P (z) and Q(z) and c(λ)P (λ) + d(λ)Q(λ) is invertible.

Theorem 5.3 (Interpolation in Case 2). Let A, S, Φ1, Φ2 be operators which satisfy
(1.1) such that

• S is invertible, and κS < ∞;
• σ(A) = {0}, and ‖(I − iyA)−1f‖ �= O(1) as |y| → ∞ for every f �= 0 in H.

(1) Let v(z) belong to N(A), and suppose that

(i) v(iy)/y → 0 as |y| → ∞;
(ii) for all h in H and g in Cm, 〈Bv(iy)g, h〉 = O(1) as |y| → ∞;
(iii) for all h and k in H, 〈Bv,T (iy)h, k〉 = O(1/|y|) as |y| → ∞.

Then v(z) is a generalized Nevanlinna function, the conditions of Assumptions
3.1, Case 2, are met, and S = Sv and Φ1 = Φ1,v.
(2) Conversely, if S = Sv and Φ1 = Φ1,v for some generalized Nevanlinna function
v(z) having a representation (2.1) which satisfies Assumptions 3.1, Case 2, then
v(z) belongs to N(A) and satisfies conditions (i)–(iii) in (1).

It can be shown that the conditions on A required in Theorem 5.3 are met,
for example, for

A =

⎡⎢⎢⎢⎢⎣
0 0 · · · 0 0
1 0 · · · 0 0
0 1 · · · 0 0

· · ·
0 0 · · · 1 0

⎤⎥⎥⎥⎥⎦ on Cn,
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and for

(Af)(x) = i

∫ x

0

f(t) dt on L2
m(0, �), (5.1)

for any positive integers m and n.
The hypotheses in Theorem 5.3 can be weakened when kerA = {0}.

Theorem 5.4. Theorem 5.3 remains true if the hypothesis on A is changed to read:

• σ(A) = {0}, kerA = {0}, and y ‖(I − iyA)−1f‖ �= O(1) as |y| → ∞ for every
f �= 0 in H.

Example 5.5. In Theorem 5.3(1), the conditions (i)–(iii) are satisfied in an impor-
tant concrete situation. Let H = L2

m(0, �) and G = Cm for some positive integer m
and positive number �. Let A be given by (5.1), and assume that S has the form
(see [11])

(Sf)(x) =
d

dx

∫ �

0

s(x − t)f(t) dt,

where s(x) is a matrix-valued function such that s(x) = −s(−x)∗ on (−�, �) and
s(x)g ∈ L2

m(−�, �) for every g ∈ G. A particular case of such an operator is an
integral operator of the form

(Sf)(x) = f(x) +
∫ �

0

k(x − t)f(t) dt,

where k(x) = k(−x)∗ is a bounded continuous matrix-valued function on (−�, �).
The operator identity (1.1) is satisfied with natural choices of operators Φ1 and Φ2.
If the integro-differential operator S is bounded, invertible, and κS < ∞, then
the conditions (i)–(iii) in part (1) of Theorem 5.3 are satisfied for every function
v(z) in N(A) given by (4.14) such that the kernel DP,Q(z, ζ) is nonnegative. This
generalizes a result of A. L. Sakhnovich [10]. The method of proof is interesting
and applicable in other examples. Details will appear elsewhere.

6. Proofs of the theorems

We state some elementary lemmas that will be used in what follows. The proofs
of the lemmas are straightforward, and details are omitted.

Lemma 6.1. Define
(

p
k

)
for p, k ≥ 0 by (1 + x)p =

∑∞
k=0

(
p
k

)
xk. If p, k ≥ 1,(

p

k

)
=
(

p − 1
k

)
+
(

p − 1
k − 1

)
. (6.1)

For q, s, u ≥ 0, ∑
p+r=q

p≥0, r≥0

(
p

s

)(
r

u

)
=
(

q + 1
s + u + 1

)
. (6.2)
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The residue formulas in Lemmas 6.2, 6.3, and 6.4 are deduced from elemen-
tary expansions, such as

(A − λI)−1 =
∞∑

µ=0

A−µ−1λµ, (I − λA)−1 =
∞∑

p=0

Ap(λ0)(λ − λ0)p,

where Ap(λ) = Ap(I − λA)−p−1. We assume here that A and C are bounded
operators on appropriate spaces for which the expressions are meaningful, λ0 and
z are complex numbers, and p is a nonnegative integer.

Lemma 6.2. If 0 �∈ σ(A), then

Res
λ=0

(A − λI)−1C(A∗ − λI)−1

λp
=

⎧⎪⎪⎨⎪⎪⎩
∑

µ+ν=p+1
µ,ν≥1

A−µCA∗−ν , p ≥ 1,

0, p = 0,

Res
λ=0

λ−1A(A − λI)−1C

λp
= A−pC ,

Res
λ=0

(A − λI)−1

1 − λz

C

λp
=

⎧⎪⎨⎪⎩
∑

j+k=p+1
j,k≥1

A−jC zk−1, p ≥ 1,

0, p = 0.

Lemma 6.3. (1) If I − λ0A and I − λ0A
∗ are invertible, then

Res
λ=λ0

(I − λA)−1C(I − λA∗)−1

(λ − λ0)p+1
=

∑
µ+ν=p
µ,ν≥0

Aµ(λ0)CAν(λ̄0)∗ .

(2) If I − λ0A is invertible and z �= λ0, then

Res
λ=λ0

(I − λA)−1C

(λ − λ0)p+1
= Ap(λ0)C ,

Res
λ=λ0

(I − λA)−1

z − λ

C

(λ − λ0)p+1
=

∑
µ+ν=p

Aν(λ0)C

(z − λ0)µ+1
.

Lemma 6.4. (1) If P (z) is a polynomial with P (0) = 0 and z �= λ0, then

Res
λ=λ0

1
z − λ

P

(
1

λ − λ0

)
= P

(
1

z − λ0

)
.

(2) If P (z) is a polynomial, then

Res
λ=0

1
1 − λz

1
λ

P

(
1
λ

)
= P (z).
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Proof of Theorem 3.2. In each case we prove the first of the two formulas; the
residue versions then follow from Lemmas 6.2 and 6.3. Writing dT = Φ2[dτ(t)]Φ∗

2

and using (3.5), we obtain

(I − tA)−1dT (I − tA∗)−1 =
∞∑

p=0

(t − αj)pAp(αj) dT

∞∑
q=0

(t − αj)qAq(αj)∗

∼
2ρj−1∑
�=0

(t − αj)�
∑

p+q=�
p,q≥0

Ap(αj) dT Aq(αj)∗ ,

where “∼” indicates that we have dropped terms that are O(
(t−αj)2ρj

)
as t → αj .

This yields the formula for dτj(t; A, Φ2) on ∆j , j = 1, . . . , r. The formula for
Sj(t; A), j = 1, . . . , r, is immediate from the definition.

Now assume that 0 �∈ σ(A). To derive the formula for dτ0(t; A, Φ2), we use
(3.6) in the form

(I − tA)−1 = −
∞∑

p=0

A−2Bp + tA−1Bp

(1 + t2)p+1
, B = I + A−2.

Let “∼” now indicate that we are dropping terms that are O(
1/(1 + t2)ρ0+1

)
as

|t| → ∞. Then on ∆0,

(I − tA)−1dT (I − tA∗)−1 ∼
ρ0−1∑
p=0

A−2Bp+tA−1Bp

(1 + t2)p+1
dT

ρ0−1∑
q=0

A−2Bq+tA−1Bq

(1 + t2)q+1

∼
ρ0−1∑
�=0

t

(1 + t2)�+2
P� +

ρ0−1∑
�=0

1
(1 + t2)�+1

Q� .

For � ≥ 0, by Lemma 6.1,

P� =
∑

p+q=�

(
A−2BpdTB∗qA∗−1 + A−1BpdTB∗qA∗−2

)

=
∑

p+q=�

�∑
µ,ν=0

(
p

µ

)(
q

ν

)
A−2µ−2dTA∗−2ν−1

+
∑

p+q=�

�∑
µ,ν=0

(
p

µ

)(
q

ν

)
A−2µ−1dTA∗−2ν−2

=
∑

p+q=�

(
� + 1

µ + ν + 1

)
A−2µ−2dTA∗−2ν−1

+
∑

p+q=�

(
� + 1

µ + ν + 1

)
A−2µ−1dTA∗−2ν−2



298 J. Rovnyak and L.A. Sakhnovich

=
�+1∑
p=1

(
� + 1

p

) ∑
j+k=2p+1

j,k≥1

A−jdTA∗−k.

For � ≥ 1, by (6.1) and Lemma 6.1,

Q� =
∑

p+q=�−1

A−2BpdTB∗qA∗−2 +
∑

p+q=�

A−1BpdTB∗qA∗−1

−
∑

p+q=�−1

A−1BpdTB∗qA∗−1

=
∑

p+q=�−1

�∑
µ,ν=0

(
p

µ

)(
q

ν

)
A−2µ−2dTA∗−2ν−2

+
∑

p+q=�

�∑
µ,ν=0

(
p

µ

)(
q

ν

)
A−2µ−1dTA∗−2ν−1

−
∑

p+q=�−1

�∑
µ,ν=0

(
p

µ

)(
q

ν

)
A−2µ−1dTA∗−2ν−1

=
�∑

µ,ν=0

(
�

µ + ν + 1

)
A−2µ−2dTA∗−2ν−2

+
�∑

µ,ν=0

(
� + 1

µ + ν + 1

)
A−2µ−1dTA∗−2ν−1

−
�∑

µ,ν=0

(
�

µ + ν + 1

)
A−2µ−1dTA∗−2ν−1

=
�∑

µ,ν=0

(
�

µ + ν + 1

)
A−2µ−2dTA∗−2ν−2

+
�∑

µ,ν=0

(
�

µ + ν

)
A−2µ−1dTA∗−2ν−1

=
�∑

p=0

(
�

p

) ∑
j+k=2p+2

j,k≥1

A−jdTA∗−k .

The last expression agrees with Q0 = A−1dTA∗−1 when � = 0, and so we obtain
the formula for dτ0(t; A, Φ2). Finally, by (3.6),

A(I − At)−1 = −t
∞∑

p=0

(I + A−2)p

(1 + t2)p+1
− A−1

∞∑
p=0

(I + A−2)p

(1 + t2)p+1
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∼ −t

ρ0∑
p=0

(I + A−2)p

(1 + t2)p+1
− A−1

ρ0−1∑
p=0

(I + A−2)p

(1 + t2)p+1

= −S0(t, A−1),

on ∆0, which gives the formula for S0(t; A). �

Proof of Theorem 3.3. Calculate the residues using Lemmas 6.2 and 6.3. �

Proof of Theorem 3.4. Suppose that we have two representations v(z) = vτ (z) =
vτ̃ (z). Write Sτ , Sτ̃ , Φ1,τ , Φ1,τ̃ for the operators (3.2) and (3.3) in the two repre-
sentations. We show that

Sτ = Sτ̃ and Φ1,τ = Φ1,τ̃ . (6.3)

The parts of τ and τ̃ coming from the nonreal poles of v(z) are the same, and so
we can assume that there are no nonreal poles. Then by (2.2),

τ = {τ(t); α1, . . . , αr;−; ρ0, . . . , ρr; ∆0, . . . ,∆r; R0(z), . . . , Rr(z);−},
τ̃ = {τ̃(t); α̃1, . . . , α̃r̃;−; ρ̃0, . . . , ρ̃r̃; ∆̃0, . . . , ∆̃r̃; R̃0(z), . . . , R̃r̃(z);−}.

By [8, Corollary 3.3], we can assume that τ̃(t) = τ(t) in the open intervals de-
termined by the union of the points α1, . . . , αr and α̃1, . . . , α̃r̃. We check (6.3) in
three special cases.

Special Case A: τ̃ is obtained from τ by replacing one of the intervals ∆1, . . . ,∆r

by a smaller interval.
For example, suppose α1 ∈ ∆̃1 ⊆ ∆1. Write ∆̃0 = ∆0∪E, where ∆̃1 = ∆1\E.

Ignoring terms in (2.1) that do not change, we may take

vτ (z) =
∫

∆0

[
1

t − z
− S0(t, z)

]
dτ(t) +

∫
∆1

[
1

t − z
− S1(t, z)

]
dτ(t)

+ R0(z) − R1

(
1

z − α1

)
,

vτ̃ (z) =
∫

∆̃0

[
1

t − z
− S0(t, z)

]
dτ(t) +

∫
∆̃1

[
1

t − z
− S1(t, z)

]
dτ(t)

+ R̃0(z) − R̃1

(
1

z − α1

)
,

where because vτ (z) = vτ̃ (z),

R̃0(z) = R0(z) +
∫

E

S0(t, z) dτ(t),

R̃1

(
1

z − α1

)
= R1

(
1

z − α1

)
+
∫

E

S1(t, z) dτ(t).

Theorems 3.2 and 3.3 allow us to explicitly calculate the operators in (6.3) and
verify the equalities. We omit the routine calculations.
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Special Case B: τ̃ is obtained from τ by adding a new point αr+1.
By Special Case A, it can be presumed that the new point αr+1 lies in ∆0.

Choose any order ρr+1 and any open interval ∆̃1 which contains αr+1 and is
contained in the interior of ∆0. Take

vτ (z) =
∫

∆0

[
1

t − z
− S0(t, z)

]
dτ(t) + R0(z),

vτ̃ (z) =
∫

∆̃0

[
1

t − z
− S0(t, z)

]
dτ(t) +

∫
∆r+1

[
1

t − z
− Sr+1(t, z)

]
dτ(t)

+ R̃0(z) + R̃r+1

(
1

z − αr+1

)
,

where ∆̃0 = ∆0 \ ∆̃1 and

R̃0(z) = R0(z) −
∫

∆r+1

S0(t, z) dτ(t),

R̃r+1

(
1

z − αr+1

)
= −

∫
∆r+1

Sr+1(t, z) dτ(t).

The identities (6.3) are again verified using Theorems 3.2 and 3.3.
From the first two special cases, it may be presumed that

τ̃ = {τ(t); α1, . . . , αr;−; ρ̃0, . . . , ρ̃r; ∆0, . . . ,∆r; R̃0(z), . . . , R̃r̃(z);−}.
To complete the proof, it remains to bring the orders ρj and ρ̃j , j = 0, . . . , r, to the
same values; it then follows that R0(z) = R̃0(z), . . . , Rr(z) = R̃r(z) and τ = τ̃ .
Thus the proof is completed with one more special case.

Special Case C: τ̃ is obtained from τ by replacing one of the integers ρ0, . . . , ρr

by a larger value.
For example, suppose that ρ̃1 > ρ1 and

vτ (z) =
∫

∆1

[
1

t − z
− S1(t, z)

]
dτ(t),

vτ̃ (z) =
∫

∆1

[
1

t − z
− S̃1(t, z)

]
dτ(t) − R̃1

(
1

z − α1

)
,

where S̃1(t, z) is given by (2.5) with ρ1 replaced by ρ̃1 and

R̃1

(
1

z − α1

)
= −

∫
∆0

[
S̃1(t, z) − S1(t, z)

]
dτ(t).

We verify (6.3) as before using Theorems 3.2 and 3.3. It remains to treat the
possibility ρ̃0 > ρ0 in Case 1 of Assumptions 3.1 (necessarily ρ0 = 0 in Case 2).
This is handled similarly. �

Proof of Theorem 3.5. We assume Case 1 in the proof. Case 2 is handled with mi-
nor modifications. The selfadjointness of S = Sv follows from the explicit formulas
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in Theorems 3.2 and 3.3. The main problem is to verify (1.1) when S and Φ1 are
corresponding parts of (3.2) and (3.3). Suppose first that

S =
∫

∆j

{
(I − At)−1Φ2[dτ(t)]Φ∗

2 (I − A∗t)−1 − dτj(t; A, Φ2)
}

, (6.4)

Φ1 = −i

∫
∆j

{
A(I − At)−1 − Sj(t; A)

}
Φ2 [dτ(t)] , (6.5)

j = 0, . . . , r. Writing dT = Φ2[dτ(t)]Φ∗
2 , we obtain

AS − SA∗ =
∫

∆j

{[
A(I − At)−1dT − dT (I − A∗t)−1A∗

]
−
[
Adτj(t; A, Φ2) − dτj(t; A, Φ2)A∗

]}
,

i
[
Φ1Φ∗

2 + Φ2Φ∗
1

]
=
∫

∆j

{[
A(I − At)−1dT − dT (I − A∗t)−1A∗

]
−
[
Sj(t, A)dT − dTS∗

j(t, A)
]}

.

We show that for all j = 0, 1, . . . , r,

Adτj(t; A, Φ2) − dτj(t; A, Φ2)A∗ = Sj(t, A)dT − dTS∗
j(t, A). (6.6)

First assume j = 1, . . . , r and αj �= 0. Set B = I+αjA(I−αjA)−1. By Theorem 3.2
and the operator identity

∑
j+k=n

(
Lj+1XRk − LjXRk+1

)
= Ln+1X − XRn+1,

which holds for all n ≥ 0,

Adτj(t; A, Φ2) − dτj(t; A, Φ2)A∗

=
2ρj−1∑
�=0

(t − αj)�
∑

p+q=�
p,q≥0

(B − I)p+1

αp+1
j

dT
(B∗ − I)q

αq
j

[(B∗ − I) + I]

−
2ρj−1∑
�=0

(t − αj)�
∑

p+q=�
p,q≥0

[(B − I) + I]
(B − I)p

αp
j

dT
(B∗ − I)q+1

αq+1
j

=
2ρj−1∑
�=0

(t − αj)�

α�+1

∑
p+q=�
p,q≥0

[
(B − I)p+1 dT (B∗ − I)q

− (B − I)p dT (B∗ − I)q+1
]

=
2ρj−1∑
�=0

(t − αj)�

α�+1

[
(B − I)�+1dT − dT (B∗ − I)�+1

]
= Sj(t, A)dT − dTS∗

j(t, A).
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The case αj = 0 follows by continuity. Thus (6.6) holds for j = 1, . . . , r. A similar
argument verifies (6.6) for j = 0. Hence (1.1) holds when S and Φ1 are defined by
(6.4) and (6.5).

The discrete parts in (3.2) and (3.3) come in two types by Theorem 3.3. One
type is

S =
∑

µ+ν=p+1
µ,ν≥1

A−µΦ2XΦ∗
2A

∗−ν , Φ1 = i A−pΦ2X ,

where p ≥ 0 and X = X∗. If p = 0, then S = 0 and Φ1 = iΦ2X and both sides of
(1.1) reduce to zero. For p ≥ 1,

AS − SA∗ =
∑

µ+ν=p+1
µ,ν≥1

(
A−µ+1Φ2XΦ∗

2A
∗−ν − A−µΦ2XΦ∗

2A
∗−ν+1

)
= Φ2XΦ∗

2A
∗−p − A−pΦ2XΦ∗

2. = i
[
Φ1Φ∗

2 + Φ2Φ∗
1

]
,

which verifies (1.1). The other type has the form

S =
∑

µ+ν=p+1
µ,ν≥1

[
Aµ−1(I − λA)−µΦ2XΦ∗

2(I − λA∗)−νA∗ν−1

+ Aµ−1(I − λ̄A)−µΦ2X
∗Φ∗

2(I − λ̄A∗)−νA∗ν−1

]
,

Φ1 = −i
[
Ap(I − λA)−pΦ2X + Ap(I − λ̄A)−pΦ2X

∗
]
,

where p ≥ 1 and X is not necessarily selfadjoint. We verify (1.1) in this case in a
similar way.

We omit a proof that κSv < ∞ here because a more general result will be
proved later (independently) in Theorem 4.5. �

Proof of Theorem 3.7. The Assumptions 3.1, Case 1, are met. It is sufficient to
prove the formula for Φ1,v. For if this is known and

S̃ =
[
w(zµ) − w(zν)∗

zµ − z̄ν

]n

µ,ν=1

,

then AS̃ − S̃A∗ = i
[
Φ1,vΦ∗

2 + Φ2Φ∗
1,v

]
= ASv − SvA

∗ by Theorem 3.5. Hence
A(S̃ − Sv) − (S̃ − Sv)A∗ = 0. Since A and A∗ have disjoint spectra, S̃ − Sv = 0,
and the formula for Sv follows. We prove the formula for Φ1,v for corresponding
parts of (3.3) and

w(z) =
r∑

j=0

∫
∆j

[
z

1 − tz
+ Sj(t, z−1)

]
dτ(t) − R0(z−1)

+
r∑

j=1

Rj

(
z

1 − αjz

)
+

s∑
k=1

[
Mk

(
z̄

1 − βkz̄

)∗
+ Mk

(
z

1 − βkz

)]
.
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Suppose first that

iΦ1,v =
∫ ∞

−∞

{
A(I − At)−1 −

r∑
j=0

Sj(t; A)
}

Φ2 [dτ(t)],

w(z) =
∫ ∞

−∞

{
z

1 − zt
+

r∑
j=0

Sj(t, z−1)
}

dτ(t).

For each µ = 1, . . . , n let Pµ be the projection of H = Cm ⊕ · · · ⊕ Cm onto the
µ-th component. Then by (3.12),

Pµ(iΦ1,v) =
∫ ∞

−∞

{
zµ

1 − zµt
+

r∑
j=0

Sj(t, z−1
µ )

}
dτ(t) = w(zµ),

yielding the formula for Φ1,v. Next let

iΦ1,v = R̂0 , w(z) = −R0(z−1) .

If R0(z) =
∑2ρ0+1

p=0 Cpz
p, then by (3.7),

Pµ

(
iΦ1,v

)
= −Res

λ=0
PµA(A − λI)−1Φ2R0(λ−1)λ−1

= −Res
λ=0

∞∑
n=0

z−n
µ λn

2ρ0+1∑
p=0

Cpλ
−p−1 = −

2ρ0+1∑
p=0

Cpz
−p
µ = w(zµ) ,

as required. The remaining cases

iΦ1,v = R̂j , w(z) = Rj

(
z

1 − αjz

)
, and

iΦ1,v = M̂1k + M̂2k , w(z) = Mk

(
z̄

1 − βkz̄

)∗
+ Mk

(
z

1 − βkz

)
,

are handled similarly. �

Proof of Theorem 4.1. We prove (3.11) as in the definite case [12]:

A(ζ̄)JA(z̄)∗ − J

=
[
I − iζ̄Π∗(I − ζ̄A∗)−1S−1ΠJ

]
J
[
I + izJΠ∗S−1(I − zA)−1Π

]− J

= izJΠ∗S−1(I − zA)−1Π − iζ̄Π∗(I − ζ̄A∗)−1S−1Π

+ ζ̄zΠ∗(I − ζ̄A∗)−1S−1 AS − SA∗

i
S−1(I − zA)−1Π

= izJΠ∗S−1(I − zA)−1Π − iζ̄Π∗(I − ζ̄A∗)−1S−1Π

− iζ̄Π∗(I − ζ̄A∗)−1S−1(zA − I + I)(I − zA)−1Π

+ izΠ∗(I − ζ̄A∗)−1(ζ̄A∗ − I + I)S−1(I − zA)−1Π

= −i(ζ̄ − z)Π∗(I − ζ̄A∗)−1S−1(I − zA)−1Π.

To obtain the last statement, apply (3.11) with ζ = z̄. �
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Proof of Theorem 4.2. Setting Φv(z) =
[−iv(z)

I

]
, we obtain

v(z) − v(ζ)∗

z − ζ̄
= i

Φv(ζ)∗JΦv(z)

z − ζ̄
, Bv(z) = (I − zA)−1ΠJΦv(z),

by (4.3). Hence by Theorem 4.1,

Dv(z, ζ) = i
Φv(ζ)∗JΦv(z)

z − ζ̄
− Φv(ζ)∗JΠ∗(I−ζ̄A∗)−1S−1(I−zA)−1ΠJΦv(z)

= Φv(ζ)∗
JA(ζ̄)JA(z̄)∗J

i(ζ̄ − z)
Φv(z)

= Φv(ζ)∗
A(ζ)∗−1

JA(z)−1

i(ζ̄ − z)
Φv(z)

= i
P (ζ)∗Q(z) + Q(ζ)∗P (z)

z − ζ̄
,

which is (4.12). Again by Theorem 4.1,

P (z̄)∗Q(z) + Q(z̄)∗P (z) =
[
P (z̄)∗ Q(z̄)∗

]
J

[
P (z)
Q(z)

]
=
[
iv(z̄)∗ I

]
A(z̄)∗−1

JA(z)−1

[−iv(z)
I

]
=
[
iv(z̄)∗ I

]
J

[−iv(z)
I

]
= 0,

and the result follows. �

Proof of Theorem 4.4. The function v(z) is defined and analytic on C+ ∪ C− ex-
cept at isolated points. Set[

H(z)
K(z)

]
= A(z)

[
P (z)
Q(z)

]
=
[
a(z)P (z) + b(z)Q(z)
c(z)P (z) + d(z)Q(z)

]
.

Then v(z) = iH(z)K(z)−1,

A(z)
[
P (z)
Q(z)

]
=
[−iv(z)

I

]
K(z), (6.7)

and so [
P (z)
Q(z)

]
K(z)−1 = A(z)−1

[−iv(z)
I

]
= JA(z̄)∗

[
I

−iv(z)

]
on C+ ∪ C− except at isolated points. We obtain[

I iv(ζ)∗
]
A(ζ̄)JJJA(z̄)∗

[
I

−iv(z)

]
= K(ζ)∗−1 [P (ζ)∗ Q(ζ)∗

]
J

[
P (z)
Q(z)

]
K(z)−1

= K(ζ)∗−1 [P (ζ)∗Q(z) + Q(ζ)∗P (z)] K(z)−1.
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On the other hand, by (4.9),[
I iv(ζ)∗

]
J

[
I

−iv(z)

]
=
[
I iv(ζ)∗

]
A(ζ̄)JA(z̄)∗

[
I

−iv(z)

]
+ i(ζ̄ − z)

[
I iv(ζ)∗

]
Π∗(I − ζ̄A∗)−1S−1(I − zA)−1Π

[
I

−iv(z)

]
.

It follows that
v(z) − v(ζ)∗

z − ζ̄
= K(ζ)∗−1 i

P (ζ)∗Q(z) + Q(ζ)∗P (z)

z − ζ̄
K(z)−1 + Λ(ζ)∗S−1Λ(z),

where

Λ(z) = (I − zA)−1Π
[

I
−iv(z)

]
.

To see that v(z) = v(z̄)∗, multiply the last identity by z − ζ̄, then take ζ = z̄
and use the condition (i) in Definition 4.3. By our assumption that κS < ∞ and
condition (iii) in Definition 4.3, we deduce that v(z) ∈ Nκv , where κv ≤ κP,Q+κS .
The equality κP,Q + κS = κLv follows from (4.11).

By (4.3), Λ(z) = Bv(z) and (4.16) follows. The identity (4.17) is proved by a
straightforward algebraic calculation, which we omit. �
Proof of Theorem 4.5. First assume Case 1: 0 �∈ σ(A). In the proof, for brevity we
drop the subscript v and write (4.2) more simply as

L(z, ζ) =
[

S B(z)
B(ζ)∗ C(z, ζ)

]
.

It is sufficient to show that κL < ∞ when L(z, ζ) is calculated from corresponding
parts of (2.1). We distinguish five subcases (a)–(e).
Case 1: (a) Fix j = 1, . . . , r, and let

v(z) =
∫

∆j

{
1

t − z
− Sj(t, z)

}
dτ(t) ,

S =
∫

∆j

{
(I − At)−1Φ2[dτ(t)]Φ∗

2 (I − A∗t)−1 − dτj(t; A, Φ2)
}

,

Φ1 = −i

∫
∆j

{
A(I − At)−1 − Sj(t; A)

}
Φ2 [dτ(t)] .

