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Editorial Preface

As this volume demonstrates, at roughly 100 years of age operator theory remains
a vibrant and exciting subject area with wide ranging applications. Many of the
papers found here expand on lectures given at the 15" International Workshop on
Operator Theory and Its Applications, held at the University of Newcastle upon
Tyne from the 12" to the 16" of July 2004. The workshop was attended by close
to 150 mathematicians from throughout the world, and is the first IWOTA to be
held in the UK. Talks ranged over such subjects as operator spaces and their ap-
plications, invariant subspaces, Krein space operator theory and its applications,
multivariate operator theory and operator model theory, applications of operator
theory to function theory, systems theory including inverse scattering, structured
matrices, and spectral theory of non-selfadjoint operators, including pseudodiffer-
ential and singular integral operators. These interests are reflected in this volume.
As with all of the IWOTA proceedings published by Birkhduser Verlag, the pa-
pers presented here have been refereed to the same high standards as those of the
journal Integral Equations and Operator Theory.
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A few words about the above image which graced the workshop programme
and bag. In commuting between home in Hexham and work in Newcastle, I often



e Editorial Preface

travel by train. The journeys have resulted in a number of friendships, including
with Chris Dorsett, who is a member of the Fine Arts department at Northumbria
University (also in Newcastle). A mathematics question led him to introduce me
an article by the art critic and theorist, Rosalind Krauss titled “Sculpture in the
Expanded Field”, which was first published in art journal October in 1978, and is
now recognized as a key work in contemporary art theory. To briefly summarize
a portion of the thesis of her article, the term “sculpture” has been applied in
the 20" century to such a broad collection of art objects as to become essentially
meaningless. This leads her to propose a refined classification built from the idea
of what sculpture is not (architecture, landscape) and the negation of these terms.
The idea is encoded in a diagram much like the one given above, and is based
on a model of the Klein Viergruppe, also known as the Piaget group due to its
use by the Swiss developmental psychologist Jean Piaget in the 1940’s to describe
the development of logical reasoning in children. While the version pictured above
makes a hash of the intended logic of the diagram (which would, for example,
require that H* control be the negation of operator theory), it is nevertheless an
homage to Krauss and Chris Dorsett, indicates one of the unexpected ways that
art and mathematics come together, and encapsulates for me some of the salient
features of IWOTA.

Michael Dritschel
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Inverse Scattering to Determine
the Shape of a Vocal Tract

Tuncay Aktosun

Abstract. The inverse scattering problem is reviewed for determining the cross
sectional area of a human vocal tract. Various data sets are examined resulting
from a unit-amplitude, monochromatic, sinusoidal volume velocity sent from
the glottis towards the lips. In case of nonuniqueness from a given data set,
additional information is indicated for the unique recovery.
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1. Introduction

A fundamental inverse problem related to human speech is [6, 7, 18, 19, 22] to
determine the cross sectional area of the human vocal tract from some data. The
vocal tract can be visualized as a tube of 14-20 cm in length, with a pair of lips
known as vocal cords at the glottal end and with another pair of lips at the mouth.
In this review paper, we consider various types of frequency-domain scattering data
resulting from a unit-amplitude, monochromatic, sinusoidal volume velocity input
at the glottis (the opening between the vocal cords), and we examine whether
each data set uniquely determines the vocal-tract area, or else, what additional
information may be needed for the unique recovery.

Human speech consists of phonemes; for example, the word “book” consists
of the three phonemes /b/, /u/, and /k/. The number of phonemes may vary from
one language to another, and in fact the exact number itself of phonemes in a
language is usually a subject of debate. In some sense, this is the analog of the
number of colors in a rainbow. In American English the number of phonemes is 36,
39, 42, 45, or more or less, depending on the analyst and many other factors. The

The research leading to this article was supported in part by the National Science Foundation
under grant DMS-0204437 and the Department of Energy under grant DE-FG02-01ER45951.
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phonemes can be sorted into two main groups as vowels and consonants. The vowels
can further be classified into monophthongs such as /e/ in “pet” and diphthong
such as the middle sound in “boat.” The consonants can further be classified into
approximants (also known as semivowels) such as /y/ in “yes,” fricatives such as
/sh/ in “ship,” nasals such as /ng/ in “sing,” plosives such as /p/ in “put,” and
affricates such as /ch/ “church.”

The production of human speech occurs usually by inhaling air into the lungs
and then sending it back through the vocal tract and out of the mouth. The air
flow is partially controlled by the vocal cords, by the muscles surrounding the vocal
tract, and by various articulators such as the tongue and jaw. As the air is pushed
out of the mouth the pressure wave representing the sound is created. The effect of
articulators in vowel production is less visible than in consonant production, and
one can use compensatory articulation, especially in vowel production, by ignoring
the articulators and by producing a phoneme solely by controlling the shape of the
vocal tract with the help of surrounding muscles. Such a technique is often used
by ventriloquists.

From a mathematical point of view, we can assume [18, 19] that phonemes
are basic units of speech, each phoneme lasts about 10-20 msec, the shape of the
vocal tract does not change in time during the production of each phoneme, the
vocal tract is a right cylinder whose cross sectional area A varies along the distance
z from the glottis. We let x = 0 correspond to the glottis and « = [ to the lips.
We can also assume that A is positive on (0,!) and that both A and its derivative
A’ are continuous on (0,1) and have finite limits at z = 0" and = [~. In fact,
we will simply write A(0) for the glottal area and A(l) for the area of the opening
at the lips because we will not use A or A’ when x ¢ [0,1].

Besides A(z), the primary quantities used in the vocal-tract acoustics are
the time ¢, the pressure p(z,t) representing the force per unit cross sectional area
exerted by the moving air molecules, the volume velocity v(z,t) representing the
product of the cross sectional area and the average velocity of the air molecules
crossing that area, the air density p (about 1.2 x 1073 gm/cm?® at room tem-
perature), and the speed of sound c (about 3.43 x 10* cm/sec in air at room
temperature). In our analysis, we assume that the values of p and ¢ are already
known and we start the time at ¢ = 0. It is reasonable [18, 19] to assume that
the propagation is lossless and planar and that the acoustics in the vocal tract is
governed [6, 7, 18, 19, 22] by

A(x) ps(z,t) + poe(x,t) =0,
(1.1)
A(z) pe(z,t) + C2/1' Ug(z,1) =0,

where the subscripts x and ¢ denote the respective partial derivatives.
In order to recover A, we will consider various types of data for k € R™
resulting from the glottal volume velocity

v(0,t) = e'Ft, t>0. (1.2)



Inverse Scattering in a Vocal Tract 3

ck
Note that the quantity is the frequency measured in Hertz. Informally, we will
refer to k as the frequency even though k is actually the angular wavenumber.

The recovery of A can be analyzed either as an inverse spectral problem or as
an inverse scattering problem. When formulated as an inverse spectral problem,
the boundary conditions are imposed both at the glottis and at the lips. The
imposition of the boundary conditions at both ends of the vocal tract results in
standing waves whose frequencies form an infinite sequence. It is known [9, 11,
14, 15, 17-19] that A can be recovered from a data set consisting of two infinite
sequences. Such sequences can be chosen as the zeros and poles [15, 17] of the
input impedance or the poles and residues [11] of the input impedance.

If the recovery of A is formulated as an inverse scattering problem, a boundary
condition is imposed at only one end of the vocal tract — either at the glottis or at
the lips. The data can be acquired either at the same end or at the opposite end.
We have a reflection problem if the data acquisition and the imposed boundary
condition occur at the same end of the vocal tract. If these occur at the opposite
ends, we have a transmission problem. The inverse scattering problem may be
solved either in the time domain or in the frequency domain, where the data set is
a function of ¢ in the former case and of k in the latter. The reader is referred to
[4, 18-21, 23] for some approaches as time-domain reflection problems, to [16] for
an approach as a time-domain transmission problem, and to [1] for an approach
as a frequency-domain transmission problem.

The organization of our paper is as follows. In Section 2 we relate (1.1) to
the Schrédinger equation (2.3), introduce the selfadjoint boundary condition (2.7)
involving cot o given in (2.8), and present the Jost solution f, the Jost function
F,,, and the scattering coefficients T', L, and R. In Section 3 we introduce the
normalized radius 7 of the vocal tract, relate it to the regular solution ¢, to the
half-line Schrodinger equation, and also express 7 in terms of the Jost solution and
the scattering coefficients. In Section 4 we present the expressions for the pressure
and the volume velocity in the vocal tract in terms of the area, the Jost solution,
and the Jost function; in that section we also introduce various data sets that will
be used in Section 6. In Section 5 we review the recovery of the potential in the
Schrodinger equation and the boundary parameter cot « from the amplitude of
the Jost function; for this purpose we outline the Gel’fand-Levitan method [3, 12,
13, 10] and also the method of [13]. In Sections 6 we examine the recovery of the
potential, normalized radius of the tract, and the vocal-tract area from various
data sets introduced in Section 4. Such data sets include the absolute values of
the impedance at the lips and at the glottis, the absolute value of the pressure at
the lips, the absolute value of a Green’s function at the lips associated with (2.6),
the reflectance at the glottis, and the absolute value of the transfer function from
the glottis to the lips. Finally, in Section 7 we show that two data sets containing
the absolute value of the same transfer function but with different logarithmic
derivatives of the area at the lips correspond to two distinct potentials as well as
two distinct normalized radii and two distinct areas for the vocal tract.
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2. Schrodinger equation and Jost function

In this section we relate the acoustic system in (1.1) to the Schrédinger equation,

present the selfadjoint boundary condition (2.7) identified by the logarithmic de-

rivative of the area function at the glottis, and introduce the Jost solution, Jost

function, and the scattering coefficients associated with the Schrédinger equation.
Letting

P(k,z) :=p(z,t) e M V(k,x):=v(zx,t)e ", (2.1)

we can write (1.1) as

A(z) P'(k,x) + icuk V(k,x) = 0, (2.9)
AuV'(k,z) +ick A(x) P(k,z) = 0, .
where the prime denotes the z-derivative. Eliminating V' in (2.2), we get
[A(2) P'(k, )] + k*A(z) P(k,x) =0,z € (0,0),
or equivalently
V" (k,x) + K2k, 2) = Q(z) ¢(k, x), (2.3)
with
A T "
O(k,z) = /A(x) P(k,z), Q(z):= [VA()] . (2.4)
VA()
Alternatively, letting
O (x,1) = /A(2) pla, ), (2.5)
we find that & satisfies the plasma-wave equation
1
D, (x,t) — 2 Oy (z,t) = Q(x) P(x, 1), z € (0,1), t>0. (2.6)

We can analyze the Schrédinger equation in (2.3) on the full line R by using
the extension ¢ = 0 for z < 0 and x > [. We can also analyze it on the half
line RT by using the extension Q = 0 for x > | and by imposing the selfadjoint
boundary condition

sina - ¢’ (k,0) + cosa - ¢(k,0) = 0, (2.7)

where
A0 A(z)]
cota := — () = —[\/ (@) |‘”:0. (2.8)
2.A(0) VA(0)
As solutions to the half-line Schrédinger equation, we can consider the regular
solution @, satisfying the initial conditions
0a(k,0) =1, ¢, (k,0)=—cota, (2.9)
and the Jost solution f satisfying the asymptotic conditions

flk,2) =e™[14+0(1)], f'(k,z)=ike*[140(1)], x — +o0.
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Since @ = 0 for x > [, we have
flk, 1) = e f(k, 1) =ik e*!, (2.10)

The Jost function F,, associated with the boundary condition (2.7) is defined [3,
10, 12, 13] as

F,(k) == —i[f'(k,0) + cot o - f(k,0)], (2.11)

and it satisfies [3, 10, 12, 13]
Fu(k) =k+0(1), k — oo in Ct, (2.12)
F,(=k) = —F,(k)*, keR, (2.13)

where C™ is the upper half complex plane, Ct := C*TUR, and the asterisk denotes
complex conjugation.

Associated with the full-line Schrédinger equation, we have the transmission
coefficient T, the left reflection coefficient L, and the right reflection coefficient R
that can be obtained from the Jost solution f via

1+ L(k) ., . 1-L(k)
) o TEO=E gy

The scattering coefficients satisfy [2, 5, 12, 13]
T(-k)=T(k)", R(-k)=R(k)*", L(-k)=L(k)", keR. (2.15)

f(k,0) =

In the inverse scattering problem of recovery of A, the bound states for
the Schrodinger equation do not arise. The absence of bound states for the full-
line Schrodinger equation is equivalent for 1/T'(k) to be nonzero on I, where
I := (0, +00) is the positive imaginary axis in C*. For the half-line Schrodinger
equation with the boundary condition (2.7) the absence of bound states is equiv-
alent [3, 10, 12, 13] for F,(k) to be nonzero on I'*. It is known [3, 10, 12, 13] that
either F,(0) # 0 or Fy, has a simple zero at k = 0; the former is known as the
generic case and the latter as the exceptional case for the half-line Schrodinger
equation. For the full-line Schrédinger equation we have T'(0) = 0 generically and
T(0) # 0 in the exceptional case. The exceptional case corresponds to the threshold
at which the number of bound states may change by one under a small pertur-
bation. In general, the full-line generic case and the half-line generic case do not
occur simultaneously because the former is solely determined by ) whereas the
latter jointly by @ and cot a.

3. Relative concavity, normalized radius, and area

In this section we introduce the normalized radius 7 of the vocal tract, relate it to
the regular solution to the Schrédinger equation, and present various expressions
for it involving the Jost solution and the scattering coefficients.
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Let r denote the radius of the cross section of the vocal tract so that A(z) =
7 [r(x)]?. Then, we can write the potential Q) appearing in (2.4) as

r"(x)
Q(ZL') - T(.’E) ’
and hence we can refer to @ also as the relative concavity of the vocal tract. Define
VA()
T) = , 3.1
n(x) JAQ) (3.1)

x € (0,1),

or equivalently

Ax) = A0) @),z € (0,1). (3-2)
We can refer to 7 as the normalized radius of the vocal tract and n? as the nor-
malized area of the tract. From (2.4) we see that 7 satisfies

y'=Q@)y, =€ (0l),
with the initial conditions
n(0) =1, 7'(0) = —cota.
A comparison with (2.9) shows that 1 is nothing but the zero-energy regular so-
lution, i.e.,
n(z) = ¢al(0, ), x € (0,1). (3.3)
With the help of the expression [3, 10, 12, 13]

alkz) = - [Falk) f(—k,2) — Fa(—K) f(k,2)].

2k [
we can write (3.3) as

77(95) :Fa(o) f(Ov‘r)_Fa(O) f(va)v HS (Ovl)v
where an overdot indicates the k-derivative. We can also express n with the help
of the scattering coefficients. In the full-line generic case we get [1]

0 T F0,2) i f0.2)~ ) R(0) f(0,2)
n@)=| £(0,0) 1 . ze(0),
—cota 1(0,0) 0

and in the full-line exceptional case we have [1]

® dz
0! /omo,z)P

n(z) = f(0,z)| -1  £(0,0) 0 . xe(0,0). (3.4)
1
cot o 0 £(0,0)

It is also possible to express 7 in other useful forms. Let g(k,x) denote the
corresponding Jost solution when we replace the zero fragment of Q for z € (I, +00)
by another piece which is integrable, has a finite first moment, and does not yield
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any bound states. Let 7(k), £(k), and p(k) be the corresponding transmission coeffi-
cient, the left reflection coefficient, and the right reflection coefficient, respectively.
In the generic case, i.e., when 7(0) = 0, we have [1]

0 = #H0)g(0.x) ig(0,x)—  p(0)g(0,2)
n(z) = 1 9(0,0) 1 ; z € (0,1),
—cota 9'(0,0) 0
and in the exceptional case, i.e., when 7(0) # 0, we have [1]
T dz
U it
n(xz) =¢0,2)| -1 ¢(0,0) 0 , x € (0,1).
1

cot o 0
9(0,0)

4. Pressure and volume velocity in the vocal tract

In this section we present the expressions for the pressure and the volume velocity
in the vocal tract in terms of the Jost function and the Jost solution. We also
introduce various data sets associated with the values of the pressure and the
volume velocity at the glottal end of the vocal tract or at the lips.

From (1.2) and (2.1), we see that V' (k,0) = 1. Further, under the reasonable
assumption that there is no reflected pressure wave at the mouth and all the
pressure wave is transmitted out of the mouth, we get [1]

Plk,z) = — cuk f(—k, ) , z € (0,1), 4.1
(k) VA) /A(z) Fo(—k) € 0.0 (4.1)

o i/A(z) k) Alz) . .
Ve == W R k)] ee 0, 62

where we recall that f is the Jost solution to the Schrodinger equation and F,, is
the Jost function appearing in (2.11). Then, the pressure p(z,t) and the volume
velocity v(x,t) in the vocal tract are obtained by using (4.1) and (4.2) in (2.1).

The transfer function from the glottis to the point x is defined as the ratio
v(z,t)/v(0,t), and in our case, as seen from (1.2) and (2.1), that transfer function
is nothing but V(k, z). In particular, the transfer function T(k,l) at the lips is
obtained by using (2.10) in (4.2), and we have

VA e ™ T A
Tk, 1) = VA0) Fo(—k) [ Bty A(D]’
s AL [, QP
D= 401 (1) [k +4[A<l>12}’ hER. 43)
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Using (2.12) in (4.3), we get

_ A(l)
A= o e (44)
k—+o0
and hence we can write (4.3) as
lim |T(k, 1) 1A Q)]
2 k—-+o0 2
FOP="T e [ ] PR 09

The impedance at the point x is defined as p(x,t)/v(z,t), which is seen to
be equal to P(k,z)/V (k,z) because of (2.1). In particular, with the help of (1.2)
we see that the glottal impedance Z(k,0) is equal to P(k,0), and hence we have

_ c,uk:f(—k,O)
200 =7 4 0) Ful—k)
2(k,0) = (|§)| :Qﬁig?' keR. (4.6)

Using (2.12) and the fact [2, 5, 10, 12, 13] that f(k,0) =1+ O(1/k) as k — oo in
C+, from (4.6) we get
cp
A(0) = 4.
0) i [2(5,0)] (4.7)

and thus we can write (4.6) in the equivalent form

‘kf(/f,O)‘ _ |2k 0)]

= . 4.
Fuk) |~ m jzho) FER (18)
k——+oo

In a similar manner, we can evaluate Z(k,1), the impedance at the lips, by using
(2.10) in (4.1) and (4.2). We get

2icuk
Z (k1) =
(k. 1) 2ik A(l) + A'(1)’
B 42k2p2
CARIAQDR + [A 0]
We have already seen that the pressure at the glottis is the same as the

impedance at the glottis because V' (k,0) = 1. So, let us only analyze the pressure
at the lips. Using (2.10) in (4.1) we get

|Z (k,1)]? k€ R. (4.9)

cuk e~k

P == VA0) /A(z) Fo(—k)

and hence
cp |kl

PEDI= a0 Aw 1)’

k €R. (4.10)
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Using (2.12) in (4.10), we obtain

_ cp

and hence we can write (4.10) in the equivalent form

|k :
F.(k)| = 1 Pk, D), keR. 4.12
The reflectance at x is defined as the ratio of the left-moving pressure wave
to the right-moving pressure wave. As seen from (2.10) and (4.1), there is no left-
moving pressure wave at the lips and hence the reflectance at the lips is zero. Since
Q@ =0 for z < 0, we have [2, 5, 12, 13]
e—ik:c L(—k‘) eik:c
T(—k) T(-k) ~’
and hence the reflectance at the glottis is equal to L(—k).
The Green function G(k,1;t) associated with the vocal-tract acoustics can

be defined [8] as the solution to the plasma-wave equation (2.6) with the input
(1.2). From (2.1), (2.5), and (4.1) we obtain

f(_kax) =

<0,

GlhLie) = —cuk eik(ct=1)
o VA0) Fo (k)
IG(k, ;1) cp k] keR. (4.13)

VA |Fah)
Note that the expression |G(k,l;t)| is independent of ¢. Using (2.12) in (4.13)
we get
2,2
A(0) = s ., (4.14)
kliril |G(k, ;1)

and hence we can write (4.13) in the equivalent form
k| i G(k,l;t
K] lim |Gk 151)

Fal = gy

k€ R. (4.15)

5. Recovery from the Jost function

In this section we review the recovery of the potential () and the boundary pa-
rameter cot o from the absolute value of the Jost function given for k € R*. The
methods presented include the Gel’fand-Levitan method [3, 10, 12, 13] and the
method of [3].

In the absence of bound states, one can use the data {|F, (k)| : k& € R}, or
equivalently {|F,(k)| : k € RT} as a consequence of (2.13), to recover the po-
tential @ and the boundary parameter cot v in the half-line Schrédinger equation.
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For example, in the Gel’fand-Levitan method [3, 10, 12, 13], the potential @ is
obtained as

dho(z,27)
=2 > 0, 5.1
Q=2 M) (1)
the boundary parameter cot o appearing in (2.7) is recovered as
cot v = —hq(0,0), (5.2)

and the regular solution ¢, (k, ) appearing in (2.9) is constructed as
Yok, x) = coskx + /Ow dy ho(z,y) cosky, x>0, (5.3)
where h(x,y) is obtained by solving the Gel’fand-Levitan integral equation
ha(z,y) + Go(z,y) + /Ox dz Go(y, 2) ha(z,2) =0, 0<y<u,

with the kernel G, (z,y) given by
00 2
Go(z,y) = i/o dk Lij)'Q — 1} cos(kx) cos(ky).
Comparing (5.1)—(5.3) with (2.4), (2.8), (3.2), and (3.3) we see that
WVA@)" _ ., dha(w,27)
VA d
A’(0)
A(0)

n(x) =1+ /0«”” dy ho(x,y), x € (0,1),

x € (0,1),

= 2h4(0,0),

A(z) = A(0) [1 +/0~’C dyha(x,y)r, x € (0,1).

Alternatively, we can proceed [1, 3] as follows. Using the data {|F, (k)| :
k € R}, we evaluate the integral on the right-hand side of

1 [ ds s
A()t f _1 Iy +?
(k) 7m/ws—k—w+[wugp } ke

where the quantity 407 indicates that the values for real k should be obtained as
limits from C*. The function A, (k) is equivalent to

_ k f(k,0)

Aa(k) = ~1

Fo(k) ’
Next, F, (k) is obtained from |F, (k)| by using

Fa(k):kexp(_;/ dslog|s/F“(8)|>, ke Cr.
Vs

ke Cr. (5.4)

oo S—k—i0t
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Then, we have

Jh,0) = | Falk) [1+AaR), ke CH,

Pk, 0) =i Fa(k) |1+ Hg“(k) lim (kAG(R)]|,  keCH
cota = —i klim [k Ao (K)], (5.5)

where the limit in (5.5) can be evaluated in any manner in C*. Having both
f(k,0) and f'(k,0) at hand, all the quantities relevant to the scattering for the
Schrodinger equation can be constructed. For example, as seen from (2.14), we
have
() = 2ik ’ L(k):z:kf(k;,O)—f’(k,O))
ik f(k,0) + f'(k,0) ik f(k,0) + f'(k,0)

_ikf(_kv 0) - f/(_kv 0)
ik f(k,0) + f'(k,0)

Having obtained such quantities, the potential can be constructed via any one of
the methods [2, 5, 12, 13] to solve the inverse scattering problem.

R(k) =

6. Recovery from other data sets

In this section we consider the recovery of @), n, and A from various data sets
introduced in Section 4 related to the values of the pressure and the volume velocity
at the ends of the vocal tract. For this purpose we use the result of Section 5 that
the data set {|F,(k)|: k € R™} uniquely determines the corresponding @ and 7,
and that the same set along with the value of A(0) uniquely determines A.

(i) Impedance at the lips

If we use the data set {|Z(k,l)| : k € R*} coming from the impedance at the
lips, as seen from (4.9), we can only recover A(l) and |A’(l)|. Using (4.9) at two
distinct real k-values, say k1 and ko, we obtain A(l) and |A’(1)| algebraically as

62/.L2 k2 k2

A(l) = 1 — 2 1

g ¢%—%hﬂmm2|ﬂmw4’ (6-1)
4c? 12 k2 k2 1 1

A = 172 — . 2

A0 ¢k%wghﬂmm2|ﬂmmJ (6.2)

No other information can be extracted from {|Z(k,1)| : k€ RT} related to Q, n,
or A.
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(ii) Impedance at the glottis

The information contained in {|Z(k,0)| : k € R"} enables us to uniquely con-
struct @, n, and A, which is seen as follows. From (4.8) and the evenness of
|f(k,0)/Fy(k)] in k € R, we see that the recovery from {|Z(k,0)| : k € R'}
is equivalent to the recovery from {|k f(k,0)/F,(k)| : k € R}. Since we assume
that the half-line Schrédinger equation with the boundary condition (2.7) does
not have any bound states, it is known [3] that kf(k,0)/F, (k) is analytic in CT,
continuous in C*, nonzero in C* \ {0}, either nonzero at kK = 0 or has a simple
zero there, and

kf(k,0) _ .
Fo () =14+ 0(1/k), k — oo in Ct.

As a result, we can recover kf(k,0)/F,(k) for k € C* from its amplitude known
for k € R via

k f(k,0) log [t f(¢,0)/Fa()]
F, (k) ( /d t—k—i0t > hecr

Having constructed kf(k,0)/F, (k) for k € R, we can use (5.4) and obtain A, (k)
for k € R. Next, by taking the real part of A, (k) and using

k2
|Fa(k)?

we construct |Fy (k)| for k& € R. Then, as described in Section 5, we can construct
Q@ and 7. Finally, since A(0) is available via (4.7), we can also construct A.

Re[Aq (k)] = 1, keR,

(iii) Pressure at the lips

If we use the data set {|P(k,l)| : k¥ € R"} coming from the pressure at the lips,
as seen from (4.12) we have {|F, (k)| : k € R*} at hand, and hence Q) and n are
uniquely determined. Then, having the value n(l) and using (3.1) and (4.11), we
obtain A(0) as
1 cl
B lim |P

n() tim |P(k, D

Thus, A is also uniquely determined.

(iv) Green’s function at the lips

If we use the data set {|G(k,l;t)|: k € R} coming from Green’s function at the
lips, as seen from (4.15) we have {|F, (k)| : k € R} at hand, and hence @ and
n are uniquely determined. From (4.14) we also have A(0), and hence A is also
uniquely determined.
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(v) Reflectance at the glottis

We know from Section 4 that the reflectance at the glottis is given by L(—k).
Because of (2.15), the data sets {L(—k) : k € R™} and {L(k) : k € R} are
equivalent. The latter set uniquely determines @), for example, via the Faddeev-
Marchenko method [2, 5, 12, 13]. Either of the real and imaginary parts of the
reflectance at the glottis known for £ € R¥ also enables us to uniquely construct
Q. This is because Re[L(k)] is an even function of k on R and Im[L(k)] is an odd
function, and L can be recovered from either its real or imaginary part via the
Schwarz integral formula as

L(k) = 1 /°° dsRe[L(s)] _1 /°° dsIm[L(s)] ke ot

) o s—k—i0t 7w ) o s—k—i0t’

due to the fact [2, 5] that L(k) is analytic in C™, continuous in C*, and o(1/k)
as k — oo in CT. The reflectance contains no information related to A(0) or
cot @ given in (2.8). As a result, 1 is not uniquely determined and we have the
corresponding one-parameter family for  with cot a being the parameter. We also

have the corresponding two-parameter family for A, where the parameters can be
chosen, for example, as A(0) and A’(0), or as A(l) and A’(l).

(vi) Transfer function at the lips

From (4.5) we see that the data set {|T(k,l)| : k € RT,|A(1)|/A(l)} uniquely
determines {|F, (k)| : k € R*} and hence also @ and n. On the other hand,
there is the corresponding one-parameter set for A where A(0) can be viewed
as a parameter. In view of (4.4) and (4.5), we see that the data set {|T(k,1)| :
ke R, A(l),|A(1)|} uniquely determines each of @, 7, and A. Corresponding to
the data set {|T(k,l)| : k € RT, A(l)}, in general there exists a one-parameter
family for each of @, n, and A, where |A’(l)| can be chosen as the parameter.
Corresponding to the data set {|T(k,l)| : k € RT}, in general there exists a two-
parameter family for each of @, 7, and A, where A(l) and |A’(1)| can be chosen as
the parameters. Note that we assume that A(l) and |A’(l)| do not change with k,
and hence they are constants. As indicated in (i), they can be obtained via (6.1)
and (6.2) by measuring the absolute value of the impedance at the lips at two
different frequencies.

7. Transfer function and nonuniqueness

Let the data set {|T(k,l)| : k € RT,0} with 0 := |A'(1)|/[2A(l)] correspond to
the potential @, the boundary parameter cot «, the Jost function F,, the normal-
ized radius 7, and the area A. From Section 6, we know that all these quanti-
ties are uniquely determined with the exception of A, which is determined up to
the multiplicative constant A(0). Let the data set {|T(k,1)| : k € RT,8} with
0 := | A’(1)|/[2A(1)] correspond to the potential Q, the boundary parameter cot @,
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the Jost function Fj, the normalized radius 7, and the area A. We assume that
0 # 0. In this section we show that we must have Q # Q.
If we had Q = Q, then from (4.5) we would get
[Fo(R)? _ k*+ 62
[Fa(k)? k2 + 62

or equivalently, with the help of (2.13) we would have

kEeR, (7.1)

(k+1i0) Fo(k)  (k—i0) Fs(—Fk)
) = ~ , k e R.

(k+1i0) Fa(k)  (k —i0) Fo(—k)
It is known [3, 5, 10, 12, 13] that F,, and Fj are analytic in C™, continuous in
C+, and satisfy the asymptotics given in (2.12). Furthermore, since there are no
bound states, F,, and Fj are nonzero in C* \ {0}, and each of them has either a
simple zero at k = 0 or is nonzero there. In fact, as seen from (7.1) we would have
F,(0) = 0 if and only if # = 0, and similarly F5(0) = 0 if and only if § = 0. From
Liouville’s theorem it would follow that

(k+0) Fa(k) _
(k +i0) Fx (k) =1, keC. (7.2)
From (3.18) of [3] we have

Re {iFd(k)] _ k (cot & — cot o)

Fuk) Fak) 0 FER (7:3)

Using (7.2) in (7.3), with the help of (2.12) we would get

0 —0=cota— cota,

|F.(k)>=k*+06%,  keR,

implying F,, (k) = k + i for k € C*. The unique potential corresponding to this
particular F, (k) is given by @ = 0 and the boundary parameter cot « is given by
cota = —0. Similarly, we would also have cot@ = —0, Fik) = k+ 6, Q = 0.
Then, using (3.4) we would get

n(x) =140z, nx)=1+ O, x € (0,1),

A(z) = A(0) [L + 0], A(z) = A(0)[1+0x]?, =z (0,0), (7.4)

where A(0) and A(0) are arbitrary positive constants. Putting [A"(1)[/[2A(1)] for
0 in (7.4), we would obtain § = 0, and similarly we would get 6§ = 0. However, this
contradicts our assumption 6 # €, and hence we must have Q # Q.
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Positivity and the Existence of Unitary
Dilations of Commuting Contractions

J. Robert Archer

Abstract. The central result of this paper is a method of characterizing those
commuting tuples of operators that have a unitary dilation, in terms of the
existence of a positive map with certain properties. Although this positivity
condition is not necessarily easy to check given a concrete example, it can
be used to find practical tests in some circumstances. As an application, we
extend a dilation theorem of Sz.-Nagy and Foiag concerning regular dilations
to a more general setting.

1. Introduction

The Sz.-Nagy dilation theorem is a seminal result in the theory of contractions on
Hilbert space. It states that every contraction has a unitary dilation. An elegant
generalization was given by And6 who proved that every pair of commuting con-
tractions has a unitary dilation. It is somewhat surprising that this phenomenon
does not generalize further: Parrott gave an example of three commuting contrac-
tions that do not have a unitary dilation. This raises the question, when does a
tuple of commuting operators have a unitary dilation?

After giving some background to the theory of unitary dilations of commuting
operators and related topics, we present and analyse one answer to this question
that employs a positive kernel condition. We use this to give a proof of Andd’s
theorem. Then we turn to the notion of regular unitary dilations with the ultimate
aim of presenting an extension to a theorem of Sz.-Nagy and Foias.

Before getting to the theory proper, we start by introducing some mainly
standard notation. Let Z% and Z‘j_, for d a natural number, denote the Cartesian
product of d copies of the integers Z and the nonnegative integers Z respectively.
Take Z? to be an additive group in the obvious way, and define a partial order on
Z¢ by letting Zi be the cone of positive elements, i.e., a < § < [f—a«a € Zi.
Where there is no ambiguity in doing so, we refer to the tuple of consisting of
all zeroes as 0. If o is in Z%, define a; to be the jth component of a, so that



18 J.R. Archer

a=(a1,...,aq). For a, 8 € Z4, define

aAp = (min{ay, f1},...,min{aq B4}),

a”=—(aA0) and ot =(-a)

Note that o=, at are in Z% and o = a* —a™.

Uppercase script letters, such as H or K, are Hilbert spaces (over the com-
plex field C) unless stated otherwise. We use the word subspace to mean a closed
linear manifold. We denote by B(H, K) the space of operators, i.e., bounded linear
transformations, from H to K, and write B(H) for B(H, H).

The set of (pairwise) commuting d-tuples of operators from B(H) we denote
by BY(H). Let T be in B%(H), then T is said to be unitary if it consists of
unitary operators. Likewise for isometric, coisometric, and contractive. We let
T1,...,Ts € B(H) stand for the individual components of T, so that then T =
(T, ...,Tq). Note here that we implicitly associate the bold and not-bold versions
of a symbol, with the former being used for the d-tuple itself, and the latter used
in denoting associated operators from B(H). Continuing with this convention, we
let T* € B(H), a € Z%, be defined by

T« :Tloq T(;éd

If the T} are all invertible then 77, ' = T, ' T, 7T, ' = T, ' I, T T, ' = T, ' 15,
for all j,k =1,...,d, and hence it is natural to extend this definition to all o € Z?.
Similarly, we let z® stand for the function (21,...,z4) — 20 -+ 25% in C(T?), the

continuous C-valued functions on the d-torus T¢. This definition also applies for
all a € Z4.

Definition 1.1. Let T be in B4(H) and W be in B%(K) where K contains H as a
subspace. Denote by Py the orthogonal projection I — H. We say that W is a
weak dilation of T if

T; = PuWjly, forallj=1,...,d.
We say W is a dilation of T if
T = PyW®y, forallacZ.

By making the obvious identification of single operators with 1-tuples, this
definition extends to the classical case of single operators. Historically, what we
call a weak dilation was sometimes called simply a ‘dilation’, and the stronger
notion of dilation this defines was termed ‘power dilation’. Our definition agrees
with the standard meaning in contemporary usage.

A necessary and sufficient condition for a weak dilation W to be a dilation
is that H be ‘semi-invariant’ for W, i.e., the difference of two invariant subspaces.
The concept of a semi-invariant subspace, and the single variable version of this
very useful result, are due to Sarason [9]. We give a proof of a multivariable version
below.
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Definition 1.2. Let W be in B¢(K), and suppose we have subspaces H C K and
M C KOS H. We say H is semi-invariant for W with respect to M if both M and
M @ H are invariant for W.

Lemma 1.3. The following are equivalent.
(a) W s a dilation of T.
(b) W is a weak dilation of T and H is semi-invariant for W with respect to
some subspace M C K & H.
(c) There exists a subspace M C K &H such that each W; has the form

* * *
0 0

with respect to the decomposition M @& H & (Ko (M e H)).

In this case, we can always choose M to be
V{WeH aczi}oH. (1.4)

Proof. (b)=(c): This is straightforward.
(c)=>(a): It is easy to verify that W*, a € Z4, has the form

* ok %
0 7T =«
0 0 =

and hence PyW%|y = T,

(a)=(b): Let M be as in (1.4) and put N'= M @ H. To complete the proof
we need to show that M and N are invariant for W. For A this is obvious. For
M, consider f € M C N. For each j = 1,...,d, we already have W, f € N so it
only remains to show W, f € Ko H.

Given € > 0, choose h, € H, a € Zi, such that ||f — > W*h,|| < e. Then

1P D W hal| = [|T5 > Tl
= |PW; Py Y Weha ||
< [Wil[1Pre D W he]
= [Willl[Pref = Prcd_ Wahal|
<|w;l e

and therefore |PyW;f| < ||PuW;f — PyW; > W%ha| + [|PHW; Y- W%ha| <
2||Wj|le. As € > 0 was arbitrary, it follows that PyW,f = 0, or equivalently that
W; fisin K ©'H, as required. O

If T has a unitary dilation then each 7; must be a contraction operator, i.e.,
175 < 1.
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Theorem 1.5 (Sz.-Nagy Dilation Theorem). Every contraction on Hilbert space has
a unitary dilation.

This was first proved in [12]. Sz.-Nagy later gave another proof [13] using
of the theory of positive functions on Z. In the next section, we recover the idea
behind this method as the d = 1 case of the characterization of commuting d-tuples
that have unitary dilations.

There is another proof of this theorem, due to Schéffer [10], which is based
on a ‘geometric’ approach, i.e., the unitary dilation is explicitly constructed as
an operator matrix. Another achievement of geometric techniques is the following
delightful result [1].

Theorem 1.6 (Andé’s Dilation Theorem). Every pair of commuting contractions
has a unitary dilation.

We give a proof of this theorem later. Somewhat surprisingly, the analogue for
three or more commuting contractions is not true in general. Examples of three
commuting contractions that do not have unitary dilations were first found by
Parrott [7].

Note also that the notions of unitary dilation and coisometric extension are
closely related. It is well known that a commuting tuple of operators has a unitary
dilation if and only if it can be extended to a commuting tuple of coisometries.

2. Characterizing tuples with unitary dilations
Definition 2.1. Suppose T is in B4(H) and let K be a map Z? — B(H). We say
K is a kernel for T if
K(a)=T% foralaecZi.
We say K is positive if
> (K(a=B)a(B),x(e)) >0,
a,BEZ‘j’r

for all = : Zi — H that are finitely nonzero. This is equivalent to saying the
operator matrix (K(a_ﬁ))a,ﬁeF
authors use the phrase ‘positive definite’ to describe this property, and some use
‘positive semi-definite’.)

Theorem 2.2. If K is a map Z% — B(H), then K is positive if and only if there
ezists K 2 H and U € BY(K) consisting of unitary operators such that

PrU% 4y = K(a), for all a € Z°. (2.3)

is positive for every finite subset F' of Zi. (Some

Later we shall give two proofs of this result. The following is an immediate
corollary.

Corollary 2.4. Let T be in BY(H), then there exists a positive kernel for T if and
only if there exists a unitary dilation of T.
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If K is positive then K(—a) = K(a)*, a € Z%. Thus for d = 1, if a kernel K
for T is to be a positive then it is completely determined by T', and its positivity
is equivalent to the positivity of the infinite operator valued Toeplitz matrix

1 T* T*Z T*3
T 1 T T
T2 T 1 T
T3 T2 T 1

This in turn is positive if and only if the finite matrices

1 T ... Tm*
r 1 ., n=0,1,2,...,
™ T 1

are all positive.
It is straightforward to verify that these matrices can be factored as

1 0 - 0\ /1 0 0 1 7T ... Tn*
T 1 . 0 1-7T* . : 0 1
T .. T 1) \o o 1-177*/\0 --- 0 1

and therefore K is positive if and only if T is a contraction. Taken together
with Corollary 2.4, this proves the Sz.-Nagy dilation theorem.

In the case d > 2 we have an operator valued Toeplitz matrix where each
operator is itself an operator valued Toeplitz matrix, and so on, some of the entries
of which are not determined by T. We will say something about the nature of these
entries in the next section.

We now turn our attention to proving Theorem 2.2. Our first approach is
based on the theory of completely positive maps.

Definition 2.5. Let A be C*-algebra with unit 1 4. A linear manifold S of A is called
an operator system if it is unital (14 € S) and self-adjoint (a € S = a* € S). Note
that if S is an operator system then so is M,,(S), the n-by-n matrices with entries
in S, regarded as a subset of the C*-algebra M, (A).

Let S be an operator system, B a C*-algebra, and ¢ : S — B a linear map.
We say ¢ is unital if B has unit 1z and ¢(14) = 15. We say ¢ is positive if it maps
positive elements to positive elements.
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Associate with ¢ the collection of maps
on Mp(S) > M,(B), n=12,...,
defined by
<Pn((aj,k)) = (@(aj,k))-

We say ¢ is completely positive if the @, are all positive.
It is an elementary fact that positive maps are necessarily bounded.
Proposition 2.6. Fvery positive map ¢ : S — B is bounded, with ||¢|| < 2|j¢(1)].

The notion of completely positive maps is due to Stinespring [11]. A key
result in the theory is his dilation theorem.

Theorem 2.7 (Stinespring’s Dilation Theorem). Let A be C*-algebra with unit. If
¢ : A — B(H) is unital and completely positive, then there exists K O H and a
unital x-homomorphism m : A — B(K) such that

p(a) = Pym(a)|ln  for alla € A.
The following is another fact established by Stinespring.

Theorem 2.8. Every positive map on C(2), the continuous C-valued functions on
a compact Hausdorff space §2, is completely positive.

An introduction to the subject of complete positivity can be found in [8].
These last three results are given there as Proposition 2.1, and Theorems 4.1
and 3.11. Note also the commonality between the approach to proving the Sz.-
Nagy dilation theorem demonstrated there in Theorems 2.6 and 4.3, and our first
proof of Theorem 2.2 below, in the case d = 1.

Let P4 denote the space of the trigonometric polynomials in d-variables with
coefficients in C. We think of P, as a subset of C(T9); in this way P, is an
operator system. The following result, which generalizes one aspect of the Fejér-
Riesz theorem on the factorization of nonnegative trigonometric polynomials in
one variable, is an easy consequence of Corollary 5.2 in [4].

Lemma 2.9. If p € Py is strictly positive (i.e., p(z) > 0 for all z € T¢) then there
exists n > 1 and polynomials q;, 7 =1,...,n, such that p = Z;;l 44q;-

We can now turn to the first proof of Theorem 2.2.

Proof of Theorem 2.2. If U is unitary then it is straightforward to verify that the
map K defined by (2.3) is positive.
Conversely, suppose that K : Z¢ — B(H) is positive. Consider the map
¢k : Py — B(H) defined by setting
¢r(z%) = K(a), aeZf,

and extending linearly. Note that ¢x is unital.
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We shall show that g is positive. Let p € Py be strictly positive and
. n *
use Lemma 2.9 to write p = ZFl qjq;, where

z) = Z Aj,a2®

ani

for some ;o € C. Then

and so

Let f be in H and define z; :Zi —H,j=1,...,n, by zj(a) = A}, f, then

2 ZZ No i Aad)
= Z[Z - B); (ﬁm(a»}

i ap
>0,

since the term in the square brackets is positive for each j. Hence ¢k (p) is positive.
Since any positive polynomial in Py is the limit of strictly positive polynomials that
all lie in some finite dimensional subspace, and @ restricted to such subspaces is
obviously continuous, it follows that ¢ is positive on the whole of Py.

By Proposition 2.6, the positivity of ¢k implies boundedness, and moreover
Py is dense in C(T?), so px extends uniquely to a continuous positive function
on the whole of C(T%), which we also denote by ¢r. By Theorem 2.8, px is
completely positive, so we can apply Stinespring’s dilation theorem to get a unital
*-homomorphism 7 : C(T¢) — B(K), such that

ok (f) = Puric (I, f€C(T?).

Put U; = nk(25), j =1,...,d, then U = (Uy,...,Uy) is a commuting d-tuple of
unitary operators, as can easily be verified. Furthermore, for all o € Z4 ,

K(a) = o (2%) = Py (2%)|n = PHU%|n. O

An alternative proof is possible, based on the dilation theorem of Naimark [6]
that is stated below as Theorem 2.11.
Let G be an additive abelian group.

Definition 2.10. A map U : G — B(K) is called a unitary representation of G on
K if U(g) is unitary for all g € G, U(0) = 1, and U(g + h) = U(g)U(h) for all
g,h €G.
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We say that a map K : G — B(H) is positive if, for every finite subset F' of
G, the operator matrix (K (g— h)) is positive. This agrees with our previous

definition in the case G = Z9.
Theorem 2.11. Suppose K : G — B(H) has K(0) = 1, then K is positive if and

only if there exists K O H and a unitary representation U of G on KC such that
K(g) = PrU(g)|n for all g € G.

g,heF

We can use this to prove Theorem 2.2: put G = Z? and note the correspon-
dence between the unitary representations U of G on B(K) and the U € B4(K),
given by U; = Ule;) and U(a) = U?, where e; € Z% is the tuple with jth-entry
equal to 1 and other entries equal to 0.

3. Defect operators

There is a relationship between those entries of a positive kernel for T that are
not determined by T, and defect operators for powers of T.

Definition 3.1. Let T be in B(H). We say that D € B(D,H), for some auxiliary
Hilbert space D, is a defect operator for T if
DD*=1-TT".

It is easy to see that there exist defect operators for T if and only if T is a
contraction. Note that our definition of the term ‘defect operator’ is nonstandard.
The usual requirement is that D*D =1 — T*T, i.e., that D* is a defect operator
for T* in the above sense. The usual meaning is less convenient to work with for
our purposes.

Let us recall a well-known result due to Douglas [3], which we state as follows.

Lemma 3.2 (Douglas’ Lemma). Let A be in B(D,H) and B be in B(E,H). Then
AA* < BB* (3.3)
if and only if there exists a contraction C € B(D, &) such that
A= BC.

The case where equality holds in (3.3) can be generalized to collections of
operators.

Lemma 3.4. Take A to be some index set. For each X\ € A, let Ay be in B(D, Hy)
and By be in B(E,Hy). Define
Dy = \/A ran Ay and & = \/A ran BY.
Then
ANAj, = B\B;,, for all \,p € A, (3.5)

and
dimD & Dy > dim €& S & (3.6)
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if and only if there exists a coisometry C € B(D,E) such that

Ax = B\C for all X € A. (3.7)
Moreover, equality holds in (3.6) if and only if C' can be chosen to be unitary.
Proof. Note that if F' is a finite subset of A and f) is in H) for each A € F, then
from (3.5) it follows that
’ 2

|5 535
AeF

= > (BifuBifu)

A\ ueF

= (A3fn Anfu)
=[S

Hence we may define an isometric linear transformation from \/,_, ran B} onto

Vxea ran A3 by
> OBif Y Aih,
which can be extended to a unitary U € B(&y, Dy). From (3.6) it follows that
we can choose an isometry V' € B(&,D) that extends U by means of a direct
sum. If equality holds we can choose V' to be unitary. Take C' = V* then we have
C*B; =UBj} = A5, A € A, and so C satisfies (3.7).
In proving the converse, showing (3.5) is trivial, and (3.6) follows because
C*(E6 &) CDoDyand C(D S Dy) CEO &, as can easily be verified. O

The following classical result about positive 2-by-2 operator matrices can
be proved as a consequence of Douglas’ lemma. The simple proof given here is
modelled on that of Lemma 1.2 in [4].

Lemma 3.8. Consider an operator T' on H = H1 & Ha with the form
AA*  B*
B CcC*
for some A € B(D1,H1), B € B(H1,Hz2), and C € B(Da,Ha). Then T is positive
if and only if there exists a contraction G € B(D1,Ds) such that
B* = AG*C”*.
Proof. 1If there exists such a G then
T A 0 1 0 A* GFC*
T \CG C)J\0 1-GG* 0 cr )’
which is clearly positive.
Assume, conversely, that T is positive. Then we may write T = RR* with

R € B(H) of the form
Ry
Ry
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for some Ry € B(H,H1) and Ry € B(H,H2). Since R1 R} = AA* and R2R}
CC*, there exist contractions G; € B(H, D) and G2 € B(H, Ds) such that Ry
AG; and Ry = CGs. Since B* = R RS = AG1G5C*, we may take G = GG}
B(D;,Ds) to be the required contraction.

Om i

Our next result highlights the close connection between positive kernels and
defect operators.

Theorem 3.9. Let T be in BY(H). Suppose D is a Hilbert space and that {D,, :
a € Zi} is a collection of operators D — H. Then the following statements are
equivalent.

(a) There exists a Hilbert space M and a unitary dilation U of T on M®H®D
such that each U has the form

* * *
0 T% Do|, acZl.
0 O *

(b) There exists a commuting coisometric extension W of T on H& D such that
each W< has the form

T D, J
(0 *>, aeZy.

Dy =0,

(c) It is the case that

and
TT? + Do Dy =TT D™ 4 Do Diy gy (3.10)
for all a, B € Z‘j_.

In this case, each D, is a defect operator for T*, a € Z‘j_, and the map K : Z4 —
B(H) given by

K(o) =T T * + Doy DY (3.11)
is a positive kernel for T.

Proof. (a)=-(b): Define W by setting W; = PygepUjlnep, j = 1,...,n. It is
straightforward to verify that W has the required properties.
(b)=(c): Clearly Dy = Py1|p = 0. We also see that, for all a, 5 € Zi,

ToT% + Do Dy = PrW oW |3
= Py Wwem @By A=(erdx |, (since W is coisometric)
— pﬁw(a*ﬁﬁw(a*ﬁ)_*m
Bt —0B) " * *
=T T 4 Do gy+ Diyg)--
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(¢c)=(a): Consider K defined as in (3.11). Since Dy = 0, we have K is a
kernel for T. Using (3.10) we get that

K(a—B) =TT + DD}, foralla,f € Z.

It is straightforward to use this to show that K is positive. (By setting o« = 3 in
(c), it is obvious that D, is a defect operator for T, a € Z%.)

By Theorem 2.2, there exists U € B4(K), consisting of unitaries, such that
PryU%y = K(a), «acZ? (3.12)

Since K is a kernel for T, clearly U is a dilation of T.

Let NV be the space given in (1.4) with W replaced by U*, then N" and N ¢&H
are invariant for U*. Put M = K 6 (N ® H) so that K = M & H & N. It is not
hard to see that U®, o € Zi, has the form

* * *
0 7T X,
0 0 *

with respect to this decomposition, for some X, € B(N,H). Note that N/ =
\ ran X. By adjoining a Hilbert space to A" and replacing each U; by its direct
sum with the identity on this space, we can assume without loss that

dim(/\/@ \/ranX;) = dim(D o \/ranD;).

In particular, (3.12) still holds after making this substitution. Therefore T*T%* +
XoXj = PpUUP* |y = PpUY By = K(a — B) = TTP* + D Dj;, and hence

XoXjy=DoDj, foralla,peZi.
Apply Lemma 3.4 to get a unitary C' € B(N, D) such that
Xo=D,C, a€cZl.

Let C € B(M @& H®N, M @& Ha D) be the unitary with matrix

o O =
o~ o
Qoo

It is straightforward to show that (éUl C*, ..., éUdé*) is a unitary dilation of T
whose powers have the required form. O

As the following proposition shows, for d = 2 it is enough to consider ker-
nels truncated to the finite index set {& € Z2 : o < (1,1)}. Again, there is a
relationship between these truncated kernels and defect operators.
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Proposition 3.13. Let T1,T5 be commuting contractions on H and suppose that
Dy, Dy € B(D,H) are defect operators for Ty, Ty respectively. The matric

1 Ty T 5Ty

T: 1 T\T5+DDs Ty (3.14)

Ty 1T} +Ds D3 1 Ty ’

Ty T T 1
is positive if and only if Ty, Ty have commuting contractive extensions to H @& D
with matrices

Ty D T> Do
( 0 C1> and ( 0 Cz) ) (3.15)

for some operators Cy,Cy € B(D).
In this case we may choose the extensions such that C1Cy = CoCy = 0. There
also exist commuting coisometric extensions of the form

Tn Di 0 T, Dy 0
0 OCp = and 0 Cy x]. (3.16)
0 0 x* 0 0 =*

Proof. We apply Lemma 3.8 to (3.14), taking H; to be the first three copies of H,
and Hsz to be the last copy. This tells us that the positivity of (3.14) is equivalent
to the existence of an operator E € B(D,H) such that

TyT; 10 -
3 | =171 D1 (Tiﬂ{l> (1)
T T, Dy

and EE* <1 —TWToTyTy. Firstly let us assume that (3.14) is positive and that
we have fixed such an F.
We have Ty = Th'T5T} + D1 E* and hence

ED} =T>D,D7. (3.17)
Let Ay = E —T5D; and B; = D5 then
AyA} = EE* — EDIT} — TyD\E* + Ty D1 DT

— EE* — TyD\D;T; (using (3.17))

<1-TLIT; — TyDy DTy

=1-TT; = BB
Thus there exists a contraction C; € B(D) such that Ay = B1Cy. We can, without
loss, assume that ker C; D ker A; and ranC; C D © ker B;. Since (3.17) implies

that A; D] = 0, we have that ranD] C ker A; C ker (. In summary, we have
shown that C; satisfies

12Dy + D2Ch = F,
C1D; =0,

and ranC; C ranD3j.
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Now, by swapping the roles of 1 and 2 in the previous paragraph, we get a
contraction Cy € B(D) satisfying

T1Dy 4+ D:1Cy = E,
CyD3 =0,
and ranCs C ranD7.

Note that ranCy C ranD7] C ker C; and so C1Cy = 0. Similarly, CoC; = 0.
Therefore, C1Cy = CoCy and moreover T1 Dy + D1Cy = T5D1 + D>Cq, so the
operators in (3.15) commute. To see that they are contractions, calculate

T, D\ (T; O\ (1 0 10y .
(o @)(D; c:)=\o ¢ez)=\o 1) I=h%

Next, for the converse, use Andé’s theorem to get commuting coisometries of
the form in (3.16). This places us in the situation of Theorem 3.9(b). The positivity
of (3.14) follows from the positivity of the kernel K in Theorem 3.9. ]

We do not know if there is a ‘finite’ positivity condition along these lines that
would suffice in general to characterize the existence of unitary dilations. Is the
positivity of a kernel perhaps equivalent to the positivity of some finite truncated
part in general, as it is when d = 1,27

We conclude this section by giving a proof of Andé’s theorem based on explic-
itly constructing a collection of operators that satisfy Theorem 3.9(c) for d = 2.
Despite the indirection, this is essentially similar to the geometric approach of
Ando’s original proof.

Lemma 3.18. If Ty, Ty are commuting contractions on ‘H, and E1,FEs : H — H
are respective defect operators, then there exists a Hilbert space J containing H
and unitary operators Uy,Us on J & J such that

(T2E1P EQP)Ul = (TlEQP E1P)U2 : j ) .,7 — H, (319)
where P is the projection of J onto H.

Proof. Take a Hilbert space Z such that dimZ = dim(H&7Z). Put J = H&Z. Let
D,D/ : j@j — 'H be defined by D= (T2E1P EQP) and D = (TlEQP Elp)
Then DD* = 1 — TYT,Ty Ty = D'D™ and, since T C ker D, ker D', we have
dimker D = dim J = dimker D’. Hence, by Lemma 3.4, there exists U such that
D=DU.PutUy=1and Uy =U. d

The dilation theorems of Sz.-Nagy and And6 are an immediate consequence
of the following proposition and Theorem 3.9.

Proposition 3.20. If d = 1 or 2 and T is in B(H), then there exists a Hilbert
space D and a collection of operators Dy, : D — H, a € Zi, such that Dy = 0 and

TT% 4 DDy = T~ PO L D05y D (an) (3.21)
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Proof. We shall only prove the more difficult case, namely when d = 2. Choose
defect operators E1, Fs : H — H for our pair of contractions, and let J, P, and
Uy, Us be as in Lemma 3.18. Set D = @To(j@ J). Extend U; to a unitary U o
on D by setting U9y = @° U1, and likewise extend Uy to Ufo,1)- In the sequel
we freely identify D with J @ D with (J @ J) @ D via the isomorphisms that
identify ((fl D) D (fsdfa)D-- ) with f1 @& ((f2 ©f)e(fadf5) - ) with

(h@f)@((fs®fa) @), for f; € T satisfying 3| f5* < oo.
Set Dg,0) = 0. We wish to define D, for o > (0,0) so that

TWOEP Do_aoUsf Ui, if a>(1,0);
Da — {( 1 (170) (0,1)) (170) 1 a—( ) (322)

(Tai(o’l)EZP Da—(O,l)U(*l,o))U(O,l)» if > (07 1)

If we suppose, inductively, that we have chosen D, with |a] < n so as to sat-
isfy (3.22), then to extend to |a| = n + 1, we just define the new D, according
to (3.22). For this to make sense we need only check that if & > (1,1) the two
possible definitions of D,, agree, which indeed they do as

(Ta_(l’o)Elp Da—(l,O)U:0,1))U(1,0)
= (1O P (T UYVEP Da_a1)Uf.0)Uo0)Ul ) Ut
= (TP T""VEP) Da_q1Ufo)Unto
= (TN TE P E2P)Ui Do (1)),

and similarly

(Ta*(o’l)EQP Daf(o,l)U(*Lo))U(O,l)
= (T*" YTV EsP E\P)Uz Do 1)),

which agree because (3.19) holds.

It remains to show that these D,, satisfy (3.21). We prove this by induction on
|ae A B]. Clearly (3.21) holds when |a A 8| = 0. Suppose it holds when |a A 3] = n,
and consider «, 8 with |a A 8] = n + 1. Choose § € {(1,0),(0,1)} with § < a A 5.
Noting that (a — 0) A (8 —0) = (a A B) — §, we then see

DaDjs = (DoU; ) (DpUs )"
— (T®OEsP  DasUfiyy_) (TP PEsP Dy sUpy 1) _s)"
=T EsE;T7% + Do_sDjy_s
= T70(1 - T°T° )P0
— ma=dpB=dx 4 pa—(arB)pB—(anB)x 4 Daf(aw)pgi(aw)
= — poarbx  pa—(aAB)pB—(arf)x | Daf(a/\,@)D,gf(a/\B)'

This completes the proof. O
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4. A theorem of Sz.-Nagy and Foiag

Definition 4.1. A unitary dilation U € B%(K) of T € B(H) is called *-reqular
(respectively regular) if

PrU%y = 7o e (respectively = To‘i*T(’ﬁ) for all a € Z4.

For T € BY(H), let us denote by T* the tuple (T}, ...,T). Note that X is a
x-regular unitary dilation of T if and only if X* is a regular unitary dilation of T*.
Although we are going to work mainly with x-regular dilations, most statements
have equivalents for regular dilations that are easily obtained by taking adjoints.
In view of Theorem 2.2, it is easy to see that a necessary and sufficient condition
for T to have a x-regular unitary dilation is that the kernel K for T defined by
K(a) =T T * is positive.

The concept of regular dilations was introduced by Brehmer [2]. He gave
a simple characterization of those commuting tuples that have regular unitary
dilations. We only have need of a special case: a commuting pair of contractions
(T1,Tz) has a x-regular unitary dilation if and only if

1— VT — ToTy + Ty TETE > 0. (4.2)

In passing let us mention that *-regular unitary dilations need not exist,
even for pairs of commuting contractions. For an easy example of this, consider
(T,T), T = (99), for which 1 — 2TT* + T?T?* = (§ ° ) # 0. For a simple case
when such dilations do exist, note that if T = (71,7%) is a row contraction, i.e.,
TVI7 + 1575 <1, then T has a x-regular unitary dilation.

More information on regular dilations can be found in [14]. The following
theorem appears there in chapter 1 as Proposition 9.2.

Theorem 4.3. Suppose that T' = (Ty,...,Ty_1,Ty) is in BY(H) and that T =
(Th,...,Ta-1) has a x-reqular (regular) unitary dilation.
(a) If Ty is a coisometry (isometry) then T' has a x-regular (regular) unitary
dilation.
(b) If Ty is a contraction that doubly commutes with T, i.e., Ty commutes with
both T and T*, then T’ has a *-reqular (reqular) unitary dilation.

In this section we present an analogous result for arbitrary (i.e., not nec-
essarily *-regular) unitary dilations. Our proof makes use of the positive kernel
condition of Corollary 2.4. A key role is played by Banach limits, a well-known
tool that we define as follows.

Definition 4.4. A Banach limit is a linear functional b on £, (C) (the space of all
bounded sequences of complex numbers) satisfying these two properties.

(a) D((A1)720) = b((Nj+1)520)-

(b) b((A;)) is contained in the closed convex hull of {\; :j =0,1,...}.

It is a classical result that Banach limits exist, often proved as an application
of the Hahn-Banach theorem.
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Lemma 4.5. There exists a Banach limit.

For the remainder of this section, fix a Banach limit b. This generalizes the
notion of a limit to arbitrary bounded sequences. If ();) converges to A then
b(Aj) = A

Suppose (4;)52, is a uniformly bounded sequence in B(H). As

is a bounded sesquilinear form on H, there exists a unique operator b(A4;) on H
such that

<b(Aj)f,g> = b((Ajf, g)) for all f,g € H.
This last equation implies that b(B1A;Ba) = B1b(A;)B; for all By, By € B(H). If
A; converges weakly to A then b(4;) = A.
We now come to our main result of this section.

Theorem 4.6. Suppose T' = (T, ...,Ty_1,Ty) is in BY(H) and T = (T}, ..., Tq_1)
has a unitary dilation. If there exists D € B(H) such that DD* =1 —TqT; and
D commutes with T then T’ has a unitary dilation.

Proof. Firstly consider the case when Ty is a coisometry. There exists a positive
kernel K for T. Fix « in Z4~!. Define K;(a) € B(H), j =0,1,..., by

Kj(a) = T)K (a)T3".
Note that || K; ()] < |[[K (]| for all j, and hence b(K;(a)) exists. Call this K(a).

In this way we define K : Z9~1 — B(H) that we claim is also a positive
kernel for T. To see this, note that

(a) if o is in Zi_l then
K(a) = b(TIK ()T = b(TTIT]) = b(T*) = T

and

Y. (K(a-p)a(B),z(a))

a,,@EZj’__l
= [ (K(a = B)T](8), ] a(a))] = 0

(since the term in the square brackets is positive for each j).

Furthermore, we have, for all o € Z4-1,
TaK ()T} = Tab(K;(@)) T = b(TaK;()T}) = b(Kj31 (@) = K(a),
and hence, for all k =0,1,...,

TFK (a)TF* = K(a).
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As a notational convenience, given o' = (a1,...,a4-1,0q) € Zd, we let a
stand for (ay,...,aq-1) € Z3 1. Let K’ : Z% — B(H) be defined by

T ok
K'(o) =T} K(a)T;*",
then

(a) if o is in Z¢ then

VI > Qg * _ magma _ plal,
K'(d) =T, K(a)T,;* =T3"T*=T%;

and
(b)
K'(o )= T{gad—ﬁdﬁf?(a _ ﬂ)Téad—ﬁd)’*
— ngarﬁmT;dAﬁd}}(a — B)T g Sarplaa=fa) ™
= T3 K (o — BT
S0

= 3 [X (Ko - BT (). Ty a(e))] 2 0.

aq,Ba a,B

Hence K’ is a positive kernel for T/, and so T has a unitary dilation.
Now, for the general case, consider the d operators on @]" H given by

T, 0
T;
TJ ) .7:17 7d_17
0
and
Tq D 0
0 1
0 1
0

By hypothesis, these are commuting contractions, the first d — 1 of which have a
unitary dilation, and the last is a coisometry. Hence, by the first part of the proof
they have a unitary dilation, which is then also a unitary dilation of T’. O

As our final topic, we prove a result that further generalizes the d = 3 case
of the last theorem.
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Lemma 4.7. Let (T, X) be a pair of contractions in B2(H), and let D : D — H be
a defect operator for X. Then (T, X) has a *-reqular unitary dilation if and only
if there exists a contraction R € B(D) such that

TD = DR.
Proof. Let D : D — H be any defect operator for X, then
(T, X) has a *-regular dilation,
= 1-TT" - XX*+TXX*T* >0, (by (4.2))
< DD*>TDD*T*,
<= there exists a contraction R such that T D = DR,

where the last statement follows from Douglas’ lemma. O

The next theorem now follows easily from Theorem 4.6. It was originally
shown in [5] by a different method.

Theorem 4.8. Suppose T = (T1,T>,T5) is a commuting triple of operators on H.
If (T1,T3) and (T»,T3) each have a x-reqular unitary dilation then T has a unitary
dilation.

Proof. Let D3 = (1 — T3T5)"/2. There exist contractions R; € B(H) such that
T;D3 = D3R;, j = 1,2. Apply Theorem 4.6 to the operators on @° H given by

T; 0
R; .
Rj , J=12,
0
and
T3 D3 0
0 1
0 1
0

Note that we know here by Andd’s theorem that the first two of these operators
have a unitary dilation. O

The condition that T35 has pairwise *-regular dilations with each of 17,75 is
strictly weaker than insisting that there exists a D that satisfies DD* =1 — T3T5
and commutes with 77, T5. Strictness can be seen by considering, for example,
T =T = (1/?/38), T5 = (\/2/3 8), then (71,753) and (7%, T3) have x-regular
unitary dilations since they are row contractions, however it is straightforward to
show that there is no D that satisfies the latter conditions. Thus the last theorem
is a genuine generalization of Theorem 4.6 in the case of three variables.
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The Infinite-dimensional Continuous Time
Kalman—Yakubovich—Popov Inequality

Damir Z. Arov and Olof J. Staffans

Abstract. We study the set Ms of all generalized positive self-adjoint so-
lutions (that may be unbounded and have an unbounded inverse) of the
KYP (Kalman—Yakubovich-Popov) inequality for a infinite-dimensional lin-
ear time-invariant system X in continuous time with scattering supply rate.
It is shown that if My is nonempty, then the transfer function of ¥ coincides
with a Schur class function in some right half-plane. For a minimal system X
the converse is also true. In this case the set of all H € My with the property
that the system is still minimal when the original norm in the state space
is replaced by the norm induced by H is shown to have a minimal and a
maximal solution, which correspond to the available storage and the required
supply, respectively. The notions of strong H-stability, H-*-stability and H-
bistability are introduced and discussed. We show by an example that the
various versions of H-stability depend crucially on the particular choice of
H € Ms. In this example, depending on the choice of the original realization,
some or all H € Mx will be unbounded and/or have an unbounded inverse.

Keywords. Kalman—Yakubovich—Popov inequality, passive, available storage,
required supply, bounded real lemma, pseudo-similarity, Cayley transform.

1. Introduction

Linear finite-dimensional time-invariant systems in continuous time are typically
modelled by the equations

#(t) = Az(t) + Bu(t), y(t) = Ca(t) + Du(t), t>s,

1

z(s) = xg, (L)
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financial support during his visits to Abo in 2003-2005. He also gratefully acknowledges the
partial financial support by the joint grant UM1-2567-OD-03 from the U.S. Civilian Research
and Development Foundation (CRDF') and the Ukrainian Government. Olof J. Staffans gratefully
acknowledges the financial support from the Academy of Finland, grant 203991.
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on a triple of finite-dimensional vector spaces, namely, the input space U, the state
space X, and the output space J. We have u(t) € U, z(t) € X and y(t) € Y. We
are interested in the case where, in addition to the dynamics described by (1), the
components of the system satisfy an energy inequality. In this paper we shall use
the scattering supply rate

3lusy) = lull® = gl = (51, [ -9, ] 10]) (2)
and the storage (or Lyapunov) function

Ey(z) = (z, Hz), 3

~

(
where H > 0 (i.e., Eg(x) > 0 for  # 0). A system is scattering H-passive (or
simply scattering passive if H = 1y) if for any admissible data (zg,u(:)) the
solution of the system (1) satisfies the condition

d
dt

This inequality is often written in integrated form

Eu(w(t)) < j(u(t), y(t)) ae. on (s,00). (4)

Er((t) — En(x(s)) < / Ju(v),y() dv, s <t. (5)

It is not difficult to see that the inequality (4) with supply rate (2) is equivalent
to the inequality

2R(Ax + Bu, Hz) + ||Cx + Dul|* < |jul]?, » € X,u €U, (6)
which is usually rewritten in the form

HA+A*H+C*C HB+C*D

B*H+D'C  DD—1,| =% (7)

This is the standard KYP (Kalman—Yakubovich—Popov) inequality for continuous
time and scattering supply rate. If R := 1y — D*D > 0, then (7) is equivalent to
the Riccati inequality

HA+ A*H +C*C+ (B*H + D*C)*R™Y(B*H + D*C) < 0. (8)

This inequality is often called the bounded real Riccati inequality when all the
matrices are real. There is a rich literature on this finite-dimensional version of this
inequality and the corresponding equality; see, e.g., [PAJ91], [[W93], and [LR95],
and the references mentioned there. This inequality is named after Kalman [Kal63],
Popov [Pop73], and Yakubovich [Yak62].