To calculate L(z, ζ) in this subcase, first use Theorem 3.2 to obtain

S =
∫

∆j

{
(I − At)−1Φ2[dτ(t)]Φ∗

2 (I − A∗t)−1

−
2ρj−1∑
�=0

(t − αj)�
∑

p+q=�

Ap(αj)Φ2[dτ(t)]Φ∗
2Aq(αj)∗

}
.
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Using Lemmas 6.4 and 6.3, we get

B(z) = (I − zA)−1
[
Φ1,v − iΦ2v(z)

]
= −i

∫
∆j

(I − zA)−1

{
A(I − At)−1 +

I

t − z

− Sj(t; A) − Sj(t, z)I
}

Φ2 [dτ(t)]

= −i

∫
∆j

{
(I − At)−1 − (I − Az)−1

t − z
+

(I − Az)−1

t − z

+ Res
λ=αj

[
(I − Aλ)−1 − (I − Az)−1

λ − z
S(t, λ)

]
− (I − Az)−1Sj(t, z)

}
Φ2 [dτ(t)]

= −i

∫
∆j

{
(I − tA)−1

t − z
+ Res

λ=αj

[
(I − λA)−1

λ − z
Sj(t, λ)

]}
Φ2 [dτ(t)]

= −i

∫
∆j

{
(I − tA)−1

t − z
+

2ρj−1∑
�=0

(t − αj)�
∑

p+q=�

Aq(αj)
(z − αj)p+1

}
Φ2 [dτ(t)] .

We obtain

C(z, ζ) =
∫

∆j

{
1

(t − z)(t − ζ̄)

−
2ρj−1∑
�=0

(t − αj)�
∑

p+q=�

1

(z − αj)q+1(ζ̄ − αj)p+1

}
dτ(t)

by means of the identity

Sj(t, z) − Sj(t, ζ)

z − ζ̄
=

2ρj−1∑
�=0

(t − αj)�

(z − αj)�+1(ζ̄ − αj)�+1

(z − αj)�+1 − (ζ̄ − αj)�+1

(z − αj) − (ζ̄ − αj)

=
2ρj−1∑
�=0

(t − αj)�
∑

p+q=�

1

(z − αj)q+1(ζ̄ − αj)p+1
.

Thus

L(z, ζ) =
∫

∆j

{⎡⎣(I − At)−1Φ2

−iI

ζ̄ − t

⎤⎦ dτ(t)
[
Φ∗

2(I − A∗t)−1 iI

z − t

]

−
2ρj−1∑
�=0

(t − αj)�
∑

p+q=�

⎡⎢⎣ Ap(αj)Φ2

−iI

(ζ̄ − αj)p+1

⎤⎥⎦ dτ(t)
[
Φ2Aq(αj)∗

iI

(z − αj)q+1

]}
.
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To see that κL < ∞, approximate τ(t) by functions τε(t) that are constant in
intervals (αj − ε, αj) and (αj , αj + ε) and define Lε(z, ζ) by the same expression
with τ(t) replaced by τε(t). Then

lim
ε↓0

Lε(z, ζ) = L(z, ζ)

pointwise. Since τε(t) is constant to the left and right of αj , the integrations in
Lε(z, ζ) can be carried out term by term. Then the first summand in Lε(z, ζ)
is nonnegative, and the number of negative squares in what remains has a finite
bound independent of ε by the matrix identity

ν∑
�=0

∑
p+q=�+1

p,q≥1

X∗
pH�Yp =

⎡⎢⎢⎣
X1

X2

· · ·
Xν

⎤⎥⎥⎦
∗ ⎡⎢⎢⎣

H1 H2 · · · Hν−1 Hν

H2 H3 · · · Hν 0
· · ·

Hν 0 · · · 0 0

⎤⎥⎥⎦
⎡⎢⎢⎢⎣

Y1

Y2

...
Yν

⎤⎥⎥⎥⎦ . (6.8)

Therefore κL < ∞.

Case 1: (b) Next assume that

v(z) =
∫

∆0

{
1

t − z
− S0(t, z)

}
dτ(t) ,

S =
∫

∆0

{
(I − At)−1Φ2[dτ(t)]Φ∗

2 (I − A∗t)−1 − dτ0(t; A, Φ2)
}

,

Φ1 = −i

∫
∆0

{
A(I − At)−1 − S0(t; A)

}
Φ2 [dτ(t)] .

By Theorem 3.2,

S =
∫

∆0

{
(I − At)−1Φ2[dτ(t)]Φ∗

2 (I − A∗t)−1

−
ρ0−1∑
�=0

t

(1 + t2)�+2

�+1∑
p=1

(
� + 1

p

) ∑
j+k=2p+1

j,k≥1

A−jΦ2[dτ(t)]Φ∗
2A

∗−k

−
ρ0−1∑
�=0

1
(1 + t2)�+1

�∑
p=0

(
�

p

) ∑
j+k=2p+2

j,k≥1

A−jΦ2[dτ(t)]Φ∗
2A

∗−k

}
.

Calculating as above, we get by (2.6) and Lemma 6.4,

B(z) = (I − zA)−1
[
Φ1,v − iΦ2v(z)

]
= −i

∫
∆0

{
(I − tA)−1

t − z
+ Res

λ=0

[
(A − λI)−1

1 − λz
S0(t, λ−1)

]}
Φ2 [dτ(t)]
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= −i

∫
∆0

{
(I − tA)−1

t − z
+

ρ0−1∑
�=0

t

(1+t2)�+2

�+1∑
p=1

(
� + 1

p

) ∑
j+k=2p+1

j,k≥1

A−jzk−1

+
ρ0−1∑
�=0

1
(1 + t2)�+1

�∑
p=0

(
�

p

) ∑
j+k=2p+2

j,k≥1

A−jzk−1

}
Φ2 [dτ(t)] .

For C(z, ζ) = [v(z) − v(ζ)∗]/(z − ζ̄), we get

C(z, ζ)=
∫

∆0

{
1

(t − z)(t − ζ̄)
−

ρ0−1∑
�=0

t

(1 + t2)�+2

�+1∑
p=1

(
� + 1

p

) ∑
j+k=2p+1

j,k≥1

zk−1ζ̄j−1

−
ρ0−1∑
�=0

1
(1 + t2)�+1

�∑
p=0

(
�

p

) ∑
j+k=2p+2

j,k≥1

zk−1ζ̄j−1
]}

dτ(t)

from the identity

S0(t, z) − S0(t, ζ)

z − ζ̄
=

ρ0∑
�=0

t

(1 + t2)�+1

(1 + z2)� − (1 + ζ̄2)�

z − ζ̄

+
ρ0−1∑
�=0

1
(1 + t2)�+1

z (1 + z2)� − ζ̄ (1 + ζ̄2)�

z − ζ̄

=
ρ0∑

�=0

t

(1 + t2)�+1

�∑
p=0

(
�

p

)
z2p − ζ̄2p

z − ζ̄

+
ρ0−1∑
�=0

1
(1 + t2)�+1

�∑
p=0

(
�

p

)
z2p+1 − ζ̄2p+1

z − ζ̄

=
ρ0−1∑
�=0

t

(1 + t2)�+2

�+1∑
p=1

(
� + 1

p

) ∑
j+k=2p+1

j,k≥1

zk−1ζ̄j−1

+
ρ0−1∑
�=0

1
(1 + t2)�+1

�∑
p=0

(
�

p

) ∑
j+k=2p+2

j,k≥1

zk−1ζ̄j−1 .

Thus

L(z, ζ) =
∫

∆0

{⎡⎣(I − At)−1Φ2

−iI

ζ̄ − t

⎤⎦ dτ(t)
[
Φ∗

2(I − A∗t)−1 iI

z − t

]
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−
ρ0−1∑
�=0

t

(1 + t2)�+2

�+1∑
p=1

(
� + 1

p

) ∑
j+k=2p+1

j,k≥1

[
A−jΦ2

−i ζ̄j−1

]
dτ(t)

[
Φ∗

2A
∗−k i zk−1

]

−
ρ0−1∑
�=0

1
(1 + t2)�+1

�∑
p=0

(
�

p

) ∑
j+k=2p+2

j,k≥1

[
A−jΦ2

−i ζ̄j−1

]
dτ(t)

[
Φ∗

2A
∗−k i zk−1

]}
.

As above, we deduce that κL < ∞.

Case 1: (c) In the case v(z) = R0(z), S = R0, Φ1 = −i R̂0, the polynomial
R0(z) =

∑2ρ0+1
�=0 R0�z

� has selfadjoint matrix coefficients, and

S =
2ρ0+1∑
�=1

∑
j+k=�+1

j,k≥1

A−jΦ2R0�Φ∗
2A

∗−k

by Theorem 3.3. By (3.7) and Lemma 6.4,

B(z) = (I − zA)−1
[
Φ1 − iΦ2v(z)

]
= i Res

λ=0

[
(I − zA)−1A(A − λI)−1Φ2R0(λ−1)λ−1

]
− i (I − zA)−1Φ2R0(z)

= i Res
λ=0

[
(I − zA)−1 − (I − λ−1A)−1

1 − λz
Φ2R0(λ−1)λ−1

]
− i (I − zA)−1Φ2R0(z)

= −i Res
λ=0

[
(I − λ−1A)−1

1 − λz
Φ2R0(λ−1)λ−1

]
= i

2ρ0+1∑
�=1

∑
j+k=�+1

j,k≥1

A−jΦ2R0�z
k−1 .

A straightforward calculation of C(z, ζ) yields

L(z, ζ) =
2ρ0+1∑
�=1

∑
j+k=�+1

j,k≥1

[
A−jΦ2

−i ζ̄j−1

]
R0�

[
Φ∗

2A
∗−k izk−1

]
,

and κL < ∞ by (6.8).

Case 1: (d) Let j = 1, . . . , r, and suppose that

v(z) = −Rj

( 1
z − αj

)
, S = Rj , Φ1 = −i R̂j ,
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where Rj(z) =
∑2ρj+1

�=1 Rj�z
� has selfadjoint matrix coefficients and constant term

zero. By Theorem 3.3,

S =
2ρj+1∑
�=1

∑
p+q=�+1

p,q≥1

Ap−1(αj)Φ2Rj�Φ∗
2Aq−1(αj)∗ .

By (3.8) and Lemmas 6.4 and 6.3,

B(z) = (I − zA)−1
[
Φ1 − iΦ2v(z)

]
= −i Res

λ=αj

[
(I − zA)−1A(I − λA)−1Φ2Rj

( 1
λ − αj

)]
+ i(I − zA)−1Φ2Rj

(
1

z − αj

)
= −i Res

λ=αj

[
(I − λA)−1 − (I − zA)−1

λ − z
Φ2Rj

( 1
λ − αj

)]
+ i(I − zA)−1Φ2Rj

(
1

z − αj

)
= i Res

λ=αj

[
(I − λA)−1

z − λ
Φ2Rj

( 1
λ − αj

)]

= i

2ρj+1∑
�=1

∑
p+q=�−1

p,q≥0

Aq(αj)Φ2Rj�

(z − αj)p+1

= i

2ρj+1∑
�=1

∑
p+q=�+1

p,q≥1

Aq−1(αj)Φ2Rj�

(z − αj)p
.

A short calculation of C(z, ζ) yields

L(z, ζ) =
2ρj+1∑
�=1

∑
p+q=�+1

p,q≥1

⎡⎢⎣Ap−1(αj)Φ2

−iI

(ζ̄ − αj)p

⎤⎥⎦Rj�

[
Φ∗

2Aq−1(αj)∗
iI

(z − αj)q

]
,

and we again obtain κL < ∞ by (6.8).

Case 1: (e) Let k = 1, . . . , s, and assume that

v(z) = −Mk

( 1
z − βk

)
− Mk

( 1
z̄ − βk

)∗
,

S = M1k + M2k,

Φ1 = −i
[
M̂1k + M̂2k

]
,
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where Mk(z) =
∑σk

�=1 Mk�z
� is a polynomial with matrix coefficients and constant

term zero. Calculations similar to those above yield

S =
σk∑
�=1

∑
p+q=�+1

p,q≥1

[
Ap−1(βk)Φ2MklΦ∗

2Aq−1(β̄k)∗

+ Ap−1(β̄k)Φ2M
∗
klΦ

∗
2Aq−1(βk)∗

]
,

B(z) = i

σk∑
�=1

∑
p+q=�+1

p,q≥1

[
Ap−1(βk)Φ2Mkl

(z − βk)q
+

Ap−1(β̄k)Φ2M
∗
kl

(z − β̄k)q

]
,

C(z, ζ) =
σk∑
�=1

∑
p+q=�+1

p,q≥1

[
Mk�

(z − βk)q(ζ̄ − βk)p
+

M∗
k�

(z − β̄k)q(ζ̄ − β̄k)p

]
.

We again obtain a kernel,

L(z, ζ) =
σk∑
�=1

∑
p+q=�+1

p,q≥1

⎡⎢⎣Ap−1(βk)Φ2 Ap−1(β̄k)Φ2

−iI

(ζ̄ − βk)p

−iI

(ζ̄ − β̄k)p

⎤⎥⎦[ 0 Mk�

M∗
k� 0

]
·

·

⎡⎢⎢⎢⎣
Φ∗

2Aq−1(βk)∗
iI

(z − β̄k)q

Φ∗
2Aq−1(β̄k)∗

iI

(z − βk)q

⎤⎥⎥⎥⎦ ,

which has a finite number of negative squares. This verifies the conclusion in each
of the subcases (a)–(e), and so Theorem 4.5 follows in Case 1.

Assume Case 2: 0 �∈ σ(A). We show that κL < ∞ in the same subcases
(a)–(e). Recall that in Case 2, ρ0 = 0 and R0(z) = C0 is constant.
Case 2: (a), (d), (e) There is no change here from Case 1.
Case 2: (b) By (3.11), we now have

v(z) =
∫

∆0

[
1

t − z
− t

1 + t2

]
dτ(t) ,

S =
∫

∆0

(I − At)−1Φ2[dτ(t)]Φ∗
2(I − A∗t)−1 ,

Φ1 = −i

∫
∆0

[
A(I − At)−1 +

tI

1 + t2

]
Φ2 [dτ(t)] .

A short calculation gives

B(z) = −i

∫
∆0

(I − tA)−1

t − z
Φ2 [dτ(t)],

C(z, ζ) =
∫

∆0

dτ(t)

(t − z)(t − ζ̄)
.
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The kernel

L(z, ζ) =
∫

∆0

⎡⎢⎣(I − zA)−1Φ2

iI

t − ζ̄

⎤⎥⎦ dτ(t)
[
Φ∗

2(I − zA∗)−1 −iI

t − z

]
is nonnegative in this subcase.
Case 2: (c) Here v(z) = R0(z) = C0 is constant, S = R0 = 0, and Φ1 = −iR̂0 =
iΦ2C0 by (3.11). Thus L(z, ζ) = 0 is a nonegative kernel.

So κL < ∞ in all subcases (a)–(e) in Case 2, and the result follows. �

Proof of Theorem 4.6. We use the notation in the proof of Theorem 4.5 and verify
the conclusion in the same subcases (a)–(e).
Case 1: (a) In this subcase, our previous formula for B(z) can be written

B(z) =
∫

∆j

F (t, z) dτ(t), (6.9)

where

F (t, z) = −i

[
(I − tA)−1

t − z
+

2ρj−1∑
�=0

(t − αj)�
∑

p+q=�

Aq(αj)
(z − αj)p+1

]
Φ2 (6.10)

= i

∞∑
�=2ρj

(t − αj)�
∑

p+q=�

Aq(αj)
(z − αj)p+1

Φ2 .

The last series converges uniformly for t in a neighborhood of αj for z in any
compact subset of C+ ∪ C−. It follows that B(z) is analytic on C+ ∪C−.
Case 1: (b) We now obtain a representation (6.9) with j = 0 and

F (t, z) = −i

[
(I − tA)−1

t − z
(6.11)

+
ρ0−1∑
�=0

t

(1+t2)�+2

�+1∑
p=1

(
� + 1

p

) ∑
j+k=2p+1

j,k≥1

A−jzk−1

+
ρ0−1∑
�=0

1
(1 + t2)�+1

�∑
p=0

(
�

p

) ∑
j+k=2p+2

j,k≥1

A−jzk−1

]
Φ2

= i

[ ∞∑
�=ρ0

t

(1+t2)�+2

�+1∑
p=1

(
� + 1

p

) ∑
j+k=2p+1

j,k≥1

A−jzk−1

+
∞∑

�=ρ0

1
(1 + t2)�+1

�∑
p=0

(
�

p

) ∑
j+k=2p+2

j,k≥1

A−jzk−1

]
Φ2
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The two series in the last expression converge in a neighborhood of infinity for z
in any compact subset of C+ ∪ C−. Again B(z) is analytic on C+ ∪ C−.

Case 1: (c), (d), (e) Our previous expressions for B(z) here are rational functions
whose only nonreal poles are at the points βk, β̄k, k = 1, . . . , s.

The conclusion holds in all subcases, and the result follows. �

Proof of Theorem 4.7. Notation is as in the proof of Theorem 4.5. We check (4.18)
and (4.19) in each of the subcases (a)–(e).

We first prove (4.18).

Case 2: (a), (c), (d), (e) Here, in fact, ‖B(z)‖ = O(1/|z|) as |z| → ∞. For (a)
this follows from (6.9) and (6.10). In (c), B(z) ≡ 0. The assertion is clear for (d)
and (e).

Case 2: (b) By the proof of Theorem 4.5, Case 2,

B(z) = −i

∫
∆0

(I − tA)−1

t − z
Φ2 [dτ(t)] . (6.12)

Define L2(dτ) = L2(∆0, dτ) as in Appendix 1. If g ∈ Cm and h ∈ H, then

〈B(z)g, h〉 = −i

〈√
t2 + 1
t − z

g√
t2 + 1

, Φ∗
2(I − tA∗)−1h

〉
L2(dτ)

. (6.13)

Here g/
√

t2 + 1 ∈ L2(dτ) by Theorem 2.1(2◦), and Φ∗
2(I − tA∗)−1h ∈ L2(dτ) by

(3.1). For z = x + iy ∈ Dδ, x2 ≤ cy2 for some c > 0 and∣∣∣∣ z

t − z

∣∣∣∣2 =
x2 + y2

(t − x)2 + y2

≤ (c + 1)y2

y2
≤ c + 1. (6.14)

If also |y| ≥ 1, then ∣∣∣∣∣
√

t2 + 1
t − z

∣∣∣∣∣ ≤ |t| + 1
|t − z| =

|t − z + z| + 1
|t − z|

≤ 1 +
∣∣∣∣ z

t − z

∣∣∣∣+
1

|t − z|
≤ 1 +

√
c + 1 + 1 .

To deduce that ‖B(z)‖ = O(1) as |z| → ∞ in Dδ, we apply the Schwarz inequality
in (6.13) for fixed g and h and then appeal to the principle of uniform boundedness.
This completes the proof of (4.18).
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We next prove (4.19). Set BT (z) = Bv,T (z).
Case 2: (a) By the formulas for S and B(z) in the proof of Theorem 4.5,

BT (z) = SA∗(I − zA∗)−1 + iB(z)Φ∗
2(I − zA∗)−1

=
∫

∆j

{
(I − At)−1 dT (I − A∗t)−1A∗(I − zA∗)−1

−
2ρj−1∑
�=0

(t − αj)�
∑

p+q=�

Ap(αj) dT Aq(αj)∗ A∗(I − zA∗)−1

}

+
∫

∆j

{
(I − tA)−1

t − z
dT (I − zA∗)−1

+
2ρj−1∑
�=0

(t − αj)�
∑

p+q=�

Aq(αj)
(z − αj)p+1

dT (I − zA∗)−1

}
.

where dT = Φ2 [dτ(t)] Φ∗
2 . Using the identities

(I − A∗t)−1A∗(I − zA∗)−1 =
(I − A∗t)−1 − (I − zA∗)−1

t − z
, (6.15)

Aq(λ)∗ A∗(I − zA∗)−1 =
(I − zA∗)−1

(z − λ̄)q+1
− Aq(λ)∗

z − λ̄
(6.16)

− Aq−1(λ)∗

(z − λ̄)2
− · · · − A0(λ)∗

(z − λ̄)q+1
,

and

(I − At)−1 dT (I − A∗t)−1

t − z
= −

∞∑
�=0

(t − αj)�
∑

p+q+µ=�

Ap(αj) dT Aq(αj)∗

(z − αj)µ+1
,

we obtain

BT (z) =
∫

∆j

dG(t, z),

where

dG(t, z) = −
∞∑

�=2ρj

(t − αj)�
∑

p+q+µ=�

Ap(αj) dT Aq(αj)∗

(z − αj)µ+1

in a neighborhood of αj . Straightforward estimates show that ‖BT (z)‖ = O(1/|z|)
as |z| → ∞.
Case 2: (b) By (6.12),

BT (z) = SA∗(I − zA∗)−1 + iB(z)Φ∗
2(I − zA∗)−1

=
∫

∆0

(I − tA)−1Φ2 [dτ(t)] Φ∗
2(I − tA∗)−1.
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Define L2(dτ) = L2(∆0, dτ) as in Appendix 1. By (3.1) and the closed graph
theorem, the mapping h → Φ∗

2(I − tA∗)−1h is a bounded operator from H into
L2(dτ), and hence∥∥Φ∗

2(I − tA∗)−1h
∥∥

L2(dτ)
≤ K‖h‖H, h ∈ H, (6.17)

for some positive constant K. Thus for any h1, h2 ∈ H and z ∈ Dδ,

〈BT (z)h1, h2〉H =
〈

(I − tA∗)−1h1

t − z
, (I − tA∗)−1h2

〉
L2(dτ)

.

By (6.14), 1/|t−z| ≤ η/|z|, z ∈ Dδ, for some positive constant η. Hence for z ∈ Dδ,
by (6.17) and the Schwarz inequality,∣∣〈BT (z)h1, h2〉H

∣∣ ≤ ∥∥∥∥Φ2(I − tA∗)−1h1

t − z

∥∥∥∥
L2(dτ)

∥∥Φ2(I − tA∗)−1h2

∥∥
L2(dτ)

≤ ηK2

|z| ‖h1‖H ‖h2‖H.

By the arbitrariness of h1 and h2, ‖BT (z)‖ = O(1/|z|) as z → ∞ inside Dδ.
Case 2: (c) Here by (3.11), S = 0 and B(z) ≡ 0. Hence BT (z) ≡ 0.

Case 2: (d) Let Rj(z) =
∑2ρj+1

p=1 Rjpz
p. We use the formula for S = Rj in Theo-

rem 3.3 and the formula for B(z) in the proof of Theorem 4.5 to obtain

BT (z) = SA∗(I − zA∗)−1 + iB(z)Φ∗
2(I − zA∗)−1

=
2ρj+1∑
p=1

∑
µ+ν=p+1

µ,ν≥1

Aµ−1(αj)Φ2RjpΦ∗
2Aν−1(αj)∗A∗(I − zA∗)−1

−
2ρj+1∑
p=1

∑
µ+ν=p+1

µ,ν≥1

Aµ−1(αj)Φ2Rjp

(z − αj)ν
Φ∗

2(I − zA∗)−1

With the aid of (6.16) we bring this to the form

BT (z) = −
2ρj+1∑
p=1

∑
µ+m+n=p−1

µ,m,n≥0

Aµ(αj)Φ2RjpΦ∗
2Am(αj)∗

(z − αj)n+1
,

which obviously is O(1/|z|) as |z| → ∞.
Case 2: (e) This is similar to (d). Let Mk(z) =

∑σk

p=1 Mkpz
p. The formula for

S = M1k + M2k obtained from Theorem 3.3, together with the formula for B(z)
in the proof of Theorem 4.5, now yield

BT (z) = −
σk∑

p=1

[ ∑
µ+m+n=p−1

µ,m,n≥0

Aµ(βk)Φ2MkpΦ∗
2Am(β̄k)∗

(z − βk)n+1
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+
∑

µ+m+n=p−1
µ,m,n≥0

Aµ(β̄k)Φ2M
∗
kpΦ

∗
2Am(βk)∗

(z − β̄k)n+1

]
.

Again clearly this is O(1/|z|) as |z| → ∞. �

Proof of Theorem 5.1. (1) Suppose v(z) ∈ N(A) and satisfies conditions (i) and
(ii). By Theorem 4.4, v(z) is a generalized Nevanlinna function. We verify As-
sumptions 3.1, Case 1, for any representation (2.1). By assumption, σ(A) is a
finite set, and σ(A) contains no real point because σ(A) ∩ σ(A∗) = ∅. We claim
that σ(A) contains no point 1/βk, 1/β̄k, k = 1, . . . , s. In fact, if 1/βk ∈ σ(A) (resp.
1/β̄k ∈ σ(A)), then by (i), v(z) has at most a removable singularity at βk (resp.
β̄k). But βk and β̄k are poles of v(z) by condition (4◦) in Theorem 2.1, which
is impossible. The claim follows, and therefore operators Sv and Φ1,v are defined
under Case 1 of Assumptions 3.1.

We show that S = Sv and Φ1 = Φ1,v. By Theorem 3.5, in addition to the
given identity (1.1), we also have

ASv − SvA
∗ = i

[
Φ1,vΦ∗

2 + Φ2Φ∗
1,v

]
. (6.18)

Define L̃v(z, ζ) and B̃v(z) by (4.2) and (4.3) but with S and Φ1 replaced by Sv

and Φ1.v. Since

Bv(z) = (I − zA)−1
[
Φ1 − iΦ2v(z)

]
,

B̃v(z) = (I − zA)−1
[
Φ1,v − iΦ2v(z)

]
,

the function

F (z) def= Bv(z) − B̃v(z) = (I − zA)−1
[
Φ1 − Φ1,v

]
(6.19)

is analytic in the complex plane except perhaps at a finite number of nonreal points
λ such that 1/λ ∈ σ(A), and it vanishes at infinity because A is invertible. By (ii),
Bv(z) has at most a removable singularity at any point λ such that 1/λ ∈ σ(A),
and by Theorem 4.6, B̃v(z) is analytic at any point λ such that 1/λ ∈ σ(A).
It follows that F (z) is entire and therefore F (z) ≡ 0. This is only possible if
Φ1 = Φ1,v. Finally, by (1.1) and (6.18),

A(S − Sv) − (S − Sv)A∗ = i
(
Φ1Φ∗

2 + Φ2Φ∗
1

)− i
(
Φ1,vΦ∗

2 + Φ2Φ∗
1,v

)
= 0.

Since σ(A)∩σ(A∗) = ∅, by [6] the operator equation AX −XA∗ = 0 has only the
trivial solution, and hence S − Sv = 0.

(2) Conversely, let S = Sv and Φ1 = Φ1,v for some generalized Nevanlinna
function v(z) having a representation (2.1) which satisfies Assumptions 3.1, Case 1.
We show that v(z) belongs to N(A) and satisfies conditions (i) and (ii) in (1).
Define P (z) and Q(z) for v(z) as in Theorem 4.2. Then P (z̄)∗Q(z)+Q(z̄)∗P (z) ≡
0. By (4.10), v(z) has the representation (4.14) with c(z)P (z) + d(z)Q(z) ≡ I.
Conditions (i) and (ii) in Definition 4.3 thus hold. To see that condition (iii) in
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Definition 4.3 is satisfied, we use (4.11) and Theorem 4.5 to obtain

sq− i
P (ζ)∗Q(z) + Q(ζ)∗P (z)

z − ζ̄
≤ sq− L̃v(z, ζ) < ∞,

where sq− denotes the number of negative squares of the kernel. Therefore v(z) ∈
N(A). Since the only poles of v(z) in C+∪C− are at the points βk, β̄k, k = 1, . . . , s,
and according to Assumptions 3.1, σ(A) contains no point 1/βk, 1/β̄k, k = 1, . . . , s,
we conclude that v(z) satisfies condition (i) in (1). By Theorem 4.6, v(z) satisfies
condition (ii) in (1) as well. �

Proof of Theorem 5.2. Suppose that v(z) has the form (4.14), and that every point
λ satisfying 1/λ ∈ σ(A) belongs to the domain of holomorphy of P (z) and Q(z)
and c(λ)P (λ) + d(λ)Q(λ) is invertible. Then v(z) is defined and analytic at every
point λ such that 1/λ ∈ σ(A). Thus (i) holds.

To verify (ii), write Bv(z) in the form

Bv(z) = (I − zA)−1ΠJ

[−iv(z)
I

]
,

where Π and J are defined by (4.1). By (6.7),

Bv(z) = (I − zA)−1ΠJ A(z)
[
P (z)
Q(z)

] [
c(z)P (z) + d(z)Q(z)

]−1
.

By (4.8) and (1.1),

(I − zA)−1ΠJA(z) = (I − zA)−1ΠJ
[
I − izΠ∗(I − zA∗)−1S−1ΠJ

]
= (I − zA)−1ΠJ

− iz(I − zA)−1 AS − SA∗

i
(I − zA∗)−1S−1ΠJ

= (I − zA)−1ΠJ

− (I − zA)−1
[
(zA − I + I)S

− S(zA∗ − I + I)
]
(I − zA∗)−1S−1ΠJ

= (I − zA)−1ΠJ + S(I − zA∗)−1S−1ΠJ

− (I − zA)−1SS−1ΠJ

= S(I − zA∗)−1S−1ΠJ.

Therefore

Bv(z) = S(I − zA∗)−1S−1ΠJ

[
P (z)
Q(z)

] [
c(z)P (z) + d(z)Q(z)

]−1
.

Since σ(A) ∩ σ(A∗) = ∅, the last formula and our assumptions on P (z) and Q(z)
show that Bv(z) is analytic at every point λ such that 1/λ ∈ σ(A). This verifies (ii).

�
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Lemma 6.5. Let (1.1) be an operator identity such that σ(A) = {0}, and let v(z) be
an m×m matrix-valued function in Nκ which has the Krĕın-Langer representation
(2.1). Define Bv,T (z) using the operators in (1.1) as in (4.4)–(4.5). If z = x + iy,
then

Bv,T (z) − Bv,T (z)∗

2i
= (I − xA)−1Φ2

v(z) − v(z)∗

2i
Φ∗

2(I − xA∗)−1 + G(z),

where G(z) is continuous in C+ and for any interval [a, b] which contains no point
α1, . . . , αr, G(x + iy) is bounded for a ≤ x ≤ b and 0 < y ≤ 1, and G(x + i0) = 0
strongly a.e. with respect to Lebesgue measure on (−∞,∞).

Proof of Lemma 6.5. Since Bv,T (z) = i
[
SL0(z̄)∗ + Bv(z)L∗

2(z̄)
]
,

Bv,T (z) − Bv,T (z)∗

2i
=

1
2

[
SL0(z̄)∗ + Bv(z)L2(z̄)∗ + L0(z̄)S + L2(z̄)Bv(z)∗

]
=

1
2

[
S(−i)(I − zA∗)−1A∗

+ (I − zA)−1
[
Φ1 − iΦ2v(z)

]
Φ∗

2(I − zA∗)−1

+ iA(I − z̄A)−1S

+ (I − z̄A)−1Φ2

[
Φ∗

1 + iv(z)∗Φ∗
2

]
(I − z̄A∗)−1

]
= G1(z) + G2(z),

where

G1(z) =
1
2

{
− iSA∗(I − zA∗)−1 + i(I − z̄A)−1AS

+ (I − zA)−1Φ1Φ∗
2(I − zA∗)−1

+ (I − z̄A)−1Φ2Φ∗
1(I − z̄A∗)−1

}
,

G2(z) =
1
2i

(I − zA)−1Φ2v(z)Φ∗
2(I − zA∗)−1

− 1
2i

(I − z̄A)−1Φ2v(z)∗Φ∗
2(I − z̄A∗)−1 .

Since σ(A) = {0}, G1(z) is continuous in the complex plane, and G1(x) = 0 for
all real x by (1.1). For the other part, we have

G2(z) =
1
2i

[
(I − zA)−1 − (I − xA)−1

]
Φ2v(z)Φ∗

2(I − zA∗)−1

+
1
2i

(I − xA)−1Φ2v(z)Φ∗
2

[
(I − zA∗)−1 − (I − xA∗)−1

]
+

1
2i

(I − xA)−1Φ2

[
v(z) − v(z)∗

]
Φ∗

2(I − xA∗)−1

+
1
2i

(I − xA)−1Φ2v(z)∗Φ∗
2

[
(I − xA∗)−1 − (I − z̄A∗)−1

]
+

1
2i

[
(I − xA)−1 − (I − z̄A)−1

]
Φ2v(z)∗Φ∗

2(I − z̄A∗)−1
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= G3(z) +
1
2i

(I − xA)−1Φ2

[
v(z) − v(z)∗

]
Φ∗

2(I − xA∗)−1.

Using [8, Proposition 3.4], we see that G3(z) is bounded for a ≤ x ≤ b and
0 < y ≤ 1. Since also G3(x + i0) = 0 strongly a.e. on (−∞,∞), the result follows
with G(z) = G1(z) + G3(z). �
Proof of Theorem 5.3. (1) Assume that v(z) ∈ N(A) and conditions (i)–(iii) hold.
By Theorem 4.4, v(z) is a generalized Nevanlinna function. We show that a repre-
sentation (2.1) can be chosen such that the conditions of Assumptions 3.1, Case 2,
are satisfied.

By [8, Theorem 4.1], (i) allows us to choose a representation (2.1) such that
ρ0 = 0 and R0(z) is constant. We verify (3.1). Define Lv(z, ζ) and Lv,T (z, ζ) by
(4.2) and (4.4). Fix h in H, and set

vh(z) = 〈Bv,T (z)h, h〉 .

We show that vh(z) belongs to Nκ for some κ ≥ 0. Since v(z) ∈ N(A), it has a
representation (4.14), and hence[

P (z)
Q(z)

]
K(z)−1 = A(z)−1

[−iv(z)
I

]
,

where K(z) = c(z)P (z) + d(z)Q(z). Therefore by Theorem 4.2,

Lv(z, ζ) =
[

I 0
Bv(ζ)∗S−1 I

] [
S 0
0 Dv(z, ζ)

] [
I S−1Bv(z)
0 I

]
,

where

Dv(z, ζ) = K(ζ)∗ i
P (ζ)∗Q(z) + Q(ζ)∗P (z)

z − ζ̄
K(z) .

Hence κLv = κS + κP,Q. By (4.7), if

Cv,T (z, ζ) =
Bv,T (z) − Bv,T (ζ)∗

z − ζ̄
,

then[
S −iBv,T (z)

iBv,T (ζ)∗ Cv,T (z, ζ)

]
= Lv,T (z, ζ)

=
[

I 0
L0(ζ̄) L2(ζ̄)

]
Lv(z, ζ)

[
I L0(z̄)∗

0 L2(z̄)∗

]
,

where L0(z) and L2(z) are defined by (4.6). It then follows from (4.15) that

κCv,T ≤ κLv,T ≤ κLv ≤ κS + κP,Q < ∞ .

In particular, vh(z) belongs to Nκ for some κ ≥ 0.
By condition (iii) and [8, Theorem 4.2], the Krĕın-Langer representation of

vh(z) can be reduced to the form

vh(z) =

{
rh∑

j=1

∫
∆j,h

[
1

t − z
− Sj(t, z)

]
dτh(t) −

rh∑
j=1

Rj,h

(
1

z − αj

)



320 J. Rovnyak and L.A. Sakhnovich

−
s∑

k=1

[
Mk,h

(
1

z − βk

)
+ Mk,h

(
1

z̄ − βk

)∗ ]}
+
∫

∆0,h

dσh(t)
t − z

= ṽh(z) +
∫

∆0,h

dσh(t)
t − z

,

where ṽh(z) is analytic across the interior of ∆0,h and real on this set, and σh(t)
is a nondecreasing function satisfying∫

∆0,h

dσh(t) < ∞. (6.20)

Suppose that [a, b] ⊆ ∆0,h ∩ ∆0 and a and b are points of continuity of σh(t) and
τ(t). By the Stieltjes inversion formula and Lemma 6.5,∫ b

a

dσh(t) = lim
y↓0

1
π

∫ b

a

Im vh(t + iy) dt

= lim
y↓0

1
π

∫ b

a

〈
Bv,T (t + iy) − Bv,T (t + iy)∗

2i
h, h

〉
dt

= lim
y↓0

1
π

∫ b

a

〈
(I − tA)−1Φ2

v(t + iy)−v(t + iy)∗

2i
Φ∗

2(I − tA∗)−1 h, h

〉
dt.

Hence by [8, Theorem 3.1],∫
∆0,h∩∆0

〈
dτ(t)Φ∗

2(I − A∗t)−1h, Φ∗
2(I − A∗t)−1h

〉
=
∫

∆0,h∩∆0

dσh(t) < ∞ ,

and therefore ∫
∆0

〈
dτ(t)Φ∗

2(I − A∗t)−1h, Φ∗
2(I − A∗t)−1h

〉
< ∞ .

This verifies (3.1), and therefore operators Sv and Φ1,v are defined.
It remains to show that Φ1 = Φ1,v and S = Sv. Recall that Bv(z) and Bv,T (z)

are defined using the operators A, S, Φ1, Φ2 from the given operator identity (1.1).
By Theorem 3.5, we have a second operator identity,

ASv − SvA
∗ = i

[
Φ1,vΦ∗

2 + Φ2Φ∗
1,v

]
. (6.21)

Define L̃v(z, ζ) and B̃v(z) by (4.2) and (4.3) but with S and Φ1 replaced by Sv

and Φ1.v. Analogously, define L̃v,T (z, ζ) and B̃v,T (z) using the transformed kernel
(4.4) with S and Φ1 replaced by Sv and Φ1.v. Thus

B̃v(z) = (I − zA)−1
[
Φ1,v − iΦ2v(z)

]
,

B̃v,T (z) = i
[
SvL0(z̄)∗ + B̃v(z)L2(z̄)∗

]
,

where L0(z) and L2(z) are given by (4.6). In particular,

Bv(z) − B̃v(z) = (I − zA)−1
[
Φ1 − Φ1,v

]
.

Hence for any g ∈ Cm, by (ii) and Theorem 4.7,

(I − iyA)−1
[
Φ1 − Φ1,v

]
g = O(1), |y| → ∞.
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Since we assume that the only f in H such that ‖(I−iyA)−1f‖ = O(1) as |y| → ∞
is f = 0, we deduce that [Φ1 − Φ1,v]g = 0, and so Φ1 = Φ1,v.

By what we have shown so far, Bv(z) = B̃v(z). Therefore

Bv,T (z) − B̃v,T (z) = i(S − Sv)L0(z̄)∗ = (S − Sv)A∗(I − zA∗)−1.

Hence for any h ∈ H, by (iii) and Theorem 4.7,

A(I − iyA)−1(S − Sv)h = O(1/|y|), |y| → ∞.

By the identity (I − iyA)−1 = iyA(I − iyA)−1 + I, we get

(I − iyA)−1(S − Sv)h = O(1), |y| → ∞.

As above, our assumptions on A imply that (S − Sv)h = 0, and therefore S = Sv.
(2) Conversely, assume that S = Sv and Φ1 = Φ1,v, where v(z) is a gener-

alized Nevanlinna function having a representation (2.1) satisfying Assumptions
3.1, Case 2. To see that v(z) belongs to N(A), set[

P (z)
Q(z)

]
= A(z)−1

[−iv(z)
I

]
.

Then P (z) and Q(z) are meromorphic on C+ ∪ C− and by (4.13),

v(z) = i
[
a(z)P (z) + b(z)Q(z)

]
,

I = c(z)P (z) + d(z)Q(z) ,

and hence (4.14) holds. By Theorem 4.2, P (z̄)∗Q(z)+Q(z̄)∗P (z) = 0 on C+∪C−.
Since S = Sv and Φ1 = Φ1,v by assumption, the kernel Lv(z, ζ) has a finite number
of negative squares by Theorem 4.5. Hence by (4.11) and (4.12), the kernel

i
P (ζ)∗Q(z) + Q(ζ)∗P (z)

z − ζ̄

has a finite number of negative squares. It follows that v(z) belongs to N(A).
We obtain (i) by the converse part of [8, Theorem 4.1]. Conditions (ii) and

(iii) follow from Theorem 4.7. �

Proof of Theorem 5.4. The only change in the proof of Theorem 5.3 is in the proofs
that Φ1 = Φ1,v and S = Sv in part (1) of the theorem. As before, for any g ∈ Cm,
(I − iyA)−1

[
Φ1 − Φ1,v

]
g = O(1) as |y| → ∞. By the identity (I − iyA)−1 =

iyA(I − iyA)−1 + I,

y (I − iyA)−1A
[
Φ1 − Φ1,v

]
g = O(1), |y| → ∞.

Our assumptions on A imply that A
[
Φ1−Φ1,v

]
g = 0. Since kerA = {0}, we deduce

that Φ1 = Φ1,v. Again as before, for any h ∈ H, A(I− iyA)−1(S−Sv)h = O(1/|y|)
as |y| → ∞. By our assumptions on A, A(S − Sv)h = 0. Since kerA = {0},
S = Sv. �
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Singular Integral Operators in
Weighted Spaces of Continuous Functions
with Oscillating Continuity Moduli
and Oscillating Weights

Natasha Samko

Abstract. We present a survey of some results on the theory of singular inte-
gral operators with piece-wise continuous coefficients in the weighted spaces
of continuous functions with a prescribed continuity modulus (generalized
Hölder spaces Hω(Γ, ρ)) together with some new results related to oscillating
(non-equilibrated) characteristics and oscillating weights.
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Keywords. Singular operator, Fredholm operators, index, Hölder space, con-
tinuity modulus, Bari-Stechkin class, Boyd indices.

1. Introduction

The characterization of Fredholmness of the singular integral operators

Nf : = A(t)(P+f)(t) + B(t)(P−f)(t), (1.1)

with piecewise continuous coefficients, where P± = 1
2 (I ± S) are the projection

operators generated by the singular operator

Sf(t) =
1
πi

∫
Γ

f(τ)
τ − t

dτ,

is well known in various spaces of integrable functions; for example in weighted
Lebesgue or Orlicz spaces, or even in more general Banach function spaces. We refer
to [14], [15], ([3], Subsection 9.6), as well as [19], [20], and [21]. In particular, the
phenomenon of “massiveness” of the essential spectra of singular integral operators
for some choices of weights or curves, is noteworthy.
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The corresponding theory of singular integral operators in weighted spaces
of continuous functions is much less well developed. In Hölder spaces Hλ

0 (Γ, ρ)
with power weights, results on Fredholmness of singular integral operators on
Lyapunov curves were obtained in the papers of R.Duduchava [7], [8], [9] (see also
[15]). Algebras of singular operators in the spaces Hλ(Γ, ρ) were considered in [10]
and [43]. The papers [4], [5], looked at Fredholmness of singular operators in the
weighted Hölder-Zygmund spaces of the type Zλ(Γ, ρ), even allowing for terms with
the complex conjugation operator. Results on Fredholmness of singular operator
in Hölder spaces may be also found in [44].

In this paper we survey some results obtained for singular integral operators
in the generalized Hölder spaces Hω

0 (Γ, ρ), drawing primarily on work in [37], [38],
[42]. There characteristics ω and weights ρ more general than simple powers were
considered. A number of results from [37], [38], [42] are obtained here in a more
general setting and we also simplify some proofs. In [37] and [38], statements on
Fredholmness, together with an index formula, are given for singular integral oper-
ators on Lyapunov type curves in such spaces when neither the characteristic nor
the weight oscillate. In this case the Boyd-type indices mω and Mω of the char-
acteristic ω(h) coincide, and no massive spectra appear. Consequently, the results
on Fredholmness in [37] and [38] are in a certain sense similar to the Gohberg-
Krupnik result on Fredholmness of singular integral operators in Lebesgue spaces
with power weights.

The appearance of “lunes” (i.e, regions bounded by circular arcs) due to the
presence of oscillations of either the characteristic or weight, makes one speculate
that massive spectra will appear in Hölder type spaces even in non-weighted cases
and on nice curves, as in Orlicz spaces (see [3], Subsection 10.5). The possibility
of oscillation of the weights was investigated in [42], and is looked at here as well.

The coefficients A(t) and B(t) are taken to be multipliers in Hω
0 (Γ, ρ) with a

finite number of discontinuity points, and the weight ρ(t) is assumed to be “fixed”
to the discontinuity points of the coefficients, oscillating in general, near those
points. We give sufficient conditions for the operator (1.1) to be Fredholm in the
space Hω

0 (Γ, ρ). These conditions are in the terms of the upper and lower indices
of the characteristic and the weight functions. They are natural, and though it is
not proved, they are expected to be necessary as well. It is felt that new techniques
will be required to prove necessity.

The following are the main topics of the paper:
1. The Zygmund-Bari-Stechkin class Φ of continuity moduli and generalized

Hölder spaces.
2. Boundedness of the singular operator with oscillating characteristic ω and

oscillating weight ρ in generalized Hölder spaces.
3. Compactness theorems.
4. Fredholmness of singular integral operators in generalized Hölder spaces.
5. Fredholmness of such operators with a Carleman shift in generalized Hölder

spaces.
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We use the following notation:
Γ = {t : t = t(s), 0 ≤ s ≤ �} is a curve on the complex plane;
Π = {t1, t2, . . . , tn} is a finite set of points on Γ;
PC(Γ) is the space of piecewise continuous functions on Γ with jumps at a
finite number of points;
PHω(Γ) is the subspace in PC(Γ) of functions which belong to the class Hω

on any closed arc between two consecutive points of discontinuity;
Mω and mω are the index numbers of a function ω (see Definition 2.12);
a.i. stands for “almost increasing” and a.d. for “almost decreasing” (see Sub-
section 2.1.1).

2. The Zygmund-Bari-Stechkin class Φ of continuity moduli and
generalized Hölder spaces Hω(Γ, ρ) with characteristic ω ∈ Φ

2.1. Definitions and preliminaries

2.1.1. The Zygmund-Bari-Stechkin class Φ. First we recall that a non-negative
function ϕ on [0, �] is said to be almost increasing (or almost decreasing) – abbre-
viated a.i. and a.d. – if there exists a constant C ≥ 1 such that ϕ(x) ≤ Cϕ(y) for
all x ≤ y (or x ≥ y, respectively). Let

W = {ϕ ∈ C([0, �]) : ϕ(0) = 0, ϕ(x) > 0 for x > 0, ϕ(x) is almost increasing}.
Definition 2.1. A function ϕ ∈ W is called a continuity modulus, if it is nonde-
creasing and subadditive: ϕ(x1 + x2) ≤ ϕ(x1) + ϕ(x2).

Definition 2.2. ([2], [16]) We define the Zygmund-Bari-Stechkin class Φs as the
class of functions ϕ ∈ W satisfying the Zygmund conditions∫ h

0

ϕ(x)
x

dx ≤ cϕ(h) (Z)

and ∫ �

h

ϕ(x)
x1+s

dx ≤ c
ϕ(h)
hs

, s = 1, 2, . . . (Zs)

By Z we denote the subclass of functions in W , which satisfy condition (Z) and
similarly Zs consists of functions in W , which satisfy condition (Zs), so that Φs =
Z ∩ Zs. We write Φ1 = Φ in the case s = 1.

The class Φs can also be characterized in other terms. Namely, consider the
following conditions (B), (Bs), (L), (Ls) and (S), (Ss):

∞∑
k=n+1

1
k

ϕ

(
1
k

)
≤ cϕ

(
1
n

)
, (B)

there exists a ξ > 1 such that limh→0

ϕ(ξh)
ϕ(h)

> 1, (L)
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there exists a δ1 > 0 such that
ω(x)
xδ1

is almost increasing, (S)

n∑
k=1

ks−1ϕ

(
1
k

)
≤ cnsϕ

(
1
n

)
, (Bs)

there exists a ξ > 1 such that limh→0
ϕ(ξh)
ϕ(h)

< ξs, (Ls)

there exists a δ2 ∈ (0, s) such that
ω(x)
xδ2

is almost decreasing, (Ss)

known as the Bari, Lozinskii and Stechkin conditions (see [2]).

Lemma 2.3. Let ϕ(x) ∈ W . Conditions (B), (L), (S) and (Z) are all equivalent.
Similarly, conditions (Bs), (Ls), (Ss) and (Zs) are also equivalent.

This lemma was proved in [2] in the case when in the definition of the class W
functions ϕ(t) are increasing, not almost increasing. However, the lemma remains
true in this more general case (see the proof for almost monotonous ϕ in [34], p.
5, [36] and [17]).

Observe that functions ϕ ∈ Φs in general oscillate between two power func-
tions whose exponents are defined by the Boyd-type indices of ϕ. In particular, we
give a characterization of the class Φ2 in such terms in Theorem 2.14.

2.1.2. Hölder type spaces Hω
0 (Γ, ρ). Many of the results from this section appear

in [42]. We repeat some of the proofs for completeness.
Let Γ = {t = t(s), 0 ≤ s ≤ �}, s the arc length, be a rectifiable curve in the

complex plane and let

Hω(Γ) =

{
f(t) : max

t∈Γ,τ∈Γ
|t−τ|≤h

|f(t) − f(τ)| ≤ cω(h), 0 < h < �

}
and

Hω
0 (Γ) = {f(t) : f ∈ Hω(Γ), f(t0) = 0, t0 ∈ Π}

where Π is a given finite set of points on Γ. The function ω(h), is referred to in
the sequel as the characteristic function of the space, or simply, characteristic, and
will be supposed to belong to Φ.

Whenever necessary, we define ω(x) for x ≥ � by ω(x) ≡ ω(�).
We will use some examples of functions in Hω(Γ) provided by the following

in Section 3.

Lemma 2.4. Let a function ω ∈ W satisfy the condition |ω(x)−ω(y)| ≤ Aω(|x−y|)
with A > 0 not depending on x and y, and let zj ∈ C, j = 1, 2, . . . , n. Then

ψ(t) := ω

⎛⎝ n∏
j=1

|t − zj |
⎞⎠ ∈ Hω(Γ).
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Proof. We have

|ψ(t)−ψ(τ)| ≤ Aω

⎛⎝∣∣∣∣∣∣
n∏

j=1

|t − zj| −
n∏

j=1

|τ − zj|
∣∣∣∣∣∣
⎞⎠ ≤ A1ω(c|t−τ |) ≤ A1 c1ω(|t−τ |),

where the property ω(cx) ≤ c1ω(x) follows from the assumption |ω(x) − ω(y)| ≤
Aω(|x − y|). Indeed, we have ω(2nx) ≤ c0ω(x) and then ω(cx) ≤ c1ω(x), c1 =
c1(c). �

For a given ω ∈ W we define the following Zygmund type function

ω∗(x) =

x∫
0

ω1(s)
s

ds + x

�∫
x

ω1(s)
s2

ds, where ω1(x) =

x∫
0

ω(t)
t

dt (2.1)

The following theorem is known ([16], Theorem 1 on p. 55).

Theorem 2.5. For ω ∈ Φ the functions ω and ω∗ are equivalent: c1ω(x) ≤ ω∗(x) ≤
c2ω(x), c1 > 0, c2 > 0, and ω∗(x) is a continuity modulus, so that it is subadditive.

Corollary 2.6. Let ω ∈ Φ and ω∗ be defined by (2.1). Then ω∗
(

n∏
j=1

|t − zj|
)

∈
Hω

0 (Γ).

Indeed, the statement of the corollary follows from Lemma 2.4 because ω∗ is
continuity modulus by Theorem 2.5 and then according to Definition 2.1 it satisfies
the assumption of Lemma 2.4.

Recall that a curve Γ is said to satisfy the chord-arc condition if there exists
a constant k > 0 such that |s1 − s2| ≤ k|t1 − t2| for all t1 = t(s1) ∈ Γ and
t2 = t(s2) ∈ Γ with k > 0 not depending on t1 and t2.

Lemma 2.7. Let Γ be a closed curve satisfying the chord-arc condition. Let Γ1 =
{t ∈ Γ : t1 � t � t2} and Γ2 = {t ∈ Γ : t2 � t � t1} be two parts of Γ between
arbitrary points t1 ∈ Γ and t2 ∈ Γ. If f(t) ∈ Hω(Γ1) and f(t) ∈ Hω(Γ2) where
ω ∈ W and ω(λh) ≤ Cω(h) for any λ > 1, and f(tk − 0) = f(tk + 0), k = 1, 2,
then f(t) ∈ Hω(Γ).

Proof. Estimation of the difference f(t) − f(τ) is obvious when t, τ ∈ Γ1 or t, τ ∈
Γ2. Let t ∈ Γ1 and τ ∈ Γ2. It suffices to estimate |f(t)−f(τ)| in a neighborhood of
the point t1 or the point t2. We have |f(t)−f(τ)| ≤ |f(t)−f(t1−0)|+|f(τ)−f(t1+
0)| ≤ c[ω(|t− t1|)+ω(|τ − t1|)]. Since ω is an almost increasing function, we obtain
|f(t) − f(τ)| ≤ c[ω(s) + ω(σ)] ≤ c1ω(s + σ), where s and σ are the arc lengths of
the points t and τ counted from t1 (in the opposite direction). Since Γ satisfies the
chord-arc condition and ω(λh) ≤ Cω(h), we get |f(t) − f(τ)| ≤ cω(|t − τ |). �

Remark 2.8. Lemma 2.7 is obviously valid also for an open curve with two subarcs
Γ1 and Γ2.
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We need also the following lemma on multipliers in the space Hω
0 (Γ, ρ) which

was proved in [35]. We say that a point t0 ∈ Γ is not a whirling point of Γ, if
sup t∈Γ

t	=t0
| arg(t − t0)| < ∞.

Lemma 2.9. Let Γ be a curve satisfying the arc-cord condition, α ∈ R1, γ ∈ C, and
Hω

0 (Γ) be the space related to the point t0 ∈ Γ. The functions eiα arg(t−t0), |t−t0|iα,
(t−t0)

γ

|(t−t0)γ | ,
(t−t0)

α

sα where s = s(t) is the arc length of the arc {t0, t}, are multipliers in

Hω
0 (Γ). If t0 is not a whirling point of Γ, then the functions eα arg(t−t0), (t−t0)γ

|t−t0|Reγ ,
(t−t0)

γ

sRe γ are multipliers as well.

Let Π = {t1, t2, . . . , tn} be any finite set of points on Γ and ρ(t) any non-
negative function on Γ vanishing only at the points of the set Π.

Definition 2.10. By Hω
0 (Γ, ρ), ω ∈ W , we denote the space

Hω
0 (Γ,ρ)=

{
u(t) :ρ(t)u(t)∈Hω(Γ) , lim

t→tk

[ρ(t)u(t)]=0, tk∈Π, k=1,...,n

}
where tk ∈ Γ are the points at which the non-negative weight function ρ(t) van-
ishes.

Equipped with the norm

‖f‖Hω
0 (Γ,ρ) = ‖ρf‖Hω

0 (Γ) = ‖ρf‖C(Γ) + sup
h>0

ω(ρf, h)
ω(h)

,

this is a Banach space.
As in [34], [37] and [38], we restrict ourselves to the weights ρ(t) of the form

ρ(t) =
n∏

k=1

ϕk(|t − tk|) ; t, tk ∈ Γ, k = 1, 2, . . . , n , (2.2)

where ϕk(x) ∈ Φ2 ∩ K, the class K defined in (2.6).