In the development of the theory of absolute stability (or hyperstability)
of systems which involve nonlinear feedback those linear systems which are H-
passive with respect to scattering supply rate are of special interest, especially in
H®°-control. One of the main problems is to find conditions on the coefficients A,
B, C, and D under which the KYP inequality has at least one solution H > 0.
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To formulate a classical result about the solution of this problem we introduce
the main frequency characteristic of the system (1), namely its transfer function
defined by

DA =D+CA—A)"'B, Xep(A). (9)
We also introduce the Schur class S(U,Y;CT) of holomorphic contractive func-
tions ® defined on C* := {\ € C | R\ > 0} with values in B(U,Y). If X, U, and Y
are finite-dimensional, then the transfer function is rational and dim X > deg®,
where deg® is the MacMillan degree of ®. A finite-dimensional system is minimal
if dim X = deg®. The state space of a minimal system has the smallest dimension
among all systems with the same transfer function 2.

The (finite-dimensional) system (1) is controllable if, given any zy € X and
T > 0, there exists some continuous function w on [0, 7] such that the solution
of (1) with z(0) = 0 satisfies 2(T) = zo. It is observable if it has the following
property: if both the input function u and the output function y vanish on some
interval [0, 7] with T' > 0, then necessarily the initial state zq is zero.

Theorem 1.1 (Kalman). A finite-dimensional system is minimal if and only if it
is controllable and observable.

Theorem 1.2 (Kalman-Yakubovich-Popov). Let ¥ = ([4 B]; X,U,Y) be a finite-
dimensional system with transfer function ©.

(i) If the KYP inequality (7) has a solution H > 0, i.e., if ¥ is scattering H-
passive for some H > 0, then C* C p(A) and D|c+ € S(U,Y;CT).

(ii) If ¥ is minimal and D|c+ € SU,Y;CT), then the KYP inequality (7) has a
solution H, i.e., X is scattering H -passive for some H > 0.

Here D|q is the restriction of © to Q C p(A). In the engineering literate this
theorem is known under the name bounded real lemma (in the case where all the
matrices are real).

It is can be shown that H > 0 is a solution of (7) if and only if H = H~' is
a solution of the the dual KYP inequality

[FIA* +AH + BB* HC* + BD*

X <. 1
CH + DB* DD*—ly]_O (10)

The discrete time scattering KYP inequality is given by
[A*HA+C*C—H A*HB+C*D ]

B*HA+ D*C D*D+ B*HB — 1y <0 (11)

The corresponding Kalman—Yakubovich—Popov theorem is still valid with C* re-
placed by DT = {z € C | |z| > 1} and with the transfer function defined by the
same formula (9).!

IThis is the standard “engineering” version of the transfer function. In the mathematical litera-
ture one usually replace A by 1/z and Dt by the unit disk D = {z € C | |2| < 1}.



40 D.Z. Arov and O.J. Staffans

In the seventies the classical results on the KYP inequalities were extended to
systems with dim X = oo by V. A. Yakubovich and his students and collaborators
(see [Yak74, Yak75, LY76] and the references listed there). There is now also a rich
literature on this subject; see, e.g., the discussion in [Pan99] and the references
cited there. However, as far as we know, in these and all later generalizations it
was assumed (until [AKPO5]) that either H itself is bounded or H~! is bounded.
This is not always a realistic assumption. The operator H is very sensitive to the
choice of the state space X and its norm, and the boundedness of H and H~!
depend entirely on this choice. By allowing both H and H~! to be unbounded
we can use an analogue of the standard finite-dimensional procedure to determine
whether a given transfer function 6 is a Schur function or not, namely to choose an
arbitrary minimal realization of 0, and then check whether the KYP inequality (7)
has a positive (generalized) solution. This procedure would not work if we require
H or H~! to be bounded, because Theorem 5.4 below is not true in that setting.
We shall discuss this further in Section 7 by means of an example.

A generalized solution of the discrete time KYP inequality (11) that permits
both H and H~! to be unbounded was developed by Arov, Kaashoek and Pik in
[AKPO5]. There it was required that

AD(VH) c D(VH) and R (B) ¢ D(VH), (12)

and (11) was rewritten using the corresponding quadratic form defined on D(v H)®
U. Here we extend this approach to continuous time.

In this paper we only study the scattering case. Similar results are true in
the impedance and transmission settings, as can be shown by using the technique
developed in [AS05¢, AS05d]. We shall return to this question elsewhere. We shall
also return elsewhere with a discussion of the connection between the generalized
KYP inequality and solutions of the algebraic Riccati inequality and equality, and
a with a infinite-dimensional version of the strict bounded real lemma.

A summary of our results have been presented in [AS05b].

Notation. The space of bounded linear operators from the Hilbert space X' to the
Hilbert space Y is denoted by B(X;)), and we abbreviate B(X; X) to B(X'). The
domain of a linear operator A is denoted by D(A), the range by R (A), the kernel
by N (4), and the resolvent set by p(A). The restriction of a linear operator A to
some subspace Z C D(A) is denoted by A|z. Analogously, we denote the restriction
of a function ¢ to a subset ) of its original domain by ¢|q. The identity operator on
X is denoted by 1y. We denote the orthogonal projection onto a closed subspace
Y of a space X by Py.

The orthogonal cross product of the two Hilbert spaces X and ) is denoted by
[5], and we identify a vector [§] € [¥] with # € X and a vector [J] € [$] with
y € V. The closed linear span or linear span of a sequence of subsets R,, C X where
n runs over some index set A is denoted by V,eafR, and span,,c R, respectively.

2Results where H~! is bounded are typically proved by replacing the primal KYP inequality by
the dual KYP inequality (10).
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By a component of an open set 2 C C we mean a connected component of €.
We denote R = (—o0,0), Rt = [0,00), and R~ = (—o0,0]. The complex
plane is denoted by C, and C* = {\ € C | R\ > 0}.

2. Continuous time system nodes

In discrete time one always assumes that A, B, C, and D are bounded operators.
In continuous time this assumption is not reasonable. Below we will use a natural
continuous time setting, earlier used in, e.g., [AN96], [MSWO05], [Sal89], [Smus6],
and [Sta05] (in slightly different forms).

In the sequel, we think about the block matrix S = [4 B as one single closed
(possibly unbounded) linear operator from [3%] (the cross product of X and U) to
[5] with dense domain D(S) C [¥], and write (1) in the form

[;Eg] =S5 [28;] , t>s, x(s) = xs. (13)
In the infinite-dimensional case such an operator S need not have a four block
decomposition corresponding to the decompositions [5}] and [§,‘] of the domain
and range spaces. However, we shall throughout assume that the operator

Ax = P)(S[g],
reDA)={zecX|[§]l D)},

is closed and densely defined in X (here Py is the orthogonal projection onto X).
We define X! := D(A) with the graph norm of A, X! := D(A*) with the graph
norm of A*, and let X! to be the dual of X! when we identify the dual of X
with itself. Then X! ¢ X ¢ X~! with continuous and dense embeddings, and the
operator A has a unique extension to an operator A = (A*)* € B(X; X~!) (with
the same spectrum as A), where we interpret A* as an operator in B(X}; X).3
Additional assumptions on A will be added in Definition 2.1 below.

The remaining blocks of S will be only partially defined. The ‘block’ B will
be an operator in B(U; X~1). In particular, it may happen that R (B) N X = {0}.
The ‘block’ C will be an operator in B(X*!;)). We shall make no attempt to define
the ‘block’ D in general since this can be done only under additional assumptions
(see, e.g., [Sta05, Chapter 5] or [Wei94a, Wei94b]). Nevertheless, we still use a
modified block notation S = [A%5 ], where A&B = PxS and C&D = Py5.

Definition 2.1. By a system node we mean a colligation ¥ := (S; X,U,)), where
X, U and Y are Hilbert spaces and the system operator S = [égg] is a (possibly
unbounded) linear operator from [77] to [i,( ] with the following properties:
(i) S is closed.
(i) The operator A defined in (14) is the generator of a Cy semigroup ¢ — A,
t>0,on X.

(14)

3This construction is found in most of the papers listed in the bibliography (in slightly different
but equivalent forms), including [AN96], [MSWO05], and [Sal87]-[WT03].
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(iii) A&B has an extension [g Bl e B([¥];x7Y) (where B € B(U; x-1).
(iv) D(S) ={[i] € [¥] | Az + Bue X}, and A&B = [A  B]|p(s);

As we will show below, (ii)—(iv) imply that the domain of S is dense in [7}]. It
is also true that if (ii)—(iv) holds, then (i) is equivalent to the following condition:
(v) C&D € B(D(S);Y), where we use the graph norm

( )
of A&B on D(S).

It is not difficult to see that the graph norm of A&B on D(S) is equivalent to the
full graph norm

121 1ps) = [A&BLEIIS + [C&D TR + ol + lull (16)

of S.

We call A € B(X!; X) the main operator of 3, t +— A, t > 0, is the evolution
semigroup, B € B(U;X~1) is the control operator, and C&D € B(V;Y) is the
combined observation/feedthrough operator. From the last operator we can extract
C € B(X1;Y), the observation operator of X, defined by

Cx = C&D m . zeXxl (17)

A short computation shows that for each o € p(A), the operator

[y (@—A)'B
E, = [ 0 1 (18)
is a bounded bijection from [7}] onto itself and also from [/‘&1] onto D(S). In
particular, for each v € U there is some z € X such that [§ ]| € D(S). Since [9‘5{1]

is dense in [ ;Y ], this implies that also D(S) is dense in [} ]. Since the second column
of E, maps U into D(S), we can define the transfer function of S by

- _ -1
B()) = C&D [(* A B} . aen(A), (19)
u
which is an B(U; Y)-valued analytic function. If B € B(U; X), then D(S) = [} ],
and we can define the operator D € B(U;Y) by D = Py S| 0] after which formula
u

(19) can be rewritten in the form (9). By the resolvent identity, for any two «,

B € p(A), . ~ ~
(@) =D(B) =Clla-A)"" = (B-A)""IB

= (8- a)C(a—A)H(B-A)7'B.

([ w)-[]) "
[m A7 (o ﬁ)lB} e sA)

@)}

(20)

Let

F, :
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Then, for all a € p(A), F, is a bounded bijection from [7}] onto D(S), and

A&B] . [A(a—A)"' a(a—A)'B
[C&D} Fa= [C’(a N 1 T A A
One way to construct a system operator S = [ égg] is to give a generator A
of a Cy semigroup on X, a control operator B € B(U; X~!), and an observation
operator C' € B(X1;)), to fix some o € p(A) and an operator D, € B(U;)), to

define D(S) and A& B by (iv), and to finally define C&D [ ] for all [] € D(S) by
C&D B] = C(x — (o — A)"'Bu) + Dgu. (23)

The transfer function ® of this system node satisfies ®(a) = D, (see [Sta05,
Lemma 4.7.6]).

Lemma 2.2. Let ¥ := (S; X,U, ) be a system node with main operator A, control
operator B, observation operator C, transfer function ®, and evolution semigroup
t— At > 0. Then X* := (S*; X, U, D) is another system node, which we call the
adjoint of 3. The main operator of X* is A*, the control operator of ¥* is C*, the
observation operator of ¥* is B*, the transfer function of ¥* is ©(a)*, a € p(A4*),
and the evolution semigroup of X* is t — (AH)*, ¢ > 0.

For a proof (and for more details), see, e.g., [AN96, Section 3|, [MSWO05,
Proposition 2.3], or [Sta05, Lemma 6.2.14].

If ¥ :=(S;X,U,Y) is a system node, then (13) has (smooth) trajectories of
the following type. Note that we can use the operators A&B and C&D to split
(13) into

i(t) = A&B z(?) , t>s, x(s) = s,
u(t)
(0 (24)
x
y(t) = C&D {u(t)} , t>s.

Below we use the following notation: W,%([s,00);U) is the set of U-valued

functions on [s, 00) which are locally absolutely continuous and have a derivative in

L2 .([s,00);U). An equivalent formulation is to say that u € W,22([s, 00);U) if u €

loc
L% ([s,00);U) and the distribution derivative of the function u consists of a point

mass of size u(s) at s plus a function in LZ ([s,00);U) (first extend u by zero to

(—o0, s) before taking the distribution derivative). The space Wli’cz([s, 00);U) con-

sists of those w € WL ?([s, 00);U) which are locally absolutely continuous and have

u' e W2 ([s, 00);U), too.

loc
Lemma 2.3. Let X := (S; X,U,Y) be a system node. Then for each s € R, x5 € X
and v € W22([s,00);U) such that [uﬁ)] € D(S), there is a unique function

loc

x € CH([s,00); X) (called a state trajectory) satisfying z(s) = x5, [ﬁgg] € D(95),

t>s,andi(t) = A&B [28}, t > s. If we define the output by y(t) = C&D {28],

t > s, theny € C([s,0);)), and the three functions u, x, and y satisfy (13).
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This lemma is contained in [Sta05, Lemmas 4.7.7-4.7.8], which are actually
slightly stronger: it suffices to have u € Wli’cl([s, 00);U) (the second derivative is
locally in L' instead of locally in L?). (Equivalently, both u and u’ are locally
absolutely continuous.)

In addition to the classical solutions of (13) presented in Lemma 2.3 we
shall also need generalized solutions. A generalized solution of (13) exists for
all initial times s € R, all initial states z; € X and all input functions u €
I/Vlif([s, 00);U). The state trajectory x(t) is continuous in X, and the output y
belongs I/Vlgcl ’2( [s,00); V). This is the space of all distribution derivatives of func-
tions in L2 _([s,00); Y) (first extended the functions to all of R by zero on (—o0, s)).
This space can also be interpreted as the space of all distributions in I/Vlgc1 ’2(R; V)
which are supported on [s, ). It is the dual of the space W12([s, 00);)), where
the subindex ¢ means that the functions in this space have compact support.

The construction of generalized solutions of (13) is carried out as follows.
It suffices to consider two separate cases where either xs or u is zero, since we
get the general case by adding the two special solutions. We begin with the case
where u = 0. For each z; € X we define the corresponding state trajectory x by
z(t) = A5z, where A, ¢ > 0, is the semigroup generated by the main operator
A. The corresponding output y € ngcl’z([s, 00); V) is defined as follows. First we
observe that the function fst z(v)dv = fst A'"%z, dv is a continuous function on

[s,00) with values in X' vanishing at s, hence C J : A" ?x4 dv is continuous with
values in Y. We can therefore define the output y to be given by the following

distribution derivative:
d i v—S
y—dt(tHC/si’l xsdv),

here (ft stands for a distribution derivative. In particular, y € I/Vlgc1 ’2([3,00);32)
and the map from z, to y is continuous from X" to I/Vlgcm([s, 00); V). Of course, if
rs € X, then y(t) = CA' =Sz, for all t > s. For more details, see [Sta05, Lemma
4.7.9].)

Next suppose that s, = 0 and that u € I/Vﬁ)f([s, 00);U). We then define the
state trajectory x and the output distribution y as follows. We first replace u by
ui(t) = f: u(v) dv, let 1 and y; be the state and output given by Lemma 2.3 with
x5 = 0 and wu replaced by u; (note that ui(s) = 0), and then define

, d
T =Ty, y:dtylv

where the differentiation is interpreted in the distribution sense. Again we find
that z € C([s,00); X) and that y € ngjﬂ([s,oo);y).

4Note that W, ?([s, 00); V') is not the same space as ngcl’2((8, 00); V), which is the dual of the

loc

space of all functions in Wa'2([s,00); ) which vanish at s. The space W, >"*((s, 00); V) is the

loc
quotient of ngj’2([s, 00); V) over all point evaluation functionals at s.
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Given zp € X and u € Wé’f([s,oo);ll) we shall refer to the functions
x € C([s,00); X) and y € ngcl’z([s,oo);y) constructed above as the generalized
solution and output of (24), respectively. A generalized trajectory of (24) consists
of the triple (z,u,y) described above. A trajectory is smooth if it is of the type
described in Lemma 2.3.

By the system induced by a system node ¥ := (S; X,U,)) we mean the node
itself together with all its generalized trajectories. We use the same notation X for
the system as for the node.

Above we already introduced the notation 2At, t > 0, for the semigroup gen-
erated by the main operator A. The output map € maps X into ngj’z(Rﬁy),

and it is the mapping from zg to y (i.e., take both the initial time s = 0 and the
input function «w = 0). Thus,

t
Cxg = ;(tH C/O Ql”modv),

and if zg € X!, then €xy = t — CAtzy, t > 0. This map is continuous from X

into I/Vlgcl’Q(R+; V) and from X! into C[R*;)).

The input map B is defined for all u € WH2(R~;U), i.e., functions u €
W12(R~;U) whose support is bounded to the left. It is the map from u to z(0)
(take the initial time to be s < 0 and the initial state to be zero). To get an explicit
formula for this map we argue as follows. By Definition 2.1, we can rewrite the
first equation in (24) in the form

(t) = Az(t) + Bu(t), t>s, x(s)= s, (25)
where we now allow the equation to take its values in X ~1. The operator A gen-
erates a Cj semigroup in X!, which we denote by ', t > 0, and B € B(U; X~1).
We can therefore use the variation of constants formula to solve for Bu = x(0)
(take zs = 0 and define u(v) to be zero for v < s)

Bu = /0 A~ Bu(v) dv. (26)

Here the integral is computed in X!, but the final result belongs to X, and B is
continuous from W12(R~;U) to X. (It is also possible to use (26) to extend B to
a continuous map from L2(R~;U) to X! as is done in [Sta05].)

Finally, the input/output map © is defined for all u € I/Vlic2 (R;U) whose
support is bounded to the left, and it is the map from u to y (take the initial time
to the left of the support of u, and the initial state to be zero). It maps this set of
functions continuously into the set of distributions in I/Vlgcl ’Z(R; V) whose support
is bounded to the left.

Our following lemma describes the connection between the input/output map
® and the transfer function ®.

Lemma 2.4. Let 3; = (S;; X;,U,Y), i = 1,2, be two system nodes with main
operators A;, input/output maps ©;, and transfer functions ;. Let Qo be the
component of p(A1) N p(Az) which contains some right half-plane.
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(i) If D1 = Da, then D1(\) = Da2(N) for all A € Qe
(ii) Conversely, if the set {\ € Qo | D1(A) = D2(A)} has an interior cluster
point, then D1 = Ds.

Proof. Fix some real o > [, where [ is the maximum of the growth bounds
of the two semigroups !, ¢t > 0, i = 1,2, and suppose that (t — e “u(t)) €
WP (RTU) == {u € W2LR;U) | w(0) = u/(0) = 0}. Define y; = D,y and
y2 = Dou. Then, by [Sta05, Lemma 4.7.12], the functions ¢ — e~ *'y,(t), with
i = 1,2, are bounded, and the Laplace transforms of these functions satisfy ;(\) =
D;(A)a(A) in the half plane RA > a. R
I ®; = Dy, then y1 = y2, and hence we conclude that Di(\)a(\) =
Da(A)u(A) for all u of the type described above and for all RA > . This im-
plies that ©1(A) = D3(A) for all R\ > «, and by analytic continuation, for all
A €E Q. R R

Conversely, if set {\ € Qo | D1(\) = D2(A)} has an interior cluster point,
then by analytic extension theory, ©1(\) = D3(A) for all A € Qoo. Thus, §1(A) =
J2(A) for all RA > «a. Since the Laplace transform is injective, this implies that
y1 = yo2. Hence, ®1u = Dou for all u of the type described above. By using the
bilateral shift-invariance of ®; and ©, we find that the same identity is true for
all u € W2’1(R;U) whose support it bounded to the left. This set is dense in the

loc
common domain of ©; and ®», and so we must have D1 = D,. O

Remark 2.5. The system operator S is determined uniquely by the semigroup ¢,
t > 0, the input map B, the output map €, and the input/output map D of the
system X, or alternatively, by 2!, ¢t > 0, B, € and the transfer function ©. The
corresponding operators for the adjoint system node X* are closely related to those
of 3. The semigroup of ¥* is (A)*, ¢ > 0, the input map of X* is I€*, the output
map of ¥* is B*, and the input/output map of ¥* is AD*, where 5 is the
time reflection operator: (Hu)(t) = u(—t), t € R. As we already remarked earlier,
the transfer function of ¥* is D (a)*, a € p(A*).

We call ¥ (approzimately) controllable if the range of its input map % is dense
in X and (approzimately) observable if its output map € is injective. Finally, 3 is
minimal if it is both controllable and observable.?

Lemma 2.6. The system node ¥ is controllable or observable if and only if X% is
observable or controllable, respectively. In particular, 3 is minimal if and only if
3* is minimal.

Proof. This is true because the duality between the input and output maps of ¥
and ¥* (see Remark 2.5). O

Lemma 2.7. Let ¥ := (S; X,U, ) be a system node with main operator A, control
operator B, and observation operator C. Let ps(A) be the component of p(A)
which contains some right half-plane.

5There is another equivalent and more natural definition of minimality of a system: it should not
be a nontrivial dilation of some other system (see [AN96, Section 7]).
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(i) X is observable if and only if
m/\Epo@(A)N (C()\ — A)fl) = {0}
(ii) X is controllable if and only if
Vaepe (R (A= A)7'B) = X,
where \V stands for the closed linear span.

Proof. Proof of (i): We have zg € N (€) if and only if cciith(f AYzo dv vanishes
identically, or equivalently, if and only if C fg AVzo dv vanishes identically, or
equivalently, the Laplace transform of this function vanishes identically to the
right of the growth-bound of this function. This Laplace transform is given by
AL1C(A— A)~lwg, and it vanishes to the right of the growth bound of A, t > 0, if
and only if it vanishes on pe,(A), or equivalently, C'(A— A)~!x( vanishes identically
on poo(A).

Proof of (ii): That (ii) holds follows from (i) by duality (see Lemma 2.6). O

3. The Cayley transform

The proofs of some of the results of this paper are based on a reduction by means
of the Cayley transform of the continuous time case to the corresponding discrete
time case studied in [AKPO05]. In a linear time-independent discrete time system
the input u = {u,}22,, the state v = {,}22,, and the output y = {y,}>2, are
sequences with values in the Hilbert spaces U, X', and ), respectively. The discrete
time system X is a colligation X := ([é Bl,x.u, y)), where the system operator
[AB]eB([];[4]). The dynamics of this system is described by
Tn+1 = Az, + Bug,
Yn = Cxy + Duy, n=0,1,2,..., (27)
To = given.

We still call A the main operator, B the control operator, C the observation
operator, and D the feedthrough operator. We define the transfer function D of
¥ in the same way as in (9), namely by®

D(z)=C(z—A)"'B+D,  z€pA).

Observability, controllability, and minimality of a discrete time system is de-
fined in exactly the same way as in continuous time, with continuous time trajecto-
ries replaced by discrete time trajectories. Thus, X is (approximately) controllable
if the subspace of all states x,, reachable from the zero state in finite time (by a
suitable choice of input sequence) is dense in X, and it is (approximately) observ-
able if it has the following property: if both the input sequence and the output

6This is the standard “engineering” version of the transfer function. In the mathematical litera-
ture one usually replace z by 1/z.
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sequence are zero, then necessarily o = 0. Finally, it is minimal if it is both
controllable and observable. The following discrete time version of Lemma 2.7 is
well known: if we denote the unbounded component of the resolvent set of A by
Poo(A), then X is observable if and only if

Neepo ()N (C(z — A)7Y) = {0},
and that X is controllable if and only if
Viepoa)R ((z —A)7'B) = X.
Given a system node ¥ := (S;X,U,Y) with main operator A, for each
a € p(A) NCT it is possible to define the (internal) Cayley transform of ¥ with
parameter «. This is the discrete time system X(«) := ([égzg g%zﬂ ;X,U,y)
whose coeflicients are given by
Ae) = (a+ A)(a— A, B(a) = V2Ra (a — A) !B,
C(a) = V2Ra Cla — A) 7, D(a) = D(a).
Note that A(a) + 1 = 2Ra(a — A)~1, so that A(a) + 1 is injective and has dense
range. The transfer function D of 3(«) satisfies

(28)

D(z)=D(\), 2= Zfi A= O‘;;f‘, Aep(A), z€pA). (29)

An equivalent way to write the Cayley transform is

T [ P e

where F,, is the operator defined in (21).

The (internal) inverse Cayley transform with parameter @ € CT of a discrete
time system ([& B]; X,U,)) is defined whenever A +1 is injective and has dense
range. It is designed to reproduce the original system node ¥ when applied to

its Cayley transform ([‘égg; EEZ” XU, y). The system operator S = [ A¢5 ] of

this node is given by

- [ L P T e

More specifically, the different operators which are part the node ¥ are given by

1 .
A=(aA —a)(A+1)71, = (a — A)B,
. R V2Ra (32)
= J2Ra Cla—A4), D(a) =D.

If A is the generator of a Cp-semigroup (and only in this case) the operator S
defined in this way is the system operator of a system node ¥ = (S; X, U, Y).”

7Otherwise it will be an operator node in the sense of [Sta05, Definition 4.7.2].
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Lemma 3.1. Let ¥ := (S; X, Z/{ y) be a system mode with main operator A, and

let a € poo(A) NCT, where poo(A) is the component of p(A) which contains some
right half-plane. Let ¥(« ([‘égz) ggz)} XU, y) be the Cayley transform of

> with parameter . Then E( is controllable if and only if ¥ is controllable,
() is observable if and only if ¥ is observable, and 3(«) is minimal if and only
if ¥ is minimal.

This follows from Lemma 2.7. (The linear fractional transformation from the
continuous time frequency variable A to the discrete time frequency variable z in
(29) maps poo(A) one-to-one onto poo(A(ar)).)

For more details on Cayley transforms we refer the reader to [AN96, Sec-
tion 5], [Sta02, Section 7], or [Sta05, Section 12.3].

4. Pseudo-similar systems and system nodes

A linear operator @) acting from the Hilbert space X to the Hilbert space ) is
called a pseudo-similarity if it is closed and injective, its domain D(Q) is dense in
X, and its range R (Q) is dense in Y.

Definition 4.1. We say that two systems ¥;, ¢ = 1,2, with state spaces &}, semi-
groups 2%, ¢ > 0, input maps B;, output maps €;, and input/output maps D;, are
pseudo-similar if there is a pseudo-similarity @: X1 D D(Q) — R (Q) C Xz with
the following properties:
(i) D(Q) is invariant under At, ¢ > 0, and R (Q) is invariant under A%, ¢ > 0;
(ii) R(B1) € D(Q) and R (B2) C R(Q);

(iii) The following intertwining conditions hold:
AQ = QAf|pg),  t>0,
¢2Q = ¢1|D(Q)> %2 = Q%l) ©2 = ®1~
Theorem 4.2. Let ¥; := (S;; X5, U, Y), i = 1,2, be two systems with main operators
Ay, control operators B;, observation operators C;, semigroups AL, t > 0, and

transfer functions ;. Let Q: X1 D D(Q) — R(Q) C X be pseudo-similarity,
with the graph

(33)

G(Q) = {[9"] ]z € D(@Q)}.
Let Qoo be the component of p(A1) N p(As) which contains some right half-plane.
Then the following conditions are equivalent:

(i) The systems X1 and o are pseudo-similar with pseudo-similarity operator Q.
(ii) The following inclusion holds for some A € Qo

()\ — Ag)_l 0 ()\ A\Q)_lBQ
0 (/\_Al)_l /(\)\ Al) 1B1 |:GZ(/{Q)] C |:G(Q)

CQ()\—AQ)_l —Cl()\—Al)_l @2()\) @1(/\)
(iii) The inclusion (34) holds for all A € Qo
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Remark 4.3. It is easy to see that condition (34) is equivalent to the following set
of conditions:

(A= A1)7'D(Q) c D(Q), (M- A)'Bid € D(Q), (35)
and
A=A)7'Q=Q(\— Al)_1|D(Q)
Co(A—A2)7'Q = Ci(A — A1) o),
(A= A2)7'By = QA — A1) 7By,
Da(N) = D1 (V).

(36)

Proof of Theorem 4.2. Proof of (i) = (ii): Fix an arbitrary A € C with R\ > g,
where 3 is the maximum of the growth bounds of the two semigroups 2, ¢ > 0,
i=1,2.

We begin by showing that [E;:’:i;:izﬂ € G(Q) whenever [32] € G(Q). Take
[22] € G(Q) ie, z1 € D(Q) and 3 = Q1. The first intertwining condition in (33)
gives e MAbxy = Qe MALz;. Integrating this identity over RT and use the fact

that Q is closed we get (A—Az) lzg = Q()\ Ay)~lz;. Thus, [87?25 1“] € G(Q).

We next show that Cy(A— Az) ~tag = C1(A— A1) "oy whenever [32] € G(Q).
We first fix some real a > (3, and con51der1ng the case where z; is replaced by
714 = a(a — A1)71zy for some 1 € D(Q) and x5 is replace by T2 4 = Q71 4-
Then, by what we have proved so far, 71, € X! ND(Q) and 22, € X;. This
implies that for all ¢ > 0,

ngltzxzﬂ = (Q:gxz,a)(t) = (lel,a)(t) = Clgltlxl,a.
Multiply this by e~ * and integrate over R to get
CQ(/\ Az) $2a = Cl(/\ Al) xla

Let o — 400 along the real axis. Then x1,, = a(a — A1) lz; — 21 in A and
Tao = Qa(a — A2)7lzy = ala — A3)7'Qz1 — Qz1 in X,. This implies that
CQ(/\ Az) 1Q.131 Cl(/\ Al) xp for all 1 € D(Q)
Next we show that {()‘ 62)7132%} € G(Q) for all ug € U. By the third
(A=A1)""Biuog
intertwining condition in (33), for all & > 3, all t € R*, and all ug € U,
e\t fO ﬁ* e Mt _ ea(t+v))32u0 dv
e~ f Ql /\(t+v) _ ea(t+v))Blu0 dv

Here, with i = 1, 2,

] € G(Q).

ef/\t Q[ ( A(t+v) (t+v))BiU0 dv

—t

= (la, — e MAN(\ = A;) "' Biug
— el (1 — e U (a — A\i)ilBiUO'
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Choose a and A so that 3 < a < RA, and let ¢t — oco. Then the above ex-
pression tends to (A — A;) "' B;ug in X, and the closedness of G(Q) implies that

(A—A2) ' Baug
[(A—Al)leluo € G(Q). =N N

Finally, since D1 = 9, by Lemma 2.4 we also have D2(A) = D1()).

Proof of (ii) = (iii): Fix some A\ € Qo for which (34) holds. Equivalently,

(Ao — A1)7'D(Q) € D(Q), and
(Ao — 42)7'Q = Qo — A1) Mp(o)-

By iterating this equation, using the fact that (Ao — 4;)"1D(Q) C D(Q), we find
that,

(Mo —42)7*Q = QM0 — A1) Fpg), k=1,2,.... (37)
Fix [22]G(Q). The function A — [E;:ﬁi;:iﬂ is a holomorphic [ %! ]-valued

function on Q4,, and it follows from (37) that this function itself together with all
its derivatives belong to G(Q) at A\g. Therefore this function must belong to G(Q)
for all A € Q. the inner product of this function with any vector in G(Q)* is
an analytic function which vanishes together with all its derivatives at Ag; hence
it must vanish everywhere on Q. This means that the first inclusion in (35) and
the first identity in (36) hold for all A € Q.

The proofs of the facts that also the second inclusion in (35) and the second
and third identities in (36) hold for all A € Q2 are similar to the one above, and
we leave them to the reader. R

It remains to show that D2(A) = ©1(A) for all A € Q. But this follows from
(20) and the other intertwining conditions in (36), which give

D2(A) = Do) + (Mo = NCa(No — A2) (A — 4;) !B
= D5(No) + (Ao — NC2(Xo — A2)T'Q(A — A1) 7' By
=D5() + (Mo — N C2Q(Ao — A1) I\ — g )" By
=D1(M) + (o = NC1(ho — A1) A = A) 7B
=9D;(N).
Proof of (iii) = (i): Fix some real A > 0 so that [A, 00) € Q

We begin by showing that () intertwines the two semigroups. Take 1 € D(Q).
Then, for A > A, (A — A2)71Qx1 = Q(\ — A1)~ 1a1. Iterating this identity we get
(A — A2)"Qr1 = QN — A1) "x; for all n € Z*. In particular, for all ¢ > 0 and
all sufficiently large n,

(1— tAQ) Qxle(l— tAl) Zq.
n n
Let n — oo to find that Alz; € D(Q), A Qx1 € R(Q), and that ALQz1 = QAL zy
for all ¢ > 0.
Next we look at the second intertwining condition in (33). We know that, for

all 71 € D(Q),
02()\ — Az)lexl = Cl(/\ — A1)71$1
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for A > A. Let @ € Qu, and replace 71 by 71,4 = a(a — A1)tz where 21 €
D(Q). Then (as we saw in the corresponding part of the proof of the implication
(i) = (ii)), the above identity is the Laplace transformed version of the identity
&Qx1 0 = €121,4, which must then also hold. Let & — oco. Then 1, — 21 in
Xy and Q1,4 — Q1 in Ay (see the proof of the implication (i) = (ii)). By the
continuity of €; and €3, €2Qx1 = €121, 1 € D(Q).