2.1.3. Weight functions. Let α > 0 and β > 0. We find it convenient to use the
following notation for some classes of weight functions:

Wα =
{

ϕ ∈ W :
ϕ(x)
xα−ε

is a.i. for any ε > 0
}

, (2.3)

Wβ =
{

ω ∈ W :
ϕ(x)
xβ+ε

is a.d. for any ε > 0
}

(2.4)

In Theorem 2.14 and Corollary 2.17 we show that

Φs =
⋃

0<α≤β<s

Wα ∩ Wβ (2.5)

We also denote

W
α

=
{

ϕ ∈ W :
ϕ(x)
xα

is a.i.
}

⊂ Wα, W β =
{

ω ∈ W :
ϕ(x)
xβ

is a.d.
}

⊂ Wβ ,
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Vβ =
{

ω ∈ W :
ϕ(x)
xβ+ε

is decreasing for any ε > 0
}

⊂ Wβ

and

K =
{

ϕ ∈ W : |ϕ(x) − ϕ(y)| ≤ c|x − y|
(

ϕ(x)
x

+
ϕ(y)

y

)}
. (2.6)

Remark 2.11. It can be shown that Vβ ⊂ K; when 0 < β < 1, the inequality in

(2.6) for ϕ ∈ Vβ is valid even in the form |ϕ(x) − ϕ(y)| ≤ |x − y|min
{

ϕ(x)
x , ϕ(y)

y

}
(see [31], p. 9).

2.1.4. Curves. We shall deal with curves of Lyapunov type. Since our consid-
eration is within the framework of the generalized Hölder setting, it is natu-
ral to assume that the curve Γ is also a generalized Lyapunov curve. We say
that a curve Γ = {t = t(s), 0 ≤ s ≤ �} is a generalized Lyapunov curve (GLC ), if
t′(s) ∈ Hµ([0, �]) with some µ(h) ∈ W . Everywhere below, in dealing with GLC’s,
we assume that

µ(h) ∈ W is subadditive and
µ(h)

h
is almost decreasing. (2.7)

2.2. Characterization of functions ω ∈ Φs in terms of their indices mω and Mω

2.2.1. Upper and lower indices of functions ω ∈ W .

Definition 2.12. Let ω ∈ W . The numbers

mω = sup
x>1

ln
[
limh→0

ω(xh)
ω(h)

]
ln x

, Mω = inf
x>1

ln
[
limh→0

ω(xh)
ω(h)

]
ln x

will be referred to as the lower and upper indices of a function ω(x) ∈ W . We call
a characteristic ω(x) equilibrated, if Mω = mω. These indices were introduced for
functions ω ∈ W in such a form in [34], [37], where they are used to characterize
the validity of the Lozinski conditions [2]. In fact they are the Matuszewska-Orlicz
indices introduced earlier in [28] in a slightly different setting (see also [26], p. 20).

Note that the indices mω, Mω may be expressed in terms of the upper limit
Ω(x) = lim

h→0

ω(xh)
ω(h) as well (this fact was drawn to our attention by A. Karlovich).

Submultiplicativity of Ω(x) (see [23], p. 75, or [3], p. 13), yields the following
representation of the index numbers mω and Mω:

mω = sup
0<x<1

ln Ω(x)
ln x

= lim
x→0

ln Ω(x)
ln x

Mω = inf
x>1

ln Ω(x)
ln x

= lim
x→∞

ln Ω(x)
ln x

.

Note that 0 ≤ mω ≤ Mω ≤ ∞ for ω ∈ W (compare this with (2.9)).

Remark 2.13. It is easily seen that for ωλ(x) = ω(x)
xλ one has

mωλ
= mω − λ, Mωλ

= Mω − λ. (2.8)
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The following statement characterizes the class Φs in terms of the indices mω

and Mω. A proof may be found in ([37], p. 125; see also [34]) for s = 1 and [17]
for s = 1, 2, . . ..

Theorem 2.14. A function ω(x) ∈ W ([0, �]) is in the Bari-Stechkin class Φs if and
only if

0 < mω ≤ Mω < s, (2.9)
and for ω ∈ Φs and any ε > 0 there exist constants c1 = c1(ε) > 0 and c2 =
c2(ε) > 0 such that

c1x
Mω+ε ≤ ω(x) ≤ c2x

mω−ε, 0 ≤ x ≤ �. (2.10)

Besides this, condition (Z) is equivalent to mω > 0 and yields the first inequality
in (2.10), while condition (Zs) is equivalent to Mω < s and yields the second
inequality in (2.10).

A statement similar to (2.9) was known in another situation – for similarly de-
fined indices of increasing unbounded functions ω defined on (0,∞) in the context
of the Orlicz type spaces ([27], p. 90).

2.2.2. The indices mω and Mω as bounds for (S) and (Ss).

Lemma 2.15. ([37], p. 125, [34] for s = 1 and [17] for arbitrary s > 0). Let ω ∈ W .
If ω ∈ Z, then ω(x)

xα is almost increasing for any α < mω. If ω ∈ Zs, then ω(x)
xβ is

almost decreasing for any β > Mω.

The following lemma provides a converse to Lemma 2.15.

Lemma 2.16. Let ω ∈ W . If ω ∈ Z and ω(x)
xα is almost increasing for some α > 0,

then mω ≥ α. If ω ∈ Zs and ω(x)
xβ is almost decreasing for some 0 < β < s, then

Mω ≤ β.

Proof. Let ω ∈ Z. Suppose to the contrary that mω < α. Then the function
ω1(x) = ω(x)

xmω is also almost increasing and ω1(0) = 0 since mω < α. Therefore,
ω1 ∈ W . But the function ω1(x)

xδ1 = ω(x)
xα , δ1 = α−mω is almost increasing, that is,

the function ω1(x) satisfies condition (S) of Subsection 2.1. Then, by Lemma 2.3,
the function ω1(x) satisfies the (Z)-condition. Therefore, mω1 > 0 by Theorem
2.14, which is impossible since mω1 = mω − mω = 0 by (2.8).

The statement Mω ≤ β is similarly obtained. �

From Lemmas 2.15 and 2.16 the following important statement follows.

Corollary 2.17. ([17]) For any function ω ∈ Z the lower index mω may be calculated
by the formula

mω = sup
{

α > 0 :
ω(x)
xα

is almost increasing
}

, (2.11)
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while for any ω ∈ Zs the upper index Mω is calculated by the formula

Mω = inf
{

β ∈ (0, s) :
ω(x)
xβ

is almost decreasing
}

.

2.3. Examples of oscillating (non-equilibrated) characteristics ω ∈ Φ
Examples of equilibrated characteristics ω are easy to find. Besides the trivial
examples ω(x) = xλ, ω(x) = xλ

(
ln 1

x

)α
, xλ

(
ln ln 1

x

)α, 0 < λ < 1, for which
mω = Mω = λ, one may also find others in [41]. Examples of monotonic non-
equilibrated characteristics belonging to Φs are less trivial [41], [42].

2.3.1. Examples of non-equilibrated characteristics ω ∈ W . It is easy to give suf-
ficient conditions for a function ω ∈ W to be non-equilibrated. For instance, if

c1x
β ≤ ω(x) ≤ c2x

α, 0 < α < β < 1, (2.12)

and there exist sequences an → 0, bn → 0 such that

ω(bn) = c1b
β
n, ω(an) = c2a

α
n, (2.13)

then ω is non-equilibrated. Indeed, under conditions (2.12)–(2.13) we have mω ≤ α
and Mω ≥ β. However, conditions (2.12)–(2.13) do not guarantee yet that ω ∈ Φs,
because it may happen that mω = 0 and/or Mω ≥ s.

An example of a function ω ∈ Φs with different indices mω and Mω was
given in [1]; in the context of submultiplicative convex functions another example
of functions with different Matuszewska-Orlicz indices was given in [24], the latter
example may also be found in [26], p.93.

Below we briefly dwell on an explicit construction of a family of non-equili-
brated characteristics ω ∈ Φ which generalize the example from [1]. This family is
studied in detail in [41].

2.3.2. On a class of functions oscillating between xβ and xα. Let

· · · < an < an−1 < · · · < a1 < a0 = 1 and lim
n→∞ an = 0

Given 0 < α < β < s, we introduce a function

ω(x) =
{

c2n+1x
β , if x ∈ [a2n+2, a2n+1],

c2n xα, if x ∈ [a2n+1, a2n], n = 0, 1, 2, . . .
(2.14)

where we take c0 = 1 and subsequently choose c1, c2, . . . in such a way that ω(x)
is continuous. Then

c2n =
(

a0a2a4 · · ·a2n

a1a3 · · · a2n−1

)β−α

, c2n+1 =
(

a0a2a4 · · · a2n

a1a3 · · · a2n+1

)β−α

, n = 0, 1, 2, 3, . . .

(2.15)
and

c2n = aβ−α
2n c2n−1, c2n = aβ−α

2n+1c2n+1, c2n+2 < c2n, c2n+1 > c2n−1. (2.16)

We call any function of form (2.14)–(2.16) an (α, β)-function.
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Observe that, conversely, given any decreasing sequence c2n > 0 and an
increasing sequence c2n+1 > 0 with the property lim

n→∞
c2n

c2n−1
= 0, there exists the

partition {. . . , an, an−1 . . . , a1, a0}, an → 0, for which the corresponding (α, β)-
function has the given coefficients c2n and c2n+1:

a2n =
(

c2n

c2n−1

) 1
β−α

, a2n+1 =
(

c2n

c2n+1

) 1
β−α

. (2.17)

It is easy to check (see [41]) that any (α, β)-function ω with 0 < α ≤ β < s
belongs to Φs and has the properties

aα−β
1 xβ ≤ ω(x) ≤ xα, 0 ≤ x ≤ 1, and mω ≥ α, Mω ≤ β.

In [42] the following statement was proved.

Theorem 2.18. Let A > 1 and un and vn be arbitrary positive increasing sequences
with lim

n→∞ un = lim
n→∞ vn = ∞ such that

lim
n→∞(vn − un) = lim

n→∞(un − vn−1) = ∞.

Set
c2n = e−Aun

, c2n+1 = eAvn
,

and the corresponding points an calculated by formulas (2.17) with 0 < α < β < 1.
Then (α, β)-functions ω(x) functions may be constructed such that

mω = α and Mω = β.

3. Boundedness of the singular operator S in the spaces Hω
0 (Γ, ρ)

In [31], [32], [34], [37] the following two statements were proved, one given in terms
of Zygmund conditions (Z) and (Z1), another in terms of the indices mω and Mω.

Let

W̃ = {ϕ ∈ W : ∃α ∈ (0, 2) such that
ϕ(x)
xα

is a.d.} (= Z2).

Theorem 3.1. ([33], Th. 2′, p. 8; [37], Th. 8.5). Let
(i) ω(h) ∈ Φ;
(ii) the curve Γ be a GLC satisfying assumptions (2.7) and the condition

µ(h)(1 + | lnh|) ≤ cω(h) , 0 ≤ h ≤ � ;

(iii) the weight function ρ(t) have the form (2.2) where ϕk ∈ W̃
⋂

K .
Then the operator S is bounded in Hω

0 (Γ, ρ), if there exist functions a(x), b(x) ∈ W
such that
(1) ω(x)

a(x) ∈ Z, xω(x)
b(x) ∈ Z1;

(2) the functions x
b(x) and ϕk(x)

b(x) are almost increasing;

(3) the functions ϕk(x)
xa(x) are almost decreasing, k = 1, 2, . . . , n.
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As a consequence of this theorem we have

Theorem 3.2. ([32], Th. 2′, p. 10; [37], Th. A, p. 111). Let conditions (i) and
(ii) of Theorem 3.1 be satisfied, and the weight function ρ(t) have the form (2.2)
with ϕk ∈ Wαk

⋂
Wαk

⋂
K, 0 < αk < 2, k = 1, 2, . . . , n. Then the operator S is

bounded in the space Hω
0 (Γ, ρ), if

Mω < αk < 1 + mω , k = 1, 2, . . . , n .

Theorem 3.2 in the case of the usual Hölder spaces with ω(h) ≡ hλ, 0 < λ <
1, and power weights ϕk(x) = xαk is due to R. Duduchava [6] (where boundedness
of the singular operator was proved on smooth curves).

Now we wish to show that a statement more general than that given in
Theorem 3.2, follows from Theorem 3.1. Namely, the following reinforcement of
Theorem 3.2 admitting oscillating weights is valid.

In the sequel for ϕk ∈ Φ2 = Φs|s=2 we denote

αk := mϕk
= sup

x>1

ln
[
limh→0

ϕk(xh)
ϕk(h)

]
ln x

= sup
{

α > 0 :
ω(x)
xα

is a.i.
}

and

βk := Mϕk
= inf

x>1

ln
[
limh→0

ϕk(xh)
ϕk(h)

]
ln x

= inf
{

β > 0 :
ϕk(x)

xβ
is a.d.

}
so that

0 < αk ≤ βk < 2, k = 1, 2, . . . , n.

Theorem 3.3. Let conditions (i) and (ii) of Theorem 3.1 be satisfied, and the weight
function ρ(t) have form (2.2) with ϕk ∈ Φ2

⋂
K. Then the operator S is bounded

in the space Hω
0 (Γ, ρ), if

Mω < αk ≤ βk < 1 + mω , k = 1, 2, . . . , n . (3.1)

Proof. Obviously, ϕk ∈ W
γk for any γk > βk. Therefore, it suffices only to check

conditions (1)–(3) of Theorem 3.1.
To this end, we choose a(x) = xmω−ε and b(x) = xMω+ε with ε > 0

sufficiently small. Then the function ω(x)
a(x)xδ1 = ω(x)

xmω−ε+δ1 is almost increasing

under the choice δ1 < ε by (2.11). Also ω(x)
a(x) ∈ Z by Lemma 2.3. Similarly,

xω(x)
b(x)x1−δ2 = ω(x)

xMω−δ2+ε is almost decreasing under the choice δ2 < ε, implying
xω(x)

b(x)x1−δ2 ∈ Z1 by the same Lemma 2.3.
Checking condition (2) of Theorem 3.1, we see that x

b(x) = x1−mω+ε is ob-

viously increasing and ϕk(x)
b(x) = ϕk(x)

xMω+ε is almost increasing since ϕk ∈ Wαk and
αk > Mω + ε (under the choice ε < αk − Mω). Similarly, for condition (3) we
observe that the function ϕk(x)

xa(x) = ϕkx
xmω+1−ve is almost decreasing since ϕk ∈ Wβk

and βk < 1 + mω − ε (under the choice ε < mω + 1 − βk). �
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Remark 3.4. In connection with the assumption ϕk ∈ Φ2

⋂
K of Theorem 3.3,

observe that according to Remark 2.11 one need not check the condition ϕk ∈ K

if one knows that ϕk(x)
xb is decreasing for some b > 0, not just almost decreasing.

Theorem 3.6 below gives some indication as to whether the bounds for αk

given in (3.1) are also necessary for the operator S to be bounded in the space
Hω

0 (Γ, ρ).
First we introduce some definitions. An open set E ⊂ [0, �] with 0 ∈ E

will be called thick near the origin if
∫
E

dx
xγ = ∞ for any γ > 1. Obviously, a set

E = ∪∞
m=1(am, bm), where bm+1 < am < bm, m = 1, 2, 3, . . . . and lim

m→∞ bm = 0, is

thick in the above defined sense if and only if
∞∑

m=1

(
1

ap
m
− 1

bp
m

)
= ∞ for any p > 0.

Let Eω(ε, c) = {x ∈ [0, �] : ω(x) ≥ cxmω+ε} where c > 0 may depend on ε.

Definition 3.5. By Φ∗ we denote the subset of functions ω ∈ Φ such that for every
ε > 0 there exists c = c(ε) such that the set Eω(ε, c) is thick near the origin, while
by Φ∗ we denote the subset of functions ω ∈ Φ such that for every ε > 0 there
exists a sequence xn → 0 with the property ω(xn) ≤ CxMω−ε

n , C = C(ε).

Evidently, any equilibrated characteristics ω ∈ Φ is in Φ∗ ∩ Φ∗.

Theorem 3.6. ([42]) Let Γ be a GLC with µ(h) ≤ cω(h) and let ρ be the weight
(2.2) with ϕk ∈ Φ2, k = 1, 2, . . . , n. For the operator S to be bounded in the space
Hω

0 (Γ, ρ) with ω ∈ Φ, it is necessary that αk ≤ Mω + 1 and βk ≥ mω, k =
1, 2, . . . , n.

In the case ω ∈ Φ∗, it is necessary that αk ≤ mω + 1 and βk ≥ mω, and in
the case ω ∈ Φ∗, it is necessary that αk ≤ Mω + 1, βk ≥ Mω, k = 1, 2, . . . , n. In
particular, when ω ∈ Φ∗ ∩ Φ∗, it is necessary that

αk ≤ mω + 1, βk ≥ Mω, k = 1, 2, . . . , n.

Proof. Case 1: αk ≤ Mω + 1 or αk ≤ mω + 1 when ω ∈ Φ∗.
Let

f0(t) =
ψ(t)
ρ(t)

with ψ(t) = ω∗
(

n∏
k=1

|t − tk|
)

, t ∈ Γ (3.2)

where ω∗(h) is the function defined in (2.1). The function f0(t) belongs to Hω
0 (Γ, ρ)

according to Corollary 2.6. However, this function is not integrable when αk >
Mω + 1 (or αk > mω + 1 and ω ∈ Φ∗). To show this, we observe that f0(t) ∼
cω(|t−tk|)

ϕ(|t−tk|) as t → tk. Since ϕk(x)

xαk−ε is almost increasing, we have ϕk(x) ≤ cxαk−ε and
then for t in a neighborhood of the point tk we obtain

f0(t) ≥ c
ω(|t − tk|)
|t − tk|αk−ε

≥ c

|t − tk|αk−Mω−2ε
(3.3)

according to the left-hand side inequality in (2.10). Therefore f0(t) is not integrable
when αk < Mω + 1 (choose 0 < 2ε < αk − Mω − 1).
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Let now αk > mω + 1 and ω ∈ Φ∗. Then we have to modify the estimation
from below made in (3.3). Let Ek(Γ, ε) be the portion of the curve Γ defined by
Ek(Γ, ε) = {t ∈ Γ : |t− tk| ∈ Eω(ε, c)} where c = c(ε) is chosen in accordance with
Definition 3.5. Obviously, |Ek(Γ, ε)| ≥ |Eω(Γ, c)|, where |Ek(Γ, ε)| stands for the
arc length of the set Ek(Γ, ε). Then by the definition of the class Φ∗, instead of
(3.3) we have∫

Γ

|f0(t)| |dt| ≥ c

∫
Ek(Γ,ε)

ω(|t − tk|)
|t − tk|αk−ε

|dt| ≥ c

∫
Ek(Γ,ε)

|dt|
|t − tk|αk−mω−2ε

,

the last integral being divergent when αk > mω + 1 (take 2ε < αk − mω − 1), by
the definition of the class Φ∗.

Therefore, Hω
0 (Γ, ρ) � L1(Γ) if αk > Mω + 1, or αk > mω + 1 and ω ∈ Φ∗

and consequently the operator S cannot be bounded in the space Hω
0 (Γ, ρ) in these

cases.

Case 2: βk ≥ Mω, or βk ≥ mom in the case ω ∈ Φ∗.

Suppose that βk < Mω. We choose

f0(t) =
t − tk

|t − tk|ρ(t)t′(s)
ψ(t)

where ψ(t) is the function from (3.2). The function f0(t) is in the space Hω
0 (Γ, ρ).

Indeed, ρ(t)f0(t) = t−tk

|t−tk|
1

t′(s)ψ(t), where both t−tk

|t−tk| and 1
t′(s) are multipliers in

this space, the former by Lemma 2.9 and the latter by the fact that t′(s) �= 0,
the property t′(s) ∈ Hω(Γ) following from the assumption that Γ is a GLC with
µ(h) ≤ ω(h).

However, Sf0 is not in Hω
0 (Γ, ρ) when βk < Mω. To prove this, we observe

that

(Sf0)(tk) =
1
πi

∫
Γ

ψ(t)
|t − tk|ρ(t)

ds �= 0

since ψ(t) ≥ 0. Suppose now that Sf0 ∈ Hω
0 (Γ, ρ). Then ρ(t)(Sf0)(t) = ϕk(|t −

tk|)ρk(t)(Sf0)(t) ∈ Hω
0 (Γ), where ρk(t) =

n∏
j=1
j 	=k

ϕj(|t−tj |). This implies ϕk(|t−tk|) ∈

Hω
0 (Γ) since (Sf0)(tk) �= 0 and ρk(tk) �= 0. Then ω(ϕk, h) ≤ cω(h). But ω(ϕk, h) =
sup

|x−y|≤h

|ϕk(x) − ϕk(y)| ≥ sup
|x|≤h

|ϕk(x)| ≥ chβk+δ where the last inequality is a

consequence of the fact that ϕk(x)

xβk+δ is almost decreasing. Hence

hβk+δ ≤ cω(h) (3.4)

which is impossible when βk < mω according to the right-hand side inequality in
(2.10). Similarly, it is also impossible when βk < Mω and ω ∈ Φ∗ by the definition
of the class Φ∗. �
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4. On compactness of operators in Hω
0 (Γ, ρ)

We dwell on compactness results – within the frameworks of the spaces Hω(Γ, ρ)
– for the operators of the form

(Tϕ)(t) =
∫
Γ

K(t, τ) −K(t, t)
τ − t

ϕ(τ) dτ, (4.1)

where the function K(t, τ) has some “generalized” Hölder behavior, this com-
pactness playing a key role in the investigation of Fredholm nature of singular
operators.

Observe that compactness of operators with a weak singularity has been
more thoroughly considered. We refer to the book [11] on compactness results for
various kinds of operators in weighted Lebesgue or Orlicz spaces. Compactness
of the operators of form (4.1) in the usual Hölder space Hλ(Γ) corresponding to
the case ω(h) = hλ, when the function K(t, τ) has the Hölder behavior, is known
from [29], see also [30]. Compactness of operators of form (4.1) in Hω(Γ) in the
non-weighted case was considered in [46]–[47]. The general case of weighted spaces
Hω(Γ, ρ) was considered in [33], [36], [39]. We give a formulation of the most
general result for the spaces Hω(Γ, ρ) as found in [39].

Let

Hµ1,µ2(Γ×Γ) = {f(t, τ) : |f(t, τ) − f(u, v)| ≤ A[µ1(|t − u|) + µ2(|τ − v|)]} (4.2)

where µ1 ∈ W, µ2 ∈ W and A > 0 does not depend on t, τ, u, v ∈ Γ.

Theorem 4.1. ([39]). Let ω ∈ Φ and ρ(t) be the weight (2.2) with ϕk ∈ Φ2

⋂
K, k =

1, 2, . . . , n, and let K(t, τ) ∈ Hµ1,µ2(Γ × Γ), where

µ1(h)(1 + |ln h|) ≤ cω(h),
µ2(h)

h
is almost decreasing and µ2(h) ≤ cω(h).

(4.3)
Then the operator T is compact in the space Hω(Γ, ρ).

Corollary 4.2. The commutator aS−Sa of the singular operator is compact in the
space Hω

0 (Γ, ρ), where a ∈ Hω, ω ∈ Φ and ρ is the weight (2.2) with ϕk ∈ Φ2

⋂
K,

k = 1, 2, . . . , n.

5. Fredholmness of the operator N = AP+ + BP−

In this section we will prove a Fredholmness theorem when both the characteristic
ω(x) and the weight functions ϕk(x) are allowed to oscillate (Theorem 5.5). The
curve Γ is assumed to be closed.
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5.1. On (ω, ρ)-non-singularity (ω, ρ)-index

5.1.1. (ω, ρ)-non-singularity. The result on Fredholmness in Hω
0 (Γ, ρ) of the oper-

ator N with piecewise continuous coefficients will use the notion of the (ω, ρ)-index,
which generalizes the µ-index introduced in [9] for ω(h) ≡ hµ when mω = Mω = µ.
The (ω, ρ)-index, introduced below, is determined by the index numbers mω and
Mω of the characteristic ω ∈ Φ = Φ1, (0 < mω < Mω < 1) and the index numbers
αk, βk, k = 1, 2, . . . , n, of the weight functions ϕk ∈ Φ2, 0 < αk ≤ βk < 2, and
plays the same role for the spaces Hω

0 (Γ, ρ) as the (p, ρ)-index ([15], p. 62) does
for the weighted Lebesgue Lp(Γ, ρ).

Let a(t) ∈ PC(Γ) with jumps at the points t1, t2, . . . , tn ∈ Γ and a(Γ) be its
range. Following the ideas ([15]), we add some circular arcs (or “lunes”) to the
range a(Γ) to obtain a closed set. This set in general includes lunes which turn
into arcs when mω = Mω. For any θ ∈ (0, 1) we define

δ(θ) =

{
2πθ, if 0 < θ ≤ 1

2

2π(1 − θ), if 1
2 ≤ θ < 1.

For every point tk of discontinuity of a(t) we introduce two circular arcs ak(θ1
k)

and ak(θ2
k) connecting the points a(tk − 0) and a(tk + 0) which have the angles

δ(θ1
k) and δ(θ2

k), respectively, where θ1
k = αk −Mw, θ2

k = βk −mw and where it is
supposed that

Mω < αk ≤ βk < mω + 1, k = 1, 2, . . . , n.

We make the usual choice ([15], p. 62) of two such possible arcs: running from
z− = a(tk − 0) to z+ = a(tk + 0) along the arc, the straight line connecting z−
and z− is located at the left-hand side if θj

k ≤ 1
2 and at the right-hand side if

θj
k ≥ 1

2 , j = 1, 2. As is known ([15], p.63), the parametric representation of the
arcs ak(θj

k) is, for j = 1, 2,

zj = a(tk−0)[1−fk(ξ)]+a(tk+0)fk(ξ), fk(ξ) =
sin(π − θj

k)ξ
sin(π − θj

k)
ei(π−θj

k)(ξ−1), (5.1)

where 0 ≤ ξ ≤ 1.
Let now Lk be the closed lune having the arcs ak(αk −Mw) and ak(βk −mw)

as boundaries, that is, the set of points of the form (5.1) with θj
k replaced by θ

running over all the values in the interval [θ1
k, θ2

k] = [αk − Mω, βk − mω].
By aω,ρ(Γ), where the weight ρ has form (2.2) with ϕk(x) ∈ Wαk ∩ Wβk

we
denote by Lk the closed set obtained from the range a(Γ) by adding the lunes.

Definition 5.1. A function a ∈ PC(Γ) is called (ω, ρ)-non-singular, if 0 /∈ aω,ρ(Γ).
An equivalent reformulation of (ω, ρ)-non-singularity of a is inf

t∈Γ
|a(t)| > 0 and

µk :=
1
2π

arg
a(tk − 0)
a(tk + 0)

∈ (βk − mω − 1, αk − Mω)(mod 1). (5.2)
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5.1.2. (ω, ρ)-index of a non-singular function a ∈ PC(Γ). For every (ω, ρ)-non-
singular function a, the winding number of the set aω,ρ(Γ) is naturally defined.
This winding number will be called (ω, ρ)-index of the function a and denoted as
indω,ρ a.

Remark 5.2. Obviously, for an (ω, ρ)-non-singular function a the winding number
of the set aω,ρ(Γ) coincides with the winding number of the closed curve obtained
from a(Γ) by adding just one of the arcs ak(αk −Mw) and ak(βk −mw) instead of

the whole lune Lk. Therefore, indω,ρ a in the case of the weight ρ(t) =
n∏

k=1

ϕk(|t−
tk|), ϕk ∈ Wαk ∩ Wβk

, is the same as the (p, ρ1)-index of a(t) with the weight

ρ1(t) =
n∏

k=1

|t − tk|γk , under the change of 1+γk

p by αk − Mω or by βk − mω or by

any value in between (under preservation of the (ω, ρ)-non-singularity of a).