The third intertwining condition in (33) requires us to show that R (%81) C
D(Q) and that Bo = Q9B;. Actually, it suffices to show this for functions v which
vanish on some interval (—oco, —t) and are given by u(v) = (eM*H¥) — e@(t+v) )y,
on [—t,0] for some real A > a > A, because the span of functions of this type is
dense in W1H2(R™;U), B1 and By are continuous from WLH2(R™;U) to Ay and
Xs, respectively, and @ is closed. However, for i = 1,2, applying 9B; to the above
function we get

Bou = eM(1y, — e MAYN — A) "' Biug

- eat(].)(i - e_o‘tﬂﬁ)(a - A\i)_lBiUQ.

This, together with the first condition in (33), condition (35), and the third con-
dition in (36) implies that B;u € D(Q) and that Bo = QB;.
Finally, that ©; = ®5 follows from Lemma 2.4. O

In the sequel it shall be important how the operator F, defined in (21)
interacts with the pseudo-similarity operator @), and, in particular, with its domain.
Our following two lemmas address this issue.

Lemma 4.4. Let ¥ := (S;X,U,Y) be an system node with system operator S =

[égg], main operator A, and control operator B, and let Z be a subspace of X.

Let o € p(A) and define F, as in (21).
(i) [£] is invariant under F, if and only if
(a—A)'ZCcZ, (a—A)'BuUcCZ. (38)
(ii) If (38) holds, then [%] belongs to the range of Fa|[5] if and only if
[*1eD(S), xz€Z, A&B|i]€ Z. (39)

In particular, the range of Fa|[g] does not depend on the particular o € p(A), as
U

long as [F] is invariant under F,.

Proof. That (i) holds follows directly from (21), so it suffices to prove (ii).
Suppose first that [] = Fo[Z] for some z € Z C X and u € U. Then

[#] € D(S) (since F, maps [] into D(S)) and x € Z (by the assumed invari-

ance condition). Furthermore, by (21), ([§ %, ] = [4%F]) [&] = [%]. In particular,

A&B[i] = ax — z € Z. Thus, [§] € D(S), x € Z, and A&B[}] € Z whenever

[+] belongs to the range of Fa|[g]
u
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Conversely, suppose that [5] € D(S), = 6 Z,and A&B ;] € Z. Define z by
z=oar— A&B[}]. Then z € Z and [§] = F [{ ], [#] belongs to the range of
Folizy .

Lemma 4.5. Let 2; := (S;; X, U, ), i = 1,2, be two pseudo-similar system nodes
with main operators A;, control operators B;, and pseudo-similarity operator Q.
Let Qoo be the component of p(A1) N p(Az) which contains some right half-plane.
For each A € Q, define F; x, i =1,2, by

EA:[@—éw% M—?j*Bﬂ. (40)

Then, for each X € Qog, F1,\ maps [DZ(/[Q)] into itself, F> x maps [RZ(/[Q)] into itself,
and

Q 0|_1|@ 0
o [o ) =10 1) FP@) 4D
In particular, [%2 1(;] maps the range of Fl,AwD(Q)} one-to-one onto the range of
u
F2,>\|[R Q ]
u

Proof. That Fi ) maps [D(Q)] into itself follows from the two inclusions (A —
A)D(Q) € D(Q) and (A — A1) Bl C D(Q) (see Remark 4.3). Analogously,
that F 5 maps [R&Q)] into itself follows from the two inclusions (A—A43) 'R (Q) C
R(Q), (A — A2) "Bt € R(Q). Finally, (41) follows from (40) and the first and
third identities in (36). O

Our next theorem gives a characterization of pseudo-similarity which is given
directly in terms of the system operators involved.

Theorem 4.6. Let X, := (S;; X5, U, Y), i = 1,2, be two systems with system oper-

ators S; = Héigk }, main operators A;, and control operators B;. Let Q: X1 D

D(Q) — R(Q) C Xy be a pseudo-similarity, and let Qo be the component of
p(A1) N p(Az) which contains some right half-plane. Then the following conditions
are equivalent:
(i) X1 and X are pseudo-similar with pseudo-similarity operator Q.
(ii) The following two conditions hold:
(a) (35) holds for some A € Qo
(b) For all [%}] € D(S1) such that z1 € D(Q) and [A&B]1 [%] € D(Q) w

Q 0f|z| _|@Q
52[0 Ly| |u] |0 1y51u' (42)
Proof. Proof of (i) = (ii). Assume (i). By Theorem 4.2 and Remark 4.3, (35)
holds for all A € Qu. By Lemma 4.4, Fj [DZ(/[Q)] - [DZ(/{Q)], and the condition

imposed on [%!] in (b) is equivalent to the requirement that [%!] belongs to the



54 D.Z. Arov and O.J. Staffans

range of F} )| D(Q)] . If we replace [%} ] in (42) by F1  [5] with 1 € D(Q), then a

u
straightforward computation based on (22) shows that the right-hand side becomes

N R B Fori s ¥ Bl | FOC

u

A similar computation which also uses (41) shows that

N R e e [

By (36), the right-hand sides of (43) and (44) are equal, and this implies (42).
Proof of (ii) = (i): Assume (ii). Then it follows from (42) with [%} ] replaced
by Fi %] that for all zq € D(Q) and all uw € U (recall (21))

11@Q@ 0 T Q 0 1 1
Fyy [O 1u] Fy ) {u] = [O 1u] Fy Fia {u] .
Multiplying this by F» x to the left we get (41). It follows from (42) that the left-
hand sides of (43) and (44) are equal, and by using (41) we conclude that also the

right-hand sides of (43) and (44) are equal. This implies (36). By Theorem 4.2,
31 and X, are pseudo-similar with pseudo-similarity operator Q. O

Definition 4.7. Two system nodes ; := (S;; X;, U, V) with system operators S; =
Héigk }, 1 = 1,2, are called pseudo-similar with pseudo-similarity operator @ if

conditions (ii)(a) and (ii)(b) in Theorem 4.6 hold.

Thus, with this terminology, Theorem 4.6 says that two systems ¥;, i = 1, 2,
are pseudo-similar if and only if the corresponding system mnodes are pseudo-
similar, with the same pseudo-similarity operator. Two other equivalent charac-
terization of the pseudo-similarity of two system nodes are given by conditions (ii)
and (iii) in Theorem 4.2.

Theorem 4.6 can be used to recover Sp from Sy or Sq from Ss if we know the
pseudo-similarity operator Q.

Corollary 4.8. Let X; := (S;; X, U, Y), i = 1,2 be two pseudo-similar system nodes
with system operators S; = Héggk} and pseudo-similarity operator Q. Then Si

and Sy can be reconstructed from each other in the following way:
(i) Sy is the closure of the restriction of [Q(;I 1(;} So [cg 12{] to the set of all
(%] € [D&Q)] such that [9¥1] € D(S2) and [A&B2 [9%1] € R(Q).
(ii) S2 is the closure of the restriction of {g 1(;} S {Qo‘l 1(;} to the set of all
[%2] e [R&Q)] such that [Q}v2] € D(S1) and [A&B]; [Q 2] € D(Q).

Proof. Because of the symmetry of the two statements it suffices to prove, for
example, (i). As we observed in the proof of Theorem 4.6, the set of conditions

imposed on [%!] in condition (ii) in that theorem is equivalent to the requirement
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that [%}] belongs to the range of FlA'[Dz(/Q)} . By Lemma 4.5, this is equivalent to

the requirement that [ @71 | belongs to the range of F3 x| »(g)1, and by Lemma 4.4,

u
this is equivalent to the set of conditions on [%} ] listed in (i). By Theorem 4.6, and

since S is closed, S is a closed extension of the restriction of [Qg ! 12{} So [%2 1?4]

to the range of F} | [ D(Q)] . That this is the minimal closed extension follows from

u
the fact that the range of F} )| [D(Q)] is dense in D(S7) with respect to the graph
u

norm (because D(Q) is dense in Xp, and Fj  is a bounded bijection of [Xul] onto

D(51)). 0

Theorem 4.9. Let ¥; = (S;; X,U,Y), i = 1,2 be two pseudo-similar system
nodes with system operators S; = [[[éﬁg%’f] and pseudo-similarity operator Q.

Z1,s

Let s € R and u € W22([s,00);U), and let {u(s)} € D(S1) with x1,5 € D(Q) and

loc

[A&B]y HE@)} € D(Q). Define xa,s := Qx1,5. Then the following conclusions hold.

(i) {Z?Q)] € D(S2), so that we can let x; and y;, i = 1,2, be the state trajectory
and the output of S; of described in Lemma 2.3 with initial state z;s and
input function u.

(i) For all t > s, the solutions defined in (i) satisfy {?((tt))} € D(S41), {22((;))} €

D(SZ); xl(t); xl(t) € D(Q); .’Ez(t), .’Ez(t) € R(Q); and
r2(t) = Qri(t), T2(t) = Qi1(t), y2(t) = yi(t), t>s.

Thus, in particular, [A&B]; [il((tt))} C D(Q) and [A&B], {ff((t?} C R(Q) for all
t>s.

Proof. That (i) holds follows from Lemmas 4.4 and 4.5. Thus, we can define the
solution as explained in (i). By Lemma 2.3, [f:'((tt))} € D(S;) and x; is continuously
differentiable in X; for i =1, 2.

We claim that z1(t) € D(Q) and x2(t) = Q1 (t) for all ¢ > 0. To prove this
we split each of the two solutions into three parts: one where z; ; # 0 and u = 0,
one where z; ; = 0 and the input function is eA(t’S)u(s), and one where z; s =0
and the input function is u(t) — e**~*)u(s); here A € Qq and i = 1,2. In the first
case we have z;(t) = AL "%z, 5, and the first intertwining condition in (33) implies
that z1(t) € D(Q) and z2(t) = Qz1(t) for t > s. In the second case we have

zi(t) = ) (1, — e AEDY=5) (A — A;) 7' Byu(s),
and again we have z1(t) € D(Q) and z2(t) = Qz1(t) for ¢ > s because of the first
condition in (33) and the third condition in (36). In the third case we have

0
2i(t) = / A Bifu(t + v) — A=)y (s)] do.
s—t



56 D.Z. Arov and O.J. Staffans

This is B; applied to a function in W, 12(R™;U), and by the third condition in
(33), again 21 (t) € D(Q) and z2(t) = Q1 (t) for t > s. Adding these three special
solutions we find that the original solutions 1 and z, satisfy z1(¢) € D(Q) and
xo(t) = Qz1(t) for t > s.

Since both x; and zo = Qx1 are continuously differentiable and @ is closed,
we must have #1(t) € D(Q) and #1(t) = Qi1(¢) for all ¢ > s. In particular,

i1(t) = [A&B]; [ﬁg))} C D(Q) and i1 (t) = [A&B]; [ff(gﬂ CR(Q) forallt > s.

Finally, by (42), y2(t) = y1(t) for all t > s. O

Let us end this section with a short discussion of the pseudo-similarity of
two discrete-times systems, based on [AKPO05]. We say that two discrete-time
systems ([‘éi 1123)1] ;Xl,u,y) and ([‘és 1123)2] ;Xz,u,y) are pseudo-similar if there
is a pseudo-similarity Q: X1 D D(Q) — R (Q) C X, such that A;D(Q) C D(Q),
R (B1) C D(Q), and

ArQ = QAilp(g),

C2Q = Cilp(q), (45)
B2 = QBlv
D, =D;.

Theorem 4.10. Let X; := (S;; X;,U,Y), i = 1,2, be two system nodes with main
operators A;. Let Q: X1 D D(Q) — R(Q) C Xz be a pseudo-similarity. Let Qu
be the component of p(A1) N p(As) which contains some right half-plane. Then the
following conditions are equivalent:®
(i) X1 and Yo are pseudo-similar with pseudo-similarity operator Q.
(i) For some a € Ct NQy, the Cayley transforms of X1 and Yo with parameter
« defined by (28) are pseudo-similar with pseudo-similarity operator Q.
(iii) For all « € Ct NQu, the Cayley transforms of X1 and Yo with parameter o
are pseudo-similar with pseudo-similarity operator Q.

Proof. This follows directly from Theorem 4.2. O

Theorem 4.11. Let %; := (Si; X;,U,Y), i = 1,2, be two minimal_systems with
main operators A;, input/output maps D;, and transfer functions ©;. Let Qoo be
the component of p(A1) N p(As) which contains some right half-plane. Then the
following conditions are equivalent:

(i) ¥1 and 2 are pseudo-similar.

(ii) The set {\ € Qoo | D1(\) = D2(N)} has an interior cluster point.

(iil) ®1(A) =D2(N) for all A € Q.

(iV) @1 = @2.

Proof. If 31 and X5 are pseudo-similar, then it follows directly from Definition
4.1 that (iv) holds. By Lemma 2.4, (ii), (iii) and (iv) are equivalent. Thus, it only
remains to show that (iii) = (i).

8See also [AN96, Proposition 7.9].
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Assume (iii). By Lemma 3.1, the Cayley transforms of ¥; and 39 with param-
eter A € CTNQ are two minimal discrete-time systems, whose transfer functions
coincide in a neighborhood of co. According to [Aro79, Proposition 6], these two
discrete-time systems are pseudo-similar with some pseudo-similarity operator Q.
By Theorem 4.10, 37 and X5 are pseudo-similar with the same pseudo-similarity
operator Q. O

5. H-passive systems

The following definition is a closely related to the corresponding definition in the
two classical papers [Wil72a, Wil72b] (Willems allows the system to be nonlinear
and his storage functions are locally bounded).

By a nonnegative operator in a Hilbert space X we mean a (possibly un-
bounded) self-adjoint operator H satisfying (x, Hx)x > 0 for all x € D(H). If, in
addition, (z, Hz)x > 0 for all nonzero x € D(H), then we call H positive. The
(unique) nonnegative self-adjoint square root of such a nonnegative operator H is
denoted by v H.

Definition 5.1. A system node (or system) ¥ := (S; X,U,)) with system operator
S = [égg] is (scattering) H -passive (or simply passive if H = 1y) if the following
conditions hold:
(i) H is a positive operator on X. Let Q = v H.
(i) Ifu € W22([s,00);U) and [,3)] € D(S) with 25 € D(Q) and A&B [ (3] €
D(Q), then the solution z in Lemma 2.3 satisfies z(¢), #(t) € D(Q) for all
t > s, and both Qz and its derivative are continuous in X on [s, 00).
(iii) Each solution of the type described in (ii) satisfies for all s <,

(Qu(t), Qu(t) x + / L@ dv < (Qa(s), Qu(s)) x + / lu()|Z dv.  (46)

If (46) holds in the form of an equality for all s < ¢,

(Qa(t). Qu(®)e + [ Iy} do = (@a(s). Qas) + [ Jutw) o, (47)
then ¥ is (scattering) forward H-conservative,

We denote the set of all positive operators H for which ¥ is H-passive by Mx..
As our following theorem shows, a system is H-passive (i.e., H € My,) if and
only if it is pseudo-similar to a passive system.

Theorem 5.2. Let ¥ := (S; X,U,Y) be a system node.
(i) If ¥ is pseudo-similar to a passive system node ¥y := (S1;X1,U,Y) with
pseudo-similarity operator Q, then ¥ is H-passive with H := Q*Q.
(ii) Conversely, if ¥ is H-passive, and if Q: X — Xg is an arbitrary pseudo-
similarity satisfying Q*Q = H (for example, we can take Xog = X and
Q= \/H), then ¥ is pseudo-similar to a unique passive system node Y.g =
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(Sq; Xq,U,Y), with pseudo-similarity operator Q. The system operator Sgq
is the closure of the restriction of [0 1)}} S {Q ' (L} to the set of all [5] €
[RZ(AQ)] such that [ @ ‘=] € D(S) and A&B[Q, . =] € D(Q).

Proof. Proof of (i): Under the assumption of (i) it follows from Theorem 4.9 that
conditions (ii) and (iii) in Definition 5.1 hold for the given operator Q. Define
H := Q*Q. Then H is a positive operator on X', and @ has the polar decomposition
Q = UVH, where U is a unitary operator ¥ — X} and D(Q) = D(V H) (see, e.g.,
[Kat80, pp. 334-336] or [Sta05, Lemma A.2.5]). This implies conditions (i)—(iii) in
Definition 5.1.

Proof of (ii): Suppose that ¥ is H-passive, and that Q: X — X is an
arbitrary pseudo-similarity satisfying Q*@Q = H. Denote the main operator of ¥
by A. By condition (ii) in Definition 5.1, for each x¢g € X*ND(Q) with Azy € D(Q)
and t € RT we can define Az := Qx(t) and (€qxo)(t) := y(t), where z(-) is the
state trajectory and €gx is the output function of ¥ with initial state Q 'z and
zero input function u. In other words,

QLEQ = QﬂtQ X0, (@on)(t) = CQ[tQilxo, teRT.

By (47), for all t € R*, 2l is a contraction on its domain (with the norm of
X) into X, and €¢ is a contraction from its domain (with the norm of X) into
L?(R*;Y). Moreover, it is easy to see that 25, t > 0, is a Cy semigroup on its
domain. Therefore, this semigroup can be extended (being densely defined and
uniformly bounded) to a Cp semigroup on X, and likewise, €g can be extended
to a contraction mapping from all of X into L?(R*;)).

We next let u € W22(R;U) have a support which is bounded to the left.
We take some initial time s < 0 to the left of the support of u, and let = be
the state trajectory and y the output of ¥ with initial state xs = 0 and input
function w. It follows from Definition 5.1 that x(0) € D(Q). This permits us to
define Bou_ := Qz(0) where u_ = u|g- and Dgu = y. Thus,

Bou = QBu, Dou = Du.
By condition (iii) in Definition 5.1, these two operators are contractions on their
domains (with the norm of L?(R;U)) into their range spaces, so by density and
continuity we can extend them to contraction operators defined on all of L2(R~,U)
and L?(R,U), respectively.

It is easy to see that the quadruple [Q@lg %Q } is an L2-well-posed linear system
in the sense of [Sta05, Definition 2.2.1], i.e., that ¢t — Qth is a Cy semigroup, that
At B and € satisfy the intertwining conditions

Qth%QZ%QTZ, Q:QQthZTj_Q:Q, t>0,
where 7! is the left-shift on L?(R™;U) and 7¢ is the left-shift on L*(R*;Y), and

that €oBg = 7. Dn_ where m_ is the orthogonal projection of L*(R;U) onto
L?(R™;U) and 7 is the orthogonal projection of L*(R;Y) onto L*(R*;U) (thus,
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the Hankel operator induced by © is €%B¢). This well-posed linear system is
induced by some system node Yo = (Sg;X,U,Y) (see, e.g., [Sta05, Theorem
4.6.5]). The main operator Ag of this system node is the generator of ¢ — 2L,
the observation operator Cq is given by Cox = (€qz)(0) for z € D(Ag), the
control operator Bg is determined by the fact that (Bjz.) = (BHz.)(0) for
all z, € D(Ay), and the transfer function coincides with the original transfer
function ® on some right half-plane. We can now apply (21) and (22) with A, B,
and C replaced by Ag, Bg, and Cg, and with o € p(Ag) to recover the system
operator Sg. The semigroup, input map, output map, and input/output map of
Y coincides with the maps given above. By construction, the conditions listed in
Definition 4.1 are satisfied, i.e., X is pseudo-similar to ¥ with pseudo-similarity
operator (). Finally, it follows from condition (iii) in Definition 5.1 that Xq is
passive.

The explicit formula for the system operator Sg given at the end of (ii) is
contained in Corollary 4.8. (]

Remark 5.3. Instead of appealing to the theory of well-posed linear systems it
is possible to prove part (ii) of Theorem 5.2 by reducing it to the corresponding
result in discrete time via the Cayley transform. The proof of Theorem 5.7 that
we give below does not use part (ii) of Theorem 5.2. In that proof we use the
Cayley transform to show that ¥ is pseudo-similar to a passive system X/, with
similarity operator v/H. From this result we can get the general claim in part (ii)
of Theorem 5.2 by using the polar factorization of Q.

We denote the set of all H € My, for which the passive system node X /i
defined in part (i) of Theorem 5.2 is minimal by MI™.

It is not difficult to show (using Lemma 2.7) that this minimality condition
is equivalent to the following two conditions:

V' R(VHO-A)7B) =,
Aepds(A)

N N (CO=a " ) =0

AepL(A)

(48)

For the formulation of our next theorem we recall the definition of the re-
stricted Schur class S(U,Y; ), where € is an open connected subset of C*:
0 € S(U,Y;) means that 6 is the restriction to Q of a function in the Schur
class SU,Y,CH).

Theorem 5.4. Let ¥ := (S; X,U,Y) be a system node with main operator A and
transfer function ®. Let pd (A) be the component of p(A) N CT which contains
some right half-plane.
(i) If X is H-passive, i.e., if H € My, then 5|p;(‘4) € SU,Y; pL(A)).
(ii) Conversely, suppose that X is minimal and that D|,+ 4 € SU, i pk (4)).
Then ¥ is H-passive for some H € M3™.
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Proof. Proof of (i): Suppose generalized ¥ is H-passive (see Theorem 5.7). By
Theorem 5.2, ¥ is pseudo-similar to a passive system X ,;, whose transfer function
6 is a Schur function (see [AN96, Proposition 4.4] or [Sta05, Theorem 10.3.5 and
Lemma 11.1.4]). By Theorem 4.11, the transfer functions of 3 and ¥ ,;; coincide
on the connected component of p(A) N C*. This proves (i).

Proof of (ii): Suppose that the transfer function coincides with some Schur
function in some right half-plane. This Schur function has a minimal passive re-
alization ¥i; see., e.g., [AN96, Proposition 7.6] or [Sta05, Theorem 11.8.14]. Since
the two transfer function coincides in some right-half plane, the input/output maps
of the two minimal systems are the same, and consequently, by Theorem 4.11, ¥
and X are pseudo-similar with some pseudo-similarity Q. By Theorem 5.2, this
implies that ¥ is H-passive with H = Q*Q. The system node X, in part (ii)
of Theorem 5.2 is unitarily similar to the system node ¥; with a similarity op-
erator U obtained from the polar decomposition @ = UvH of Q. Thus, Yp s
minimal. (]

Corollary 5.5. If ¥ is minimal, then ME™ is nonempty if and only if Ms is
nonempty.

Proof. This follows directly from Theorem 5.4. O

In our next theorem we shall characterize the H-passivity of a system node
Y in terms of a solution of the generalized (continuous time scattering) KYP in-
equality.

Definition 5.6. Let ¥ := (S;X,U,Y) be a system node with system operator
S = [égg], main operator A, and control operator B, and let pf (A) be the
component of p(A) N C*T which contains some right half-plane. By a solution of
the generalized (continuous time scattering) KYP inequality induced by ¥ we mean
a linear operator H satisfying the following conditions.

(i) His a positive operator on X. Let Q = VH.
(i) (A= 4)~'D(Q) € D(Q) for some A € p. ().
(i) (A—A)~'BU C D(Q) for some \ € pZ_(A).
(iv) The operator QAQ ™!, defined on its natural domain consisting of those = €
R (Q) for which Q~'x € D(A) and AQ ™'z € D(Q), is closable.
(v) For all [50] € D(S) with 29 € D(Q) and A&B[%)] € D(Q) we have

2R(QIA&B] [uf ], Qo) x + [|C&D [G 1113, < lluollz- (49)

If H is bounded with D(H) = X, then (ii) and (iii) are redundant, and if
furthermore H~! is bounded, then also (iv) is redundant. Thus, in this case H
is a solution of the generalized KYP inequality if and only if (49) holds for all
(%3] € D(S). If A&B =[A B]and C&D = [C D], and if A, B, C, D, H and
H~! are bounded, then conditions (ii)—(iv) are satisfied and (49) reduces to the
standard KYP inequality (7).
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The significance of this definition is due to the following theorem.

Theorem 5.7. Let ¥ := (S;X,U,)) be a system node, and let H be a positive
operator on X. Then the following two conditions are equivalent:

(i) X is H-passive (i.e., H € My),

(ii) H is a solution of the generalized KYP-inequality induced by 3.

Moreover, % is forward H-conservative if and only if condition (v) in Definition
5.6 holds with the inequality (49) replaced by the equality

2R(QIA&B] [u5 ], Qo) x + [|C&D [G 1113, = lluollz- (50)

In particular, ¥ is passive if and only if (49) holds with @ = 1y for all
[20] € D(S), and it is forward conservative if and only if (50) holds with @ = 1x
for all [55] € D(S).

As we shall see in a moment, one direction of the proof is fairly simple (the
one which says that H-passivity of ¥ implies that H is a solution of the generalized
KYP-inequality). The proof of the converse is more difficult, especially the proof
of the the validity of condition (ii) in Definition 5.1. For that part of the proof
we shall need to study the H-passivity of the corresponding discrete time system
obtained via a Cayley transform.

Following [AKP05], we call a discrete time system X := ([é B] ;X,L{,y)

H -passive (or simply passive if H = 1x), where H is a positive operator on X, if,
with Q := VH,

AD(Q) cD(Q), BUCDQ), (51)
and if, for all zp € D(Q) and ug € U,
1Q(Azo + Buo)||% + [|Czo + Duo |3, < [|Qzoll% + [uollZ- (52)

In this case we also refer to H as a solution of the discrete time (scattering)
generalized KYP-inequality induced by X. If H is bounded with D(H) = X, then
(51) is redundant, and (52) is equivalent to the discrete time scattering KYP
inequality (11). In particular, passivity of 3 is equivalent to the requirement that
[4 B] is a contraction from [¥] to [§].

Lemma 5.8. Let ¥ := (S; X,U,Y) be a system node with main operator A, and let
Y and H satisfy conditions (1)—(iii) in Definition 5.6, with the same X € pI_ (A) in
conditions (i) and (iii). Then condition (v) in Definition 5.6 holds if and only if the

A(N) B()

Cayley transform X(X) = ([C()\) D(A)} X, U,Y) of & (with the same parameter
A as in (i) and (iil)) is H-passive.
Proof. Clearly, by (28), (i) and (iii) in Definition 5.6 imply (51). Thus, to prove
the lemma it suffices to show that (49) is equivalent to (52).

According to Lemma 4.4, we have [§] € D(S) with z € D(Q) and A&B[] €

D(Q) if and only if [ ] = F) [\/20%/\ 0 } [40] for some g € D(Q) and some u € U.

1y
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Replacing [2] in (49) by F) [\/20%)‘ 1(;} [%0] and using (21) and (22) we find that

(49) is equivalent to the requirement that
2R(Q[AN — A)7W2RAzo + A(X — A) 7 Bug], Q(A — A) V2R o) ,,
FICO = A) V2R Az + D (Nuoll} (53)

< JluollZ

for all 9 € D(Q) and u € U. If we here replace A(A — A)~1 by A(A — A)71 — 1y
and expand the resulting expression we get a large number of simple terms. A
careful inspection shows that we get exactly the same terms by expanding (52)
after replacing A()\) by 2RA(A — A)~! — 1y and replacing B(\), C()\), and D())
by the expressions given in (28). Thus, (49) and (52) are equivalent. O

Proof of Theorem 5.7. Suppose that 3 is H-passive. We must show that conditions
(i)—(v) in Definition 5.6 hold. Condition (i) is the same as condition (i) in Definition
5.1. By Theorem 5.2, ¥ is pseudo-similar to a system node g = (Sq; X,U,Y),
and (ii) and (iii) follow from Theorem 4.2 (for all A € pf (A); see (35)). By part
(i) of Theorem 5.2, the operator QAQ ™! is closable (its closure is equal to the
main operator of Xg). Thus (i)—(iv) hold. Divide (46) by ¢ — s, let t — s | 0, and
use part (iii) of Definition 5.1 (and the closedness of Q) to get

2R(Q(t), Qz(t) x + [ly()ly < fu(®)lfer, ¢ =0. (54)

Here we substitute #(t) = A&B [EEB] and y(t) = C&D [igﬂ and take t = 0 to

get (49) with [45] replaced by {258” Thus also (v) holds.

Conversely, suppose that H is a solution of the generalized KYP-inequality.
Let us for the moment focus on the main operator A of S, and ignore the other
parts of ¥. By Lemma 5.8, applied to a system node with main operator A but
no input or output, the conditions (i) and (ii) imply that the Cayley transform
A()N) of A (with the same X as in (ii)) satisfies A(A)D(Q) C D(Q). In particular,
we can define Ag(\) := QA(N)Q ! with D(Ag(N)) = R(Q). It follows from (v)
that Ag(A) is a contraction from its domain (with the norm of X) into X. Thus,
by density and continuity, Ag(A) can be extended to a contraction on X', which
we still denote by Ag(A).

We claim that Ag(A) does not have —1 as an eigenvalue. By the definition
of Ag()) as the closure of its restriction to R (@), this is equivalent to the claim
that if z,, € R(Q), z, — zin X and y,, := (lx+Ag(A))x, — 0in X, then z = 0.
Since 1x + Ag(\) = 2RAQ(A — A)~1)Q ™, we have

2RAL, = (A — QAQ ™ Hy,.

By (iv), the operator A—QAQ ™! is closable. Now y,, — 0 in X and 2RA\z,, — 2R\x
in X, so we must have x = 0. This proves that Ag(\) does not have —1 as an
eigenvalue.
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Since Ag(A) is a contraction which does not have —1 as an eigenvalue, it
is the Cayley transform of the generator Ag of a Cy contraction semigroup Qth,
t > 0; see, e.g., [AN96, Theorem 5.2], [SF70, Theorem 8.1, p. 142], or [Sta05,
Theorem 12.3.7]. By Theorem 4.10 (applied to the situation where there is no
input or output), At, ¢ > 0, is pseudo-similar to Qth, t > 0, with pseudo-similarity
operator Q. In particular, by Theorem 4.2, condition (ii) holds for all A € pi (A).

Since (ii) holds for all A € pf (A), we can use the same A in (ii) as in (iii),
and take the Cayley transform of the whole system node ¥. By Lemma 5.8, the

Cayley transform X()\) := ({‘égi‘; 38‘” ;X,U,y> is a discrete time scattering
H-passive system. Therefore, by [AKP05, Proposition 4.2], this system is pseudo-
similar to a passive system, with pseudo-similarity operator Q = v/ H. It is easy

to see that the system operator of this contractive system must be the closure

of {le 1(;} {égf\\; 1]:3)8” [9 1(;] (cf. Corollary 4.8). Let us denote this system by

Yo(A) = ([228‘; 1]:3)38” ;X,U,y). As we have shown above, A()) does not
have —1 as an eigenvalue. This implies that X (A) is the Cayley transform with
parameter A of a scattering passive system node ¥g; see, e.g., [AN96, Theorem
5.2] or [Sta05, Theorem 12.3.7]. By Theorem 4.10, ¥ and ¥ are pseudo-similar
with pseudo-similarity operator @. It then follows from Theorem 4.9 that condi-

tion (ii) in Definition 5.1 holds. Moreover, [ig” € D(S) with z(t) € D(Q) and

A&B [ig” € D(Q) for all t > 0. Therefore, by (49), (54) holds for all ¢ > 0.

Integrating this inequality over the interval [s, t] we get (46). O

It is possible to replace conditions (ii) and (iv) in Definition 5.6 by another
equivalent condition, which can be formulated as follows.

Proposition 5.9. The positive operator H is a solution of the generalized KYP-

inequality if and only if, in addition to conditions (i), (iii), and (v) in Definition

5.6, the following condition holds:

(ii") A'D(Q) C D(Q) for all t € RT, and the function t — QA'zq is continuous
on RT (with values in X) for all zo € D(Q),

where AL, t > 0, is the semigroup on X.

Proof. The necessity of (ii’) follows from Theorem 5.7 and condition (ii) in Def-
inition 5.1 (the trajectory z is given by z(t) = Atz when u = 0). Conversely,
if (ii’) holds, then we obtain a Cjy semigroup Qth, t > 0, in the same way as we
did in the proof of the part (ii) of Theorem 5.2. By repeating the final part of
the argument in the proof of the converse part of Theorem 5.7 we find that X
is H-passive, and by the direct part of the same theorem, H is a solution of the
generalized KYP-inequality. O

Corollary 5.10. Let X := (S; X, U, DY) be a system node, let H be a positive operator
on X, and let Q = VH. Then the following three conditions are equivalent:
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(i) X is H-passive,

(i) For some X\ € pt (A), the Cayley transform ([‘égf\‘g gg‘\ﬂ ;X,U,J)) of X with

parameter \ is H-passive, and the closure of the operator Q 1A (N)Q does
not have —1 as an eigenvalue.

(iii) For all X € pt (A), the Cayley transform ({‘égi‘; 38‘” ;X,Z/l,y) of X with

parameter \ is H-passive, and the closure of the operator Q1A (N)Q does
not have —1 as an eigenvalue.

In particular, when these conditions hold, then conditions (ii) and (iii) in Definition
5.6 hold for all X € pt_ (A).

Proof. As we saw in the first part of the proof of Theorem 5.7, if ¥ is H-passive,
then conditions (ii) and (iii) in Definition 5.6 hold for all A\ € pI (A). We also
observed in the proof of Theorem 5.7 that condition (iv) in Definition 5.6 holds if
and only if the closure of the operator Q1A (\)Q does not have —1 as an eigen-
value. This, combined with Lemma 5.8, implies (iii). Trivially, (iii) = (ii). That
(ii) = (i) was established in the proof of the converse part of Theorem 5.7. O

In our next theorem we compare solutions H € MI" to each other by using
the partial ordering of nonnegative self-adjoint operators on X: if H; and Hs are
two nonnegative self-adjoint operators on the Hilbert space X', then we write H; =<
Hy whenever D(H,'?) ¢ D(H/?) and ||H, x| < ||Hy x| for all € D(HL'?).
For bounded nonnegative operators Hy and Hy with D(Hs) = D(H;) = X this
ordering coincides with the standard ordering of bounded self-adjoint operators.