Consequently, making use of the known formulas for the (p, ρ)-index ([15],
p. 66, or [45], p. 134, see also [18], p. 17), we arrive at the following formula for
the (ω, ρ)-index

indω,ρ a =
1
2π

∫
Γ

d arg a(t) −
m∑

k=1

µk (5.3)

where the numbers µk defined in (5.2) are chosen in the interval βk − mω − 1 <
µk < αk − Mω, k = 1, 2, . . . , m.

To reformulate the (p, ρ)-index in terms of the Cauchy index, we use the
standard procedure [12] of multiplication of a piecewise continuous function a by
a power function to obtain a continuous function:

a0(t) :=
a(t)
Λa(t)

∈ C(Γ), Λa(t) =
n∏

k=1

(t − z0)γk , z0 ∈ int Γ, (5.4)

where (t− z0)γk is the power function defined by the cut from z0 to infinity which
crosses Γ only at the point tk, and

γk = γk(a) =
1

2πi
ln

a(tk − 0)
a(tk + 0)

.

The function a0(t) is continuous on Γ independently of the choice of a branch of
the logarithm. From the known results on (p, ρ1)-index [15] and Remark 5.2 there
follows a relation between the Cauchy index (winding number) of the function
a0(t) and the (ω, ρ)-index of the function 1

a(t) :

− indω,ρ
1
a

= ind a0, (5.5)

where it is assumed that ω ∈ Φ, ρ(t) =
n∏

k=1

ϕ(|t − tk|), ϕk ∈ Φ2, Mω < αk ≤
βk < mω + 1, the function a(t) is (ω, ρ)-non-singular, and the numbers Re γk =
1
2π arg a(tk−0)

a(tk+0) are chosen in the interval (βk − mω − 1, αk − Mω).
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5.2. On the imbedding Hω
0 (Γ, ρ) ⊂ Lp(Γ, ρ1)

Weighted spaces Hω
0 (Γ, ρ) may be imbedded into weighted Lebesgue spaces

Lp(Γ, ρ1) =

⎧⎨⎩f :
∫
Γ

ρ1(t)|f(t)|p |dt| < ∞
⎫⎬⎭ .

Theorem 5.3. ([42], Theorem 6.5) Let Γ be a Jordan curve, ω ∈ Φ and ρ be the
weight function (2.2) with ϕk ∈ W and such that ϕk(x) ≥ cxλk , λk ∈ R1

+, k =
1, 2, . . . , n. Then

Hω
0 (Γ, ρ) ⊂ Lp(Γ, ρ1), 1 ≤ p < ∞, (5.6)

where ρ1(t) =
n∏

k=1

|t − tk|νk and νk > p(λk − mω) − 1, k = 1, 2, . . . , n.

Proof. Let n = 1 for simplicity. (The case of multiple points is treated by intro-
ducing the standard partition of unity.) Let f ∈ Hω

0 (Γ, ρ) and ψ(t) = ρ(t)f(t) ∈
Hω

0 (Γ). Then |ψ(t)| = |ψ(t) − ψ(t1)| ≤ ω(ψ, |t − t1|) ≤ ω(|t − t1|)‖ψ‖Hω
0 (Γ) =

ω(|t − t1|)‖f‖Hω
0 (Γ,ρ), and we obtain

|f(t)| ≤ ω(|t − t1|)
ϕ(|t − t1|)‖f‖Hω

0 (Γ,ρ) ≤ C
‖f‖Hω

0 (Γ,ρ)

|t − t1|γk−mω+ε

by (2.10) and the assumption that ϕk(x) ≥ cxλk . Since ε is arbitrary, we arrive at
the imbedding in (5.6) under the condition νk > p(λk − mω) − 1. �

5.3. The case of continuous coefficients

The Fredholmness of the operators AP+ + BP− in the space Hω
0 (Γ, ρ) in the

case of continuous coefficients (A,B ∈ Hω(Γ)) is obtained in the usual manner,
not depending much on the space under consideration, as seen by the following
theorem.

Theorem 5.4. Let A,B ∈ Hω(Γ), ω ∈ Φ and the curve Γ satisfy assumption (ii) of
Theorem 3.1. The operator N = AP+ +BP− is Fredholm in the spaces Hω(Γ) and
Hω

0 (Γ, ρ) with the weight (2.2) where ϕk(x) ∈ Φ2∩K and Mω < αk ≤ βk < mω+1,
if and only if A(t) �= 0,B(t) �= 0. In this case, its index in this space is equal to κ,
the winding number of the function B(t)

A(t) , and the defect numbers of the operator
N are κ and 0, if κ ≥ 0 and 0 and |κ| if, κ ≤ 0.

Such a statement is well known for many other spaces, its proof follows the
same line as for the spaces Hλ(Γ), for instance, since any a ∈ Hω is factorable
in the usual way with factors in Hω. For the spaces Hω

0 (Γ, ρ)), Theorem 5.4 may
be found in [37] (sufficiency) and in [38], Lemma 3.3 (necessity). Note that, as
usual, Fredholmness is a consequence of the existence of the regularizer 1

ab (bP+ +
a+P−) thanks to the compactness of the commutator aS − Sa in Hω

0 (Γ, ρ), see
Theorem 4.2.
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Note that the statement of Theorem 5.4 is also valid within the framework of
a class of arbitrary function spaces on Γ in which the anti-commutant QS + SQ,
where (Qf)(t) = f(t), is compact. See Lemma 3.3 from [38].

5.4. The case of discontinuous coefficients

In this case we only have a sufficient condition for Fredholmness.

Theorem 5.5. Assume the following conditions hold:
(i) ω ∈ Φ;
(ii) a closed curve Γ satisfies assumption (ii) of Theorem 3.1;
(iii) the weight function ρ(t) has the form (2.2) with ϕk(x) ∈ Φ2 ∩ K and

Mω < αk ≤ βk < 1 + mω, k = 1, 2, . . . , n.

Then the operator N with A,B ∈ PHω(Γ) is Fredholm in Hω
0 (Γ, ρ) if

(1) inft∈Γ |A(t)| �= 0, inft∈Γ |B(t)| �= 0,
(2) The function A(t)

B(t) is (ω, ρ)-non-singular.

In this case, the function A(t)
B(t) is (ω, ρ)-non-singular, the index of the operator N

in Hω
0 (Γ, ρ) is equal to κHω

0 (Γ,ρ)(N) = −indω,ρ
A(t)
B(t) , and the defect numbers of the

operator N are κ and 0, if κ ≥ 0 and 0 and |κ| if κ ≤ 0.

Remark 5.6. It is natural to expect that conditions (1)–(2) of Theorem 5.5 are
also necessary for the operator N to be Fredholm in Hω

0 (Γ, ρ). However the proof
requires some new ideas. The difficulty is due to the impossibility of using ap-
proximations in the space Hω

0 (Γ, ρ) which is not a separable space (see the proof
of necessity in the case of equilibrated characteristics and non oscillating weights
in [38]).

5.4.1. Model representations. We follow the standard procedure of reducing the
problem of Fredholmness to that of a model operator with power type discontin-

uous coefficient. Let Λ(t) = Λa(t) =
n∏

k=1

(t − z0)γk be the power function intro-

duced in (5.4), where we take a(t) = A(t)
B(t) and a0(t) = a(t)

Λ(t) . The function a0(t) is
continuous on Γ independently of the choice of a branch of the logarithm. Then
a0(t) ∈ Hω(Γ) by Lemma 2.7. We put

(t − z0)γk =
Λ+

k (t)
Λ−

k (t)
, k = 1, 2, . . . , n,

where Λ±
k (t), t ∈ Γ, are the limiting values of the functions Λ+

k (z) = (z − tk)γk ,

Λ−
k (z) =

(
z−tk

t−z0

)γk

, analytical in D+ = int Γ and D− = ext Γ, respectively.
Under appropriate conditions we can write

Nf = a(t)
(

cI + dΛ+S
1

Λ+

)
(P+ + ΛP−)f (5.7)



Singular Integral Operators in Weighted Spaces 341

where Λ+(t) =
∏n

k=1 Λ+
k (t), c(t) = 1+a0(t)

2 , d(t) = 1−a0(t)
2 . The following lemma

justifies the validity of (5.7) for ϕ ∈ Hω
0 (Γ, ρ). (See Lemmas 10.1 and 10.2 in [38]

and [42], Lemma 6.8.)

Lemma 5.7. Under the assumptions (i)–(iii) of Theorem 5.5, the representation
(5.7) is valid for ϕ ∈ Hω

0 (Γ, ρ) under the choice

Mω − αk < Reγk < 1 + mω − βk, k = 1, 2, . . . , n. (5.8)

Proof. First we observe that all the operators involved in (5.7) are bounded in
the space Hω

0 (Γ, ρ). Thus, d(t) and v(t) are obvious multipliers in Hω(Γ, ρ) and
a(t) and Λ(t) are multipliers in Hω

0 (Γ, ρ) by Lemma 2.7. The operators P± are
bounded by Theorem 3.3. The boundedness of the operator Λ+S 1

Λ+ in Hω
0 (Γ, ρ)

is equivalent to that of the operator S in the space Hω
0 (Γ, ρ̃), where

ρ̃(t) = Λ+(t)ρ(t) =
n∏

k=1

(t − tk)γkϕk(|t − tk|).

Since Γ has no whirling points, by Lemma 2.9 we conclude that

Hω
0 (Γ, ρ̃) = Hω

0 (Γ, ρ0), where ρ0(t) =
n∏

k=1

|t − tk|Re γkϕk(|t − tk|).

Here xRe γkϕk(x) has the index numbers equal to αk + Re γk and βk + Re γk.
Therefore, by Theorem 3.3 the operator S is bounded in the space Hω

0 (Γ, ρ0) if
Mω < αk + Re γk ≤ βk + Re γk < mω + 1, which is our condition (5.8).

To show that representation (5.7) is valid on Hω
0 (Γ, ρ), we first note that it is

valid, as is known, on “nice” functions ϕ(t). This is not yet sufficient, although all
the operators involved in (5.7) are bounded in Hω

0 (Γ, ρ), since no set of functions
(different from Hω

0 (Γ, ρ)) may be dense in Hω
0 (Γ, ρ). To fill in the gap in the

argument, we make use of the imbedding (5.6). Since rational functions are dense
in Lp(Γ, ρ1), 1 ≤ p < ∞, νk > −1 (see for instance [14]), it suffices to guarantee
boundedness of S and Λ+S 1

Λ+ in Lp(Γ, ρ1) which requires the condition

−1 < νk < p − 1 (5.9)

for the operator S, and the condition

−1 < νk + pRe γk < p − 1, k = 1, 2, . . . , n (5.10)

for the operator Λ+S 1
Λ+ , see [14]. It remains to show that both these conditions

on νk are compatible with the condition

νk > p(λk − mω) − 1, λk = βk + ε, ε > 0, (5.11)

of Theorem 5.3. Conditions (5.9) and (5.11) are compatible since βk − mω < 1.
Conditions (5.10) and (5.11) are also compatible because p− 1− pRe γk > p(βk −
mω) − 1 ⇐⇒ Re γk < 1 + mω − βk, the latter inequality being satisfied by (5.8).
Thus, it remains to choose any νk in the non-empty interval

p(βk − mω) − 1 < νk < min(p − 1, p − 1 − pRe γk).
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For such a choice, representation (5.7) is valid on Lp(Γ, ρ1) and then it is
valid on Hω

0 (Γ, ρ) by (5.6). �

Lemma 5.8. ([42], Lemma 6.9) Under assumptions (i)–(iii) of Theorem 5.5 and
condition (5.8), the operator P+ + ΛP− is invertible in Hω

0 (Γ, ρ).

Proof. The equalities

Λ+

(
P+ +

1
Λ

P−

)
1

Λ+
(P+ + ΛP−)f = (P+ + ΛP−)Λ+

(
P+ +

1
Λ

P−

)
1

Λ+
f = f

(5.12)
are well known (see [15]), being easily verified on nice functions. Extension to
Hω

0 (Γ, ρ) can be done in the same way as in the proof of Lemma 5.7, basing on
the imbedding (5.6). Hence the invertibility of the operator P+ +ΛP− in Hω

0 (Γ, ρ)
follows by the boundedness in Hω

0 (Γ, ρ) of all the operators involved in (5.12). �

5.4.2. Proof of Theorem 5.5. We use Theorem 5.4, and Lemmas 5.7 and 5.8. Since
a(t) = A(t)

B(t) is (ω, ρ)-non-singular, by (5.2) we can choose the numbers Re γk =
1
2π arg a(tk+0)

a(tk−0) in the interval (αk − mω − 1, αk − Mω). Then by Lemma 5.7, the
representation (5.7) is valid. To obtain the statements of Theorem 5.5 for the
operator N = AP+ + BP−, it remains to refer to Theorem 5.4 and Lemma 5.8.
In particular, to arrive at the formula for the index, we observe that by (5.7) and
Lemma 5.8

Ind N = ind
(

cI + dΛ+S
1

Λ+

)
= − ind a0(t)

and then the formula for the index follows from (5.5).

6. Singular integral operators with a shift in the spaces Hω
0 (Γ, ρ)

Finally we mention results obtained on Fredholmness of the singular integral op-
erators

Nϕ : = a(t)ϕ(t) + b(t)ϕ[α(t)] + c(t)(Sϕ)(t) + d(t)(Sϕ)[α(t)], t ∈ Γ (6.1)

Γ is a a closed or open curve and α(t) a Carleman shift on Γ:

α[α(t)] ≡ t, t ∈ Γ,

and a(t), b(t), c(t), d(t) ∈ PHω(Γ).
The Fredholm nature of operators (6.1) in weighted Lebesgue spaces Lp(Γ, ρ)

is well known, see for instance, [14]–[15] for operators without shift and [13], [18],
[22], [25], for operators with Carleman shifts. In the case of the spaces Hω

0 (Γ, ρ)
the question of Fredholmness was open even in the case of the usual Hölder spaces,
that is, ω(h) ≡ hλ, 0 < λ < 1).

The result on Fredholmness given below concerns the case of non-oscillating
(equilibrated) characteristics and non-oscillating weights.

The results of this section appear in [40].
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6.1. Assumptions

We assume that the following conditions are satisfied:
(i) conditions on ω(h): ω ∈ Φ, mω = Mω ;
(ii) conditions on the curve: Γ is a GLC with µ(x) satisfying the assumptions in

(2.7) and condition sup
x∈[0,�]

µ(x)
ω(x) (1 + |ln x|) < ∞;

(iii) conditions on the shift α(t): α(t) ∈ C1(Γ) and α′(t) ∈ Hν(Γ) where ν(x)
satisfies the same conditions as γ(x);

(iv) conditions on the weight : the weight ρ(t) has the form (2.2) with ϕk(x) ∈
Φ2 ∩ K with αk = βk and mω < αk < 1 + mω, k = 1, 2, . . . , n;

(v) conditions on the coefficients : a, b, c, d ∈ PHω(Γ) with discontinuities at the
points t1, . . . , tm, α(t1), . . . , α(tm); in the case where the shift changes the
orientation on Γ, we assume that its fixed point(s) do not coincide with any
of the points t1, t2, . . . , tm.

6.2. Notation

Let

A(t) = a(t) + c(t), B(t) = b(t) + d(t), C(t) = a(t) − c(t), D(t) = b(t) − d(t).

We use the standard notation

∆(t) = Ã(t)C(t) − B(t)D̃(t), (6.2)

∆1(t) = A(t)Ã(t) − B(t)B̃(t), ∆2(t) = C(t)C̃(t) − D(t)D̃(t), (6.3)

where Ã(t) = A[α(t)], B̃(t) = B[α(t)] etc, and also

∆+(t) = B̃(t)C(t) − A(t)D̃(t), ∆−(t) = A(t)D̃(t) − B̃(t)C(t). (6.4)

Let also

M+(t) =
1

∆2(t)

(
∆̃(t) ∆̃+(t)
∆+(t) ∆2(t)

)
, M−(t) =

1
∆(t)

(
∆1(t) ∆−(t)

−∆−(t) ∆2(t)

)
under the assumption that ∆2(t) �= 0, ∆(t) �= 0.

As usual, we have to distinguish the cases where the shift α(t) preserves or
changes orientation on Γ. We put

M(t) =

{
M+(t), if the shift changes orientation
M−(t), if it changes orientation.

6.3. Fredholmness theorem

In Theorem 6.1 below the curve Γ may be closed or open. In the latter case the
shift may only be orientation changing on Γ and the end-points of the curve are
assumed to be included into the weight (2.2). In this case, in notation (6.2)–
(6.4) one should take into account that A(t1 − 0) = C(t1 − 0) = A(tm + 0) =
C(tm + 0) = 1, B(t1 − 0) = D(t1 − 0) = B(tm + 0) = D(tm + 0) = 0 and
∆1(t1−0) = ∆1(tm +0) = ∆2(t1−0) = ∆2(tm +0) = 1, ∆(t1−0) = ∆(tm +0) =
1, ∆±(t1 − 0) = ∆±(tm + 0) = 0.
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The notion of (ω, ρ)-index (see (5.3)) is used in Theorem 6.1 below. The + sign
in (6.5) corresponds to the case of preservation of orientation, and − corresponds
to the case when α(t) changes orientation.

We have the following statement on Fredholmness of (6.1):

Theorem 6.1. Suppose assumptions (i)–(v) are satisfied.
Then the operator N defined in (6.1) is Fredholm in the weighted space

Hω
0 (Γ, ρ) if and only if the following matrix singular operator

N =
(

aI + cS bI ± dS

b̃I + d̃S ãI ± c̃S

)
(6.5)

is Fredholm in the space

Hω,2
0 (Γ, ρ) = Hω

0 (Γ, ρ) × Hω
0 (Γ, ρ),

in which case
IndHω

0 (Γ,ρ) N = 1
2 IndHω,2

0 (Γ,ρ) N.

The operator (6.5) is Fredholm in Hω,2
0 (Γ, ρ), if

(1) inf
t∈Γ

|∆j(t)| �= 0, j = 1, 2, in case the shift preserves orientation, and

inf
t∈Γ

|∆(t)| �= 0 in case the shift changes orientation;

(2) arg λ
(k)
1,2 �= 2π(αk − mω) ( mod 2π), k = 1, 2, . . . , m, where λ

(k)
1,2 are the

eigenvalues of the matrix M−1(tk + 0)M(tk − 0).
Under conditions (1)–(2),

IndHω
0 (Γ,ρ) N = −1

2
indω,ρ

∆1(t)
∆2(t)

in case α(t) preserves orientation and

IndHω
0 (Γ,ρ) N = −1

2
indω,ρ

∆[α(t)]
∆(t)

in case it changes orientation.

We refer to [40] for the proof of Theorem 6.1.
Note that in the paper [48] which recently appeared, algebras of singular

operators with shift were considered in the usual Hölder Hλ-spaces with weight.
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1. Introduction

We show that there is a direct and transparent connection between the poly-
Bergman type spaces and certain two-dimensional singular integral operators.

Recall that the poly-Bergman spaces A2
n(Π) and Ã2

n(Π) on the upper half-
plane Π, of analytic and anti-analytic functions respectively, are defined as the
subspaces of L2(Π), endowed with the standard Lebesgue plane measure dv(z) =
dxdy, z = x + iy, and consist of functions satisfying the following equations(

∂

∂z

)n

ϕ =
1
2n

(
∂

∂x
+ i

∂

∂y

)n

ϕ = 0, n ∈ N,

and (
∂

∂z

)n

ϕ =
1
2n

(
∂

∂x
− i

∂

∂y

)n

ϕ = 0, n ∈ N,

respectively.
We introduce as well the following singular integral operators bounded on

L2(Π):

(SΠϕ)(z) = − 1
π

∫
Π

ϕ(ζ)
(ζ − z)2

dv(ζ)

This work was partially supported by CONACYT Project U40654-F, México.
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and its adjoint

(S∗
Πϕ)(z) = − 1

π

∫
Π

ϕ(ζ)
(ζ − z)2

dv(ζ).

A. Dzhuraev [4, 5] showed that for a bounded domain D with smooth bound-
ary the orthogonal projections BD,n and B̃D,n of L2(D) onto the spaces A2

n(D)
and Ã2

n(D), respectively, can be expressed in the form

BΠ,n = I − (SD)n(S∗
D)n + Kn and B̃Π,n = I − (S∗

D)n(SD)n + K̃n,

where Kn and K̃n are compact operators. Recently J. Ramı́rez and I. Spitkovsky
[8] proved that in the case of the upper half-plane Π the compact summands Kn

and K̃n in the above formulas are equal to zero. Using this result Yu. Karlovich and
L. Pessoa [7] described the action of the operators SΠ and S∗

Π on the poly-Bergman
spaces, obtaining the statements of Theorem 3.5 below.

In this paper we propose another, more direct and transparent, approach
to the problem, which follows the ideas of [9, 10] and gives precise information
about the structure of SΠ and S∗

Π. In Section 2 we present necessary facts from
[9, 10]. The core result of the paper is contained in Theorems 3.1 and 3.2 and
gives a simple (functional) model for the operators SΠ and S∗

Π: each of them is
unitary equivalent to the direct sum of two unilateral shifts, forward and backward,
both taken with the infinite multiplicity. This fact permits us an easy access to the
majority of the properties of these operators. The most important properties, in
the context of the paper, are given by the subsequent Theorems 3.5 and 3.7.

2. Poly-Bergman spaces

Let Π be the upper half-plane in C, consider the space L2(Π) endowed with the
usual Lebesgue plane measure dv(z) = dxdy, z = x + iy. Denote by A2(Π) its
Bergman subspace, i.e., the subspace which consists of all functions analytic in Π.
It is well known that the Bergman projection BΠ of L2(Π) onto A2(Π) has the
form

(BΠϕ)(z) = − 1
π

∫
Π

ϕ(ζ)
(z − ζ)2

dv(ζ).

In addition to the Bergman space A2(Π) introduce the space Ã2(Π) as the subspace
of L2(Π) consisting of all functions anti-analytic in Π.

Further, analogously to the Bergman spaces A2(Π) and Ã2(Π), introduce the
spaces of poly-analytic and poly-anti-analytic functions (see, for example, [1, 2, 4,
5]), the poly-Bergman spaces.

We define the space A2
n(Π) of n-analytic functions as the subspace of L2(Π)

of all functions ϕ = ϕ(z, z) = ϕ(x, y), which satisfy the equation(
∂

∂z

)n

ϕ =
1
2n

(
∂

∂x
+ i

∂

∂y

)n

ϕ = 0.
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Similarly, we define the space Ã2
n(Π) of n-anti-analytic functions as the sub-

space of L2(Π) of all functions ϕ = ϕ(z, z) = ϕ(x, y), which satisfy the equation(
∂

∂z

)n

ϕ =
1
2n

(
∂

∂x
− i

∂

∂y

)n

ϕ = 0.

Of course, we have A2
1(Π) = A2(Π) and Ã2

1(Π) = Ã2(Π), for n = 1, as well as
A2

n(Π) ⊂ A2
n+1(Π) and Ã2

n(Π) ⊂ Ã2
n+1(Π), for each n ∈ N.

Finally introduce the space A2
(n)(Π) of true-n-analytic functions by

A2
(n)(Π) = A2

n(Π) �A2
n−1(Π),

for n > 1, and by A2
(1)(Π) = A2

1(Π); and, symmetrically, introduce the space

Ã2
(n)(Π) of true-n-anti-analytic functions by

Ã2
(n)(Π) = Ã2

n(Π) � Ã2
n−1(Π),

for n > 1, and by Ã2
(1)(Π) = Ã2

1(Π), for n = 1.
We have, of course,

A2
n(Π) =

n⊕
k=1

A2
(k)(Π) and Ã2

n(Π) =
n⊕

k=1

Ã2
(k)(Π).

To formulate the main result of this section we need more definitions. We
start by introducing two unitary operators. Define the unitary operator

U1 = F ⊗ I : L2(Π) = L2(R) ⊗ L2(R+) −→ L2(R) ⊗ L2(R+), (1)

where the Fourier transform F : L2(R) → L2(R) is given by

(Ff)(x) =
1√
2π

∫
R

e−ixξf(ξ) dξ. (2)

The second unitary operator

U2 : L2(Π) = L2(R) ⊗ L2(R+) −→ L2(R) ⊗ L2(R+)

is given by

(U2ϕ)(x, y) =
1√
2|x| ϕ(x,

y

2|x| ). (3)

Then the inverse operator U−1
2 = U∗

2 : L2(R) ⊗ L2(R+) −→ L2(R) ⊗ L2(R+) acts
as follows,

(U−1
2 ϕ)(x, y) =

√
2|x|ϕ(x, 2|x| · y).

Recall (see, for example, [3]), that the Laguerre polynomial Ln(y) of degree
n, n = 0, 1, 2, . . . , and type 0 is defined by

Ln(y) = L0
n(y) =

ey

n!
dn

dyn
(e−y yn)

=
n∑

k=0

n!
k!(n − k)!

(−y)k

k!
, y ∈ R+, (4)
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and that the system of functions

�n(y) = e−y/2Ln(y), n = 0, 1, 2, . . . (5)

forms an orthonormal basis in the space L2(R+).
Denote by Ln, n = 0, 1, 2, . . . , the one-dimensional subspace of L2(R+) gen-

erated by the function �n(y).
The main result of the section reads as follows.

Theorem 2.1. The unitary operator

U = U2U1 : L2(R) ⊗ L2(R+) → L2(R) ⊗ L2(R+)

provides the following isometrical isomorphisms of the above spaces:

1. Isomorphic images of poly-analytic spaces

U : A2
(n)(Π) −→ L2(R+) ⊗ Ln−1,

U : A2
n(Π) −→ L2(R+) ⊗

n−1⊕
k=0

Lk,

U :
∞⊕

k=1

A2
(k)(Π) −→ L2(R+) ⊗ L2(R+).

2. Isomorphic images of poly-anti-analytic spaces

U : Ã2
(n)(Π) −→ L2(R−) ⊗ Ln−1,

U : Ã2
n(Π) −→ L2(R−) ⊗

n−1⊕
k=0

Lk,

U :
∞⊕

k=1

Ã2
(k)(Π) −→ L2(R−) ⊗ L2(R+).

3. Furthermore we have the following decomposition of the space L2(Π)

L2(Π) =
∞⊕

k=1

(A2
(k)(Π) ⊕ Ã2

(k)(Π))

=
∞⊕

k=1

A2
(k)(Π) ⊕

∞⊕
k=1

Ã2
(k)(Π).

3. Two-dimensional singular integral operators

We introduce the following singular integral operators bounded on L2(Π):

(SΠϕ)(z) = − 1
π

∫
Π

ϕ(ζ)
(ζ − z)2

dv(ζ)
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and its adjoint

(S∗
Πϕ)(z) = − 1

π

∫
Π

ϕ(ζ)
(ζ − z)2

dv(ζ).