Theorem 5.11. Let ¥ := (S;X,U,Y) be a minimal system node with transfer
function ® satisfying the condition |+ 4y € SU,Y; pt (A)). Then MI™ is
nonempty, and it contains a minimal element H, and a maximal element H,, i.e.,

H, <H=<H, HecM"

Proof. By Theorem 5.4, under the present assumption the set M3 is nonempty.
We map both ¥ and the pseudo-similar system X ,;; into discrete time via the
Cayley transform with some parameter A € pl (A). By Proposition 5.10, H is a
solution of the corresponding discrete time generalized KYP inequality, and by
Lemma 3.1, the image ¥ ,; of X ,;; under the Cayley transform is minimal. We
denote the discrete version of MIZ" by Mg, According to [AKP05, Theorem 5.11
and Proposition 5.15], the set M&" has a minimal solution H, and a maximal
solution H,. The passivity and minimality of 3, implies that the main operator
of ¥ /i cannot have any eigenvalues with absolute value one, and in particular,
it cannot have —1 as an eigenvalue. As we saw in the proof of Theorem 5.7, this
condition is equivalent to condition (iv) in Definition 5.6 with Q = V'H. Thus, due
to the extra minimality condition on ¥/, there is a one-to-one correspondence
between the solutions H of the continuous time generalized KYP-inequality and
the discrete time generalized KYP-inequality, and the conclusion of Theorem 5.11
follows from [AKP05, Theorem 5.11 and Proposition 5.15]. O
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The two extremal storage functions Ey, and Ep, correspond to Willems’
[Wil72a, Wil72b] available storage and required supply, respectively. See [Sta05,
Remark 11.8.11] for details.

We remark that if ¥ = (S; X,U,)) is a minimal passive system, then M0
is nonempty and H, < 1y < H, (since 1y € Mglin). In particular, both H, and
H; ' are bounded.

We end this section by studying how H-passivity of a system is related to
H -passivity of its adjoint.

Theorem 5.12. The system ¥ = (S; X,U,Y) is H-passive if and only if the adjoint
system X* = (S*; X,V,U) is H '-passive.

Proof. Tt suffices to prove this in one direction since (X*)* = X. Suppose that
is H-passive. Choose some a € p(A), where A is the main operator of X. Then,

by Proposition 5.10, the Cayley transform X(a) := ([‘égz; EEZ” ;X,U,y) of ¥

is H-passive, and —1 is not an eigenvalue of the closure Ag(\) of Q1A(N)Q. By

[AKPO5, Proposition 4.6], the adjoint system X(a)* := ({ggz; ggz;} ;X,y,L{)

of ¥ is H~!-passive. The operator Ag()) is a contraction which does not have
—1 as an eigenvalue, and hence —1 is not an eigenvalue of Ag(A)*, which is the
closure of QA(M\)*Q~!. The Cayley transform of ¥* with parameter a € p(A*) is
equal to 3(a)*, and by Proposition 5.10, ¥* is H~!-passive. O
Theorem 5.13. Let X = (S; X, U,Y) be a system node. Then

(i) H € My, if and only if H~' ¢ My-, _

(i) H € M3 if and only if H- € M®&in,
Proof. Assertion (i) is a reformulation of Theorem 5.12. The second assertion

follows from the fact that the system X, is minimal if and only if (X /)" is
minimal (see Lemma 2.6), and (X /)" = (X%) /5-1-

Lemma 5.14. Let ¥ = (S; X, U, ) be a minimal system node which is self-adjoint
in the sense that ¥ = ¥* = (S*;X,V,U) (in particular, U = Y). If Mx is
nonempty, then H, = HJ '
Proof. By Theorem 5.12 and the fact that ¥ is self-adjoint, H € M&™ if and
only if H~! € MI". The inequality H~1 < H, for all H € M implies that
H;' < H (see [AKPO05, Proposition 5.4]). In particular Hyt < H,. But we also
have the converse inequality H, < H, ! since Hy'' € H®™, Thus, H, = H;'. O
The identity H, = H; ' implies, in particular, that H, < H;'. It is not
difficult to see that this implies that H, < 1y < H,. However, we can say even
more in this case.

Proposition 5.15. Let ¥ = (S; X,U,Y) be a minimal system node for which My is
nonempty and H, = Hy 1. Then X is passive, i.e., 1x € M3,

Proof. This follows from [Sta05, Theorem 11.8.14]. O
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Definition 5.16. A minimal passive system X with the property that H, = H, ! is
called a passive balanced system.’

This is equivalent to [Sta05, Definition 11.8.13]. According to [Sta05, Theorem
11.8.14], every Schur function # has a passive balanced realization, and it is unique
up to unitary similarity.

We define Hy, € M3 to be a balanced solution of the generalized KYP
inequality (49) if the system X He constructed from Hg, is a passive balanced

system in the sense of Definition 5.16. Thus, if ¥ is minimal and My, is nonempty,
then the generalized KYP inequality has a least one balanced solution Hg, and all
the systems E\/H@ obtained from these balanced solutions are unitarily similar.

6. H-stability

The possible unboundedness of H and H ! where H is a solution of the general-
ized KYP inequality (49) has important consequences for the stability analysis of
3. Indeed, in the finite-dimensional setting it is sufficient to prove stability with
respect to the storage function Ey defined in (3) in order to get stability with re-
spect to the original norm in the state space, since all norms in a finite-dimensional
space are equivalent. This is not true in the infinite-dimensional setting unless H
and H~! are bounded. Taking into account that H and H ! may be unbounded
we replace the definition of Ey given in (3) by

Ey(z) = (VHz,VHz), xeDWVH). (55)

In this more general setting stability with respect to one storage function Ep, is
not equivalent to stability with respect to another storage function Efr,. Moreover,
the natural norm to use for the adjoint system is the one obtained from Ep-1
instead of Fp, taking into account that H is a solution of the generalized KYP
inequality (49) if and only if H = H~'is a solution of the adjoint generalized
KYP inequality.

Definition 6.1. Let H be a positive operator in a Hilbert space X, and let t — 2,
t >0, be a Cy semigroup in X. Then t — At ¢t > 0, is called

(i) strongly H-stable, if A*D(H'/?) ¢ D(H'/?) for all t > 0 and
Jlim |HY 2% z|| — 0 for all z € D(HY?),
—00
(i) strongly H-#-stable, if (A*)*R (H'/2) C R (H'/?) for all t > 0 and
lim ||~ Y2(2A")* 2, || — 0 for all 2, € R (H1/2) :
t—oo
(iii) strongly H-bistable if both (i) and (ii) above hold.

9We call this realization ‘passive balanced’ in order to distinguish it from other balanced real-
izations, such as Hankel balanced and LQG balanced realizations.
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Theorem 6.2. Let ¥ := (S; X, U,Y) be a minimal system node with transfer func-
tion ® satisfying the condition ’D|p§o(A) = 9|po+o(A) for some 0 € S(U,Y;CT). Let
H,, H., and Hg be the minimal, the mazimal, and a balanced solution in ME™
of the generalized KYP inequality. Let t — A, t > 0, be the evolution semigroup
of 3. Then the following claims are true:

(i) t — At is strongly Hs-stable if and only if the factorization problem
O\ p(\) = 1y — O(N)*O(N) a.e. on iR (56)

has a solution ¢ € S(U,Vy,; CT) for some Hilbert space Y,,.
(i) t — A" is strongly He-x-stable if and only if the factorization problem

P(NYA)* =1y —0(N)O(N)* a.e. on iR (57)

has a solution ¢ € S(Uy,Y; CT) for some Hilbert space Uy,.
(iii) t — A" is strongly He-bistable if and only if both the factorization problems
in (i) and (ii) are solvable.

In the case where H is the identity we simply call ¢ — 2 strongly stable,
strongly *-stable, of strongly bi-stable.

Proof of Theorem 6.2. The proofs of all these claims are very similar to each other,
so we only prove (i), and leave the analogous proofs of (ii) and (iii) to the reader.

We start by replacing the original system by the passive system X /5 . This
system is strongly stable if and only if 3 is strongly Ho-stable. We map X/
into a discrete time system X by using the Cayley transform. It is easy to see
that X is optimal in the sense of [AS05a] (i.e., it has the weakest norm among all
passive minimal realizations of the same transfer function). By [SF70, Corollary,
p. 149] or [Sta05, Theorem 12.3.10], the main operator A of X is strongly stable
(i.e., A € Cpe in the terminology of [SF70]) if and only if the evolution semigroup
of ¥ sy, is strongly stable, i.e., t — 2A is strongly Ho-stable. By [AS05a, Lemma
4.4], A is strongly stable if and only if the discrete time analogue of (56) where
C™ is replaced by the unit disk and 6 is replaced by 0((a — az)/(1 + 2)) has
a solution (see (29)). But these two factorization problems are equivalent since
z — (@ — az)/(1 + z)) is a conformal mapping of the unit disk onto the right
half-plane. This proves (i). O

7. An example

In this section we present two examples based on the heat equation on a semi-
infinite bar. Both of these are minimal systems with the same transfer function
0 satisfying the conditions of Theorem 5.4 (so that the the KYP inequality has
a generalized solution). The first example is exponentially stable, but H, is un-
bounded and H, has an unbounded inverse. In the second example all H € M@
are unbounded.
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We consider a damped heat equation on RT with Neumann control and
Dirichlet observation, described by the system of equations

Ty(t,€) = Tec(t,€) — oT(1,E), 1, €20,
Te(t,0) = —u(t), t>0,
T(t,0) = y(t), £>0, (58)
T(0,€) = 20 (€), £>0.

Here we suppose that the damping coefficient « satisfies v > 1. The state space
X of the standard realization Y(S;X,C,C) of this system is X = L?(R*). We
interpret T'(¢,€) as a function ¢ — x(t), where z(t) € X is the function £ — T'(t, ),
and define the system operator S = [égg] as follows. We take the main operator
to be (Az)(¢) = 2"(&) — ax(§) for x € D(A) := {z € W?2(RT) | 2/(0) = 0}. We
take the control operator to be (Bc) = dgc, ¢ € C, where 4y is the Dirac delta at
zero. We define D(S) to consist of those [%] € [&] for which z is of the form

z(§) = +c£+/ / v)dv dn

for some h € L2(R*), and define [A&B][%] = h — ax and [C&D][%] = x(0).

This realization is unitarily similar to another one that we get by applying the
Fourier cosine transform to all the vectors in the state space. The Fourier cosine
transform is defined by #(w) = /2/7 [, cos(wé)x(€) d€ for x € LY (RT)NL*(RY),
and it can be extended to a unltary and self-adjoint map of L?(R™) onto itself (so
that it is its own inverse). Let us denote the Fourier cosine transform of T'(¢,£)
and xo(£) with respect to the &-variable by T(t,w) and & (w), respectively. Then
T(t,w) satisfies the following set of equations:

f(t w) = —(W? + )T (t,w) + /2/7u(t), t, w>0,
¢2/W/ T(t,w) do, £>0, (59)
T(0,w) = Fo(w), w > 0.

The system operator Sy = Hégg}]ﬂ of the similarity transformed system ¥y =

(So; X,C,C) is the following. The state space is still X = L?(R*). The main
operator is (AgZ)(w) = —(w? + a)~( ) for & € D(Ag) :={z € X | ApZ € X}, and
the control operator is (Byc)(w) = 1/2/me, w > 0, for ¢ € (C The domain D(S)
consists of those [2] € [£] for Wthh (W= —(w? + a)Z(w) + \/2/710) € X, and

[A& B]o and [C&D]O are deﬁned by [A&B|o [2] (w) = (w + ) \/2/7rc
and [C&D]o [2] = /2/7 fo 7(w) dw for [%] € D(Sy). The evolutlon semlgroup is

(&
given by (2} )(f) =e (@’ +O‘)t Z(w), t, £ > 0, and consequently, it is exponentially
stable. From this representation it is easy to compute the transfer function: it is
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given for all A € p(Ap) = C\ (—o0, —a] by

B0 = oenly |40 P

2/°° dw 1
) Aat+w? VA+a

In particular, Des (CT), since we assume that o > 1. The corresponding impulse
response is b(t) = \}W t=1/2e=at t >0. Tt is easy to see that ¥ is minimal, hence so
is . Moreover, Y is exponentially stable, and it is self-adjoint in the sense that
Yo coincides with its adjoint Xj. Therefore, by Lemma 5.14 and Definition 5.16,
Yo s passive balanced. In particular, it is passive.

It is possible to apply Theorem 6.2 with (\) = 1/4/X + « to this example. In
this case both factorization problems (i) and (ii) in that theorem coincide, and they
are solvable. Consequently, the evolution semigroup ¢ — A? is strongly H,-stable,
strongly H,-#-stable, and strongly Hg-bistable (and even exponentially H-stable
in this case). Nevertheless, ¢ — 2 is not strongly H,-*-stable or strongly H,-
stable. This follows from the fact that # does not have a meromorphic pseudo-
continuation into the left half-plane (see [AS05a] for details).

A closer look at the preceding argument shows that in this example H, =
H>' must be unbounded. This is equivalent to the claim that \/H, and /H, are
not ordinary similarity transforms in X (since Yo is passive H, = Hg ' must
be bounded). Indeed, they can not be similarity transforms since the different
semigroups have different stability properties.

In our second example we use a different method to realize the same impulse
response b(t) = \}Wfl/ze’at, t > 0, with transfer function (\) = 1/v\ + a,
A € C*, namely an exponentially weighted version of one of the standard Hankel
realizations (we still take o > 1 so that 6 is a Schur function). We begin by
first replacing 6 by the shifted function 6;(\) := 1/y/A+a+1, A € CT. The
corresponding impulse response is by (t) = \/lﬂt_l/Qe_(H‘“)t, t > 0. We realize
0, by means of the standard time domain output normalized shift realization
described in, e.g., [Sta05, Example 2.6.5(ii)], and we denote this realization by
¥ = (S1;&,C,C). The state space of this realization is X = L?(R*) and the

system operator S; = Héﬁgk} is defined as follows. We take the main operator

to be (A1z)(€) = 2/ (€) for x € D(A;) := W2L(R*). Then X~ = W-L2(R"), and
Ay is the distribution derivative of 2 € L2(R"). We take the control operator
to be (B1c)(§) = b1(§)c for ¢ € C. We define D(S1) to consist of those [£] for
which z € L2(R") is of the form z(£) = z(0) + ff h(v)dv — cff b1 (v) dv for some
h € L?(R*), and define [A&B]; [%] = h and [C&D]; [%] = z(0). This realization
is output normalized in the sense that the observability Gramian is the identity,
and it is minimal because the range of the Hankel operator induced by b; is dense
in L?(R™) (see [Fuh81, Theorem 3-5, p. 254]). The evolution semigroup ¢ — 2! is
the left-shift semigroup on L?(RT), i.e., (Alx)(&) = z(t + &) for t, £ > 0, and the
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spectrum of A; is the closed left half-plane {RA < 0}. From this realization we
get a minimal realization g := (S3; X', C, C) of the original transfer function 6 by
taking S1 = S1+ [15( 8] . Clearly the spectrum of the main operator As := A; + 1y
is the closed half-plane {RX < 1}, the evolution semigroup ¢t — 2%, given by
(Abx)(€) = e'x(t + &) for t, £ > 0, is unbounded, and the transfer function D, is
the restriction of 6 to the half-plane *\ > 1.

Since 0|¢+ is a Schur function, it follows from Theorem 5.4 that the gener-
alized KYP inequality (49) has a solution H. Suppose that both H and H~! are
bounded. Then our original realization becomes passive if we replace the original
norm by the norm induced by the storage function Eg. In particular, with respect
to this norm the evolution semigroup is contractive. However, this is impossible
since we known that the semigroup is unbounded with respect to the original
norm, and the two norms are equivalent. This contradiction shows that H or H~!
is unbounded. In this particular case it follows from [Sta05, Theorems 9.4.7 and
9.5.2] that if H € M2, then H ! is bounded, hence H itself must be unbounded.

JFrom the above example we can get another one where both H and H !
must be unbounded for every H € M&" as follows. We take two independent
copies of the transfer function 6 considered above, i.e, we look at the matrix-
"5 o>
independent realizations of the two blocks, so that we realize one of them with the
exponentially weighted output normalized shift realization described above, and
the other block with the adjoint of this realization. This will force both H and

H~! to be unbounded for every H € Mgin, where ¥ is the combined system.

valued transfer function { )} . We realize this transfer function by taking two
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Abstract. The paper is concerned with a sequence of constants which ap-
pear in several problems. These problems include the minimal eigenvalue of
certain positive definite Toeplitz matrices, the minimal eigenvalue of some
higher-order ordinary differential operators, the norm of the Green kernels of
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1. Introduction and main result

There is a sequence c1, €2, c3, . . . of positive real numbers that emerges in various
contexts. Here are five of them.

Minimal eigenvalues of Toeplitz matrices. Given a continuous function a on the
complex unit circle T, we denote by {ax}72 __ the sequence of the Fourier coeffi-
cients,

:27T

and by Ty(a) the n x n Toeplitz matrix (a;—k)7—;. Suppose a is of the form

1 27 ) )
ak / a(e®)e=*0qp,
0

a(t) = [1—t|?>*b(t) (t € T) where « is a natural number and b is a positive function
on T whose Fourier coefficients are subject to the condition Y ;- [k||bk| < oo.
Then the matrix T}, (a) is positive definite and its smallest eigenvalue Apin (75 (a))
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satisfies

Amin (Th(a)) ~ :52 b(1) as n— oo (1)

with a certain constant ¢, € (0,00) independent of b. Here and in what follows

T ~ Y, means that x,,/y, — 1. Kac, Murdock, and Szegd [8] proved that ¢; = 72,

and Parter [12] showed that c; = 500.5467, which is the fourth power of the
smallest positive number p satisfying cos pcosh p = 1.

Minimal eigenvalues of differential operators. For a natural number «, consider
the boundary value problem
(-1)*u®(z) = v(z) for z€l0,1], (2)
w0) =u'(0) = =u®0)=0, ul)=v(@1)==u"V(1)=0. (3)
The minimal eigenvalue of this boundary value problem can be shown to be just
Co. If @ = 3, then the equation —u(®) = \u is satisfied by

u(z) = ;Ak exp (x Y exp ((Qk +6 ””)) ,

and the Ap’s are the solution of a homogeneous linear 6 x 6 system with a matrix
depending on A. We found numerically that the smallest A > 0 for which the
determinant of this matrix is zero is approximately A = 61529 and then computed
the determinant for A = (27)% by hand and proved that it is zero. Thus, c3 =
(27)8 = 61529.

Norms of Green’s kernels. Let G (x,y) be the Green kernel of problem (2), (3).
The solution to (2), (3) is then given by

u(z) = / G (2, 9)0 () dy. (4)

It can be shown that G, (z,y) is symmetric about the point (3, 5) and that

oy 1 (t _ m)a—l(t _ \a—1
D oy ©)

for x +y > 1. Let K, denote the integral operator defined by (4). It is clear that
the minimal eigenvalue of (2), (3) equals the inverse of the maximal eigenvalue
of the (compact and positive definite) operator K, on L?(0,1). As the maximal
eigenvalue of K, is its norm, we arrive at the equality 1/c, = || K4

Best constants in Wirtinger—Sobolev inequalities. By a Wirtinger—Sobolev inequal-
ity one means an inequality of the form

1ux2x 1u(o‘)x2x
[ s < e [ @), (6)

where wu is required to satisfy certain additional (for example, boundary) con-
ditions. It is well known that the best constant C' for which (6) is true for all

u € C*[0,1] satisfying fol u(z)dz = 0 and u@)(0) = w9 (1) for 0 < j < a — 1
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is equal to 1/(27)2“. However, problem (2), (3) leads to (6) with the additional
constraints (3). In this case the best constant in (6) is C' = 1/c,.

Conditioning of a least squares problem. Suppose we are given n complex numbers
Y1,-..,Yn and we want to know whether there exists a polynomial p of degree at
most a — 1 such that p(j) = y; for 1 < j < n. Such a polynomial exists if and
only if

Ok 1= Y — (T)yk+1+ (g) Yht2 =+ (1) "Yktra =0 (7)

for 1 <k <n — «. Thus, to test the existence of p we may compute

n—o 1/2
k=1

and ask whether this is a small number. Let P, denote the set of all polynomials
of degree at most &« — 1 and put
1/2

n
E(y1,- - yn) = min | Y ly; —p(i)I?
PEP =

The question is whether E(yi,...,y,) may be large although D(yi,...,yn) is
small. The answer to this question is (unfortunately) in the affirmative and is in
precise form given by the formula

[e%

E(yla“-vyn) n
max ~ .
D(y1,..,yn)#0 D(ylvvyn) \/Ca

(8)

Here is our main result on the constants ¢, we have encountered in the five
problems.

Theorem. We have the asymptotics

Co = V8T (45‘)2& {HO(\/IQ)] as o — 00 9)

and the bounds
da —2 (4a)![a!)? da+1 (4a)![a!)?

102 —a [(22)12 <o < 2a+1 [(20)2 for every > 1. (10)

In connection with (10), notice that

(da) o] 1 A
[(20)2 "~ 2 Vema ()

Thus, the upper bound in (10) is asymptotically exact, while the lower bound in

(10) is asymptotically by the factor 1/(2«) too small. This last defect is nasty,

but on the other hand it is clear that 1/(2«) is nothing in comparison with the

astronomical growth of (4a/e)?®.
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We discuss the five problems quoted here in more detail in Section 2. The
theorem will be proved in Section 3. Section 4 is devoted to an alternative approach
to Wirtinger—Sobolev inequalities and gives a new proof of the coincidence of the
constants in all the five problems.

2. Equivalence and history of the five problems

Toeplitz eigenvalues. For o = 1, formula (1) goes back to Kac, Murdock, Szeg6 [8].
In the late 1950’s, Seymour Parter and the second of the authors started tackling
the general case, with Parter embarking on the Toeplitz case and the second of us
on the Wiener-Hopf case. In [12] (o = 2) and then in [11], [13] (general «), Parter
established (1).

Subsequently, it turned out that the approach developed in [16], [17], [18] can
also be used to derive (1). This approach is as follows. Let [T}, (a)];x be the j,k
entry of T 1(a) := (T}, (a))~! and consider the functions

n[Tv;l(a)][mc],[ny}v (x,y) € [0»1]2» (11)
where [nz] is the smallest integer in {1,...,n} that is greater than or equal to nz.
Let K™ denote the integral operator on L?(0,1) with the kernel (11). One can
prove two things. First,

1 1
K® _
n2e b(1)
where V, is an integral operator with a certain completely identified kernel
F,(z,y). And secondly, the eigenvalues of K (™) are just the eigenvalues of T); ().
These two insights imply that

Vol =0 as n — oo, (12)

1 1 1 1
= Amax K(n) Amax(Va
720 (T (@) — nze "max ) = gy Amax(Va)
or equivalently,
1 )\max VOL
Nmin (T (@) ~ 7 Amx(Va)

n20¢
The kernel F, (z,y) is quite complicated, but it resembles the kernel G (z, y) given
by (5).

Green’s kernel. In [11] and [17] it was further established that F,(x,y) is the
Green kernel for the boundary problem (2), (3). This implies at once that actually
Fy(z,y) = Guo(z,y) and V,, = K,. Thus, at this point it is clear that in the
first three problems of the introduction we have to deal with one and the same
constant c,.

Expression (5) was found in [1]. That paper concentrates on the case where
b =1, that is, where a(t) = |1 — t|?* (¢ € T). Using a formula by Duduchava and
Roch for the inverse of T},(|1 — ¢|2), it is shown in a direct way that

n172a [T51(|1 - t|2a)][nz],[ny] - Ga(x,y) in LOO([Oa 1]2)'
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Moreover, [1] has a short, self-contained, and elementary proof of the fact that
Go(z,y) is the Green kernel of (2), (3).

Rambour and Seghier [14] showed that

1

n'—2 [T51(|1 - t|2ab(t))][mﬂ],[ny} - b(1)

Ga(z,y) in L¥([0,1]%)  (13)
under the assumptions on b made in the introduction. Evidently, (13) implies (12)
(but not vice versa). For o = 1, result (13) was known from previous work of
Courant, Friedrichs, and Lewy [4] and Spitzer and Stone [15]. The authors of
[14] were obviously not aware of papers [11] and [17] and rediscovered again that
Go(z,y) is Green’s kernel of (2), (3).

Wirtinger—Sobolev. The connection between the minimal eigenvalue of (2), (3)
and the best constant in (6) with the boundary conditions (3) is nearly obvious.
Indeed, we have

(~1)°u®),u)

Co = Min
“ (u,u)

where (-,-) is the inner product in L?(0,1) and the minimum is over all nonzero
and smooth functions u satisfying (3). Upon « times partially integrating and
using the boundary conditions, one gets
@@ u@)y [ @) (z)2de
Co = Min =min " |
(u, u) o Ju()|2d

which is equivalent to saying that the best constant C' in (6) with the boundary
conditions (3) is C' = 1/cq,.

Numerous versions of inequalities of the Wirtinger—Sobolev type have been
established for many decades. Chapter II of [10] is an excellent source for this topic,
including the precise history and 218 references. The original inequality says that

/01 lu(z)|*dz — /01 u(z)dz

whenever u € C'[0,1] and u(0) = u(1). This inequality appears in different mod-

? 1 ! / 2
S I (14)

ifications, sometimes with the additional requirement that fol u(z)dr = 0 and
frequently over the interval (0,27), in which case the constant 1/(27)? becomes 1
(see, e.g., [6, pp. 184-187]). The proof of (14) is in fact very simple: take the Fourier
expansion u(z) = > uxe?™** and use Parseval’s equality. We will say more on the
matter in Section 4, which contains a direct proof of the fact that the best constant
C'in (6) with the boundary conditions (3) is the inverse of the constant ¢, of (1).

The least squares problem. The least squares result is from [2]. Define the linear
operator V : C" — C™ by V(y1,...,Yn) = (01,-.+,0n-0a,0,...,0), where the d’s
are given by (7), put KerV := {y € C" : Vy = 0}, and denote by Pgerv the
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orthogonal projection of C™ onto Ker V. The left-hand side of (8) is nothing but

Hy — Pxerv yHQ

max 15
S LN (15)

where || - ||2 is the £2 norm on C". With VT denoting the Moore-Penrose inverse
of V, we have the equality I — Pkerv = VTV. This shows that (15) is the norm
of VT, that is, the inverse of the smallest nonzero singular value of V. But VV*
can be shown to be of the form

Tn—a(|1 _t|2a) 0
J( 0 0. )7

where J is a permutation matrix and O, is the o X o zero matrix. Thus, the smallest
nonzero singular value of V is the square root of Apin(Th—a (|1 — t[>%)) ~ co/n??,
which brings us back to the beginning.

A wrong conjecture. The first three values of ¢, are
c1 =72 =9.8696, ¢y =500.5467, c3 = (2m)5 = 61529,
and the first three values of ((a + 1)7/2)%* are
7% =9.8696, 493.1335, (27)% = 61529.

We all know that one should not guess the asymptotics of a sequence from its
first three terms. But because of the amazing coincidence in the case o = 3, it is
indeed tempting to conjecture that c, ~ (( + 1)7/2)2%. Our main result shows
that this conjecture is wrong. The first three values of the correct asymptotics
Ca ~ V8Ta (4o /€)™ are

10.8555, 531.8840, 64269.

3. Proof of the main result

We employ the equality 1/c, = || K4||, where K, is the integral operator on L?(0, 1)
with kernel (5).

The kernel’s peak. It will turn out that the main contribution to the kernel G, (z, y)
comes from a neighborhood of (%, %), and so for later convenience we consider

instead the integral operator K, on L2(—1, 1) whose kernel is

~ 1 1+2 14y
Ga(x,y)—QGa< 5 ' 9 >

The operator IN{Q has the same norm as K,, its kernel is symmetric about (0, 0),
and the main contribution to the kernel comes from a neighborhood of (0,0). If
we make the substitution ¢ — (1 +¢)/2 in the integral we see that

~ 1 1

Gaolz,y) = (0= 1)1]2 40 Ho(z,y)
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with ) . .
(t —z)* =t —y)*~
Ha(e.9) = (1+2)"(1+)° [
“ max(z,y) ((1 + t)/2)2o¢
when x + y > 0. We shall show that H, (z,y) is equal to (1/a)(1 — 2%)*(1 — y?)«
plus a kernel whose norm is smaller by a factor O(1//«).

dt  (16)

The logarithmic derivative in ¢ of the function (t — ) (t —y)/((1 +t)/2)? is
2+z+yt—oz—y—2zy
A+t —a)t—y)
which is positive for ¢ > max(z,y). (Recall that we are in the case x +y > 0.)
Hence the function achieves its maximum (1 —z)(1 —y) at ¢ = 1 and nowhere else.
The function (14 z)(1 + y)(1 — z)(1 — y) achieves its maximum at z =0,y =0
and nowhere else. Putting these together we see that the function
(t—=)(t—y)
(1+1)/2)
achieves its maximum 1 at ¢ = 1, x = 0, y = 0, and outside a neighborhood of this
point, say outside the set t > 1 — ¢, |z| < e, |y| < ¢, there is a bound
(t—=z)(t—y)
(L +1)/2)?
for some § > 0. It follows that outside the same neighborhood the integrand in

(16) with its outside factor is O((1—4)®). This is also the bound after we integrate.
We take any € < 1/2, and have shown that

1 —x a—1(4 _ Na—1
Ha(x,y):(1+x)°‘(1+y)aXs(x)Xs(y)/17 ¢ ((ngjQ)i)

where x. is 1 on [—¢,¢] and zero elsewhere. Substituting ¢t = 1 — 7 we arrive at
the formula

i = U2 v [0
dr

X +0((1=6)%). (17)

(- (-00)
The kernel’s asymptotics. Let us compute the asymptotics of the kernel. The choice
€ < 1/2 guarantees that 7/(1 — z), 7/(1 — y), 7/2 belong to (0,1). This implies

that
( Lo 1=v) _ —re(@y)+0(r?)

(1-3)°

o(r,y) = (

(1+2)(1+y)

(1+2)(1+vy) <1-9¢

dt+0((1—5)"),

X

with
1 -y

L—z)(1—-y)
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We split the integral in (17) into fol/‘/a and ff/\/a. If £ > 0 is small enough, which

we may assume, the term O(72) is at most T7¢(z,y)/2 in absolute value. Hence the
integral ff/\/a is at most

/ e e @VRO(1)dr = O (6771\/0‘)
1/

with some y; > 0. For 7 < 1/y/a we have a2 < 1 and hence e*©() = 1+4+a0(72).
Consequently, the integral fol/ Ve is equal to

1//a )
/ e oTelEW)eeO (1 4 O(r))dr
0

1//a
_ / cmP@D) (14 0(r) + aO(r?)) dr. (18)
0
Since, for £k =0,1,2,

/OO rhe—are@v) gr — O (6772\/&>
1//a

> 1
k_ —ate(z,y) _
/0 The ¥ ydT—O<ak+1)a
/ e—oTe(@y) (1 +0(7) + OéO(T2)) dr + O (e_'”\/o‘)
0

> 1 1
*’72\/0
vty 70 (ae) T0as) O ()

cw(i,y) o <;2> '

with 2 > 0 and

it follows that (18) is

In summary,

R 1
men = Um0 )

_ =2y 1
uniformly for |z|, |y| < e. Expanding near x = y = 0 we obtain
1 1
Halep) = L (=20 pr 0w +0( ). )

again uniformly. This was derived for |z|, |y| < e, but because of (17) we see that
this holds uniformly for all z and y satisfying 4+ y > 0. This last condition can
also be dropped by the symmetry of Hy(x,y).
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The asymptotics of the norm. If an integral operator K is of the form

1
(Kﬂﬂw==/¥fQMKwuwM%

then ||K|| = ||f|l2llgll2, where || - ||2 is the norm in L?(—1,1). Let us denote the
integral operator with the kernel H, (z,y) by M,. Furthermore, in view of (19) we
denote by M2 and M} the integral operators with the kernels (1 — 22)%(1 — y?)®
and O(zy) (1 — 2%)2(1 — y?)®, respectively. From (19) we infer that

1 1 1 1
vl = L+ ardivo (L) =1 i+ o +o (L))

Since

AM|—(fu—ﬁWm—¢” 1+o(!

S V2 a))’
1 . 1

Ml = /_1 O(«?) (1 — a*)**dx = O (a:s/z) )

we finally get
~ 1 1
HKaH = HKa” = [(a— 1)!]2 42« HMaH

a1y g MO (2D 40 ()]

~ nctmgma (170(2)) e o #0 (1)
= ()" e (110 ()

which is the same as (9).

The lower bound. To prove the lower bound in (10), we start with (16) and the
inequality
(t—=z)(t—y)
(1+1)/2)
which was established in the course of the above proof. If x +y > 0, then
max(z,y) > 0 and consequently,

<(l-2)(1-y),

dt

1
Ho(z,y) < (1+2)%(1 er)"/0 (L=a2)* 1=y (1+1)/2)2

21 +2)(1—2*) (1 +y)1 -y

Hence

1Mol < 2/_1(1 +a)2(1 — 2?)? 2dy = 4%° (2081!(2251_)!2)!
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and thus
1 I oe Co)l20—2)! o (20)!(20)!(4x — 1)
[(a — 1)!]2 422 (da—1)! ala! (2a—1)(2a)(4a)!’

which is equivalent to the assertion.

[Kall = [[Kall <

The upper bound. The proof of the upper bound in (10) is based on the observation
that 1/¢, is the best constant for which the inequality

1 1 1
/ () Pdz < / (@) () 2
0 Ca Jo

is true for all u € C*[0,1] satisfying ) (0) = u) (1) =0 for 0 < j < a — 1. If we
insert u(x) = z*(1 — )%, the inequality becomes
1 ) ) 1 1 de 2
/0 2 (1 —2)*%dx < o /0 [dm“ (z*(1 —x) )] dx.

The integral on the left is [(2a)!]?/(4a + 1)!, and in the integral on the right we
make the substitution z = (1 + y)/2 to get

/01 [d(iaa (e (1~ :c)“)]2 dr = 41a /11 [jy“a (v - l)ar de.

The function (d/dy®)(y?—1)® is 2% a! times the usual Legendre polynomial P, (y)

and it is well known that || Py |3 = 2/(2a+1) (see, for example, [7]). Consequently,

the integral on the right is
11
4« 2

22a(a!)2 2 _ (a!)Z )
200+ 1 200+ 1

In summary,
[(2a)!)2 < 1 (a))?
(da+1)! ~ cq 2+ 17
which is the asserted inequality.