Note, that the operators SΠ and S∗
Π are the restrictions onto the upper half-

plane Π of the following classical two-dimensional singular integral operators over
C = R2,

(SR2ϕ)(z) = − 1
π

∫
R2

ϕ(ζ)
(ζ − z)2

dv(ζ) and (S∗
R2ϕ)(z) = − 1

π

∫
R2

ϕ(ζ)
(ζ − z)2

dv(ζ),

which are given in terms of the Fourier transform as follows,

SR2 = F−1 ζ

ζ
F and S∗

R2 = S−1
R2 = F−1 ζ

ζ
F, (6)

where ζ = ξ + iη = (ξ, η), and the Fourier transform F is given by

(Fϕ)(ζ) =
1
2π

∫
R2

e−iζ·z ϕ(z) dv(z),

where z = x + iy = (x, y), and ζ · z = ξx + ηy.
By (6) these operators admit the following representations:

SΠ = (I ⊗ χ+I)SR2(I ⊗ χ+I)

= (I ⊗ χ+I)(F−1 ⊗ F−1)
ξ − iη

ξ + iη
(F ⊗ F )(I ⊗ χ+I) (7)

and

S∗
Π = (I ⊗ χ+I)S∗

R2(I ⊗ χ+I)

= (I ⊗ χ+I)(F−1 ⊗ F−1)
ξ + iη

ξ − iη
(F ⊗ F )(I ⊗ χ+I),

where ξ, η ∈ R, and the one-dimensional Fourier transform F is given by (2).
Let us introduce the following integral operators

(S+f)(y) = −f(y) + e−
y
2

∫ y

0

e
t
2 f(t) dt,

(S−f)(y) = −f(y) + e
y
2

∫ ∞

y

e−
t
2 f(t) dt,

which, as we will see later on, are bounded on L2(R+) and are mutually adjoint.
As in Section 2 we will use the unitary operator

U = U2U1 : L2(R) ⊗ L2(R+) −→ L2(R) ⊗ L2(R+),

where the operators U1 and U2 are given by (1) and (3) respectively.

Theorem 3.1. The unitary operator U = U2U1 gives an isometrical isomorphism
of the space L2(Π) = [L2(R+) ⊗ L2(R+)] ⊕ [L2(R−) ⊗ L2(R+)] under which the
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two-dimensional singular integral operators SΠ and S∗
Π are unitary equivalent to

the following operators

U SΠ U−1 = (I ⊗ S+) ⊕ (I ⊗ S−),
U S∗

Π U−1 = (I ⊗ S−) ⊕ (I ⊗ S+).

Proof. By the representation (7) we have

S1 = U1SΠU−1
1 = (F ⊗ I)SΠ(F−1 ⊗ I)

= (I ⊗ χ+I)(I ⊗ F−1)
ξ − iη

ξ + iη
(I ⊗ F )(I ⊗ χ+I).

The operator U2 is unitary on both L2(R+) and L2(R), and furthermore it com-
mutes with χR+I. Direct calculation shows that

U2(I ⊗ F−1)
ξ − iη

ξ + iη
(I ⊗ F )U−1

2 = (I ⊗ F−1)
1
2 signx − iη
1
2 signx + iη

(I ⊗ F ).

Thus

S2 = USΠU−1 = U2S1U
−1
2

= (χ+I ⊗ χ+I)(I ⊗ F−1)
1
2 − iη
1
2 + iη

(I ⊗ F )(χ+I ⊗ χ+I)

+ (χ−I ⊗ χ+I)(I ⊗ F−1)
1
2 + iη
1
2 − iη

(I ⊗ F )(χ−I ⊗ χ+I)

and

S∗
2 = US∗

ΠU−1

= (χ+I ⊗ χ+I)(I ⊗ F−1)
1
2 + iη
1
2 − iη

(I ⊗ F )(χ+I ⊗ χ+I)

+ (χ−I ⊗ χ+I)(I ⊗ F−1)
1
2 − iη
1
2 + iη

(I ⊗ F )(χ−I ⊗ χ+I).

The symbols of the two convolution operators

S̃+ = F−1
1
2 − iη
1
2 + iη

F and S̃− = F−1
1
2 + iη
1
2 − iη

F,

which are obviously bounded on L2(R), admit the following representations,
1
2 − iη
1
2 + iη

= −1 − iη
1
4 + η2

+
1
2

1
4 + η2

and
1
2 + iη
1
2 − iη

= −1 +
iη

1
4 + η2

+
1
2

1
4 + η2

,

respectively.
Using the formulas 17.23.14 and 17.23.15 of [6] we have

F

( 1
2

1
4 + η2

)
=
√

π

2
e−

|y|
2 , F

(
iη

1
4 + η2

)
=
√

π

2
sign y e−

|y|
2 ,
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and thus

(S̃+f)(y) = −f(y) +
1√
2π

∫
R

√
π

2
e−

|t−y|
2 (1 − sign(t − y))f(t)dt

= −f(t) +
∫

R

e−
|t−y|

2 χ−(t − y)f(t)dt

and

(S̃−f)(y) = −f(y) +
1√
2π

∫
R

√
π

2
e−

|t−y|
2 (1 + sign(t − y))f(t)dt

= −f(t) +
∫

R

e−
|t−y|

2 χ+(t − y)f(t)dt.

Then the operators S+ = χ+S̃+χ+I|L2(R+)
and S− = χ+S̃−χ+I|L2(R+)

, acting on
L2(R+), are as follows:

(S+f)(y) = −f(t) +
∫

R+

e−
|t−y|

2 χ−(t − y)f(t)dt

= −f(y) + e−
y
2

∫ y

0

e
t
2 f(t)dt

and

(S−f)(y) = −f(t) +
∫

R+

e−
|t−y|

2 χ+(t − y)f(t)dt

= −f(y) + e
y
2

∫ ∞

y

e−
t
2 f(t)dt.

Thus finally

USΠU−1 = (χ+I ⊗ χ+I)(I ⊗ S̃+)(χ+I ⊗ χ+I)

+ (χ−I ⊗ χ+I)(I ⊗ S̃−)(χ−I ⊗ χ+I)
= χ+I ⊗ S+ + χ−I ⊗ S−
= (I ⊗ S+) ⊕ (I ⊗ S−)

and

US∗
ΠU−1 = (χ+I ⊗ χ+I)(I ⊗ S̃−)(χ+I ⊗ χ+I)

+ (χ−I ⊗ χ+I)(I ⊗ S̃+)(χ−I ⊗ χ+I)
= χ+I ⊗ S− + χ−I ⊗ S+

= (I ⊗ S−) ⊕ (I ⊗ S+),

where the last lines in both representations are written according to the splitting

L2(Π) = [L2(R+) ⊗ L2(R+)] ⊕ [L2(R−) ⊗ L2(R+)] . �
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We continue to use an orthonormal basis

�n(y) = e−y/2Ln(y), n = 0, 1, 2, . . . ,

of the space L2(R+), where the Laguerre polynomials Ln(y) are given by (4).

Theorem 3.2. For each admissible n, the following equalities hold:

(S+�n)(y) = −�n+1(y), (S−�n)(y) = −�n−1(y), and (S−�0)(y) = 0.

Proof. By [6], formula 8.971.1, we have

L′
n(y) − L′

n+1(y) = Ln(y). (8)

Taking into account that Ln(0) = 1, for all n, the integral form of the above
formula is as follows:

Ln(y) − Ln+1(y) =
∫ y

0

Ln(t)dt.

Calculate now

(S+�n)(y) = −e−
y
2 Ln(y) + e−

y
2

∫ y

0

Ln(t)dt

= e−
y
2 (−Ln(y) + Ln(y) − Ln+1(y)) = −�n+1(y).

Integrating by parts twice and using (8), we have∫ ∞

y

e−tLn(t)dt = e−yLn(y) +
∫ ∞

y

e−tL′
n−1(t)dt −

∫ ∞

y

e−tLn−1(t)dt

= e−yLn(y) −
∫ ∞

y

e−tLn−1(t)dt

− e−yLn−1(y) +
∫ ∞

y

e−tLn−1(t)dt

= e−yLn(y) − e−yLn−1(y).

Thus

(S−�n)(y) = −e−
y
2 Ln(y) + e

y
2

∫ ∞

y

e−tLn(t)dt

= −e−
y
2 Ln(y) + e

y
2
(
e−yLn(y) − e−yLn−1(y)

)
= −�n−1(y).

Finally,

(S−�0)(y) = −e−
y
2 + e

y
2

∫ ∞

y

e−tdt = 0. �

It is convenient to change the previously used basis {�n(y)}∞n=0 of L2(R+) to
the new basis {�̃n(y)}∞n=0, where

�̃n(y) = (−1)n�n(y), n = 0, 1, 2, . . . .

We note that the previously defined one-dimensional spaces Ln are generated by
the new basis elements �̃n(y) as well, and that the statements of Theorem 2.1
remain valid without any change.
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Remark 3.3. As the previous theorem shows, the operator S+ is an isometric op-
erator on L2(R+) and is nothing but the unilateral forward shift with respect to
the basis {�̃n(y)}∞n=0. Its adjoint operator S− is the unilateral backward shift with
respect to the same basis, and its kernel coincides with the one-dimensional space
L0 generated by �̃0(y) = e−

y
2 .

The above, together with Theorem 3.1, permits us to give a simple functional
model for both operators SΠ and S∗

Π. Each of them is unitary equivalent to the
direct sum of two unilateral shifts, forward and backward, both taken with the
infinite multiplicity.

Let

L⊕
n =

n⊕
k=0

Lk

be the direct sum of the first (n + 1) Lk-spaces. We denote by Pn and P⊕
n the

orthogonal projections of L2(R+) onto Ln and L⊕
n , respectively.

Corollary 3.4. For all admissible indices, we have

P0 = I − S+S−,

Pn = Sn
+P0S

n
−,

P⊕
n = I − Sn+1

+ Sn+1
− ,

Sk
+ |Ln

: Ln −→ Ln+k,

Sk
− |Ln

: Ln −→ Ln−k.

The next result was obtained in [7] (see Theorem 2.4 and Corollary 2.6
therein) and shows that the action of both operators SΠ and S∗

Π is extremely
transparent according to the decomposition

L2(Π) =
∞⊕

k=1

A2
(k)(Π) ⊕

∞⊕
k=1

Ã2
(k)(Π).

In our approach it is just a straightforward corollary of Theorems 2.1, 3.1, and
Corollary 3.4.

Theorem 3.5. For all admissible indices, we have

(SΠ)k |A2
(n)(Π)

: A2
(n)(Π) −→ A2

(n+k)(Π),

(SΠ)k |Ã2
(n)(Π)

: Ã2
(n)(Π) −→ Ã2

(n−k)(Π),

(S∗
Π)k |Ã2

(n)(Π)
: Ã2

(n)(Π) −→ Ã2
(n+k)(Π),

(S∗
Π)k |A2

(n)(Π)
: A2

(n)(Π) −→ A2
(n−k)(Π),

ker(SΠ)n = Ã2
n(Π), (Im (SΠ)n)⊥ = A2

n(Π),

ker(S∗
Π)n = A2

n(Π), (Im (S∗
Π)n)⊥ = Ã2

n(Π).
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Corollary 3.6. Each true-n-analytic function ψ admits the following representa-
tion,

ψ = (SΠ)n−1ϕ,

where ϕ ∈ A2(Π).
Each true-n-anti-analytic function g admits the following representation,

g = (S∗
Π)n−1f,

where f ∈ Ã2(Π).

We denote by BΠ,(n) and B̃Π,(n) the orthogonal projections of L2(Π) onto the
spaces A2

(n)(Π) and Ã2
(n)(Π), consisting of true-n-analytic and true-n-anti-analytic

functions respectively. Let BΠ,n and B̃Π,n be the orthogonal projections of L2(Π)
onto the spaces A2

n(Π) and Ã2
n(Π), consisting of n-analytic and n-anti-analytic

functions respectively.
We summarize now some important properties of the above projections in

terms of singular operators.

Theorem 3.7. For all admissible indices, we have

BΠ = I − SΠS∗
Π,

B̃Π = I − S∗
ΠSΠ,

BΠ,n = I − (SΠ)n(S∗
Π)n,

B̃Π,n = I − (S∗
Π)n(SΠ)n,

BΠ,(n) = (SΠ)n−1BΠ(S∗
Π)n−1 = (SΠ)n−1(S∗

Π)n−1 − (SΠ)n(S∗
Π)n,

B̃Π,(n) = (S∗
Π)n−1B̃Π(SΠ)n−1 = (S∗

Π)n−1(SΠ)n−1 − (S∗
Π)n(SΠ)n,

BΠ,(n+1) = SΠBΠ,(n)S
∗
Π,

B̃Π,(n+1) = S∗
ΠB̃Π,(n)SΠ.

Proof. Follows directly from Theorems 2.1, 3.1, and Corollary 3.4. �
As direct corollaries of the above results we mention as well the following

statements.

Corollary 3.8. For all n ∈ N, we have

(SΠ)n(S∗
Π)n(SΠ)n = (SΠ)n, (S∗

Π)n(SΠ)n(S∗
Π)n = (S∗

Π)n.

Introduce the operator

(SRϕ)(x) =
1
πi

∫
R

ϕ(ξ)
ξ − x

dξ,

acting on L2(R). It is well known that the operators

P± =
1
2
(I ± SR)

are the Szegő projections of L2(R) onto the Hardy spaces on the upper and lower
half-planes, respectively.
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Theorem 3.9. The following holds:

s− lim
n→∞(S∗

Π)n(S∗
Π)n = P+ ⊗ I,

s− lim
n→∞(SΠ)n(S∗

Π)n = P− ⊗ I,

s− lim
n→∞[(S∗

Π)n(S∗
Π)n, (SΠ)n(S∗

Π)n] = SR ⊗ I,

s− lim
n→∞((S∗

Π)n(S∗
Π)n + (SΠ)n(S∗

Π)n) = I

Corollary 3.10. We have

s− lim
n→∞BΠ,n = P+ ⊗ I,

s− lim
n→∞ B̃Π,n = P− ⊗ I.
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Weak Mixing Properties of Vector Sequences

László Zsidó

Dedicated to the memory of our colleague Gert K. Pedersen

Abstract. Notions of weak and uniformly weak mixing (to zero) are defined
for bounded sequences in arbitrary Banach spaces. Uniformly weak mixing
for vector sequences is characterized by mean ergodic convergence properties.
This characterization turns out to be useful in the study of multiple recur-
rence, where mixing properties of vector sequences, which are not orbits of
linear operators, are investigated. For bounded sequences, which satisfy a cer-
tain domination condition, it is shown that weak mixing to zero is equivalent
with uniformly weak mixing to zero.

Mathematics Subject Classification (2000). Primary 47A35; Secondary 37A25,
37A55.

Keywords. Weak mixing, uniformly weak mixing, relatively dense set, non-
zero upper Banach density, shift-bounded sequence.

1. Introduction

We recall that the upper density D∗(A) and the lower density D∗(A) of some
A ⊂ N := { 0 , 1 , 2 , . . . } are defined by

D∗(A) := lim
n→∞

1
n + 1

card
(A∩ [0, n]

)
, D∗(A) := lim

n→∞
1

n + 1
card

(A∩ [0, n]
)

(see, e.g., [7], Chapter 3, §5 or [12], §2.3). If upper and lower densities coincide
then A is called having density D(A) := D∗(A) = D∗(A) .

Clearly, for A ⊂ N∗ := N \ {0} = { 1 , 2 , . . . } we can use also the formulas

D∗(A) = lim
n→∞

1
n

card
(A ∩ [1, n]

)
, D∗(A) = lim

n→∞
1
n

card
(A ∩ [1, n]

)
.

Supported by MIUR, GNAMPA-INDAM and EU.
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The upper (resp. lower) density of a sequence (kj)j≥1 in N∗ means the upper
(resp. lower) density of the subset { kj ; j ≥ 1 } of N∗ . It is easy to see that the
lower density of a strictly increasing (kj)j≥1 is > 0 if and only if supj≥1

kj

j < +∞ .
Let X be a Banach space with dual space X∗ . We shall say that a sequence

(xk)k≥1 in X is weakly mixing to zero if

lim
n→∞

1
n

n∑
k=1

|〈x∗, xk〉| = 0 for all x∗ ∈ X∗ , (1.1)

and we shall say that it is uniformly weakly mixing to zero if

lim
n→∞ sup

{ 1
n

n∑
k=1

|〈x∗, xk〉| ; x∗ ∈ X∗ , ‖x∗‖ ≤ 1
}

= 0 . (1.2)

A linear operator U : X → X is usually called weakly mixing to zero at x ∈ X if
the orbit

(
Uk(x)

)
k≥1

is weakly mixing to 0 .
The following characterization of weak mixing to zero for power bounded

linear operators, which is a counterpart of the Blum-Hanson theorem [3] for weak
mixing, was proved by L.K. Jones and M. Lin [10] :

Theorem 1.1. Let U be a power bounded linear operator on a Banach space X ,
x ∈ X , and xk = Uk(x) , k ≥ 1 . Then the following conditions are equivalent :

(i) The sequence (xk)k≥1 is weakly mixing to zero.
(j) The sequence (xk)k≥1 is uniformly weakly mixing to zero.
(jj) For every sequence k1 < k2 < · · · in N∗ of lower density > 0 ,

lim
n→∞

∥∥∥ 1
n

n∑
k=1

xkj

∥∥∥ = 0 .

One main goal of this paper is to prove in the next section that conditions
(j) and (jj) in Theorem 1.1 are equivalent for any bounded sequence (xk)k≥1 in
the Banach space X , not only for the points of an orbit of some power bounded
linear operator on X (Theorem 2.3). Therefore, for any bounded sequence in a
Banach space, uniformly weak mixing to zero is equivalent with the mean ergodic
convergence property from (jj) (in particular, for bounded sequences in Hilbert
spaces, our notion of “uniformly weak mixing to zero” coincides with the notion
of “weak mixing” considered in [2]).

We note that this result was used by C. Niculescu, A. Ströh and L. Zsidó to
prove that if Φ is a ∗-endomorphism of a C∗-algebra A , leaving invariant a state ϕ
of A , whose support in A∗∗ belongs to the center of A∗∗ , and Φ is weakly mixing
with respect to ϕ , then Φ is automatically weakly mixing of order 2 ([13], Theorem
1.3): this is a partial extension to the non-commutative C∗-dynamical systems of a
classical result of H. Furstenberg, according to which every weakly mixing measure
preserving transformation of a probability measure space is weakly mixing of any
order ([7], Theorem 4.11).
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For general bounded sequences in Banach spaces (or even in Hilbert spaces),
condition (i) in Theorem 1.1 does not imply the equivalent conditions (j) and (jj)
(Examples 3.1 and 3.2). Nevertheless, we shall prove in Section 5 that (i) implies
(j) and (jj) provided that the sequence satisfies some appropriate domination con-
dition, called “convex shift-boundedness”, which of course holds if the sequence is
an orbit of some power bounded linear operator. Actually it will be proved that if
a convex shift-bounded sequence (xk)k≥1 in the Banach space X is weakly mixing
to zero, then

lim
a,b∈N

∗
b−a→∞

sup
{ 1

b − a + 1

b∑
k=a

|〈x∗, xk〉| ; x∗ ∈ X∗ , ‖x∗‖ ≤ 1
}

= 0 (1.3)

(Theorem 5.2). Its proof depends upon a structure theorem for sets of natural
numbers of non-zero upper Banach density (Theorem 4.2), which is of interest in
and of itself. We notice that if (xk)k≥1 is an orbit of some power bounded linear
operator on X , then (1.3) is an immediate consequence of (1.2).

Finally, in Section 6 it will be shown that in uniformly convex Banach spaces
the above implication holds for sequences which satisfy a condition weaker than
convex shift-boundedness (Theorem 6.3).

We note that a short investigation of the ergodicity, that is of the Cesaro
norm-convergence to zero, of convex shift-bounded sequences is postponed to an
appendix.

2. Uniformly weak mixing to zero

A subset N of N∗ is called relatively dense if there exists L > 0 such that every
interval of natural numbers of length ≥ L contains some element of N . In this
case D∗(N ) ≥ 1

L clearly holds, so relatively dense sets are of lower density > 0 .
A sequence (kj)j≥1 in N∗ is called relatively dense if the subset { kj ; j ≥ 1 }

of N∗ is relatively dense. It is easy to see that a strictly increasing sequence (kj)j≥1

is relatively dense if and only if supj≥1 (kj+1 − kj) < +∞ .
The proof of the following lemma is immediate and we give it only for the

sake of completeness:

Lemma 2.1. For any sequence (xk)k≥1 in a Banach space and for any sequence
k1 < k2 < · · · in N∗ of lower density > 0 we have∥∥∥ 1

n

n∑
j=1

xkj

∥∥∥ −→ 0 ⇐⇒
∥∥∥ 1

n

∑
k∈{k1,k2,...}

k≤n

xk

∥∥∥ −→ 0 .

Proof. For =⇒ : with n ≥ k1 , defining j(n) ∈ N∗ by kj(n) ≤ n < kj(n)+1 , we have∥∥∥ 1
n

∑
k∈{k1,k2,...}

k≤n

xk

∥∥∥ =
∥∥∥ 1

n

j(n)∑
j=1

xkj

∥∥∥ =
j(n)
n︸ ︷︷ ︸
≤ 1

·
∥∥∥ 1

j(n)

j(n)∑
j=1

xkj

∥∥∥ n→∞−−−−→ 0 .
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The converse implication ⇐= follows by using∥∥∥ 1
n

n∑
j=1

xkj

∥∥∥ =
∥∥∥ 1

n

∑
k∈{k1,k2,...}

k≤kn

xk

∥∥∥ =
kn

n
·
∥∥∥ 1

kn

∑
k∈{k1,k2,...}

k≤kn

xk

∥∥∥ . �

The next lemma is the main ingredient in the proof of the main result of the
section:

Lemma 2.2. Let Ω be a compact Hausdorff topological space, and f1 , f2 , . . . con-
tinuous complex functions on Ω of uniform norm ‖fk‖∞ ≤ 1 . If∥∥∥ 1

n

n∑
j=1

fkj

∥∥∥
∞

−→ 0 for every relatively dense sequence k1 < k2 < · · · in N∗ ,

then ∥∥∥ 1
n

n∑
k=1

|fk|
∥∥∥
∞

−→ 0 .

Proof. Without loss of generality we can assume that the functions fk are real.
Furthermore, since |fk| = 2 fk

+ − fk , it is enough to prove that∥∥∥ 1
n

n∑
k=1

fk
+
∥∥∥
∞

−→ 0 .

Let us assume the contrary, that is the existence of some εo > 0 for which

J :=
{

n ≥ 1 ;
∥∥∥ 1

n

n∑
k=1

fk
+
∥∥∥
∞

≥ εo

}
is infinite.

For every n ∈ J there exists ωn ∈ Ω such that

the cardinality of Nn := { 1 ≤ k ≤ n ; fk
+(ωn) ≥ εo

2
} is ≥ n εo

2
.

Indeed, if ωn ∈ Ω is chosen such that

1
n

n∑
k=1

fk
+(ωn) =

∥∥∥ 1
n

n∑
k=1

fk
+
∥∥∥
∞

≥ εo

then

εo ≤ 1
n

( ∑
k∈Nn

fk
+(ωn) +

∑
1≤k≤n
k/∈Nn

fk
+(ωn)

)

≤ 1
n

(
card (Nn) +

εo

2
(
n − card (Nn)

))
≤ 1

n
card (Nn) +

εo

2
.
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Denoting now the least element of J by k1 , we can recursively construct a
sequence k1 < k2 < · · · in J such that for

the cardinality of N ′
kj+1

:= { k ∈ Nkj+1
; k > kj } is ≥ kj+1 · εo

4
, j ≥ 1 .

Indeed, it is enough to choose kj+1 ≥ 4 kj

εo
, because then

card (N ′
kj+1

) ≥ card (Nkj+1
) − kj ≥ kj+1 · εo

2
− kj ≥ kj+1 · εo

4
.

Putting
N :=

⋃
j≥2

N ′
kj

,

we have for every j ≥ 2, N ∩ (kj−1, kj ] = N ′
kj

⊂ Nkj
, so in particular,

k ∈ N , kj−1 < k ≤ kj =⇒ fk
+(ωkj

) ≥ εo

2
=⇒ fk(ωkj

) = fk
+(ωkj

) ≥ εo

2
.

Let us choose some integer p ≥ 16
εo

2 . Since

N (p) := N ∪ { p , 2 p , 3 p . . . } ⊂ N∗

is relatively dense, by the assumption on the functions fk and by Lemma 2.1 there
exists mo ≥ 1 such that

m ≥ mo =⇒
∥∥∥ 1

m

∑
k∈N (p)

k≤m

fk

∥∥∥
∞

≤ εo
2

34
.

Then we get for any j ≥ 2 with kj−1 ≥ mo

εo
2

17
= 2

εo
2

34
≥
∥∥∥ 1

kj

∑
k∈N (p)

k≤kj

fk

∥∥∥
∞

+
∥∥∥ 1

kj−1

∑
k∈N (p)

k≤kj−1

fk

∥∥∥
∞

≥
∥∥∥ 1

kj

∑
k∈N (p)

kj−1<k≤kj

fk

∥∥∥
∞

≥
∣∣∣ 1
kj

∑
k∈N (p)

kj−1<k≤kj

fk(ωkj
)
∣∣∣

≥
∣∣∣ 1
kj

∑
k∈N

kj−1<k≤kj

fk(ωkj
)
∣∣∣− ∣∣∣ 1

kj

∑
kj−1<k≤kj

k a multiple of p

fk(ωkj
)
∣∣∣

≥ 1
kj

· εo

2
· card (N ′

kj
) − 1

kj
· card ({ 1 ≤ k ≤ kj ; k a multiple of p })

≥ 1
kj

· εo

2
· kj · εo

4
− 1

kj
· kj

p
=

εo
2

8
− 1

p
≥ εo

2

16
,

which is absurd. �
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We can now characterize uniformly weak mixing to zero for bounded se-
quences in Banach spaces by mean ergodic convergence properties:

Theorem 2.3 (Mean ergodic description of uniformly weak mixing). For a bounded
sequence (xk)k≥1 in a Banach space X , the following conditions are equivalent :

(j) (xk)k≥1 is uniformly weakly mixing to zero, that is

lim
n→∞ sup

{ 1
n

n∑
k=1

|〈x∗, xk〉| ; x∗ ∈ X∗ , ‖x∗‖ ≤ 1
}

= 0 .

(jj) For every sequence k1 < k2 < · · · in N∗ of lower density > 0 ,

lim
n→∞

∥∥∥ 1
n

n∑
j=1

xkj

∥∥∥ = 0 .

(jjj) For every relatively dense sequence k1 < k2 < · · · in N∗ ,

lim
n→∞

∥∥∥ 1
n

n∑
j=1

xkj

∥∥∥ = 0 .

Proof. Implication (j)⇒ (jj) follows immediately from Lemma 2.1 and (jj)⇒ (jjj)
is trivial.

For (jjj)⇒ (j) we recall that the closed unit ball BX∗ of X∗ is weak∗-compact
and the evaluation functions fx : BX∗ ) x∗ 
→ 〈x∗, x〉 , x ∈ X are weak∗-
continuous. Since

(j) means
1
n

n∑
k=1

|fx
k
| uniformly−−−−−−−→ 0 and

(jjj) means that, for every relatively dense sequence k1 < k2 < · · · in N∗ ,

1
n

n∑
k=1

fxkj

uniformly−−−−−−−→ 0 ,

implication (jjj)⇒ (j) follows from Lemma 2.2. �

Theorem 2.3 yields a similar characterization of weak mixing to zero:

Corollary 2.4. For a bounded sequence (xk)k≥1 in a Banach space X and x∗ ∈ X∗,
the following conditions are equivalent :

(i)x∗ lim
n→∞

1
n

n∑
k=1

|〈x∗, xk〉| = 0 .

(ii)x∗ For every sequence k1 < k2 < · · · in N∗ of lower density > 0 ,

lim
n→∞

〈
x∗,

1
n

n∑
j=1

xkj

〉
= 0 .
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(iii)x∗ For every relatively dense sequence k1 < k2 < · · · in N∗ ,

lim
n→∞

〈
x∗,

1
n

n∑
j=1

xkj

〉
= 0 .