Refinements. By carrying out the approximations further we could refine (17) to
the form

1 N N pij(z,y)
Ha(rv,y)=a(1—w2) A=y 1+ T ;
i>1,5>0

where each p;;(x,y) is a homogeneous polynomial of degree j. The operator with
kernel (1—x2)*(1—y?)*p;;(z,y) has norm of the order a~U+1/2 50 we get further
approximations to H, in this way, whence further approximations to the norm.
(We do this by using the fact that the nonzero eigenvalues of a finite-rank kernel
oty fi(x) gi(y) are the same as those of the m x m matrix whose i,j entry is
the inner product (f;, gj). One can see from this in particular that, because of
evenness and oddness, with each approximation the power of a goes down by
one.) However, these would probably not be of great interest.
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4. Another approach to Wirtinger—Sobolev inequalities

We now show how Wirtinger—Sobolev integral inequalities can be derived from
their discrete analogues, which, in dependence on the boundary conditions, are
inequalities for circulant or Toeplitz matrices. In the Toeplitz case, we get in this
way a new proof of the fact that the constants in the first and fourth problems are
the same.

Discrete versions of Wirtinger—Sobolev type inequalities were first established
by Fan, Taussky, and Todd [5], and the subject has been developed further since
then (see, for example, [9] and the references therein). In particular, for circulant
matrices the following is not terribly new, but it fits very well with the topic
of this paper and perfectly illustrates the difference between the circulant and
Toeplitz cases.

Circulant matrices. For a Laurent polynomial a(t) = > ,__, axt® (t € T) and
n > 2r + 1, let C,,(a) be the n x n circulant matrix whose first row is

(ap,a—1,...,a—r,0,...,0,ar,ar_1,...,01).
Thus, C),(a) results from the Toeplitz matrix T;,(a) by periodization. The singular
values of Cy,(a) are |a(w))| (j = 1,...,n), where w,, = e2™/™,

Now let a(t) = (1 — t)® (¢ € T). One of the singular values of Cp(a)
is zero, which causes a slight complication. It is easily seen that Ker C,(a) =
span{(1,1,...,1)}. With notation as in Section 2, I — Pxer ¢, (a) = Cif (a)Cr(a
and hence

lu = Pier cu@ytellz < 1O (@) [Cr(a)ull2 (20)

for all u in C™ with the ¢? norm. The inverse of the (spectral) norm of the Moore-
Penrose inverse C,f (a) is the smallest nonzero singular value of C),(a) and conse-

quently,
1 /2 (2m)«
:1—wno‘:<4sin2 ) ~ 21

Iet @) = e n no @)

The projection Pker ¢, (a) acts by the rule

Pxer ()t = ZUJ’ ce ZUJ . (22)

Inserting (21) and (22) in (20) we get

. _ n 1 n
Cy(a)u))2 > (4 sin? n) Z ui = Zuj

_ (4 sin2Z>a <§:|m|2 ‘Zu

i=1

) | )

This is called a (higher-order) discrete Wirtinger—Sobolev inequality and was by
different methods established in [9].
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Periodic boundary conditions. As already said, the wanted inequality (24) follows
almost immediately from Parseval’s identity. So the following might seem unduly
complicated. However, the analogue of (24) for zero boundary conditions is not
straightforward from Parseval’s identity, whereas just the following also works in
that case.

Let u be a 1-periodic function in C*°(R). We apply (23) to u, = (u(j/n))}—;.
The jth component of Cy,(a)uy, is

u(i) - (‘i‘)u<j‘;1>+-~-+(—1)“u (j:;a> = u®@ (i) n1a+0(na1+1),

the O being independent of j. It follows that
2
1 1
n2a +0 <n2o¢) :

|Ca(a)ull3 = g e (1)

Consequently, multiplying (23) by n2*~! and passing to the limit n — oo we arrive
at the inequality

2

) . (24)

/|uo‘) )|?dx > (27)? (/ |u(z)|?dx —

Assume finally that v € C[0,1] and 4 (0) =« (1) for 0 < j < a — 1. We
have u(z) = > po >k with

( )da

1
Uk:/ u(z)e 2™k g,
0

We integrate the last equality a times partially and use the boundary conditions
to obtain that
1

uk| =
sl = o))

1
/ u(a) (x)e—Qm'k:cdx
0

Since u(® € L%(0,1), we see that |ug| = v, O(1/|k|*) with >3 v2 < co. This
implies that

Z k|2 ug|* < oo. (25)

k=—o00

We know that (24) is true with u(x) replaced by (Syu)(z) = Zgz_Nuke%ik"”,

1 2
/ |(Syu) @ (z)2da > (27)? (/ |(Snu)(z)[2dx — ) (26)
0

(SNu)(x)dac
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From (25) we infer that

/ |u(o‘) )| dx—/ |(Snu) (a) z)|*dx = Z k> [ug|* = o(1),

|k|>N

/|u |da:—/|SNu o= 3 Jusl? =

|k|>N

and since fol(SNu)( dr = fo x)dx = ug, passage to the limit N — oo in (26)
yields (24) under the above assumptlons on u.

Toeplitz matrices. Again let a(t) = (1—1%)* (¢t € T), but consider now the Toeplitz
matrix Tp,(a) instead the circulant matrix Cy(a). It can be easily verified or de-
duced from [3, formula (2.13)] or [19, formula (1.4)] that

Ty (a)Ty(a) = Ty(b) — R

n

where b(t) = |1 — t|** and R,, is a matrix of the form

(% 0l
with an o X o matrix S, independent of n. Consequently,
T (a)ull3 = (Tu(a)u, Tn(a)u) = (Tn(b)u,u) — (Rau,u).
It follows that
T (a)ull3 > Amin (Ta(0)) ull3 — (Rau, u) (27)
for all w € C™. This is the Toeplitz analogue of (23).

Zero boundary conditions. Let v € C*°(R) be a function which vanishes identi-
cally outside (0,1). As in the circulant case, we replace the u in (27) by w, =
(u(j/n))j=;, multiply the result by n?*~1 and pass to the limit n — oco. Taking
into account that Apmin (T, (b)) ~ ca/n , we obtain

n—

By assumption, u and all its derivatives vanish at 0. This implies that

i el ik (@) (¢. jo
7\ N w(0) 5wt (Ga) 5T (]
“ (n) B Z Mok al ne © ne

k=0

for each fixed j. Since (Rqun,uy) is a bilinear form of u(1/n),...,u(a/n), we
arrive at the conclusion that (Raun,u,) = O(1/n%*). Hence, (28) is actually the

desired inequality
1 1
/ |u(® (z)|2da an/ lu(z)|*d. (29)
0 0
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The approximation argument employed in the case of periodic boundary con-
ditions is also applicable in the case at hand and allows us to relax the C* as-
sumption. It results that (29) is valid for every u € C[0,1] satisfying u(/)(0) =
uD(1)=0for0<j<a-—1.
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Weighted Composition Operators

Isabelle Chalendar, Antoine Flattot and Jonathan R. Partington

Abstract. We study the behavior of the sequence of minimal vectors cor-
responding to certain classes of operators on L? spaces, including weighted
composition operators such as those induced by Mobius transformations. In
conjunction with criteria for quasinilpotence, the convergence of sequences as-
sociated with the minimal vectors leads to the construction of hyperinvariant
subspaces.
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1. Introduction

The construction of minimal vectors (y,), corresponding to an operator T' on a
Hilbert space, was introduced by Enflo and his collaborators [2, 10, 11] as a method
of constructing hyperinvariant subspaces for certain classes of linear operators.
Further work in this area, extending the concept to more general Banach spaces,
may be found in [1, 5, 7, 14, 15, 16]. As a result of this work, it has become
apparent that it is important to be able to determine when the sequence (T"yy)n
converges, since in many cases this gives an explicit construction of hyperinvariant
subspaces.

In this paper we begin in Section 2 by considering the convergence in the case
that T"T*" is a multiplication operator on an L?(u1) space for each n, extending the
method initiated in [6] for normal operators. Some of the most important operators
of this kind are weighted composition operators on L? of the unit interval or the
closed unit disc. In Section 3 we obtain new criteria for the convergence of (T™y;, )n,
which in Section 4 are combined with a characterization of quasinilpotence to give

The authors are grateful to the EPSRC for financial support under grant EP/C004418/1.
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results on the existence of hyperinvariant subspaces. One case of particular interest
is that of weighted composition operators induced by Mobius transformations, of
which we give a detailed analysis. Some explicit examples on the unit interval are
also presented. Finally, we discuss the applicability of the method to weighted
composition operators induced by ergodic transformations, where a condition for
quasinilpotence is already known.

All the operators considered in this paper will be bounded linear operators
defined on (real or complex) Banach spaces. A nontrivial hyperinvariant subspace
of an operator T acting on a Banach space X is a closed subspace M such that
{0} # M # X and AM C Mforall Ae {T} ={A: X - X : AT = TA}.
Recall that an operator T is quasinilpotent if its spectral radius r(T") is equal to 0
(or, equivalently if its spectrum is reduced to {0}).

Suppose that T is an operator on X', with dense range, and that f, € X'\ {0}.
Take € such that || fo]] > € > 0. For n = 1,2,..., a (backward) minimal vector y,
associated with T, n, fo and ¢, is defined to be a vector of minimal norm such that
IT"yn — foll < e. It is known that, if X’ is reflexive, then such minimal vectors
exist and satisfy ||T"y,, — fol| = e. If, in addition, X is strictly convex, then the
minimal vectors are unique (see [7]).

Minimal vectors were introduced by Enflo in [2, 10] for &' a Hilbert space. In
[5, 7] they were defined in the context of a more general approximation problem,
solved first in Hilbert spaces and then in general reflexive spaces.

From now on, let us fix an injective operator T' € L(X) with dense range,
fo € X\ {0}, and € > 0 satisfying || fo|| > e.

2. Convergence of (7T"y,,), for operators of normal type

We shall make use of the following expression:

fO - Tnyn = (I + unAn)_1f07

where A, := T"T*" and p,, is positive and uniquely determined by || fo — T"yn| =
€. This follows easily from the formula

Tnyn = MnAn(I + MnAn)ilfm

which may be found in [2].
For ® € L*(X,du), Mg denotes the operator of multiplication by ® on
L3(X,dp), i.e., Mo(f) = ®f for all f € L*(X,du).

Definition 2.1. An operator T € L(L*(X,du)) is said to be of normal type if,
for every positive integer n, the positive operator A, := T"T*" is equal to Mg,
where &, = F,,(®) with & € L>*°(X,du), & > 0 and where (F},), is a sequence of
nonnegative functions on RT such that, whenever t < r,

lim Fu(t)

=0.
n—oo [ (r)
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Theorem 2.2. Suppose that T € L(L*(X,du)) is of normal type or A, = M., ,
where ¢y, s a positive numerical constant. Then the sequence (T"yn)n converges
in norm to a nonzero vector of L*(X,du).

Proof. First suppose that A,, = M., with ¢,, € RT. Then fo—T"y, = Hi‘? .. and
since || fo — T™yn|| = €, we have also 1 + p,c, = Hff” and thus T"y,, is constant
and equal to (1 ¢/l o) fo-

Now suppose that 7" is of normal type. Then we have
fO - Tnyn - Jn(q))f(%

where J, () = 1+un1Fn(t)' Moreover, since |J(2)| < |fo(z)], it is sufficient to estab-
lish pointwise convergence almost everywhere, after which we obtain convergence
in norm by the dominated convergence theorem.

For r > 0, we define Lq(r) = limsup J,,(r) and La(r) = liminf J,(r). Clearly
we have 0 < Lo(r) < Li(r) < 1 for all » > 0 and Ly and Lo are decreasing
functions.

If Li(r) > 0 for some value of r, then there is a sequence (ny), such that
(ttny Py, (7)) remains bounded. So for ¢ < r we have p,, F, (t) — 0, because of
the condition lim,, 4 ?”éi)) = 0. Therefore, Li(t) = 1 for t < r. We conclude
immediately that if L;(s) < 1 for some s then Ly(t) = 0 for all ¢ > s (if not, we
would have Lq(s) = 1).

Thus there is a number 1 > 0 such that

1 fort<ry,
Li(t) = orrsn (2.1)
0 fort>r
and similarly we have a number ro > 0 with ro < r; such that
1 fort
Lo(t) = ort<r (2.2)
0 fort > ro.

L.
1 H=1 *ﬁl

Lo

0 ro T1 1

FIGURE 1. The graphs of Ly and Lo
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Now we have

2 = limsup||J.(®)fol?
> ‘d - 2
/0§¢(z)<r1 ol ds() /¢(Z)=T1 1 ) P
and
€ = liminf [[J,(®)fol?

IN

/ o) Pdu(z) + / La(ra)? o) du(2).
0<¢p(2)<r2 p(z)=r2

If r1 = rq, then either Ly(r1) = La(r2) or fo(z) = 0 a.e. on the set on which
¢(z) = r1, and so the sequence (J,,(®) fo)r converges almost everywhere. Otherwise

(1—L2<r2>2>/ o) du(2) +/ o) dpu(z)

¢(z)=r2 2<p(z)<r1
+ L1<r1>2/ o) du(z) <0,
P(z)=m1

and hence each term is zero. It follows that fo(z) = 0 almost everywhere on the
set on which L1 (®(z)) # La(®(2)). Hence (fo — T"yn)n converges in norm to h
where h(z) = fo(2) if ®(2) < 7y and h(z) =0 if ¢(2) > 7. O

3. Minimal vectors for weighted composition operators
3.1. Notation

Let X be either [0, 1] or the closed unit disc I, with normalized Lebesgue measure
. In this section we consider the case where T' € L£(L?(X)) is of the form

Tf(t) =w)f(v(t)),
with w € L*°(X), and v : X — X an injective mapping, such that ' exists and
is piecewise continuous. In addition, we suppose that w/(7")* belongs to L (X),
where o = 1 for X = [0,1] and a = 2 for X = D.

The above conditions are sufficient to guarantee the continuity of 7" and we
can easily check that:

R CY )}

where xq denotes the characteristic function of a set (2.

T°f(t) =

3.2. Convergence of (T"yy,)n

In order to determine whether (7"y,,),, converges, we need to study the behavior
of A, :=T"T*™. Since

T"f(t) = w(t)w(y(t) - w" () f(7"(1)
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and
iy WOTIO) wG) () .
IO= pgmanie 2wl e e @00
we get:
e o WP oy (1)
An = Mo where 200 = 2y (0) -1 @)l

Therefore we have A,, = Mg, with ®, = h-h(y)---h(y""!) and h is the function
of L*(X) defined by h := |w|?/|y|*.

Obviously, as an immediate application of Theorem 2.2, we get the following
corollary.

Corollary 3.1. Let T be an operator on L*(X) defined as in Subsection 3.1. Suppose
that h is constant. Then (T™yy,)nconverges in norm.

Here are a few examples for X = [0, 1], which illustrate the previous corollary:

1. Let m > 0 and consider w(t) = t"2" . Now, take 6 € [0,1] and consider
7(t) = {t™ + 6} where {z} denotes the fractional part of . Then h(t) = ©
a.e.

2. Let ¢ > 0 and then take y(t) = t*f and choose w such that |w(t)[? = c(3+t).

Then we get h(t) = c.

However, we can now give a fairly general context in which there is a sufficient
condition implying the convergence of (T"yy,)». To do this we define a partial order
< on X by saying that

h(y™(¢
t <r if and only if limsup (r"(®)) < 1.

n—oo h(y"(r))

We shall say that < is left-regular, if every nonempty Y C X such that r € Y and
t < r implies t € Y, satisfies the following:

for each § > 0 there exists r € Y such that p{t € Y : t <r} > u(Y) — 9.

Likewise < is right-regular, if every nonempty Y C X such that » € Y and
r < t implies ¢t € Y, satisfies the following:

for each § > 0 there exists r € Y such that p{t € Y : r <t} > u(Y) — 9.
Later we shall give some examples of such partial orders <.

Theorem 3.2. Let T be an operator on L?(X) defined as in Subsection 3.1. Suppose
that h determines a partial order < that is both left- and right-regular, such that
for every t € X one has

pfreX :r<tort<r}=1 (3.1)

Then (T™yn)n converges in norm.
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Proof. The calculations above show that

(fO — Tnyn)(t) = 14 /«th(t) - h(v”’l(t)) .

Now set
1

USRI
Ly(t) = limsup J, (t)
(¢

<

n

Lo )—hmme (t).
Obviously we have 0 < Lo(t) < Lq(t) < 1.

It follows from (3.1) that for a fixed t € X, almost all » € X are comparable
to t in the sense that either r <t or ¢t < r.

Suppose that there exists r € X such that Li(r) > 0. Then there exists a
subsequence (ny) such that (pn, h(r) ... h(y™*~1(r)))x is bounded. Suppose that
t < r; then it follows that the sequence (pin, h(t)...h(y™~1(t)))x tends to 0 and
thus L1(t) = 1. Hence, if in addition L;(r) < 1, we must have Li(¢) = 0 for all ¢
with r < t.

Thus there exist disjoint subsets Xél) and Xfl) of X with total measure 1,

such that 0
0 iftex",

Li(t) =
1) {1 1ft€X1(1).

Similarly, suppose that there exists r € X such that Lo(r) < 1. Then there exists a
subsequence (ny ) such that (pi,, h(r) ... h(y™~1(r)))s is bounded below. Suppose
that r < t; then it follows that the sequence (jin, h(t)...h(y™1(t)))r tends to
infinity, and thus La(¢) = 0. Hence, if in addition La(r) > 0, we must have Ly(t) =
1 for all t with t < 7.

Thus there exist disjoint subsets XSQ) and X fQ) of X with total measure 1,

such that
Loty = | ift e X5,
7 1fteX1(2).

Clearly, XV € x{? and x® < x.

Since < is left-regular, for each § > 0 we can choose r € Xfl) such that

/{t:t—<r} |fo(®)[2 dpu(t) > /texw | fo(®)]2 du(t) — 6.

Now we can find a subsequence (ng)i such that J,, (r) — 1, and so Jy, (t) — 1
for all ¢ < r. Thus, for each § > 0,

2 = limsup ||Jnf0H§

n—oo

lim T OBOPdu®) > [ O dutr) -

k—oo Jigt<r}

v
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and hence

2 [ WP auto) (32)

Similarly, since < is right-regular, for each 6 > 0 we can choose s € Xéz) such that

[ in@P = [ 1P du) - 5
{t: s<t} tex§

and hence, using (3.1), we have

/{t:t—<s} [ fo(®)I" du(t) S/t |f0( )|° du(t) + 6.

Now we can find a subsequence (ny)y such that J,, (s) — 0, and so Jy, (t) — 0 for
all t with s < t. Thus, for each § > 0,

e = liminf || J,fol2
< limsup / T (0 fo ()12 du(t) < / o) du(t) + 5.
k—oo {t: t<s} tEX;z)

and hence

s [ WP autt) (3.3

It follows from (3.2) and (3.3) that fo(t) = 0 a.e. for t € Xl(l)\Xl(Q) and hence,
using the dominated convergence theorem, we see that (fo — 7"y, )n converges in
norm to fOXXU)' O

1

Corollary 3.3. Let T be an operator on L*(X) as in Subsection 3.1. Suppose that
there is a point xo € X such that whenever |t — xg| < |r — zo| we have

. h(7"(t))
llisolip h(y" (1)) < 1.

Then (T™yn)n converges in norm.

(3.4)

Proof. This follows from Theorem 3.2, since ¢ < r means simply that [t — z¢| <
|r — xo]. t

Remark 3.4. A simple modification of the above arguments shows that for X =
[0, 1], if one has (3.4) whenever xg <t < r or r <t < zg, then (T"y,), converges
in norm. In this case there exist 1,7}, 72,75 € [0,1] such that the behavior of Ly
and Lo is given by Figure 2.

Even in the particular case where T is a (dense range and injective) weighted
composition operator on L?([0, 1]), it is necessary to put conditions on 7" in order to
guarantee the convergence of (T™y,,),. Indeed, here is an explicit example where,
for a suitable choice of fy, the sequence of (T"y,,), does not converge.
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! !
0 ry romo 72 71 1

F1GURE 2. The graphs of L; and Ly as in Remark 3.4

Ezample. Let (ap)nez be a strictly positive sequence such that sup,,cz @, < 0o
and let (ay,)nez be a subdivision of [0, 1] such that -+ < a_1 < ag < a3 <--- and
Unezln = [0,1], with I,, = [an,an+1). Define v be the piecewise linear mapping

such that y(Ip4+1) = I for all k € Z. Now set e, = Xl

()2 Then (eg)rez is an

orthonormal sequence in L?([0, 1], du). Note that:

_ XI (7(0) _ X1k+1(t)

ex(v(t)) = M(Ik)uz - M(]k)l/T

Then we define w by:

T 1/2

kEeZ

T 1/2
If, in addition, sup ay, Hily) 1/2
vez  (Ter1)/
sition operator T defined by T'(f(¢)) = w(t) f(v(t)) satisfies T'(e5) = anepnt1.

We can show now that there exists fy such that (7"y,), does not con-
verge. First, we easily verify that T*(e,) = an—1€n-1. Let fo = >, ., crer be in
L?([0,1]); from the equalities fo —T"y, = (Id—u, T"T*") "1 fo and || fo—T"yn| =
€, we get:

< 00, then w € L*([0,1]). The weighted compo-

fo =T _;ZlJrun(ai_l...ag_n)e’“ (8:5)
and
Z |x|? — 2.
= (14 pn(ad_,...a2_))?
Moreover, by the dominated convergence theorem, (fo — T"yy), converges if and
only if lim 1 5 exists for all k € Z such that ¢ # 0. Take now

n—ool 4 pip(af_,...02_ )
fo=-eo+e; and 0 < e < v/2. Then (3.5) gives:

1 . 1 )

(Lt pn(a?y...a2,))? (L4 palag...af_,))?
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! + ! = ¢ (3.6)
(14 202,)2 " (14 A03)2 '
where A, = p,(a?,...a%_,).
Suppose that lim o, does not exist. Then (3.6) implies that neither (Ap),

n—oo

nor the sequence (T™y,), converges.

Remark 3.5. Another natural setting in which weighted composition operators
have been much studied is the case of a space of analytic functions on the disc,
such as the Hardy space H? or the Bergman space A? (see, for example [8]). The
difficulty here is in the expression of T*", since it now involves an orthogonal
projection, and thus T™T*" is no longer expressible as a multiplication. Even for
the simple example v(z) = z and w(z) = z — 1, it is still unknown whether the
sequence (T™y, ), converges (see [5, 14]).

4. Hyperinvariant subspaces

4.1. Existence theorems

We first recall the following result, that appears in [2] in a Hilbert space context
and that was generalized to an arbitrary Banach space in [15].

Theorem A If there exists a subsequence (yn,)r of minimal vectors such that

. Yng —1 — .
limy o0 HH;:kHu =0 and (T™ Yy, 1)k converges in norm, then T has a non-

trivial hyperinvariant subspace. In particular, if T is quasinilpotent and (T"yn)n
converges in norm, then T has a nontrivial hyperinvariant subspace.

In order to provide concrete examples to illustrate Theorem A, we will first
settle a useful lemma.

Lemma 4.1. Let (yn)n be a sequence of minimal vectors. Then we have

lynll = /‘I‘TLHA}L/z(fO =Ty,

where ., is a positive constant uniquely determined by the equality || fo—T"ynl|| = €
and where A, = T"T*".

Proof. First let us recall that y, = pu,T*"(fo — T"yn), where p, is a positive
constant uniquely determined by the equality || fo — T"y»|| = €. Therefore we have
lynl* = (s ym)
= il fo = Ty, (T"T"")(fo = T"yn))
= tin{fo = T"yn, An(fo — T"yn))
= |43 (o — T"yn) . O
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Remark 4.2. Unfortunately, under the hypothesis of Corollary 3.1, it is impossible

to find a subsequence (yy, )x such that limy_, 4~ Hﬁ;’fﬁ“ = 0. Indeed, if |w|?/y = ¢,

then fo = Ty = 1, J0 . and thus = (02 = 1) L and Jlgall2 = (1 foll2 -
€) Cnl/Q since A,, = M n/2. It follows that for all positive integers n we have:
[yn—ll2 _ 1
[ynllz /2

Here is an example of operator satisfying the hypothesis of Theorem A.
Let T € L£(L?([0,1])) defined by

Tf(t)=tf(t/2).
It is not difficult to check that

T f(t) = 4tf(2t)x(0,1/2)(1)-
Then, since
tn t * —1)/2
T = el () 00 TS0 = 020D 200 f2)
we get
Anf(t) =TT £ (t) = 47427277 £ (1).

Therefore A,, = Mg, with ®,,(t) = 4n2-1"2n _and thus T is of normal type. Using
Theorem 2.2, (T™y,,), converges in norm.

Moreover, T is quasinilpotent. Indeed, note that
t" 1

T < ‘ pntn-/2 | _ = on(n-1)/2°

and thus ||T"*/" < 1) ., and then lim, 4o | 77(|*/™ = 0.

Now, by Theorem A, T has a nontrivial hyperinvariant subspace.

It is clear that T has nontrivial invariant subspaces, although since a charac-
terization of the the commutant {7} of T' is not known, it is not otherwise obvious
that T has nontrivial hyperinvariant subspaces.

The previous example is in fact a particular case of a much more general
situation, which we now analyse.

Proposition 4.3. Let T be an operator on L*(X) defined as in Subsection 3.1.
Suppose that v has a unique attractive fized point xo such that (v"(t))n converges
to xo uniformly on X, and that h is continuous at xog. Then the spectral radius of
T satisfies r(T) = v/a, where a = h(xg). Therefore T is quasinilpotent if and only
Zf h(l‘o) =0.

Proof. For f € L?>(X) we have:

e (=" (s)) .. w(r~L(s))[2]
1771l = /wm Y (r=7(5)) .7/ (v1(s)

{|(;)| du(s).
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Suppose that h(xg) = a and take ¢ > 0. Then there exists a positive integer K

such that k > K implies ||$8:8g‘|2 < a+ €. So, for n > K, we have:

K -
17717 < IRl @+ " U115
It follows that lim, HT”||1/" < a+ € and thus (T) < v/a. If a = 0, then
r(T) = 0. Suppose now that a > 0 and take € < a. Then there exists K’ such that
k
k > K’ implies \lﬁlfgkﬁmz >a—¢€ Let a >8>0 andset Ss = {t: h(t) > d}. For
n > K’ and f = xyn(s,), we get:
_ [ e s er
sern(ss) V(7 (8) A (v ()]
> % (a— "Il

n g2
1T f1l;

It follows that lim ||77|"™ > v/a — € and thus r(T) > v/a. Finally (T) = \/a
n—od
and obviously T is quasinilpotent if and only if hA(xg) = 0. O

Using Theorem 3.2, Proposition 4.3 and Theorem A, we get the following
corollary.

Corollary 4.4. Let T be an operator on L*(X) defined as in Subsection 3.1. Suppose
that h determines a partial order < that is both left- and right-regular, such that
for every t € X one has (3.1) holding. Suppose also that v has a unique attractive
fized point xo such that (Y*(t))n converges to xo uniformly on X, and that h is
continuous at xo with h(zg) = 0. Then the operator T has nontrivial hyperinvariant
subspaces.

4.2. Mobius transformations on D

Now let v : D — D be a Mobius transformation, i.e., a rational mapping of the
form

v(z) =

From now on we exclude the case when 7(z) = z for all z. As in [3], such transfor-
mations can be classified in terms of their two fixed points, which may coincide.
By Schwarz’s Lemma, it is not possible to have two fixed points in D, nor two
fixed points in CU {oo} \ D, and if there is a unique fixed point then it lies on the
unit circle T. The remaining cases are as follows:

az+b

, with ad—bc#0 and |a*+ |b]* + 2]ab — cd| < |c|* + |d|*.
cz+d

1. Two fixed points, one in D and one outside D (possibly at o).
2. Two fixed points, one on T and one outside D (possibly at co).
3. Two fixed points, one in D and one on T.

4. Two distinct fixed points on T.

5. A unique fixed point on T.

We shall see that the methods of this paper are most suited to cases 1 and 2 above.
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Theorem 4.5. Let v: D — D be as in Case 1 or Case 2 above, and suppose that -y
is not an automorphism. Let T be a weighted composition operator on L*(D), as
defined in Subsection 3.1. Suppose also that w is C' at the attractive fized point
zo € D, with w(zg) = 0 and w'(xg) # 0. Then T has nontrivial hyperinvariant
subspaces.

Proof. By conjugating with an automorphism of D, we may suppose without loss
of generality that xo = 0 or g = 1.

Case 1: Without loss of generality the second fixed point is either real or infinite.
Suppose first that it is at co. Then v(z) = kz with |k| < 1, since 0 is an attractive

fixed point. Then

mwa»_rmwa

h(y™(r))  |w(k"r)
This converges to [t/r|? as n — oo, and thus ¢ < 7 if and only if |t| < |r|; clearly
< is left- and right-regular. It is easily seen that the remaining hypotheses of
Corollary 4.4 are satisfied, and the result follows.

FIGURE 3. Representation of (D) in Case 1

If the second fixed point is finite, say x1, then by conjugating with the map-
ping g, defined by g(z) = z/(z — x1), we deduce easily that 4™ has the form

n
() = knzk—zzx—lk o with |k| < 1,
and asymptotically
zZX1

@~ |

Thus we see that ¢t < r if and only if
try rT
t— a1 r—a |

The argument is now completed as above.
Case 2: We begin with the case when the second fixed point is at oo, and thus
v(z) =1+ k(z — 1) with |k| < 1. Thus

1y"(2) = 1] = [k|"[z = 1],
and so t < r if and only if |t — 1| < |r — 1|; hence we may use the same arguments
as before.
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Finally, if the second fixed point is at ;1 € C, then by conjugating with the

mapping g defined by g(z) = Zz:wll, we obtain
E"(z —1)(z1 — 1) .
"z)—1= th k] <1
1= ST i <
and thus, asymptotically,
z—1
"(z) = 1| ~ |k|"|xr — 1
) =1~ ke =11 | 7

FIGURE 4. Representation of v™(D) in Case 2

We see that ¢t < r if and only if

t—1 r—1
t—x r—ax |
Once more the proof is completed by the same arguments. O

If w’ vanishes at xq, but w has a continuous higher derivative which is nonzero
at xg, then similar arguments can be applied. We omit the details.

It is necessary to exclude all cases when « is an automorphism of D, since we
no longer have the uniform convergence of its iterates. Moreover, in Cases 3 and
4 it is not possible to apply the methods presented so far, since the iterates of ~y
do not converge uniformly on D (note that in Case 4 the mapping ~ is necessarily
an automorphism). There remains Case 5, which we now discuss separately.

Suppose now that  is a parabolic mapping, that is, it has a unique fixed point
Zo on the unit circle. As in the proof of Theorem 4.5, we may assume without loss
of generality that o = 1. As in [3], one may conjugate v by the mapping g, given
by g(z) = 1/(z — 1), to obtain the mapping z — z + 3 for some 3 with Re 3 < 0.
It follows that Y1

n
YE =14 sy

Thus, asymptotically,
1
[1—=9"(z)] ~
[nf|

Although the iterates of v do converge uniformly in this case, they do so at the
same rate for all z, and thus the relation < does not satisfy (3.1), and it is not
possible to apply Corollary 4.4.

for all z # 1.
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4.3. Mappings of the unit interval

On combining Remark 3.4 with Proposition 4.3 and Theorem A, we obtain a
sufficient condition for the existence of nontrivial hyperinvariant subspaces, which
is closely-related to Corollary 4.4. This is illustrated by the following examples.

Let v : [0,1] — [0, 1] defined by v(t) = 6t + a with 0 < a < 1 and 6 satisfying
both —a < 8 <1 —a and |f] < 1. Then v has a unique fixed point z satisfying
ro = ,%,. Moreover |y(t1) — y(t2)| = |0][t1 — t2| and thus 7 is strictly contractive
and the sequence (7"(t)), converges to x¢ uniformly on [0, 1]. Then define w; on
[0,1] by:

—1
0 if0<t<
Zo
() = t—u
O ifag<t<1
].—.’EQ
and setw:wim.
1.
w1
T I
0 i) 1

F1GURE 5. The graph of w;

So, w € L*>([0,1]); h:= Tléll € L*>([0,1]) is continuous at xo and h(zg) = 0.

We now have to study the quotient h(y"(2) for some ¢, r € [0, 1].
h(y"(r))
o —7"(#) ifr<t<axg
h(y"(t) _ J @0 —7"(r)
h(vym N n(t) —
(y(r)) (1) — o ifaxg <t<r.
Y™ (r) —xo
But
n—1
V) = 0"t +ay 0% =0"t+zo(l—0").
k=0
So Y™ (t) — xo = 0™ (t — xo). Thus,
i) —t .
ifr<t<a
() _ ) wo—r '
h(ym N —
(y"()) b= %o ifxg <t<r,

T — X0
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and in both cases we obtain:
h(y™(t
lim sup (")
n—oo h(Y™(r))
We conclude that for these choices of v and w, T has nontrivial hyperinvariant
subspaces.

<1

Now we take the same v as before and w = wy is defined by:
wa(t) = c(t — x0)*™, with m > 1,¢> 0.

Then we have:
h(y" () _ (Y*(t) —xo)*™"

h(y™(r)) (y*(r) — o)™

Il
7N\
= o
(.
g &
N———
o
3

t—x
Ifxg <t <rorifr <t < xy we obtain 0 < 0

" T — X0
we have lim sup Z((;:ﬂ ((:)))) < 1 and we conclude that the operator 1" has nontrivial
n—oo

< 1. So, in both cases

hyperinvariant subspaces.

4.4. Bishop-type operators

The aim of this subsection is to discuss explicit examples of operators of the form

Tf(t) =w®)f(r(t)),
where w is essentially bounded, and where 7 is ergodic. Such operators include
variations on the classical Bishop operator T f(t) = tf({t+0}), where 6 is irrational
and { -} denotes taking the remainder modulo 1, studied in [4, 9, 12, 13].
In view of trying to apply Theorem A, it is natural to characterize quasinilpo-
tent Bishop-type operators. The answer to this is given in the next proposition.