Proof. We have just to apply Theorem 2.3 to the bounded scalar sequence(〈x∗, xk〉
)

k≥1
. �

3. Comparison of weak and uniformly weak mixing to zero

Let us first give an example of a bounded sequence in the Banach space C
(
[0, 1]

)
of all continuous functions on [0, 1] , which satisfies (i) but not (j) in Theorem 1.1.
‖ · ‖∞ will stand for the uniform norm on C

(
[0, 1]

)
and supp (f) will denote the

support of f ∈ C
(
[0, 1]

)
.

Example 3.1. Let 1 = n1 < n2 < · · · be a sequence in N∗ such that
nj − 1

nj+1 − 1
≤ 1

2
, j ≥ 1

(for example, n1 = 1 , n2 = 2 and nj+1 = 2 nj − 1 for j ≥ 2 ) ,

1 > t1 > t2 > · · · > 0 , tj −→ 0

real numbers, and gj : [0, 1] −→ [0, 1] , j ≥ 1 , continuous functions such that

supp (gj) ⊂ [tj+1, tj ] and ‖gj‖∞ = 1 for all j ≥ 1 .

If we set
fk = gj for nj ≤ k < nj+1 ,

then (fk)k≥1 is a bounded sequence in C
(
[0, 1]

)
, which is weakly convergent to

zero, and so is weakly mixing to zero, but which is not uniformly weakly mixing to
zero.

Proof. Since 0 ≤ fk ≤ 1 for every k ≥ 1 , according to the Riesz representation
theorem and the Lebesgue dominated convergence theorem, the weak convergence
of (fk)k≥1 to zero is equivalent to

fk

pointwise−−−−−−−→ 0 , (3.1)

while (1.2) for (fk)k≥1 is equivalent with

1
n

n∑
k=1

fk

uniformly−−−−−−−→ 0 . (3.2)

For (3.1) let t ∈ [0, 1] be arbitrary. If t = 0 then (3.1) holds obviously because
fk(0) = 0 for all k ≥ 1 . On the other hand, if 0 < t ≤ 1 then there exists some
j ≥ 1 with tj < t and so

fk(t) = 0 , n ≥ nj .
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Now, by the positivity of the functions gj and fk , we have for every j ≥ 1 :

1
nj+1 − 1

nj+1−1∑
k=1

fk ≥ 1
nj+1 − 1

nj+1−1∑
k=nj

fk =
nj+1 − nj

nj+1 − 1
gj =

(
1 − nj − 1

nj+1 − 1

)
gj

≥ 1
2

gj .

Consequently

∥∥∥ 1
nj+1 − 1

nj+1−1∑
k=1

fk

∥∥∥
∞

≥ 1
2
‖gj‖∞ =

1
2

for all j ≥ 1

and so (3.2) does not hold. �

A similar counterexample can also be given in the Hilbert space L2
(
[0, 1]

)
,

with inner product and norm denoted by ( · | · ) and ‖ · ‖2 , respectively:

Example 3.2. Let 1 = n1 < n2 < · · · be a sequence in N∗ such that

nj − 1
nj+1 − 1

≤ 1
2

, j ≥ 1

(for example, n1 = 1 , n2 = 2 and nj+1 = 2 nj − 1 for j ≥ 2 ) ,

1 > t1 > t2 > · · · > 0 , tj −→ 0

real numbers, and gj : [0, 1] −→ [0, +∞) , j ≥ 1 , continuous functions such that

supp (gj) ⊂ [tj+1, tj ] and ‖gj‖2 = 1 for all j ≥ 1 .

If we set

fk = gj for nj ≤ k < nj+1 ,

then (fk)k≥1 is a bounded sequence in L2
(
[0, 1]

)
, which is weakly convergent to

zero, and so is weakly mixing to zero, but which is not uniformly weakly mixing to
zero.

Proof. Since the functions gj are mutually orthogonal, by the Bessel inequality we
have for every f ∈ L2

(
[0, 1]

)
:

∞∑
j=1

|(gj |f)|2 ≤ ‖f‖ 2
2 < +∞ ,

Therefore fk

weakly−−−−−→ 0 .
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On the other hand, for every j ≥ 1 ,

∥∥∥ 1
nj+1 − 1

nj+1−1∑
k=1

fk

∥∥∥ 2

2
=

1(
nj+1 − 1

)2 ∥∥∥ j∑
l=1

nl+1−1∑
k=nl

fk

∥∥∥ 2

2

=
1(

nj+1 − 1
)2 j∑

l=1

(
nl+1 − nl

)2
≥
( nj+1 − nj

nj+1 − 1

)2

=
(

1 − nj − 1
nj+1 − 1

)2

≥ 1
4

.

Consequently,
∥∥∥ 1

n

n∑
k=1

fk

∥∥∥
2

� 0 , so (1.2) does not hold for (fk)k≥1 . �

In spite of the above examples, Theorem 1.1 entails that for orbits of power
bounded linear operators, weak mixing to zero and uniformly weak mixing to zero
are equivalent. We now consider a larger class of vector sequences for which weak
mixing to zero and uniformly weak mixing to zero are still equivalent.

Let us call a sequence (xk)k≥1 in a Banach space X convex shift-bounded if
there exists a constant c > 0 such that∥∥∥ p∑

j=1

λj xj+k

∥∥∥ ≤ c
∥∥∥ p∑

j=1

λj xj

∥∥∥ , k ≥ 1 (3.3)

holds for any choice of p ∈ N∗ and λ1 , . . . , λp ≥ 0 . Clearly:

• the convex shift-boundedness of a sequence implies its boundedness;
• if U : X −→ X is a power bounded linear operator and x ∈ X , then the

sequence
(
Uk(x)

)
k≥1

is convex shift-bounded.

We note that not every convex shift-bounded sequence, even in a Hilbert
space, is the orbit of a bounded linear operator:

Example 3.3. Let us define the sequence (fk)k≥1 in L2
(
[0, 1]

)
by setting for every

k ∈ N∗ with k ≡ 1 (mod 4)

fk(t) := tk , fk+1(t) := t
k+

1
4 (k+2) , fk+2(t) := tk+1 , fk+3(t) := tk+1+

1
2 .

Then (fk)k≥1 is convex shift-bounded, but there exists no bounded linear operator
U : L2

(
[0, 1]

) → L2
(
[0, 1]

)
such that

fk = Uk(f) , k ≥ ko

for some f ∈ L2
(
[0, 1]

)
and ko ∈ N∗.

Proof. First of all, if 0 < α1 < α2 < · · · are real numbers and gk ∈ L2
(
[0, 1]

)
is defined by gk(t) := t

αk , then the sequence (gk)k≥1 is convex shift-bounded.
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Indeed, for any p ∈ N∗ and λ1 , . . . , λp ≥ 0 , the function

N∗ ) k 
−→
∥∥∥ p∑

j=1

λj gj+k

∥∥∥ 2

2
=

p∑
j,j′=1

λj λj′
1

αj+k + αj′+k + 1

is decreasing. In particular, the sequence (fk)k≥1 is convex shift-bounded.
On the other hand, if α , ε > 0 and we define h ∈ L2

(
[0, 1]

)
by h(t) :=

tα − tα+ε, then

‖h‖ 2
2 =

1∫
0

(
t2α + t2α+2ε − 2 t2α+ε

)
dt =

2 ε2

(2α + 1) (2α + ε + 1) (2α + 2ε + 1)
.

It is easy to verify that

‖h‖ 2
2 ≤ 1

2 (2α + 1)

( ε

α + ε

)2

≤ 1
2 (2α + 1)

( ε

α

)2

if ε ≤ 1 , (3.4)

‖h‖ 2
2 ≥ 1

4 (2α + 1)

( ε

α + ε

)2

≥ 1
4 (2α + 1)

( ε

α + 1

)2

if ε ≤ 1 , α ≥ 2 . (3.5)

Now let k ∈ N∗ be arbitrary such that k ≡ 1 (mod 4) . Then we have by (3.4)

‖fk − fk+1‖ 2
2 ≤ 1

2 (2k + 1)

( 1
4 (k + 2) k

)2

=
1

32 k2 (k + 2)2 (2k + 1)
,

while (3.5) yields

‖fk+2 − fk+3‖ 2
2 ≥ 1

4 (2k + 3)

( 1
2 (k + 2)

)2

=
1

16 (k + 2)2 (2k + 3)
.

Consequently ‖fk+2 − fk+3‖ 2
2 ≥ k2‖fk − fk+1‖ 2

2 , and so

‖fk+2 − fk+3‖2 ≥ k ‖fk − fk+1‖2 . (3.6)

Let us assume that there is a bounded linear operator U : L2
(
[0, 1]

) →
L2

(
[0, 1]

)
such that

fk = Uk(f) , k ≥ ko

for some f ∈ L2
(
[0, 1]

)
and ko ∈ N∗. Then, for every k ≥ ko with k ≡ 1 (mod 4) ,

(3.6) yields

k ‖fk − fk+1‖2 ≤ ‖fk+2 − fk+3‖2 =
∥∥U2

(
fk − fk+1

)∥∥
2
≤ ‖U‖2 ‖fk − fk+1‖2 ,

hence ‖U‖ ≥ √
k . But this contradicts the boundedness of U . �

We shall prove (in this section in the realm of reflexive Banach spaces and in
Section 5 in full generality) that weak mixing to zero is equivalent with uniformly
weak mixing to zero for any convex shift-bounded sequence. First we prove an easy
implication of weak mixing to zero:

Lemma 3.4. Let (xk)k≥1 be a bounded sequence in a Banach space X , which is
weakly mixing to zero, and A ⊂ N∗ with D∗(A) > 0 . Then the norm-closure of
the convex hull conv

({xk ; k ∈ A}) of {xk ; k ∈ A} contains 0 .
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Proof. Let us assume that 0 is not in the norm-closure of conv
({xk ; k ∈ A}) .

Then the Hahn-Banach theorem yields the existence of some εo > 0 and x∗ ∈ X∗

such that
� 〈x∗, xk〉 ≥ εo , k ∈ A . (3.7)

Further, by a classical result of B.O. Koopman and J. von Neumann (see, e.g.,
[12], Chapter 2, (3.1) or [13], Lemma 9.3), there is a zero density set E ⊂ N∗ such
that

lim
E 
� k→∞

〈x∗, xk〉 = 0 . (3.8)

Then A\E is infinite, because otherwise we would get the contradiction

0 < D∗(A) ≤ D∗(A\E) + D∗(E) = 0

Let k1 < k2 < · · · be the elements of A\E . Then (3.8) implies that 〈x∗, xkj
〉 → 0 ,

in contradiction with (3.7). �

For weakly relatively compact sequences a stronger statement holds, which
is essentially [9], Corollary 2:

Lemma 3.5. A weakly relatively compact sequence (xk)k≥1 in a Banach space X
is weakly mixing to zero if and only if there exists a zero density set E ⊂ N∗ such
that

lim
E 
� k→∞

xk = 0 with respect to the weak topology of X .

Proof. An inspection of the proof of [9], Corollary 2 shows that it works for any
weakly relatively compact sequence in a Banach space, not only for those which
are orbits of power bounded linear operators. �

We notice that, if (xk)k≥1 is a weakly relatively compact sequence in a Banach
space X , which is weakly mixing to zero, and E ⊂ N∗ is as in Lemma 3.5, then,
according to the classical Mazur theorem on the equality of the weak and norm
closure of a convex subset of X , the norm-closure of the convex hull of every infinite
subset of N∗ \ E contains 0 . In particular, for any A ⊂ N∗ with D∗(A) > 0 , the
norm-closure of the convex hull of the infinite set A\E contains 0 .

Now we prove a consequence of the negation of uniformly weak mixing to
zero (cf. the first part of the proof of [8], Theorem IV):

Lemma 3.6. Let (xk)k≥1 be a sequence in the closed unit ball of a Banach space
X , which is not uniformly weakly mixing to zero. Then there exist

0 < εo ≤ 1 ,

B ⊂ N∗ with D∗(B) ≥ εo ,

k1 , k2 , . . . ∈ N∗ with kj − kj−1 > j ,

x∗
1 , x∗

2 , . . . ∈ X∗ with ‖x∗
j‖ ≤ 1 ,



372 L. Zsidó

such that

B ∩
⋃
j≥2

( kj−1 , kj−1 + j ] = ∅ ,

� 〈x∗
j , xk〉 > 2 εo , k ∈ B ∩ ( kj−1 + j , kj ] , j ≥ 2 .

Proof. For any complex number z we shall use the notation

�+z :=

{
� z if � z ≥ 0
0 if � z ≤ 0

, �−z :=

{
0 if � z ≥ 0
−� z if � z ≤ 0

.

Then � z = �+z −�−z = �+z −�+(−z) .
Since (xk)k≥1 is not uniformly weakly mixing to zero, there is 0 < εo ≤ 1

such that

J :=
{

n ≥ 1 ; sup
{ 1

n

n∑
k=1

|〈x∗, xk〉| ; x∗ ∈ X∗ , ‖x∗‖ ≤ 1
}

> 16 εo

}
is infinite. Using (in the complex case) 〈x∗, xk〉 = � 〈x∗, xk〉 − i� 〈 i x∗, xk〉 , it
follows that also

J
 :=
{

n ≥ 1 ; sup
{ 1

n

n∑
k=1

| � 〈x∗, xk〉| ; x∗ ∈ X∗ , ‖x∗‖ ≤ 1
}

> 8 εo

}
is infinite. Now, since � 〈x∗, xk〉 = �+〈x∗, xk〉 − �+〈− x∗, xk〉 , we obtain that

J+ :=
{

n ≥ 1 ; sup
{ 1

n

n∑
k=1

�+〈x∗, xk〉 ; x∗ ∈ X∗ , ‖x∗‖ ≤ 1
}

> 4 εo

}
is infinite.

Let n ∈ J+ be arbitrary. Then there exists y∗
n ∈ X∗ with ‖y∗

n‖ ≤ 1 such that

1
n

n∑
k=1

�+〈 y∗
n, xk〉 > 4 εo .

Denoting Bn := {1 ≤ k ≤ n ; �+〈 y∗
n, xk〉 > 2 εo} , we have

4 εo <
1
n

( ∑
k∈Bn

�+〈 y∗
n, xk〉 +

∑
1≤k≤n
k/∈Bn

�+〈 y∗
n, xk〉

)
≤ 1

n
card (Bn) + 2 εo ,

hence card (Bn) ≥ 2 n εo .
Letting k1 be the least element of J+ , we can construct recursively a sequence

k1 , k2 , . . . ∈ J+ such that, for every j ≥ 2 ,

kj − kj−1 > j and

the cardinality of B′
kj

:= { k ∈ Bkj
; k > kj−1 + j } is ≥ kj εo

Indeed, if we choose kj in the infinite set J+ such that kj >
kj−1+j

εo
, then

card (B′
kj

) ≥ card (Bkj
) − (kj−1 + j) ≥ 2 kj εo − (kj−1 + j) > kj εo .
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Putting
B :=

⋃
j≥2

B′
kj

,

we have for every j ≥ 2

B ∩ ( kj−1 , kj−1 + j ] = ∅ , B ∩ ( kj−1 + j , kj ] = B′
kj

⊂ Bkj
,

and so

� 〈 y ∗
kj

, xk〉 = �+〈 y ∗
kj

, xk〉 > 2 εo for all k ∈ B ∩ ( kj−1 + j , kj ] .

On the other hand,

D∗(B) = lim
n→∞

1
n

card
(B ∩ [1, n]

) ≥ lim
j→∞

1
kj

card
(B ∩ (kj−1 + j, kj ]︸ ︷︷ ︸

=B′
kj

) ≥ εo .

Therefore, setting x∗
j := y ∗

kj
, the proof is complete. �

We recall the following lemma of L.K. Jones on sequences of integers (see [8],
Lemma 3 or [9], Lemma):

Lemma 3.7. Let Ao , B be subsets of N∗ with D∗(Ao) = 1 and D∗(B) > 0 . Then
there exists an infinite subset I ⊂ Ao such that

{k ∈ B ; F + k ⊂ B}) > 0 for any finite F ⊂ I .

Now, using the idea of the proof of [8], Theorem IV, we can prove that weak
mixing to zero and uniformly weak mixing to zero are equivalent for any convex
shift-bounded sequence in a reflexive Banach space:

Proposition 3.8. For a convex shift-bounded sequence in a reflexive Banach space,
weak mixing to zero is equivalent to uniformly weak mixing to zero.

Proof. Let (xk)k≥1 be a convex shift-bounded sequence in the closed unit ball of a
reflexive Banach space X , which is weakly mixing to zero, and let us assume that
it is not uniformly weakly mixing to zero. Let c > 0 be such that (3.3) holds for
any choice of p ∈ N∗ and λ1 , . . . , λp ≥ 0 .

By Lemma 3.6 there exist

0 < εo ≤ 1 ,

B ⊂ N∗ with D∗(B) ≥ εo ,

k1 , k2 , . . . ∈ N∗ with kj − kj−1 > j ,

x∗
1 , x∗

2 , . . . ∈ X∗ with ‖x∗
j‖ ≤ 1 ,

such that

B ∩
⋃
j≥2

( kj−1 , kj−1 + j ] = ∅ ,

� 〈x∗
j , xk〉 > 2 εo , k ∈ B ∩ ( kj−1 + j , kj ] , j ≥ 2 .
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On the other hand, since any bounded set in a reflexive Banach space is
weakly relatively compact, by Lemma 3.5 there exists Ao ⊂ N∗ with D∗(Ao) = 1
such that lim

Ao�k→∞
xk = 0 with respect to the weak topology of X .

Finally, by Lemma 3.7 there exists an infinite subset I ⊂ Ao such that

{k ∈ B ; F + k ⊂ B}) > 0 for any finite F ⊂ I .

Since lim
I�k→∞

xk = 0 with respect to the weak topology of X , there are

p ∈ N∗, n1 < · · · < np in I and λ1 , . . . , λp ≥ 0 , λ1 + · · · + λp = 1 , such that∥∥∥ p∑
j=1

λj xnj

∥∥∥ ≤ εo

c
.

By (3.3) it follows that∥∥∥ p∑
j=1

λj xnj+k

∥∥∥ ≤ c
∥∥∥ p∑

j=1

λj xnj

∥∥∥ ≤ εo , k ≥ 1 . (3.9)

Now set jo := max
(
np−n1, 2

)
. Since the set

{
k ∈ B ; {n1 , . . . , np}+k ⊂ B}

has strictly positive upper density and so is infinite, it contains some k such that
n1 +k ≥ kjo . Then there is a unique j1 ∈ N∗ with kj1−1 < n1 +k ≤ kj1

, for which
we have kjo ≤ n1 + k ≤ kj1

, hence jo ≤ j1 . We claim that

kj1−1 + j1 < n1 + k ≤ np + k ≤ kj1
. (3.10)

Indeed, kj1−1 < n1+k , n1+k ∈ B and B∩(kj1−1, kj1−1+j1] = ∅ imply that
kj1−1+j1 < n1+k . Similarly, np +k = n1+k+(np−n1) ≤ kj1

+jo < kj1
+j1 +1 ,

np + k ∈ B and B ∩ (kj1
, kj1

+ j1 + 1] = ∅ yield np + k ≤ kj1
.

By (3.10) we have nj + k ∈ B ∩ (kj1−1 + j1, kj1
] , 1 ≤ j ≤ p , so

� 〈x∗
j1

, xnj+k〉 > 2 εo , 1 ≤ j ≤ p .

Since ‖x∗
j1
‖ ≤ 1 , it follows that

∥∥∥ p∑
j=1

λj xnj+k

∥∥∥ ≥ �
〈

x∗
j1

,

p∑
j=1

λj xnj+k

〉
=

p∑
j=1

λj � 〈x∗
j1

, xkj
〉 > 2 εo ,

in contradiction with (3.9). �

If in Lemma 3.7 the set I were not only infinite, but with D∗(I) > 0 , then in
the proof of Proposition 3.8 we could use Lemma 3.4 instead of Lemma 3.5 and so
we would get a proof of Proposition 3.8 without the reflexivity assumption. In the
next section we shall prove a result like Lemma 3.7 (Theorem 4.2), which implies
that for every B ⊂ N∗ with D∗(B) > 0 there is a set A ⊂ N∗ with D∗(A) > 0 such
that any finite subset of A has infinitely many translates contained in B . This
result will enable us to eliminate the reflexivity condition in Proposition 3.8.
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4. Sets of non-zero upper Banach density

We recall that the upper Banach density BD∗(B) of some B ⊂ N = N∗ ∪ {0} is
defined by

BD∗(B) := lim
a,b∈N

b−a→∞

1
b − a + 1

card
(B ∩ [a, b]

)
= lim

a,b∈N
∗

b−a→∞

1
b − a + 1

card
(B ∩ [a, b]

)
(see, e.g., [7], Chapter 3, §5). For any B ⊂ N∗ we have BD∗(B) ≥ D∗(B) , but it
is easily seen that BD∗(B) > D∗(B) can happen. In this section we investigate
the structure of the sets B ⊂ N∗ with BD∗(B) > 0 by proving a precise version
of the theorem of R. Ellis [7], Theorem 3.20. The proof is based on the ergodic
theoretical methods of H. Furstenberg found in [7], Chapter 3, §5.

Let us consider Ω := {0, 1}N and endow it with the metrizable compact prod-
uct topology of the discrete topologies on {0, 1} . We shall denote the components
of ω ∈ Ω by ωk , so that ω = (ωk)k∈N . For every B ⊂ N we define ω(B) ∈ Ω by
setting

ω
(B)
k :=

{
1 if k ∈ B
0 if k /∈ B .

In other words, ω(B) is the characteristic function of B , considered an element of
Ω . Clearly, B 
−→ ω(B) is a bijection of the set of all subsets of N onto Ω .

Let s← denote the backward shift on Ω , defined by

s←
(
(ωk)k∈N

)
= (ωk+1)k∈N

and set, for every B ⊂ N ,

Ω(B) := {sn
←(ω(B)) ; n ≥ 0} .

The following result is the one-sided version of [7], Lemma 3.17 and it estab-
lishes a link between upper Banach density and the ergodic theory of the dynamical
system (Ω, s←) . Its proof is almost identical to the proof of [7], Lemma 3.17 and
we sketch it only for the sake of completeness:

Lemma 4.1. For every B ⊂ N and every ε > 0 there exists an ergodic s←-invariant
probability Borel measure µ on Ω(B) such that

µ
({ω ∈ Ω(B) ; ω0 = 1}) > BD∗(B) − ε .

Proof. Choose some a1 , b1 , a2 , b2 , . . . ∈ N with bj − aj ≥ j , j ≥ 0 , such that
1

bj − aj + 1
card

(B ∩ [aj , bj]
) −→ BD∗(B) .

Passing to a subsequence if necessary, we can assume that, for any continuous
function f ∈ C

(
Ω(B)

)
, the limit

I(f) := lim
j→∞

1
bj − aj + 1

bj∑
n=aj

f
(
sn
←(ω(B))

)
exists .
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Then I is a positive linear functional on C
(
Ω(B)

)
and I(1) = 1 . Moreover,

I(f ◦ s←) = I(f) , f ∈ C
(
Ω(B)

)
. (4.1)

Indeed, for every f ∈ C
(
Ω(B)

)
,

I(f ◦ s←) − I(f) = lim
j→∞

1
bj − aj + 1

( bj∑
n=aj

f
(
sn+1
← (ω(B))

)− bj∑
n=aj

f
(
sn
←(ω(B))

))

= lim
j→∞

1
bj − aj + 1

(
f
(
s

bj+1

← (ω(B))
)− f

(
s

aj

← (ω(B))
))

≤ lim
j→∞

2 ‖f‖∞
bj − aj + 1

= 0 .

By the Riesz representation theorem there exists a probability Borel measure νI

on Ω(B) such that

I(f) =
∫

Ω(B)

f(ω) dνI(ω) , f ∈ C
(
Ω(B)

)
.

Property (4.1) of I implies that νI is s←-invariant. Moreover, since the character-
istic function χ of {ω ∈ Ω(B) ; ω0 = 1} is continuous, we have

νI

({ω ∈ Ω(B) ; ω0 = 1}) =
∫

Ω(B)

χ(ω) dνI(ω) = lim
j→∞

1
bj − aj + 1

bj∑
n=aj

χ
(
sn
←(ω(B))

)
= lim

j→∞
1

bj − aj + 1
card

(B ∩ [aj , bj]
)

= BD∗(B) .

The convex set Ps←
(
Ω(B)

)
of all s←-invariant probability Borel measures on

Ω(B) , considered imbedded in the dual space of C
(
Ω(B)

)
, is weak∗-compact and

its extreme points are the ergodic measures in Ps←
(
Ω(B)

)
(see, for example, [7],

Proposition 3.4). According to the Krein-Milman theorem, it follows that νI is a
weak∗-limit of convex combinations of ergodic measures in Ps←

(
Ω(B)

)
. Therefore,

since νI

({ω ∈ Ω(B) ; ω0 = 1}) = BD∗(B) , we conclude that there exists an ergodic
measure µ ∈ Ps←

(
Ω(B)

)
such that µ

({ω ∈ Ω(B) ; ω0 = 1}) > BD∗(B) − ε . �
We now prove the announced extension of [7], Theorem 3.20:

Theorem 4.2. If B ⊂ N and 0 < ε < BD∗(B) , then there exist

A ⊂ N having density D(A) > BD∗(B) − ε ,

0 ≤ m1 < m2 < · · · and 0 ≤ n1 < n2 < · · · in N ,

for which
A ∩ [0, mj ] =

{
k ∈ [0, mj ] ; k + nj ∈ B} , j ≥ 1 ;

that is
k ∈ A ⇐⇒ k + nj ∈ B whenever 0 ≤ k ≤ mj , j ≥ 1 .
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Proof. For every ω ∈ Ω we set Aω = {k ∈ N ; ωk = 1} , so that ω = ω(Aω) . Clearly,
Aω(B) = B .

By Lemma 4.1 there exists an ergodic s←-invariant probability Borel measure
µ on Ω(B) such that

µB := µ
({ω ∈ Ω(B) ; ω0 = 1}) > BD∗(B) − ε .

Let χ denote the characteristic function of {ω ∈ Ω(B) ; ω0 = 1} ⊂ Ω(B) . Then, by
the Birkhoff ergodic theorem, for µ-almost every ω ∈ Ω(B) we have

1
n + 1

card
(Aω ∩ [0, n]

)
=

1
n + 1

n∑
k=0

χ
(
s k
←(ω)

) −→ µB . (4.2)

Let Ω(B)
Birkhoff be the set of all ω ∈ Ω(B), for which (4.2) holds. Then

• Aω has density D(Aω) = µB > BD∗(B) − ε for every ω ∈ Ω(B)
Birkhoff , and

• Ω(B)
Birkhoff is µ-measurable and µ

(
Ω(B) \Ω(B)

Birkhoff

)
= 0 .

Case 1: There exists ω ∈ Ω(B)
Birkhoff \ {sn

←(ω(B)) ; n ≥ 0} .

Set A := Aω and choose some m1 ≥ 0 . Since

ω ∈ Ω(B) = {sn
←(ω(B)) ; n ≥ 0} , (4.3)

there exists a smallest n1 ≥ 0 such that

ωk = sn1
← (ω(B))k = ω

(B)

k+n1
=

{
1 if k + n1 ∈ B
0 if k + n1 /∈ B , 0 ≤ k ≤ m1 ,

that is A ∩ [0, m1] =
{
k ∈ [0, m1] ; k + n1 ∈ B} .