Proposition 4.6 (Prop. 1.3 in [12]). Let T be a Bishop-type operator defined by
Tf(t) =w(t)f(r(t)). Let w € L>®([0,1]) be such that |w| is continuous a.e. Then
r(T) = eJo loglwldu if log |w| € L1([0,1]) and r(T) = 0 otherwise. It follows that if
|w| is continuous a.e. then T is quasinilpotent if and only if log|w| ¢ L'([0,1]))

In order to be able to apply Theorem A, we need to prove the convergence of
(T™yn)n, but unfortunately, we are not able to decide this in general. Indeed, in

this case our operator T is not of normal type: let w € L*>(]0, 1]), WT e L*>=([0,1)]),
and ~ an ergodic and injective mapping.

Let F,, = HZ:O h o v*. We can prove that there exist < ¢ such that (‘;8)
w(t) ),

does not tend to 0 when n tends to infinity in the following way. First, there exists
r such that v(r) < r. Indeed, otherwise [r, 1] would be invariant under v and this

is absurd since 7 is ergodic. Now take r = ~(t), so that F%(’Y((tg)) = h(’y;:(;(t)).

Obviously we may assume that h # 0. Therefore there exists § > 0 such that
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Ss ={x € (0,1): h(x) >} C (0,1) is of positive measure. The ergodic property
of v implies that there exists (ny)x such that v (t) € S; for all k. It follows that

F, ('Y(t)) )
Fik(t) = h(t)’

Furthermore, it is not possible to apply Corollary 4.4 in this case, since con-
dition (3.1) is never satisfied when ~ is ergodic. To see this, we define, for any
§ < ||h]|co the set

and thus cannot tend to 0.

Rs ={z €[0,1] : |h(z)| = [|h]loc — 0}
Then, by ergodicity, for each ¢ € [0, 1] there is a sequence (ng); with vy (t) € Rs.
Thus for every r € [0,1] we obtain
h(~y™(t hlloo — 6
-
and hence the limsup equals 1. Therefore in this case there are no points ¢ with
t<r.

for each 4,
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Abstract. For a class of pairs of entire matrix functions the null space of the
natural analogue of the classical resultant matrix is described in terms of
the common Jordan chains of the defining entire matrix functions. The main
theorem is applied to two inverse problems. The first concerns convolution
integral operators on a finite interval with matrix valued kernel functions
and complements earlier results of [6]. The second is the inverse problem for
matrix-valued continuous analogues of Szegé orthogonal polynomials.
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1. Introduction

We begin by stating the main theorem proved in this paper. This requires some
preparations. Fix w > 0, and consider the n x n entire matrix functions

B(/\):I+/O

—w

¢Xp(s)ds, D) =T+ /we“sd(s)ds. (1.1)
0

Here b € L}*"[~w,0] and d € L}*"[0,w]. We define R(B, D) to be the operator
on L}[—w,w] given by

f)+ wd(t—s)f(s)ds, 0<t<w,
(R(B,D)f)(t) = o (1.2)
f)+ bt —s)f(s)ds, —w<t<D0.

The research of the third author was partially supported by a visitor fellowship of the Nether-
lands Organization for Scientific Research (NWO) and the Glasberg-Klein Research Fund at the
Technion.
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Here we follow the convention that d(t) and b(t) are zero whenever ¢ does not
belong to [0,w] or [—w, 0], respectively.

Our aim is to describe the null space of the operator R(BB, D) in terms of the
common spectral data of the two functions B and D. Therefore we first review
some elements of the spectral theory of entire matrix functions. Note that from
the definitions in (1.1) it follows that

lim B\ =1, lim D(A) =1.
IAL0, |A|—o0 IAZ0, [A]—o0
Thus B has only a finite number of eigenvalues (zeros) in the closed lower half
plane, and the same is true for D with respect to the closed upper half plane. We
conclude that the number of common eigenvalues of B and D in C is finite. This
allows us to define the total common multiplicity v(B, D) of B and D, namely:

v(B,D) =Y v(B,D;N),
A

where the sum is taken over the common eigenvalues, and v(B, D; \) is the common
multiplicity of A as a common eigenvalue of B and D. For the definition of the
latter notion we refer to Section 2 below which also presents more details about
the notions used in the next paragraph.

Now let A1,...,As, be the set of distinct common eigenvalues of B and D in
C. For each common eigenvalue \; we let

EgZ{l‘jkj|k=0,...,f€j7g—1, j=1,...,pg}

stand for a canonical set of common Jordan chains of B and D at A;. The set of
vectors {Zp} fil generates the following set of C"-valued functions:

E={Tje | k=0,... 65501, j=1,...,pe, £=1,...,0}, (1.3)
where
k \k—v
~ . —1t
xjk,g(t) =e At Z ((k _)Z/)' Tjy0- (14)
v=0 ’

The functions Z ;1. will be considered on intervals —oco < o < 8 < oo for appropri-
ate choices of a and . Notice that for any interval [«, (] the system of functions

= is linearly independent, and
dim span E = (B, D). (1.5)
We can now state the main theorem of this paper.

Theorem 1.1. Let B and D be the entire n X n matriz functions given by (1.1),
and let R(B, D) be the operator on L}[—w,w] defined by (1.2). Assume that there
exist entire n X n matriz functions A and C,

0

AN =1+ / CeNa(s)ds, CO) =T+ / ¢i¥c(s) ds, (1.6)
0

—w
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where a € LT*"[0,w] and ¢ € LT*"[—w, 0], such that
AN)B(A) =C(\)D(N), MeC. (1.7)

Then the set of vector functions = in (1.3), considered in L}[—w,w], forms a basis
of Ker R(B, D). In particular,

dim Ker R(B,D) = v(B, D). (1.8)

The above theorem is new for the matrix case (n > 1); for the scalar case
(n = 1) it has been proved in [7]. Note that in the scalar case condition (1.7) is
redundant. In fact, more generally, if the matrix functions B and D commute, then
one can always find matrix functions A and C of the form (1.6) such that (1.7) is
fulfilled; the trivial choice A =D and C = B will do.

In [7], for n = 1, the operator R(B, D) is introduced as the natural continuous
analogue of the classical Sylvester resultant matrix for polynomials (for the latter
see the survey article [20] or the book [23]). For this reason we call R(B,D) the
resultant operator associated with B and D.

We shall refer to condition (1.7) as the quasi commutativity property of the
quadruple {A4,C; B, D}. In general, without this property being satisfied, Theorem
1.1 does not remain true. This follows from a simple example with n = 2 given
in [7]. On the other hand, in [7] it is also shown that the conclusion of Theorem
1.1, without the quasi commutativity property (1.7) being fulfilled, remains true
provided one replaces the resultant operator R(B,D) by a more complicated op-
erator, acting between different L;-spaces, namely by the operator R. (B, D), with
e > 0, acting from L}[—w,w + €] into L} [—w — €, w + €], defined by

wte
f(t)—f—/_ dit —s)f(s)ds, 0<t<w+e,

(R.(B, D)) (1) = ‘.
f(t)+/ bt — 5)f(s)ds, —w—c<t<0,

—Ww

In this paper we also present two applications of Theorem 1.1 to inverse
problems for related convolution operators. The first application deals with the
problem of reconstructing a matrix-valued kernel function of a convolution integral
operator on a finite interval from four matrix functions satisfying integral equations
with this kernel function. The second problem is the inverse problem for continuous
analogues of orthogonal polynomials.

In our proof of Theorem 1.1 an essential role is played by Theorem 4.19
from the thesis [14]. The latter theorem describes the dimension of the null space
of a Bezout type operator on L7[0,w] associated with entire matrix functions
A, B,C, D. The precise Bezout operator result needed in the present paper is stated
in [5], where it is also proved by a new method. For the four matrix functions
A, B,C, D appearing in Theorem 1.1 we show that after a simple extension the
Bezout operator from [5] is equivalent to the resultant operator R(B, D). To obtain
this equivalence we rewrite the quasi commutativity property in operator form.
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This is done by using a new method which is based on an analysis of related block
Laurent operators.

The paper consists of five sections (including the present introduction). In
Section 2 we review the elements of the spectral theory of entire n x n matrix
functions that are used in this paper, which includes facts about common spectral
data for pairs of such functions. In Section 3 we introduce the Bezout operator,
state the result from [5] needed in the present paper, and establish the equivalence
of the resultant operator with a simple extension of the Bezout operator. A more
refined connection between the Bezout operator and the resultant operator, which
turns out to be equivalent to the quasi commutativity property, is also given in this
section. In Section 4 we prove Theorem 1.1. Section 5 presents the two applications
of the main theorem to inverse problems.

Some words about notation. If —co < a < f < oo, then Lj[a, §] stands
for the standard Banach spaces of Lebesgue integrable functions on [«, 5]. Any
function f € Lq[a, 8] will be considered as a function on the entire real line by
setting f(t) = 0 whenever ¢ < « or t > (. Given a positive integer n we denote
by L}[a, (5] the Banach space of all n x 1 column vector functions with entries in
L [o, B]. Similarly, LT*"[e, 8] consists of all n x n matrix functions with entries
in Li[a, 8]. As usual, we identify Lebesgue integrable functions which differ on a
set of measure zero.

2. Preliminaries on the spectral theory of entire matrix functions

In this section we review the elements of the spectral theory of entire n x n matrix
functions that are used in this paper.

2.1. Eigenvalues and Jordan chains

Let F be an entire n X n matrix function. We assume F to be regular. The latter
means that det F(A) #Z 0 on C. As usual, the values of F' are identified with their
canonical action on C™. In what follows Ag is an arbitrary point in C.

The point Ag is called an eigenvalue of F whenever there exists a vector
2o # 0 in C™ such that F(Ag)zo = 0. In that case the non-zero vector zg is
called an eigenvector of F' at \g. Note that Ay is an eigenvalue of F' if and only
if det F'(\g) = 0. In particular, in the scalar case, i.e., when n=1, the point Ag is
an eigenvalue of F' if and only if A\ is a zero of F. The multiplicity v(\g) of the
eigenvalue A\g of F' is defined as the multiplicity of A\g as a zero of det F/(A). The
set of eigenvectors of F' at Ao together with the zero vector is equal to Ker F'(Xg).

An ordered sequence of vectors zg, x1, ..., x,_1 in C" is called a Jordan chain
of length r of F at Ag if oy # 0 and

k

1 .
> L FONo)zp; =0, k=0,...,r—1 (2.9)
=07’
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Here FU)()\g) is the jth derivative of F' at \g. From zo # 0 and (2.9) it follows
that Ao is an eigenvalue of F' and x( is a corresponding eigenvector. The converse
is also true, that is, z¢ is an eigenvector of F' at Ay if and only if xg is the first
vector in a Jordan chain for F' at Ag.

Given an eigenvector xg of F' at A\g there are, in general, many Jordan chains
for F at \p which have x( as their first vector. However, the fact that F' is regular
implies that the lengths of these Jordan chains have a finite supremum which we
shall call the rank of the eigenvector .

To organize the Jordan chains corresponding to the eigenvalue Ag we proceed
as follows. Choose an eigenvector 19 in Ker F'(Ao) such that the rank r; of xq¢ is
maximal, and let z19,...,%1,,—1 be a corresponding Jordan chain. Next we choose
among all vectors x in Ker F'()\g), with  not a multiple of x19, a vector xgy of
maximal rank, ry say, and we choose a corresponding Jordan chain xog, ..., Z2r,—1.
We proceed by induction. Assume

T10y«+ -y Llry—1y-++ s TkOy -+ Thrp—1

have been chosen. Then we choose zk119 to be a vector in Ker F'()\g) that does
not belong to span{xio,...,Tko} such that zxy19 is of maximal rank among all
vectors in Ker F'(A\g)\span{zig,...,Zro}. In this way, in a finite number of steps,
we obtain a basis 19, 20, - . ., Zpo of Ker F/(A¢) and corresponding Jordan chains

L1053 L1r;—15L205+++ 3 L2rg—15+ -5 Lp0y - - ~a-rprp—1~ (210)

The system (2.10) is called a canonical system of Jordan chains for F' at Ag. From
the construction it follows that p = dim Ker F'(\g). The numbers 7y > 19 > --- >
Tp are uniquely determined by F and do not depend on the particular choices made
above. In fact, these numbers coincide with the degrees of A— )¢ in the local Smith
form of F' at A\g. The numbers 71, ...,r, are called the partial multiplicities of F'
at Ag. Their sum 7 + --- + 1, is equal to the multiplicity v(\o).

The above definitions of eigenvalue, eigenvector and Jordan chain for F' at
Ao also make sense when F' is non-regular or when F' is a non-square entire matrix
function on 2. However, in that case it may happen that the supremum of the
lengths of the Jordan chains with a given first vector is not finite. On the other
hand, if for each non-zero vector zg in Ker F(Ag) the supremum of the lengths of
the Jordan chains with x( as first vector is finite, then we can define a canonical
set of Jordan chains for F' at A\ in the same way as it was done above for regular
entire matrix functions.

More details on the above notions, including proofs, can be found in [13]; see
also the book [10] or the appendix of [8].

2.2. Common eigenvalues and common Jordan chains
Throughout this section F; and Fy are entire n x n matrix functions. Furthermore,
Ao € C, and we assume that either F; or F5 is regular on C.

Let Ao be an arbitrary point in C. We say that Ay is a common eigenvalue of
Fy and F; if there exists a vector xg # 0 such that Fy(A\g)zo = Fa(Ao)xo = 0. In
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this case we refer to xg as a common eigenvector of Fy and Fy at A\g. Note that xg
is a common eigenvector of F; and Fy at \g if and only if z( is a non-zero vector in

Fi(No)
F>(No)

Ker Fy (A\g) NKer Fz(\g) = Ker

If an ordered sequence of vectors xg,x1,...,2Z,_1 is a Jordan chain for both Fj
and Fy at Ao, then we say that xg,z1,...,z._1 is a common Jordan chain for Fy
and Fy at Ag. In other words, xg,z1,...,z,_1 is a common Jordan chain for F;
and Fy at Ao if and only if xg,x1, ..., x,—1 is a Jordan chain for F' at )y, where F’
is the non-square entire matrix function given by

Fi(\)
Fy(\)

, AeC. (2.11)

Let z¢p be a common eigenvector of F} and Fy at Ag. Since Fy or Fj is
regular, the lengths of the common Jordan chains of F; and F5 at A\g with initial
vector xg have a finite supremum. In other words, if zy is a non-zero vector in
Ker F'(Ao), where F is the non-square analytic matrix function defined by (2.11),
then the lengths of the Jordan chains of F' at A\g with initial vector zy have a finite
supremum. Hence (see the final paragraph of the previous section), for F in (2.11)
a canonical set of Jordan chains of F' at Ay is well defined. We say that

X105+ 3 T1r =15 X205+« 3 L2rp =15+ + +y Lp0y + + +y Tprp—1 (2.12)

is a canonical set of common Jordan chains of Fy and Fs at \g if the chains in
(2.12) form a canonical set of Jordan chains for F' at Ao, where F is defined by
(2.11). Furthermore, in that case the number

p
V(Fl,FQ; )\0) = Z?"j
j=1

is called the common multiplicity of Ao as a common eigenvalue of the analytic
matrix functions F; and Fj.
For further details, including proofs, see [7].

3. Equivalence of Bezout and resultant operators

In this section we introduce the Bezout operator, recall some basic results from
the paper [5], and clarify the connection between the resultant operator and the
Bezout operator.

3.1. The Bezout operator and its main property

Throughout this section a, b, ¢, and d are n X n matrix functions, ¢ and d belong
to LT*"[0,w], while b and ¢ belong to LT*"[~w,0]. We denote by A, B, C, D the
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entire n X n matrix functions given by
0

AN) =1+ /w e?a(s)ds, B\ =1 —|—/ eb(s) ds, (3.1)
0 —w
0

C(A):I+/

w
eMe(s)ds, D\ = I+/ e%d(s) ds. (3.2)
—w 0
We shall assume that the functions a, b, ¢, and d satisfy the following additional
condition
ANB(A) =C(AND(N), MeC, (3.3)

that is, the quadruple {A, C; B, D} has the quasi commutativity property; cf. (1.7).

Given four functions as above, we let T = I + I, where I' is the integral
operator on L7[0,w] defined by

Co)0) = [ (e )es)ds, 0<t<e (3.4)
with
v(t,s) =a(t—s)+ bt —s)

min{t,s}
+ / a(t —r)b(r—s) —c(t —w—r)d(r +w—s)dr. (3.5)
0

We refer to the operator

T = T{A,C; B, D} (3.6)
as the Bezout operator associated with {A,C;B,D}. The main property of the
Bezout operator used in this paper is given by the following theorem which is
stated and proved in [5] and originates from [14].

Theorem 3.1. Assume the quadruple {A,C; B, D} satisfies the quasi commutativity
property. Then the dimension of the null space of the Bezout operator T associated
with {A,C; B, D} is equal to the total common multiplicity of the entire matriz
functions B and D, that is, dimKerT = v(B, D).

For a comprehensive review of the history of Bezout matrices and Bezout
operators we refer the reader to the final paragraphs in the Introduction of [5]; the
early history can be found in [20]. For first results on Bezout operators for entire
scalar functions see [7] and [21]; cf., Chapter 5 in [22].

3.2. The quasi commutativity property in operator form

In this section we restate in operator form the quasi commutativity property (3.3).
The main result is Proposition 3.2 below. We begin with some preliminaries.

We shall adopt the following notations. If a lower case letter f denotes a
function in L7 (R), then the corresponding bold face capital letter F denotes the
convolution operator on L} (R) given by

/ ft—s)p(s)ds, —oo<t< 0. (3.7)
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We denote by F(A) the symbol of the operator I + F, that is,

o0

FN =1+ / e f(s) ds. (3.8)

— 0o
Furthermore, for each v € Z we define F, to be the convolution operator on
L7}0,w] given by

(FLp)(t) = /Ow fEt—s+rw)p(s)ds, 0<t<w.

We shall refer to the operators F,,v € Z, as the operators corresponding to F.
With these operators F,, we associate the block Laurent operator

Fy, F., F
LF = Fl FO F,l
B F R

We consider Ly as a bounded linear operator on the space ¢; 7 (L{’[O, w]) The latter
space consists of all doubly infinite sequences ¢ = (¢;)jez with ¢; € L}[0,w] such
that

oo
lelle, ozpo.wn = Y Il

j=—oc0

Ly[0,w] < 00-

The spaces L7 (R) and ¢4, 7(L7[0,w]) are isometrically equivalent, and for f and g
in L7*"(R) we have
Lyg = LyLg. (3.9)
Now let us return to the functions a, b, ¢, and d considered in the previous
section. Our goal is to restate the quasi commutativity property (3.3) in operator
form. We shall view a, b, ¢, and d as functions in LT*"(R), with a and d having
their support in [0,w], while the support of b and ¢ is in [-w, 0]. Thus, using the
terminology of the previous paragraph, the functions A, B, C, D in (3.1), (3.2) are
the symbols of the operators I + A, I + B, I + C and I + D, respectively. Let us
consider the operators A,,v € Z, corresponding to A. Since a has its support in
[0,w], we have the following properties:

(i) (Aog)(t) = / alt - s)p(s)ds, 0<t<w,

(i) (Algo)(t):/t alt +w—s)p(s)ds, 0<t<w,
(iii) Ay =0for v #0,v # 1.

Similarly, since b has its support in [—w, 0], the operators B,,v € Z, corresponding
to B have the following properties:

() (Bog)(t) = / bt — $)p(s)ds, 0<t<w,
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t
() (B)(0) = [ =5 -wipls)ds, 0<i<w

0
(Gij) B, =0for v #£0,v # —1.
Analogous results hold for the operators C,,v € Z, corresponding to C and for
D, ,v € Z, corresponding to D. In particular, the above formulas show that all the
operators

I+ Ay, I+Byg, I+Cy, I+ Dy

are invertible operators on L}[0,w].
The next proposition is the main result of this section.

Proposition 3.2. The quasi commutativity property (3.3) is equivalent to the fol-
lowing two conditions:

(I + Ao)B,1 = 071(1 + DQ), (I + CO)Dl = Al(I + BO). (3.10)

Proof. Since A, B, C, and D are the symbols of the convolution operators I + A,
I+ B, I+ C, and I + D, respectively, condition (3.3) is equivalent to

(I+A)(I+B)=({+C)(I+D), (3.11)
which according to (3.9) can be rewritten as
La+Lg+ Lalg=Lc+ Lp+ Lclp. (3.12)

Now recall the properties (i)—(iii) for the operator A, , the properties (j)—(jjj) for the
operators B, and the analogous properties for the operators C,, and D, (v € Z).
By comparing the entries in the infinite operator matrices determined by the left-
and right-hand sides of (3.12) we see that (3.3) is equivalent to

(a) B_1 + AoB_1 = C_l + C_lDo,

(B8) Ao+ Bo+ AoBo + A1B_1 =Cy+ Do+ CoDy + C_1D;

(’y) A1+ A1By = D1 + CyDs.
Obviously, («) is the same as the first part of (3.10), and () is the same as the
second part of (3.10). Thus to complete the proof we have to show that (3.10)
implies condition ().

Consider the functions f = a4+ b+ a*band g = ¢+ d + ¢ * d, where *
denotes the convolution product in LT*™(R). Then Ly is equal to the left-hand
side of (3.12), and L¢ to the right-hand side of (3.12). The first part of (3.10)
yields F_1 = G_1, and the second part of (3.10) implies F; = G;. Now notice
that FL_; = G_; is equivalent to f(t) = g(t) for each —2w <t <0, and F; = G4
is equivalent to f(t) = g(t) for each 0 <t < 2w, i.e.,

Fi=G1 <= fll—2w,0 = 9l[-20,0
Fi=G1 <= fljo,20] = 90, 2]

In particular, if (3.10) holds, then f[_, o] = gl[-w,w], Which is equivalent to
Fy = Gy. But Fy = G is equivalent to (). This completes the proof. O
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3.3. The equivalence theorem
Let A, B, C, D be the four entire n x n matrix functions given by (3.1), (3.2), and
assume that the quasi commutativity property (3.3) is satisfied. In this section
we show that after an appropriate extension the Bezout operator T associated
with the quadruple {A,C;B,D} is equivalent to the resultant operator R(B,D).
To state the precise result we need some additional notation.

First recall that the Bezout operator T is given by T' = I + I', where I is
the integral operator with kernel function (3.5). Using this formula and notations
from the previous section we see that

T = (I+ Ao)(I+ By)—C_1Dy. (3.13)

Here Ao, By, C—1 and D; are the operators on L} [0, w] introduced in the previous
section. Next, we consider the operators

HT: LY'[-w,0] = LY0,w], (HTf)t)=ft—w) (0<t<w), (3.14)
H™ : LM0,w] — LY[-w,0], (H-f)#)=ft+w) (w<t<0). (3.15)

Note that H™ and H~ are both invertible and (H*)~! = H~. Representing the
space L} [—w,w] as the natural direct sum of the spaces L}[—w, 0] and L}[0,w], the
resultant operator R(B,D) can be written as a 2 X 2 operator matrix as follows:

I+ H ByH* H-B_,

D1H+ I+ DO on Ll [_w7 O] S2) L1 [O, (U] (316)

R(B,D) =

Here B_1 Dy, and D; are operators on L7[0,w] of which the definition can be
found in the previous section. Since the operator I 4+ Dy is invertible, formula
(3.16) allows us to factor R(B, D) as follows:

1 H_B_l(l—f—Do)_l
R(B,D) = (3.17)
0 1
H-YH* 0 1 0
X )
0 I+ Dy (I+Do)*DiHY T
where
Y=1I1+By—B_1(I+ Do) *'D;. (3.18)

Since the quasi commutativity property is satisfied, we know from Proposition 3.2
that B_1(I + Do)~! = (I + Ag)~'C_1, and therefore we obtain from (3.13) and
(3.18) that

T I+By—(I+A))'C,

(I + Ao) " H(I+ Ao)(I + By) —C_1D_1} = (I + Ag)~'T.
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We conclude that the resultant operator R(B, D) and the Bezout operator T are
related in the following way:

H=(I+A¢)"Y H B_1(I+ Do)~ !

R(B,D) =
(B,D) 0 k

(3.19)

X

T 0 H* 0
0 I || DiHY T+Dy

Since the first and the third factor in the right-hand side of (3.19) are invertible,
we arrive at the following result.

Theorem 3.3. Let the entire n X n matriz functions A,B,C,D be given by (3.1),
(3.2), and assume that the quasi commutativity property (3.3) is fulfilled. Then the
Bezout operator T' associated with the quadruple {A,B,C,D} is equivalent after
extension to the resultant operator R(B, D), with the equivalence after extension
relation being given by (3.19). In particular,

dim Ker R(B,D) = dimKerT. (3.20)

3.4. A Kravitsky type formula

In this subsection we present a proposition which gives some further insight in the
use of the quasi commutativity property.

Let A, B, C, D be four entire n X n matrix functions given by (3.1), (3.2).
With the pair A, C we associate an operator S(A,C) on L}[—w,w] by setting

(S(A.C)F) () = f(t) + /

—w

a(t—s)f(s)ds—i—/owc(t—s)f(s)ds, —w<t<w.

We call S(A,C) the pair operator associated with A, C. This operator can be
viewed as a transpose to the left resultant operator of A and C.

As in the previous section we write the space L}[—w,w] as the natural direct
sum of the spaces L}[—w,0] and L}[0,w]. This allows us to represent the pair
operator S(A,C) by a 2 x 2 operator matrix,

I+H AgHY H C_,
A1H+ I+ CO
Here H* and H™ are the operators defined by (3.14) and (3.15), respectively.

S(A,C) = on L'[-w,0]&LT[0,w]. (3.21)

Proposition 3.4. Let the entire n x n matriz functions A, B,C, D be given by (3.1),
(3.2). If the quadruple {A,C; B, D} has the quasi commutativity property, then

H-THYt 0
0 _ILT[O,w] 0 T

where T is the Bezout operator associated with {A,C; B, D}. Conversely, if the left-
hand side of (3.22) is equal to a block diagonal 2 x 2 operator matriz relative to

Ipoio, 0
sy | e

R(B,D) = , (3.22)
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the partitioning LT [—w,0]® LT[0, w], then {A,C; B, D} has the quasi commutativity
property and formula (3.22) holds true.

Proof. Using the operator matrix representation of R(5, D) and S(A,C) given by
(3.16) and (3.21), respectively, we have

ILpi-wo) 0
S(A,C) R(B,D)
0 —Iippow
H=((I+ Ao)I + By) — C_1D)H*  H~((I + A¢)B— — C_i(I + Dy))
| (AT +By) — (I+Co)Dy)H* —(I+Co)(I+ Do)+ A B_,

Since the operators H* and H~ are invertible, we see that the left-hand side
of (3.22) is a block diagonal 2 x 2 operator matrix relative to the partitioning
L} [-w,0] & L7[0,w] if and only if

(I+A9)B- —C_1(I+Dy)=0, Ai(I+ By)—(I+Cy)Dy=0.

By Proposition 3.2 the latter two identities are equivalent to the requirement that
{A,C; B, D} has the quasi commutativity property.

Next assume that {A,C; B, D} has the quasi commutativity property. As we
have seen in the proof of Proposition 3.2, the quasi commutativity property implies
that

Ao+ Bo+ AgBo + A1B_1 = Co + Do + Co Do +C_1D;.
It follows that the Bezout operator associated with {.A,C; B, D} is not only given
by (3.13) but also by

T = (I +Co)(I+ Do) — AB_. (3.23)
The formulas (3.13) and (3.23), together with the result of the preceding para-
graph, prove (3.22). O

Formula (3.22) has been proved in [16] for the classical resultant matrix and
the classical Bezout matrix corresponding to two scalar polynomials.

4. Proof of the main theorem

In this section we prove Theorem 1.1. To do this it suffices to show that any vector
function from the system Z defined by (1.3) belongs to Ker R(B, D). Indeed, when
this result has been established, then we know that

dim Ker R(B,D) > v(B, D). (4.1)

On the other hand, from (3.20) and the fact (see Theorem 3.1) that dimKerT =
v(B, D), we see that we have equality in (4.1), which proves Theorem 1.1.

To prove that any vector function from the system E defined by (1.3) belongs

to Ker R(B, D) we follow the lead of [7] (on the way correcting some misprints in
the statement of Theorem 1.1 and in computations on page 198 of [7]).
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Let zg,z1,...,2+,—1 in C™ be a common Jordan chain of the entire n x n
matrix functions B and D corresponding to the common eigenvalue \g. As in
Section 1 we associate with the chain zg,x1,...,z,_1 the functions

k .
~ —ix (—it)”
Tp(t) =e zotz 1 Tk k=0,...,7m—1 (4.2)
v=0
In order to prove (4.1) it suffices to show that the functions Zo, Z1, . . . , Z—1 belong

to the null space of R(B,D). To do this we introduce operators R(B) and R(D)
from L}[—w,w] into L}[—w,0] and L7[0,w], respectively, by setting

(RBH() = [(1)+ / bt — ) f(s)ds, —w<t<0,

—~
=
Y
S
~
=
=
I

ﬂﬂ+[ﬁd@—@ﬂ$d& 0<t<w

Obviously,

Ker R(B, D) = Ker R(B) N Ker R(D).
Thus (4.1) will be proved when we establish the following lemma.
Lemma 4.1. Fiz \g € C, let xg,x1,...,x-_1 be vectors in C™, and consider the
associated functions Zo,x1,...,Zr—1 defined by formula (4.2). Then the vectors
0, &1, ..., Tr—1 form a Jordan chain of B at Ao (of D at Ao) if and only if the
functions Zo, T1, ..., Tr—1 belong to Ker R(B) (belong to Ker R(D)).

Proof. We prove the statement concerning R(B); the result for R(D) follows in a
similar way.
Recall (see (2.9)) that zg,x1,...,2,—1 is a Jordan chain of B at Ag if and

only if
LT
> BP0z =0, k=0,...,r—1 (4.3)
im0
Since B(A) is given by the right-hand side of (3.1), we have

0
BY(\) = / (is)e™*b(s)ds, j=1,2,.... (4.4)
—w
Next, note that for each f € L}[—w,w| we have

t+w
RBHE) = FO)+ / b(s)f(t — s)ds

—w

= f(t)+/0 b(s)f(t—s)ds, —w<t<O0.

—w

Fix 0 <v <r—1, z € C" and consider the functions

)= T s = (wst<w)



120 1. Gohberg, M.A. Kaashoek and L. Lerer

Then for —w <t < 0 we have

(RB)E)(H) = / b(5) B (t — 5) ds

pu(t)x +/_ (is —it)” e M=) p(5)x ds

v!

- 1 " V=PiMosh( ) ds
02 +3 o0, | e,

—w

Using the definition of B, given in (3.1), and formula (4.4) we obtain

(BEZN0 = B0+ Y e, | B 00
_0 *

BYP)(\g)z.

—p)!

Z op(t)
p=0
Next notice that the function Zy defined by (4.2) is also given by

=Y e )rpy, —w<t<w

Thus the calculation in the previous paragraph yields

BB - 33 o), | BP0

v=0p=0 —p)!
k k )
= z_(:)@p(t)(z_: v —p)[B(V_p)()‘O)xk—y)

= zk:% (Z BY) (X0 (jo—p)— u)
p=0

Now assume that zg,z1,...,2z,_1 is a Jordan chain for B at A\g. Then in the
formula of the preceding paragraph the last term between parentheses is equal
to zero because of (4.3). We conclude that Ty belongs to the null space of R(B)
for k =0,...,r — 1. Conversely, assume that Zo, Z1, . .., Z,—1 belong to Ker R(B).

Then i
Z@p (Z B )\ox(k —p)— V)—O k=0,...,7r—1.
p=0

Since the functions ¢y, ..., ¢,_1 are linearly independent in L;[—w,w], it follows
that the vectors defined by the sum between parentheses are zero. This holds
for m = k — p running from 0 to r — 1. Hence, again using (4.3), we see that
rg,T1,...,Tr_1 18 a Jordan chain for B at Ag. O
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5. Applications to inverse problems

In this section we present applications of the main theorem to the inverse prob-
lem for convolution operators on a finite interval and to the inverse problem for
continuous analogues of orthogonal polynomials.

5.1. The inverse problem for convolution operators on a finite interval

First we recall the results of [6] concerning inversion of convolution operators
on a finite interval. Let k € L7*"[~w,w], and on L}[0,w] consider the operator
M =1 — K, where K is the integral operator on L}[0,w] given by

(Kf)(t):/ E(t—s)f(s)ds, 0<t<w. (5.1)
0
With the kernel function k we also associate the following four integral equations:
w
/ k(t —s)a(s)ds =k(t), 0<t<uw, (5.2)
0
0
/ b(s)k(t —s)ds =k(t), —w<t<0, (5.3)
w
0
kt—s s)ds =k(t), —w<t<0, (5.4)
/ E(t—s)ds=k(t), 0<t<w. (5.5)

The inversion theorem proved in [6] reads as follows.

Theorem 5.1. The operator M = I — K is invertible on L}[0,w] if and only equa-
tions (5.2) and (5.3) have solutions in L7*"[0,w] and L} "[—w,0], respectively,
or equations (5.4) and (5.5) have solutions in L7*"[0,w] and LT*"[~w, 0], respec-
tively. Moreover, in this case M~ is the integral operator given by

M0 = £+ [ i) ds, 0<t<o, 6.6
0
with the kernel function ~ being given by
v(t,s) =a(t—s)+ bt —s)
min{t,s}
+ / [a(t — r)b(r — s) — c(t — r —w)d(r — s +w)]dr,
0

where a, b, ¢ and d are the (unique) solutions of (5.2)—~(5.5).