Next ω �= sn1
← (ω(B)) implies that ωm2

�= sn1
← (ω(B))m2

for some m2 ∈ N . Since

ωk = sn1
← (ω(B))k for all 0 ≤ k ≤ m1 , we have m1 < m2 . Now, again by (4.3),

there exists a smallest n2 ≥ 0 such that

ωk = sn2
← (ω(B))k = ω

(B)

k+n2
=

{
1 if k + n2 ∈ B
0 if k + n2 /∈ B , 0 ≤ k ≤ m2 ,

that is A∩ [0, m2] =
{
k ∈ [0, m2] ; k + n2 ∈ B} . By the minimality property of n1

we have n1 ≤ n2 , while ωm2
�= sn1

← (ω(B))m2
yields n1 �= n2 . Therefore n1 < n2 .

By induction we obtain m1 < m2 < · · · and n1 < n2 < · · · in N such that

A ∩ [0, mj ] =
{
k ∈ [0, mj] ; k + nj ∈ B} for all j ≥ 1 .

Case 2: Ω(B)
Birkhoff ⊂ {sn

←(ω(B)) ; n ≥ 0} .

We claim that there exists a smallest no ∈ N∗ such that sno

← (ω(B)) = ω(B) .
For let us assume that all sn

←(ω(B)) are different. Then, for every n ≥ 0 , since

{sn
←(ω(B))} ⊂ s−1

←
(
sn+1
← (ω(B))

) ⊂ {sn
←(ω(B))} ∪ (

Ω(B) \Ω(B)
Birkhoff

)
,
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by the s←-invariance of µ we obtain µ
({sn

←(ω(B))}) = µ
({sn+1

← (ω(B))}) . Thus

µ(Ω(B)) =
∞∑

n=0

µ
({sn

←(ω(B))}) =

{
0 if µ

({ω(B))}) = 0
+∞ if µ

({ω(B))}) > 0
,

in contradiction with µ(Ω(B)) = 1 .
Now sno

← (ω(B)) = ω(B) means that k ∈ N belongs to B if and only if k+no ∈ B .
Therefore, with A := B , any 0 ≤ m1 < m2 < · · · and nj := j no , we have

D(A) =
1
no

card
(B ∩ [0, no − 1]

)
= BD∗(B)

A∩ [0, mj ] =
{
k ∈ [0, mj] ; k + nj ∈ B} , j ≥ 1 . �

We recall that a celebrated theorem of E. Szemerédi (answering a conjecture
of P. Erdős) states that if B ⊂ N∗ has non-zero upper Banach density, then it
contains arbitrarily long arithmetic progressions [14]. H. Furstenberg gave a new
ergodic theoretical proof of Szemerédi’s theorem by deducing it from a far-reaching
multiple recurrence theorem [6] (see also [7], Chapter 3, §7). It is interesting to
notice, even if it appears not to be relevant, that the proof of Szemerédi’s theorem
can be reduced via Theorem 4.2 to the case when B has non-zero density.

The last theorem implies the following counterpart of Lemma 3.7:

Corollary 4.3. Let Ao , B be subsets of N∗ with D∗(Ao) = 1 and 0 < ε < BD∗(B) .
Then there exists I ⊂ Ao with D∗(I) > BD∗(B) − ε , such that

{k ∈ N ; F + k ⊂ B} is infinite for any finite F ⊂ I .

Proof. By Theorem 4.2 there exist A ⊂ N having density D(A) > BD∗(B) − ε ,
as well as 0 ≤ m1 < m2 < · · · and 0 ≤ n1 < n2 < · · · in N , such that

A∩ [0, mj ] =
{
k ∈ [0, mj] ; k + nj ∈ B} , j ≥ 1 .

Set I := A ∩Ao . Since

1 = D∗(Ao) ≤ D∗(A ∩Ao) + D∗(N \A) = D∗(I) + 1 − D(A) ,

we have D∗(I) ≥ D(A) > BD∗(B)− ε . On the other hand, for any j ≥ 1 , the set{
k ∈ N ;

(I ∩ [0, mj ]
)

+ k ⊂ B}
contains {nj , nj+1 , . . . } , hence is infinite. �

5. Weak mixing to zero for convex shift-bounded sequences

Using Theorem 4.2, in this section we show that Proposition 3.8 holds without
the reflexivity assumption. Actually we shall prove a slightly more general result,
stating that any convex shift-bounded sequence in a Banach space, which is weakly
mixing to zero, satisfies (1.3). For the proof we shall use the following counterpart
of Lemma 3.6 for the sequences not satisfying (1.3):
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Lemma 5.1. Let (xk)k≥1 be a sequence in the closed unit ball of a Banach space
X , such that, for some a1 , b1 , a2 , b2 , . . . ∈ N∗ with bj −aj ≥ j , j ≥ 1 , we have

lim
j→∞

sup
{ 1

bj − aj + 1

bj∑
k=aj

|〈x∗, xk〉| ; x∗ ∈ X∗ , ‖x∗‖ ≤ 1
}

> 0 .

Then there exist

0 < εo ≤ 1 ,

B ⊂ N∗ with BD∗(B) ≥ εo ,

j1 < j2 < · · · in N∗ with bjn − bjn−1 > n ,

x∗
1 , x∗

2 , . . . ∈ X∗ with ‖x∗
n‖ ≤ 1 ,

such that

B ∩
⋃
n≥2

( bjn−1 , bjn−1 + n ] = ∅ ,

� 〈x∗
n, xk〉 > 2 εo , k ∈ B ∩ ( bjn−1 + n , bjn ] , n ≥ 2 .

Proof. We shall proceed as in the proof of Lemma 3.6.
Let 0 < εo ≤ 1 be such that

0 < 16 εo < lim
j→∞

sup
{ 1

bj − aj + 1

bj∑
k=aj

|〈x∗, xk〉| ; x∗ ∈ X∗, ‖x∗‖ ≤ 1
}

.

Then

J :=
{

j ≥ 1 ; sup
{ 1

bj − aj + 1

bj∑
k=aj

|〈x∗, xk〉| ; x∗ ∈ X∗, ‖x∗‖ ≤ 1
}

> 16 εo

}
is infinite. Using (in the complex case) 〈x∗, xk〉 = � 〈x∗, xk〉 − i� 〈 i x∗, xk〉 , it
follows that also

J
 :={
j ≥ 1 ; sup

{ 1
bj − aj + 1

bj∑
k=aj

| � 〈x∗, xk〉| ; x∗ ∈ X∗, ‖x∗‖ ≤ 1
}

> 8 εo

}
is infinite. Now, since � 〈x∗, xk〉 = �+〈x∗, xk〉 − �+〈− x∗, xk〉 , we obtain that

J+ :={
j ≥ 1 ; sup

{ 1
bj − aj + 1

bj∑
k=aj

�+〈x∗, xk〉 ; x∗ ∈ X∗, ‖x∗‖ ≤ 1
}

> 4 εo

}
is infinite.
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Let j ∈ J+ be arbitrary. Then there exists y∗
j ∈ X∗ with ‖y∗

j ‖ ≤ 1 such that

1
bj − aj + 1

bj∑
k=aj

�+〈 y∗
j , xk〉 > 4 εo .

Denoting Bj := {aj ≤ k ≤ bj ; �+〈 y∗
j , xk〉 > 2 εo} , we have

4 εo <
1

bj − aj + 1

( ∑
k∈Bj

�+〈 y∗
j , xk〉 +

∑
aj≤k≤bj

k/∈Bj

�+〈 y∗
j , xk〉

)

≤ 1
bj − aj + 1

card (Bj) + 2 εo ,

hence card (Bj) ≥ 2 (bj − aj + 1) εo .
Letting j1 be the least element of J+ , we can construct recursively a sequence

j1 < j2 < · · · in J+ such that, for every n ≥ 2 ,

bjn − bjn−1 > n and

the cardinality of B′
jn

:= { k ∈ Bjn
; k > bjn−1 + n } is > (bjn − ajn) εo .

Indeed, if we choose jn in the infinite set J+ such that jn > jn−1 and

bjn − ajn + 1 ≥ jn + 1 >
bjn−1 + n

εo
≥ bjn−1 + n

then bjn − bjn−1 > n and

card (B′
jn

) ≥ card (Bjn
) − (bjn−1 + n) ≥ 2 (bjn − ajn + 1) εo − (bjn−1 + n)

> (bjn − ajn + 1) εo .

Putting
B :=

⋃
n≥2

B′
jn

,

we have for every n ≥ 2

B ∩ ( bjn−1 , bjn−1 + n ] = ∅ , B ∩ ( bjn−1 + n , bjn ] = B′
kj

⊂ Bkj
,

and so

� 〈 y ∗
jn

, xk〉 = �+〈 y ∗
jn

, xk〉 > 2 εo for all k ∈ B ∩ ( bjn−1 + n , bjn ] .

On the other hand,

BD∗(B) ≥ lim
n→∞

1
bjn − ajn + 1

card
(B ∩ [ajn , bjn ]

)
≥ lim

n→∞
1

bjn − ajn + 1
card

(B′
jn

∩ [ajn , bjn ]︸ ︷︷ ︸
=B′

jn

) ≥ εo .

Therefore, setting x∗
n := y ∗

jn
, the proof is complete. �
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For the proof of the next theorem we adapt the proof of Proposition 3.8, in
which instead of Lemmas 3.6, 3.5 and 3.7 we use Lemma 5.1, Theorem 4.2 and
Lemma 3.4:

Theorem 5.2 (Weak mixing for convex shift-bounded sequences). For a convex
shift-bounded sequence (xk)k≥1 in a Banach space X , the following conditions are
equivalent :

(i) (xk)k≥1 is weakly mixing to zero, that is

lim
n→∞

1
n

n∑
k=1

|〈x∗, xk〉| = 0 for all x∗ ∈ X∗ .

(j) (xk)k≥1 is uniformly weakly mixing to zero, that is

lim
n→∞ sup

{ 1
n

n∑
k=1

|〈x∗, xk〉| ; x∗ ∈ X∗ , ‖x∗‖ ≤ 1
}

= 0 .

(jw) (1.3) holds, that is

lim
a,b∈N

∗
b−a→∞

sup
{ 1

b − a + 1

b∑
k=a

|〈x∗, xk〉| ; x∗ ∈ X∗ , ‖x∗‖ ≤ 1
}

= 0 .

Proof. The implications (jw)⇒ (j)⇒ (i) are trivial. For (i)⇒ (jw) we shall show
that (i) and the negation of (jw) lead to a contradiction.

Let c > 0 be a constant such that (3.3) holds for any choice of p ∈ N∗ and
λ1 , . . . , λp ≥ 0 . Since (1.3) does not hold, there exist a1 , b1 , a2 , b2 , . . . ∈ N∗

with bj − aj ≥ j , j ≥ 1 , such that

lim
j→∞

sup
{ 1

bj − aj + 1

bj∑
k=aj

|〈x∗, xk〉| ; x∗ ∈ X∗ , ‖x∗‖ ≤ 1
}

> 0 .

By Lemma 5.1 there exist

0 < εo ≤ 1 ,

B ⊂ N∗ with BD∗(B) ≥ εo

j1 < j2 < · · · in N∗ with bjn − bjn−1 > n

x∗
1 , x∗

2 , . . . ∈ X∗ with ‖x∗
n‖ ≤ 1 ,

for which

B ∩
⋃
n≥2

( bjn−1 , bjn−1 + n ] = ∅ ,

� 〈x∗
n, xk〉 > 2 εo , k ∈ B ∩ ( bjn−1 + n , bjn ] , n ≥ 2 .

Further, by Theorem 4.2, there exist

A ⊂ N∗ having density D(A) > 0 ,

1 ≤ m1 < m2 < · · · and 1 ≤ n1 < n2 < · · · in N∗,
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such that
A ∩ [1, mj] =

{
k ∈ [1, mj] ; k + nj ∈ B} , j ≥ 1

Finally, (i) and Lemma 3.4 entail that there are p ∈ N∗, k1 < · · · < kp in A and
λ1 , . . . , λp ≥ 0 , λ1 + · · · + λp = 1 , such that∥∥∥ p∑

j=1

λj xkj

∥∥∥ ≤ εo

c
.

By (3.3) it follows that∥∥∥ p∑
j=1

λj xkj+n

∥∥∥ ≤ c
∥∥∥ p∑

j=1

λj xkj

∥∥∥ ≤ εo , n ≥ 1 . (5.1)

Now let q ∈ N∗ be such that k1 , . . . , kp ≤ mq . Then

k1 + nj , . . . , kp + nj ∈ B , j ≥ q .

Choose j∗ ≥ q with k1 + nj∗ ≥ bjmq
and define n ∈ N∗ by bjn−1 < k1 + nj∗ ≤ bjn .

Since bjmq
≤ k1 + nj∗ ≤ bjn and the sequence (bjn′ )n′≥1 is increasing, we have

mq ≤ n . We claim that

bjn−1 + n < k1 + nj∗ ≤ kp + nj∗ ≤ bjn . (5.2)

Indeed, bjn−1 < k1 + nj∗ , k1 + nj∗ ∈ B and B ∩ (bjn−1 , bjn−1 + n] = ∅ imply
bjn−1+n < k1+nj∗ . Further, kp+nj∗ = k1+nj∗+(kp−k1) ≤ bjn +mq < bjn +n+1 ,
kp + nj∗ ∈ B and B ∩ (bjn , bjn + n + 1] = ∅ yield kp + nj∗ ≤ bjn .

By (5.2) we have k1 + nj∗ , . . . , kp + nj∗ ∈ B ∩ (bjn−1 + n , bjn ] , so

� 〈x∗
n, xkj+nj∗

〉 > 2 εo , 1 ≤ j ≤ p .

Since ‖x∗
n‖ ≤ 1 , it follows that∥∥∥ p∑

j=1

λj xkj+n

∥∥∥ ≥ �
〈

x∗
n,

p∑
j=1

λj xkj+n

〉
=

p∑
j=1

λj � 〈x∗
n, xkj+nj∗ 〉 > 2 εo ,

in contradiction with (5.1). �

6. Weak mixing to zero for Cesaro shift-bounded sequences

If X is a uniformly convex Banach space, then Theorem 5.2 holds under a milder
assumption on (xk)k≥1 than convex shift-boundedness, since in such a space the
classical Mazur theorem about the equality of the weak and norm closure of a
convex subset holds in the following sharper form:

Theorem 6.1 (Mazur type theorem in uniformly convex Banach spaces). Let S be
a bounded subset of a uniformly convex Banach space X , and x an element of the
weak closure of S . Then there exists a sequence (xk)k≥1 ⊂ S such that

lim
n→∞

∥∥∥x − 1
n

n∑
k=1

xk

∥∥∥ = 0 .
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Proof. Uniformly convex Banach spaces are reflexive (see, e.g., [4], page 131), so S
is weakly relatively compact. Consequently, since normed linear spaces are angelic
in their weak topology (see, e.g., [5], 3.10.(1)), there exists a sequence (yj)j≥1 in
S , which is weakly convergent to x . Now, by the “Banach-Saks Theorem” [1] for
uniformly convex Banach spaces, (due to S. Kakutani [11]; see also [4], Chapter
VIII, Theorem 1), there exists a subsequence

(
yjk

)
k≥1

such that

lim
n→∞

∥∥∥x − 1
n

n∑
k=1

yjk

∥∥∥ = 0 . �

Let us call a sequence (xk)k≥1 in a Banach space X Cesaro shift-bounded if
there exists a constant c > 0 such that (3.3) holds for any choice of p ∈ N∗ and
λ1 , . . . , λp ∈ {0, 1} , that is∥∥∥ p∑

j=1

xnj+n

∥∥∥ ≤ c
∥∥∥ p∑

j=1

xnj

∥∥∥ , n ≥ 1

for any p ∈ N∗ and n1 , . . . , np ∈ N∗ with n1 < · · · < np .
Clearly, every convex shift-bounded sequence in X is Cesaro shift-bounded,

but the converse does not hold, even in Hilbert spaces:

Example 6.2. Let H be an infinite-dimensional Hilbert space and choose, for every
k ∈ N, three vectors uk , vk , wk ∈ H such that

‖uk‖ = ‖vk‖ = ‖wk‖ = 1 , 0 < ‖uk − vk‖ <
1

k + 3
, wk ⊥ {uk , vk} for all k ∈ N,

{uk , vk , wk} ⊥ {ul , vl , wl} whenever k �= l .

Let us define the sequence (xn)n≥1 by

x3k+1 := 2 uk , x3k+2 := −vk , x3k+3 := wk for even k ∈ N ,

x3k+1 := 2 uk , x3k+2 := wk , x3k+3 := −vk for odd k ∈ N .

Then (xn)n≥1 is Cesaro shift-bounded, but not convex shift-bounded.

Proof. For every k ∈ N we denote by Vk the set of the vectors

x3k+1 , x3k+2 , x3k+3

x3k+1 + x3k+2 , x3k+1 + x3k+3 , x3k+2 + x3k+3

x3k+1 + x3k+2 + x3k+3 .

It is easy to verify that
2
3
≤ ‖x‖ ≤

√
5 for all x ∈ Vk .

Now let p ∈ N∗, n1 , . . . , np ∈ N∗ with n1 < · · · < np , and n ∈ N∗ be
arbitrary. Let q denote the number of all Vk which contain some xnj . Then∥∥∥ p∑

j=1

xnj

∥∥∥ ≥
√

q
(2

3

)2

=

√
4
9

q . (6.1)
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On the other hand, since the number of all Vk which contain some xnj+n is ≤ 2 q ,
we have ∥∥∥ p∑

j=1

xnj+n

∥∥∥ ≤
√

2 q
(√

5
)2 =

√
10 q . (6.2)

Now (6.2) and (6.1) entail that∥∥∥ p∑
j=1

xnj+n

∥∥∥ ≤
√

45
2

∥∥∥ p∑
j=1

xnj

∥∥∥
and we conclude that the sequence (xn)n≥1 is Cesaro shift-bounded.

To show that (xn)n≥1 is not convex shift-bounded, let us assume the contrary,
that is the existence of some constant c > 0 such that∥∥∥ p∑

n=1

λn xn+m

∥∥∥ ≤ c
∥∥∥ p∑

n=1

λn xn

∥∥∥ , m ≥ 1

for any p ∈ N∗ and λ1 , . . . , λp ≥ 0 . Let k be an arbitrary even number in N∗ and
set p := 3k + 2 , λn := 0 for 1 ≤ n ≤ 3k , λ3k+1 := 1 and λ3k+2 := 2 . Then∥∥∥ p∑

n=1

λn xn

∥∥∥ =
∥∥ 2 uk − 2 vk

∥∥ <
2

k + 3
,

while ∥∥∥ p∑
n=1

λn xn+3

∥∥∥ =
∥∥ 2 uk+1 + 2 wk+1

∥∥ = 2
√

2 .

It follows that 2
√

2 ≤ 2 c

k + 3
, which is not possible for any even k ∈ N∗. �

Using Theorem 6.1, we can adapt the proof of Theorem 5.2 to the case of
Cesaro shift-bounded sequences in uniformly convex Banach spaces:

Theorem 6.3 (Weak mixing for Cesaro shift-bounded sequences). For a Cesaro
shift-bounded sequence (xk)k≥1 in a uniformly convex Banach space X , the fol-
lowing conditions are equivalent :

(i) (xk)k≥1 is weakly mixing to zero,
(j) (xk)k≥1 is uniformly weakly mixing to zero,

(jw) (1.3) holds.

Proof. Since the implications (jw)⇒ (j)⇒ (i) are trivial, to complete the proof we
need only to prove that (i)⇒ (jw).

Let c > 0 be a constant such that (3.3) holds for any choice of p ∈ N∗ and
λ1 , . . . , λp ∈ {0, 1} . If (1.3) does not hold, there exist a1 , b1 , a2 , b2 , . . . ∈ N∗

with bj − aj ≥ j , j ≥ 1 , such that

lim
j→∞

sup
{ 1

bj − aj + 1

bj∑
k=aj

|〈x∗, xk〉| ; x∗ ∈ X∗ , ‖x∗‖ ≤ 1
}

> 0 .
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By Lemma 5.1 there exist

0 < εo ≤ 1 , B ⊂ N∗ with BD∗(B) ≥ εo ,

j1 < j2 < · · · in N∗ with bjn − bjn−1 > n ,

x∗
1 , x∗

2 , . . . ∈ X∗ with ‖x∗
n‖ ≤ 1 ,

for which

B ∩
⋃
n≥2

( bjn−1 , bjn−1 + n ] = ∅ ,

� 〈x∗
n, xk〉 > 2 εo , k ∈ B ∩ ( bjn−1 + n , bjn ] , n ≥ 2 .

On the other hand, since X is reflexive and any bounded set in a reflexive
Banach space is weakly relatively compact, by Lemma 3.5 there exists Ao ⊂ N∗

with D∗(Ao) = 1 such that lim
Ao�k→∞

xk = 0 in the weak topology of X .

Finally, by Corollary 4.3 there exists I ⊂ Ao with D∗(I) > 0 , such that

{n ∈ N ; F + n ⊂ B} is infinite for any finite F ⊂ I .

Then lim
I�k→∞

xk = 0 with respect to the weak topology of X and by Theorem 6.1

there are p ∈ N∗ and k1 < · · · < kp in I such that∥∥∥ 1
p

p∑
j=1

xkj

∥∥∥ ≤ εo

c
.

By (3.3) it follows that∥∥∥ 1
p

p∑
j=1

xkj+n

∥∥∥ ≤ c
∥∥∥ 1

p

p∑
j=1

xkj

∥∥∥ ≤ εo , n ≥ 1 . (6.3)

Now set m := max
(
kp−k1, 2

)
. Since the set

{
k ∈ N∗ ; {k1 , . . . , kp}+n ⊂ B}

is infinite, it contains some no such that k1 + no ≥ bjm . We define n1 ∈ N∗ by
bjn1−1 < k1 + no ≤ bjn1

. Since bjm ≤ k1 + no ≤ bjn1
and the sequence (bjn)n≥1 is

increasing, we have m ≤ n1 . We claim that

bjn1−1 + n1 ≤ k1 + no < kp + no ≤ bjn1
. (6.4)

Indeed, bjn1−1 < k1 +no , k1 +no ∈ B and B∩ (bjn1−1 , bjn1−1 +n1] = ∅ imply
bjn1−1+n1 < k1+no . Further, kp+no = k1+no+(kp−k1) ≤ bjn1

+m < bjn1
+n1+1 ,

kp + no ∈ B and B ∩ (bjn1
, bjn1

+ n1 + 1] = ∅ yield kp + no ≤ bjn1
.

By (6.4) we have k1 + no , . . . , kp + no ∈ B ∩ (bjn1−1 + n1 , bjn1
] , so

� 〈x∗
n1

, xkj+no
〉 > 2 εo , 1 ≤ j ≤ p .

Since ‖x∗
n1
‖ ≤ 1 , it follows that∥∥∥ 1

p

p∑
j=1

xkj+no

∥∥∥ ≥ �
〈

x∗
n1

,
1
p

p∑
j=1

xkj+no

〉
=

1
p

p∑
j=1

� 〈x∗
n1

, xkj+no
〉 > 2 εo ,

in contradiction with (6.3). �
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7. Appendix: Ergodic theorem for convex shift-bounded sequences

We can also define ergodicity of a bounded sequence (xk)k≥1 in a Banach space X
by requiring that

lim
n→∞

∥∥∥ 1
n

n∑
k=1

xk

∥∥∥ = 0

(cf. [2], Section 3). Clearly, if (xk)k≥1 is uniformly weak mixing, then it is ergodic.
In this section we complete our knowledge about convex shift-bounded sequences
by proving a mean ergodic theorem for them (Corollary 7.2).

Let l∞(X) denote the vector space of all bounded sequences (xj)j≥1 in a
Banach space X , endowed with the uniform norm

∥∥(xj)j

∥∥
∞ = supj ‖xj‖ , and let

σ← be the backward shift on l∞(X) , defined by

σ←
(
(xj)j≥1

)
= (xj+1)j≥1 .

Theorem 7.1 (Mean Ergodic Theorem for sequences). For a bounded sequence
(xk)k≥1 in a Banach space X , the following conditions are equivalent:

(e) lim
0≤m<n

n−m→∞

∥∥∥ 1
n − m

n∑
k=m+1

xk

∥∥∥ = 0 .

(ee) The norm-closure of the convex hull

conv
({

σk
←
(
(xj)j≥1

)
; k ≥ 0

}) ⊂ l∞(X)

contains the zero sequence.

Proof. Without loss of generality we can assume that ‖xk‖ ≤ 1 for all k ≥ 1 .
The proof of (e)⇒ (ee) is immediate. Indeed, if ε > 0 and nε ∈ N∗ are such

that ∥∥∥ n∑
k=m+1

xk

∥∥∥ ≤ (n − m) ε , 0 ≤ m < n , n − m ≥ nε ,

then we have for every n ≥ nε :∥∥∥ 1
n

n∑
k=1

σk
←
(
(xj)j≥1

)∥∥∥ =
∥∥∥ 1

n

n∑
k=1

(
xj+k

)
j≥1

∥∥∥ = sup
j≥1

∥∥∥ 1
n

n∑
k=1

xk+j

∥∥∥ ≤ ε .

Conversely, let us assume that (ee) is satisfied and let ε > 0 be arbitrary.
Then there exist p ∈ N∗ and λ1 , . . . , λp ≥ 0 , λ1 + · · · + λp = 1 , such that

sup
k≥1

∥∥∥ p∑
j=1

λj xj+k

∥∥∥ =
∥∥∥ p∑

j=1

λj σj
←
(
(xk)k≥1

)∥∥∥ ≤ ε

2
. (7.1)
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On the other hand, we have for every 0 ≤ m < n with n − m ≥ p :

1
n − m

n∑
k=m+1

xk − 1
n − m

n∑
k=m+1

( p∑
j=1

λj xj+k

)
=

1
n − m

n∑
k=m+1

p∑
j=1

λj

(
xk − xj+k

)
=

1
n − m

p∑
j=1

λj

n∑
k=m+1

(
xk − xj+k

)
=

1
n − m

p∑
j=1

λj

( m+j∑
k=m+1

xk −
n+j∑

k=n+1

xk

)
,

hence ∥∥∥ 1
n − m

n∑
k=m+1

xk − 1
n − m

n∑
k=m+1

( p∑
j=1

λj xj+k

)∥∥∥ ≤ 2 p

n − m
. (7.2)

Now (7.1) and (7.2) yield

0 ≤ m < n , n − m ≥ 4 p

ε
=⇒

∥∥∥ 1
n − m

n∑
k=m+1

xk

∥∥∥ ≤ ε . �

For convex shift-bounded vector sequences the statement of Theorem 7.1 can
be strengthened:

Corollary 7.2 (Mean Ergodic Theorem for convex shift-bounded sequences). For
a convex shift-bounded sequence (xk)k≥1 in a Banach space X , the following con-
ditions are equivalent:

(e) lim
0≤m<n

n−m→∞

∥∥∥ 1
n − m

n∑
k=m+1

xk

∥∥∥ = 0 .

(f) lim
n→∞

∥∥∥ 1
n

n∑
k=1

xk

∥∥∥ = 0 .

(ff) The weak closure of the convex hull conv
({(xk ; k ≥ 1}) ⊂ X contains 0 .

Proof. The implications (e)⇒ (f)⇒ (ff) are trivial.
Since the weak closure of conv

({(xk ; k ≥ 1}) is equal to its norm closure, (ff)
implies that, for any ε > 0 , there are p ∈ N∗ and λ1 , . . . , λp ≥ 0 , λ1+· · ·+λp = 1 ,
such that ∥∥∥ p∑

j=1

λj xj

∥∥∥ ≤ ε .

Using (3.3), it follows that∥∥∥ p∑
j=1

λj σj
←
(
(xk)k≥1

)∥∥∥ = sup
k≥1

∥∥∥ p∑
j=1

λj xj+k

∥∥∥ ≤ c ε .

By the above (ff) implies condition (ee) in Theorem 7.1, hence (e). �
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