Note that the operator M ~! in the above theorem is of the same form as the
Bezout operator defined in Section 3. Theorem 5.1 remains true if the operator
M =1 - K, where K is given by (5.1), is considered on L [0,w] with 1 < p < oo;
see [2], Section 7.2.
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In the scalar case, that is when n = 1, equations (5.3) and (5.5) are redundant.
For this scalar case Theorem 5.1 has been proved in [12] (see also [4], Section ITIL.8).
For a recent proof of Theorem 5.1, in a Lg-setting, using ideas from mathematical
system theory, see [9].

The following inverse problem is related to Theorem 5.1. Given four matrix
functions a,d in L7*"[0,w] and b,c¢ in L7*"[—w,0], find k¥ € L}*"[~w,w] such
that the corresponding operator M = I — K is invertible and the given functions
are solutions of the equations (5.2)—(5.5) for this kernel function k. The solution
to this problem is also given in the paper [6]. To state this solution introduce the
following operator acting on L}[0,w] ® LT[0, w]:

I+By B
A= D, I+ Dy |’ (5:7)
Theorem 5.2. Given a,d € LT*"([0,w] and b,c € LT*"[—w, 0], there exists a matriz
functions k € LT*"[—w,w| such that the given matriz functions are solutions of
the equations (5.2)—(5.5) if and only if the following conditions are fulfilled:

C_1(I+Dgy)=I+Ap)B_1, (I+Co)Dy1=A11(I+ By), (5.8)

and the operator A is invertible. Moreover, if these conditions are satisfied, then
the matriz function k is uniquely determined by

{ (A W)t +w) for —w<t<0,

k(t) =
(A=1h)(t) for 0<t<w,

(5.9)

where

h(t) = [ Z;Eg } C () =b(t—w), ho(t)=d(t) (0<t<w)  (5.10)

The aim of the present subsection is to present a more transparent version
of Theorem 5.2. For this purpose we associate with the given functions a,d €
LT*"[0,w] and b,c € LT*"[~w, 0] the entire n x n matrix functions A, B, C and
D defined by formulas (3.1), (3.2). As already shown in Proposition 3.2, condition
(5.8) in Theorem 5.2 is equivalent to the quasi commutativity property:

AMNB) =C(ND(N), MeC.

Next we claim that the operator A in (5.7) is similar to the resultant operator
R(B, D) acting on L7*"[—w,w]. Indeed, in view of (3.16) we have

H_ 0 Hy 0| [I+H BHtY H B_ | _

{ 0 I]A[ 0 I}_{ D.H* I+D = R(B,D).

Thus the invertibility of the operator A in Theorem 5.2 is equivalent to the invert-
ibility of the resultant operator R(B, D). In other words, using Theorem 1.1, the
invertibility of A is equivalent to v(B, D) = 0. Notice that v(B, D) = 0 is equivalent
to Ker B(A) NKer D(A) =0 for each A € C.
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The above considerations lead us to the following new version of Theorem 5.2.

Theorem 5.3. Let a,d € L} "[0,w] and b,c € L*"[—w,0] be given, and let
A,B,C,D be the corresponding entire n. X n matriz functions defined by (3.1),
(3.2). There exists a matriz function k € LY*"[—w,w] such that the given matriz
functions a, b, c,d are solutions of the equations (5.2)—~(5.5) if and only if for each
A € C the following two conditions are satisfied:

ANB(A) =C(N)D(N), KerB(A) NnKerD(\) =0.
In this case the function k is uniquely determined by the formulas

) b(t) for —w<t<O0,
k:[R(B,D)]_ fv f(t):{ d(t) fO’f’ 0<t<uw

In the scalar case Theorem 5.3 easily follows from [12] by making use of the
resultant operator for scalar entire functions (see [7]). For the case of finite block
Toeplitz matrices the analogous result can be found in [11].

5.2. The inverse problem for orthogonal matrix functions

A matrix function k in L7*"[~w,w] is said to be hermitian if k = k*, where
k*(t) = k(—t)*. Given such a matrix function, consider on L}*"[0,w] the equation

o(t) — /Ow k(t—s)p(s)ds =k(t), 0<t<w, (5.11)
and set .
d(N) = I+/ eMo(t) dt. (5.12)
0

We shall refer to the matrix function ® as the orthogonal matriz function generated
by k (related to w). With k we also associate the integral operator K defined by
(5.1), which will now be considered on L3[0,w].

For n = 1 functions of this type have been introduced by M.G. Krein in
[17], who showed that for the case when I — K is strictly positive on L2[0, w],
the function ® exhibit properties, with respect to the real line, that are analogous
to those of the classical Szeg6 orthogonal polynomials with respect to the unit
circle. For that reason in [17] these functions ® are called “continuous analogues
of orthogonal polynomials.” Later, M.G. Krein and H. Langer [18], [19] considered
the case of a non-definite I — K (still in case n = 1). They proved two remarkable
results on orthogonal functions for this case. Their first result relates the number
of zeroes of ® in the upper half plane to the spectrum of the operator I — K. This
result has been generalized to the matrix case (n > 1) in [3] and [1] (see [2] for
a detailed exposition and related developments). The second Krein-Langer result
deals with the following inverse problem: given a matrix function

F(\) = I+/w eMft)dt, fe LP"0,w)], (5.13)
0
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find criteria such that F' is an orthogonal matrix function generated by some
hermitian k € L7 *"[—w,w] (i.e., F = ¥), and if possible give a formula for k. For
the case n = 1 the following result is proved in [19].

Theorem 5.4. Let F be a scalar function of the form (5.13). There exists a her-
mitian function k € Li[—w,w], i.e., k(t) = k(—t), such that F is the orthogonal
function generated by k if and only if F' has no real zeroes and no conjugate pairs
Ao, Ao of zeroes.

To the best of our knowledge there is no generalization of this result to the
matrix case (n > 1). The present paper provides a first step in this direction. In
this subsection we reduce this inverse problem for the matrix case to a certain
factorization problem, and we derive an explicit formula for the kernel function k.

First consider Theorems 5.1 and 5.3 for the case of a hermitian kernel k. Note
that if k* = k € LT*"[—w, w], then the operator M in Theorem 5.1, considered on
L0, w], is selfadjoint, and in this case to obtain the inversion formula of Theorem
5.1 one has to solve only one of the equations (5.2), (5.3) and one of the equations
(5.4), (5.5). Indeed, in this hermitian case b* = a and ¢* = d. Moreover, the
corresponding inverse theorem for a selfadjoint convolution operator on a finite
interval should be based on two given functions instead of the four functions used
in the general case. To be more specific in the selfadjoint case Theorem 5.3 takes
the following form.

Theorem 5.5. Given ¢, ¢ € LT*"(0,w], put

BO) = I + /0 Ceo(dt, W) =1+ /0 " ety dt

and let ®*(\) = ®(\)* and U*(\) = U(N)*. Then there is a hermitian matriz
function k € LT*"[—w, w] such that

/kt—s s)ds = k(t), 0<t<uw, (5.14)

/1/) E(t—s)ds = k), 0<t<uw, (5.15)

if and only if for each A € C the following two conditions are satisfied:
D(AN)D*(A) = T*(N)T(A), Kerd*(A\)NKer¥(A)={0}.
In this case the function k is uniquely determined by the formulas
. B ©*(t) for —w <t <0,
k=[R@" O], ft)=
P(t)  for 0<t<w,

The connection between Theorem 5.5 and the inverse problem for orthogonal
matrix functions is now transparent: we have to produce a hermitian matrix func-
tion k € L}*"[~w,w] such that (5.14) holds, given one matrix function ¢ only,
while in Theorem 5.4 we have given ¢ along with ¢ (which has to satisfy (5.15)).
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Thus Theorem 5.4 leads to the following result.

Theorem 5.6. Given

w
F(\) = I+/ eMft)dt, fe LT*"0,w],
0

there exists a hermitian matriz function k in L7 "[—w,w] such that F is the
orthogonal matriz function generated by k if and only if F(\)F*(-) admits a fac-
torization

FM\F*(\) =T*(AN)P(A), MeC, (5.16)
where W is an entire n X n matriz function of the form

T(\) =1+ /w eMay(tydt, € LY*™[0,w],
0

and
Ker F*(A)NKer U(A\) = {0}, A eC. (5.17)
In this case the kernel function k is given by

{ () for—w<t<0,

_ * -1 ==
k=[R(E" V)9, 9(t) = W(t)  for 0<t<uw,

It is interesting to specify the above theorem for the scalar case. To do this,
we first note that for n = 1 a factorization (5.16), (5.17) implies that F' has no
real zero and no conjugate pairs Ag, A\g of zeroes. Indeed, assume F'(Ag) = 0. Then
(5.16) implies that ¥(A) = 0 and/or ¥(A\g) = 0. However, since F'(Ag) = 0, we have
F*(Ao) =0, and hence (5.17) excludes ¥(\g) = 0. Thus ¥(A) = 0. But then (5.17)
shows that F*(A\g) # 0, and hence F(\g) # 0, which is a contradiction. Thus F
has no real zero and no conjugate pairs Ag, Ag of zeroes. Conversely, if n = 1 and
F has no real zero and no conjugate pairs g, Ao of zeroes, then (5.16), (5.17) hold
with ¥ = F. Furthermore in that case, the kernel function k is obtained by

{ @) for—w <t<0,

k=[R(F*,F)g, g(t)= (5.18)

fit) for 0<t<w,
We conclude that in the scalar case Theorem 5.6 implies Theorem 5.4. More-
over, the formula for & in (5.18) is new in this scalar case.
In the general matrix case the meaning of the factorization (5.16), (5.17) in
terms of the zero data of F(\) is much more involved and will be the topic of a
future publication.
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Abstract. Split Levinson and Schur algorithms for the inversion of centrosym-
metric Toeplitz-plus-Hankel matrices are designed that work, in contrast to
previous algorithms, for matrices with any rank profile. Furthermore, it is
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1. Introduction

This paper is dedicated to the solution of a linear system A,f = b with an n x n
nonsingular centrosymmetric Toeplitz-plus-Hankel (T+H) coefficient matrix
Ap =lai—j + sitj—1]i =1 (1.1)

the entries of which are in a given field F of characteristics different from 2.

Recall that an n x n matrix A is called centrosymmetric if A = J,AJ,, where
Jn, stands for the n x n matrix of the counteridentity,
0 1
In =
1 0

The T+H matrix A,, is centrosymmetric if it has a representation (1.1) with a
symmetric Toeplitz matrix [a;—; ] and a persymmetric Hankel matrix [s;1;_1]. It
is a surprising conclusion that centrosymmetric T+H matrices are also symmetric.
Clearly, symmetric Toeplitz matrices are special cases of centrosymmetric T+H
matrices.
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For n x n T+H matrices algorithms with O(n?) computational complexity
were designed in [24], [25], [12], [7], [21], and in many other papers. In our paper [20]
it was shown that the complexity of solution algorithms can be essentially reduced
(at least by the factor 4) if the centrosymmetry of the matrix is taken into account.
The algorithms proposed in [20] are developed in the spirit of the “split” algorithms
of P. Delsarte and Y. Genin in [4], [5] for the solution of symmetric Toeplitz
systems and of our paper [19] for skewsymmetric Toeplitz systems. However, the
algorithms in [20] work only under the condition that all central submatrices of
A, are nonsingular.

The main aim of the present paper is to overcome this additional restriction
and so design fast algorithms that work for any nonsingular centrosymmetric T+H
matrix. The corresponding algorithms generalize not only those in [20] but also
those in our recent papers [22] and [23], in which split algorithms for symmetric
and skewsymmetric Toeplitz matrices with arbitrary rank profile are presented.

The secondary aim is to discuss the relations between the algorithms and
factorizations of the matrix A,, and its inverse A, '. More precisely, we will show
that the Levinson-type algorithm is related to a generalized WZ-factorization of
A-Y and the Schur-type algorithm to a ZW-factorization of A,,. Note that WZ-
factorization was originally introduced by D.J. Evans and his coworkers for the
parallel solution of tridiagonal systems (see [6], [26] and references therein).

The rest of the paper is built as follows. First we recall some observations from
[18] and [20] about representations of centrosymmetric T+H matrices in Sections
2. Section 3 starts with an inversion formula for centrosymmetric T4+H matrices
from [20]. Then a Gohberg-Semencul-type representation is derived, which is new
and particularly convenient if F is not the field of real or complex numbers or if
the entries of the matrix are integers.

In Section 4 we present a split Levinson-type algorithm for the computation
of the data in the inversion formula and in Section 5 a split Schur-type algorithm
for computing the residuals. The algorithms, in principle, coincide with those de-
veloped in [22] for the solution of symmetric Toeplitz systems. Therefore we refrain
from presenting all details.

Section 6 is dedicated to a discussion of how linear systems with coefficient
matrix A, can be solved without using inversion formulas.

In Section 7 we show that the Levinson-type algorithm produces a gener-
alized WZ-factorization of A, ! and the Schur-type algorithm a generalized ZW-
factorization of A,,.

Let us agree upon some notations. Occasionally we will use polynomial lan-
guage. For a matrix A = [a;;], A(t,s) will denote the bivariate polynomial
Alt,s) = 32,5 aijt"1s7=1 which is called the generating function of A. In the
same spirit the polynomial x(¢) is defined for a vector x.
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For a vector u = (u;)!_;, let My (u) denote the (k +1— 1) x k matrix

Uy 0
Mk(u) = [ U k+1-—1.
0 uy

It is easily checked that, for x € F* (Mg(u)x)(t) = u(t)x(t).
We let e, € F™ stand for the kth vector in the standard basis of F™, and 0y
will be the zero vector of length k.

2. Representations

The starting point is to use a representation different from (1.1) for a centrosym-
metric T4+H matrix A,,.

Let 7, F™ be the subspaces of F™ consisting of all symmetric or skewsym-
metric vectors, respectively. A vector u € F" is called symmetric if u = J,u and
skewsymmetric if u = —J,,u. Then Pf = %(In + J,) are the projections onto F 7,
respectively. Since A,, is assumed to be centrosymmetric, the subspaces F7} are
invariant under A,,.

A centrosymmetric T+H matrix (1.1) can be represented in the form

A, =T PF+T, P, (2.1)
with symmetric Toeplitz matrices Ty = [C\ji:—j| =1 ¢& = a; + s,_; and con-

versely, each matrix of this form is a centrosymmetric T+H matrix. For details
we refer to [18]. Thus a linear system A,f = b is equivalent to the two symmetric
Toeplitz systems T:Xfy = PEb, where f =f, +f_, fL € F%.

Note that the matrices ¥ in the representation (2.1) might be singular, but
they can have nullity at most 1 (for a discussion of this point see [18]).

Besides the matrix A, = [r;; ]ijl we consider its central submatrices A =
[745 ]Z;:llﬂ fork=n—2landl=0,1,...,[n/2], where [ -] denotes the integer part.
These matrices inherit the centrosymmetry from A,. Furthermore, the following
is obvious.

Proposition 2.1. If A, is of the form (2.1), then for k=n—-21,1=0,1,...,[n/2],
the central submatrices Ay are given by

A, =P TP+ P T, P, (2.2)
where Tki = [clj;j‘ I j=1s ¢ =a; % 5in.

Moreover we consider a nonsingular, centrosymmetric extension A, 42 of 4,

_ 7t + - -
Apta = Tn+2Pn+2 + Tn+2Pn+2a
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+ ]n+2
li—j| Jij=1"
then for almost all choices of the numbers ¢ and ¢ 1 the matrix A, is also
nonsingular.

where TniJr2 = [c It can easily be checked that if A, is nonsingular,

3. Inversion formulas

In [18] it was shown that the inverse of a centrosymmetric T+H matrix can be
represented in terms of special T+H Bezoutians which are defined next. It is
convenient to give the definition in polynomial language.

Let u,v € F"*2 be either symmetric or skewsymmetric vectors. The T-+H
Bezoutian of u and v is, by definition, the n x n matrix B = B(u,v) with the

generating function
u(t)v(s) — v(t)u(s)

(t—s)(1 —ts)
Note that these T+H Bezoutians are special cases of more general T+H Be-
zoutians, which were introduced in [14].

Obviously, B is a symmetric matrix and in the case, where u,v are both
symmetric or both skewsymmetric vectors, B is also centrosymmetric. Moreover,
it is easily checked that the columns and rows of B are symmetric if u and v
are symmetric, and they are skewsymmetric if u and v are skewsymmetric. The
entries of the matrix B can be constructed recursively from u and v with O(n?)
operations (see [18]).

Now we recall Theorem 3.1 of [20], which is a slight modification of Theorem
3.3 in [18].

B(t,s) =

Theorem 3.1. Let A,y2 be an (n + 2) x (n + 2) nonsingular centrosymmetric
extension of A,. Then the equations

+t — pt+ + +  _ pt+
Tn Xy = Pn €n, Tn+2xn+2 - Pn+2€n+2 )

(3.1)

T,x, = Pyen, T, 90X, 9= P, sent2

have unique symmetric or skewsymmetric solutions x* and xf 125 respectively®,

and
_ 1 ~ 1 -~
Anl = B(X;ﬂt-',-bx;“t) + B(Xn+2>xn)’ (32)
Ty T_
where ry is the last component of xfw, and Xt € F™*2 s the vector obtained
from xt € F by adding a zero at the top and the bottom.

In order to solve a linear system with coefficient matrix A, one needs an ef-
ficient way for matrix-vector multiplication by B(x;",,, %), which are both sym-
metric and centrosymmetric matrices. There are several possibilities for this.

1Here the superscript + at a vector indicates that the vector is symmetric and — that the vector
is skewsymmetric.
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If F is the field of real or complex numbers, then these matrices have matrix
representations that include only discrete Fourier matrices or matrices of other
trigonometric transformations and diagonal matrices. This allows one to carry out
matrix-vector multiplication with computational complexity O(nlogn). Concern-
ing the complex case we refer to [15], and concerning the real case to [16] and [17].
However, this approach is not applicable for all fields F . It is also inconvenient for
matrices with integer entries or medium size problems.

A second possibility is to use the splitting approach in [11], where it is shown
that, in principle, the T+H Bezoutians introduced here are related to “Chebyshev-
Hankel Bezoutians” which are Hankel Bezoutians with respect to bases of Cheby-
shev polynomials. The Chebyshev-Hankel Bezoutians can be represented with the
help of elements of matrix algebras related to the algebra of T-matrices (see [2], [3]).

One can also use results from [18] (Section 5) concerning the relation between
T+H Bezoutians of odd order n = 2] — 1 and classical Hankel Bezoutians of order
l via a transformation S; that is generated by Pascal’s triangle, together with
matrix representations of Hankel Bezoutians. However, if F is the field of real or
complex numbers this approach cannot be recommended since the transformation
S is ill-conditioned.

In this paper we present a different possibility that is based on the relation
between T+H Bezoutians and Toeplitz Bezoutians. Using this relation, a matrix
representation of Toeplitz Bezoutians, like the Gohberg-Semencul formula [8], can
be applied.

The Toeplitz Bezoutian of p,q € F"*! is, by definition, the matrix Br(p, q)
with generating function

p(t)a(s™!)s" —a()p(s™)s"

BT(paq)(t?s): 1—ts

(3.3)

Notice that
(Jnpap)(t) = p(t~1)t".

Obviously, Br(p,q) = —Br(q,p). It is well known that a nonsingular matrix is
the inverse of a Toeplitz matrix if and only if it is a Toeplitz Bezoutian. In the
case of a symmetric Toeplitz Bezoutian p can be chosen as symmetric and q as
skewsymmetric.

Proposition 3.2. Let p € IF'T'l and q e F™*,

uy(t) = (1£t)p(),
vi(t) = (1 Ft)q(t).
Then
B(ug,vs) = £2 Br(p, @) P .
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Proof. From (3.3) we obtain

2(Br(p,@)P))(t 5)
_(s=t)(p()als) +a®)p(s)) + (1 - ts)(p(t)a(s) — a(t)p(s))
(t—s)(1—ts)
_p)a(s)(1+s—t—ts) —q(t)p(s)(1 +t — s —ts)
(t—s)(1—ts)
_p®a(s)(1 —)(1+s) —a(®)p(s)(1 +1)(1 - )
(t—s)(1—ts)
=B(u_,v_)(t,s).

Analogously, 2(Br(p,q)P,, )(t,s) = —B(u,v4)(t, s) is shown. O

In our situation, the given u(¢) and v4(¢) might be not divisible by ¢ + 1.
But nevertheless, the following is true.
Proposition 3.3. For given uy, vy € IF’_f_Jr2 there exist p € IF’_;Jrl and q € FH1
such that

B(uy,vy) = -2Br(p,q)P, - (34)
Proof. Tt is immediately verified that, for a,b,c,d € F,
B(auy +bvy,cuy +dvy) = (ad — be)B(uy, vy)

We choose a, b, ¢,d such that ad —bec = 1, auy(—1) + bvi(=1) = 0 and cuy (1) +
dv4 (1) = 0. It can easily be checked that this is possible. Then we set

p(t) = (auy(t) +bvi (1) (L +6)7",  a(t) = (cug(t) +dvy ()1 —)".
Now p € IFiH, qeF"" and (3.4) holds. O

A similar proposition can be shown for u_,v_ € F""2. We arrived at the
following.

Theorem 3.4. The inverse of a centrosymmetric T+H matriz A, admits a repre-
sentation

At = Br(p,q)P, + Br(p,q)P; , (3.5)

for some p,p € IF'T'l, q,qeF"

The vectors p, P, q, q can be constructed from the solutions of (3.1) in O(n)
operations, as is shown in the proof of Proposition 3.3.

Note that Theorem 3.4 is trivial if 7, and T}, are both nonsingular. However,
there are cases in which one or more of the matrices Ty are singular and A, is
nonsingular (see [18]).
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Theorem 3.4 can be used in connection with matrix representations of Toep-
litz Bezoutians. The most familiar one is the Gohberg-Semencul formula

Br(p,q) =
Do qn --- q1 qo Pn . P
Pn-1 --- Do dn gn—-1 --- 4o Pn

where p = (pi)™q, 4 = (¢;)"_. For other representations we refer to [13], [1], [9],
[10].

Applying this formula to the matrix-vector multiplication A, 'b, the cen-
trosymmetry of the two Toeplitz Bezoutians in (3.5) can be exploited, which im-
plies that Br(p,q)P, b is skewsymmetric and Br(p, q)P, b is symmetric. Hence
only the upper half of the vectors Br(p,q)P, b and Br(p,q)P, b have to be
computed. This leads to another formula for A, involving matrices of size about
n/2.

We derive this formula for the case where n is even, n = 2m. The case of odd
n can be handled analogously.

We have

== T C+
Prb = [ +Jnct :|

where

c_ 1 I, —Jn
[C+}—2QbandQ—[Im Jm]'
Since Br(p,q) and Br(p, q) are centrosymmetric, we have

[ d R B
BT(pvq)Pnb_ |: _Jrnd— :|7 BT(pvq)Pnb_ |: Jrnd+:|

for some d4 € F™. Thus

_ d, +d_ d_
A'b = + =qQ7 { } .
" [Jm<d+—d_>} O .
It remains to show how the vectors d+ can be obtained from c4. For this we

introduce some notation. We associate a vector u = (u;)f_, with the m xm Hankel
matrix H(u) and the m x m lower triangular Toeplitz matrix L(u) defined by

(V51 u9 N Um

H(u) = “:2 , L(u) =

Uy oee een Up—1 Um—1
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Now we obtain from (3.6) that d+ = Cycy where

C- = —L(p)(H(a) + L(a)") — L(a)(L(p)" — H(p))
Cy = L@)H@) -L@") - L@(L®)" +H({D))
We arrived at the following.

Corollary 3.5. The inverse of A, admits the representation

_ 1 C_ 0
Anlzz@T[ : CJQ. (3.7)

4. Split Levinson-type algorithm

We show in this section how the solutions of (3.1) can be computed recursively.
Since the recursions for the + and the — vectors are the same, we omit this sign
as a subscript or superscript. So T} stands for T,: or T}, X}, stands for x; or X,
and so on. For more details concerning the derivation and background material we
refer to [22].

Let {ni,...,n.}, n1 < --- < n, =n, be the set of all integers j € {1,...,n}
for which the restriction of T} to IFZE (as a linear operator in IFZE) is invertible and
n —j is even, and n,y; = n + 2. We set dy = "’“_;”“’1. Instead of T,,, we write
7",

Let x(*) € F’t* be the solution of

T®x®) =9 pre; . (4.1)

Then the solutions of (3.1) are given by 2 x(™ and 1 x("*V. It can be shown (see
[22]) that x(*) has the form

for some u®) e ]Fi’kiﬁ_2 with nonvanishing first component. In polynomial lan-
guage this means that x(®)(t) = t4—1u(¥)(¢).
We show how (x**1) dy, 1) can be found from (x*) d;,) and (x*~1 d;_1).
First we compute the residuals
[¢i-o. Cnp—1+44]) xF) = rgk) (4.2)
for i = 1,...,d; and, if dy > di_1, also rfk_l) for i = dg_1 +1,...,d;. The
(

)

=D fori = 1,...,dg_1 are given from the previous step. Then we form
(k—1)

numbers 7

a (dg 4+ 1) x (dj, +1) triangular Toeplitz matrix C*) and a vector r according
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r(()k) 0 r(()kfl)
o) — : , r(()’“_l) = : , (4.3)
k k k—1
S )
where r(()k) = r(()kfl) = 1 and solve the system C*)¢c = rgkfl).
Let
e=| ¢ | ep 2t
c +
the symmetric extension of c. We define the vector
04,41
w® = Mg, y(uP)E— | xE-1) | e FH2,
04,41
Next we compute residuals for w*) via
Q; = [61;1 . an+i]W(k)

starting with ¢ = 1 until we arrive at the first nonzero ;. Let o), # 0 and o; = 0

for 1 < i < p. Then we have di11 = p, i.e., g1 = ng +2u, and ulk+l) = al wk),
H

Finally, we set p*) = ; R= Fidkﬂ and ¢%) = al, For convenience, we write

the recursions for u** and x*+1) in polynomial form. Recall that x(*+1)(¢) =
td+1=1 (1) (4, Let us summarize.

Theorem 4.1. The polynomials u® (t) satisfy the recursion
uF (1) = p® (1) u) (1) — B ¢dr-1Fde u(F=1) (1),
and the polynomials x*) (t) the recursion
X(k"'l)(t) - tdkﬂ—dkp(/f) () x(F) (t) — q(k) i1+ de X(k_l)(t),

where k=1,....7r.

The computation of the initial vectors x(!) and x(®) requires the solution of
corresponding symmetric Toeplitz systems of order n; and no.

After applying the recursion in Theorem 4.1 r times for both the + and the
— vectors we arrive at the data which appear in the inversion formula (3.2).

5. Split Schur-type algorithms

The Schur-type algorithm presented below computes the complete set of resid-
uals rik) defined by (4.2) recursively. These residuals can be used in two ways.
Firstly, the computation of them can replace the inner product calculation in the
Levinson-type algorithm, which leads to a reduction of the parallel complexity
from O(nlogn) to O(n) (for n processors). Secondly, the Schur-type algorithm
implies a factorization, which will be discussed in Section 7.
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Theorem 4.1 immediately leads to the relations

2dy

(k+1) _ (k) (k) _(k),.(k=1)

L _ij Ti+dk+1—dk+j q ri+dk+1+dk’
=0

(k)

where p;* are the coefficients of p(*) (t). Introducing the polynomials

n+2—ng

r®) (1) = Z rgk)ti
i=0

this can be written in the following form.

Theorem 5.1. The polynomials r(¥) (t) satisfy the recursion

r(k+1)(t) _ p(k) (tfl)r(lc) (t)tfdk+1+dk . q(lc) r(lcfl)(t)tfdkfdk_u'

The initializations for this algorithm is obtained from the initializations of
the x(*).

6. Solution of linear systems

In this section we show how to solve a linear system A,f = b without using the
inversion formula. As mentioned in Section 2, this system is equivalent to the two
systems Tffi = by, where b4 = be. ‘We use the notation introduced in Section
4 and again we omit the subscripts and superscripts + and —, for simplicity.

Suppose that b = (b;)_, where b, 41-; = xb; (i =1,...,n). Let b(*) be the
vector of the central nj, components of b, b(*) = (bi)i”ij:_’;l, ve =4 (n—ng), k=
1,...,r. Then b®) is also symmetric or skewsymmetric.

We consider the systems

TR k) — bk

Our aim is to compute £f*) from £*=1 and u*).
The vector b*) and and the matrix T are of the form

:I:ng) « B® *
b®) = | pk=D | oK) = k=D |
bg’ﬁ x B®

where ng) = Jdkbgk), and

an71 - c1
B — ., B® = Jo, B®J, .

Cnp_1+dp—1  *°  Cdy
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We compute the vectors s*) = BR)If(k=1) Then

0 45k
THE | gh-1) | = | p-1) | |
0 s(k)
where (%) = J;, s,
We have
[0 :l:r(()k) :l:?“((ilz)_1 1
0 0 £
T® Myg, 1 (u®) = 0 0 0 . (6.1)
o) 0 0
k k
L rﬁlk)fl .. r(() ) 0 ]

We introduce the di x dj matrix
r(()k) 0
e = .
k k
ST

which is a submatrix of the matrix C*) in (4.3). Now the following is easily
checked.

Theorem 6.1. Let d*) € F be the solutions of

cHa® = pF _g* | (6.2)
Then the solution £*) is given by
0

£ = | £ | 4 Myg, 1 (u®)z*) (6.3)
0

(k)
where zF) = [ d* } € ]Fid’“fl is the symmetric extension of d(®).

The computation of the initial vector £(!) requires the solution of a symmetric
Toeplitz system of order n;.

For one step of the recursion one has to first compute the vector s*) which
consists in dj inner product calculations, then to solve a dj, x di, triangular Toeplitz
system with the coefficient matrix C{k) to get z*), and finally to apply formula
(6.3).

Inner product calculations can be avoided if the full residual vector is updated
at each step.
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7. Block ZW-factorization

We show that the algorithm described in the Section 5 can be used to compute a
block ZW-factorization of A,,. First we recall some concepts.

A matrix A = [a;;]}';—; is called W-matriz if a;; = 0 for all (4, j) for which
i>jandi+j>n+1,0ori<jand i+ j <n. The matrix A will be called unit
W-matriz if in addition a;; = 1for i =1,...,n and a; ,41—; = 0 for ¢ # "‘2"1. The
transpose of a W-matrix is called a Z-matriz. A matrix which is both a Z- and a
W-matrix will be called X-matriz. The names arise from the shapes of the set of
all possible positions for nonzero entries, which are as follows:

. ° e o o o o o
e © o e o o o e
W e © o e 7 o e
T | e o o e |’ B e O ’
o o o o e 0o o o©
° ° e o o o o o
° °
° °
D e o
B o o
° °
° °

A unit W- or Z-matrix A is obviously nonsingular and a system Af = b can
be solved by back substitution with "22 additions and "22 multiplications.

A representation A = ZXW of a nonsingular matrix A in which Z is a
Z-matrix, W is a W-matrix, and X an X-matrix is called ZW-factorization. WZ-
factorization is analogously defined.

A necessary and sufficient condition for a matrix A = [a;;]7,_; to admit
a ZW-factorization is that the central submatrices Af_, 5 = [ajk];’gi?l are
nonsingular for all natural numbers [ = 1,...,[ 7 ]. A matrix with this property
will be called centro-nonsingular. Under the same condition A~! admits a WZ-
factorization. Among all ZW-factorizations of A there is a unique one in which the
factors are unit.

Symmetry properties of the matrix are inherited in the factors of the unit
ZW-factorization. If A is symmetric, then W = Z7. If A is centrosymmetric,
then all factors Z, X and W are also centrosymmetric. All this follows from the
uniqueness of the unit ZW-factorization.

The matrix A, is both symmetric and centrosymmetric, so it admits a fac-
torization A,, = ZXZT, in which Z is centrosymmetric and X is centrosymmetric
and symmetric, provided that A, is centro-nonsingular.

If A,, is not centro-nonsingular, then one might look for block ZW-factoriza-
tions. We show that such a factorization exists and can be found using the split
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Schur algorithm. However, the block factorization we present will not be a gener-
alization of the unit ZW-factorization but rather a generalization of a modification
of it as described next.

For sake of simplicity of notation we assume that n is even, n = 2m. The
case of odd n is similar. We introduce the n x n X-matrix

—1 1

Obviously, ©,! = 1 ©,,.

If Zy is an n X n centrosymmetric Z-matrix, then the matrix 7, = Z,0,
has the property J,Z1 = ZyJ,0,. That means that the first m columns of Z; are
skewsymmetric, while the last m columns are symmetric. Let us call a matrix with
this property column-symmetric. If moreover the X-matrix built from the diagonal
and antidiagonal of Z; is equal to ©,,, then Z; will be referred to as unit.

The unit ZW-factorization A = ZoXoZ{ of a centrosymmetric, symmetric
matrix A can be transformed into a ZW-factorization A = ZXZ7 in which Z
is unit column-symmetric. We will call this factorization unit column-symmetric
ZW-factorization. Since the product

s el ]

is a diagonal matrix, the X-factor in the unit column-symmetric ZW-factorization
is actually a diagonal matrix. Thus, provided that A,, is centro-nonsingular, A,
admits a factorization A, = ZDZT in which Z is unit column-symmetric and D
is diagonal.

We show now that for the general case there is a block unit column-symmetric
ZW-factorization of A,,. This is a representation A, = ZDZ7 in which D is a block
diagonal matrix and Z is a column-symmetric Z-matrix. The diagonal blocks of
D are assumed to have size df X df and the corresponding diagonal blocks of Z
are £1 dt In this case we call the Z-matrix block unit column-symmetric. Clearly,
such a factorization is, if it exists, unique.

Let ¥4 denote the (2d — 1) x d matrix

1

Yq= . ) d.
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The ng X (2dx — 1) matrix Mde,l(uW)zgk has symmetric or skewsymmetric
columns, depending on whether we have the + or — case, and has the form

+Jg, UK
*

U k)

where U®) is the (nonsingular) upper triangular Toeplitz matrix
k k
NCE
Uk = :
e

and ugk) (k=0,...,d, — 1) are the first components of u®*) € F"x-1+2 possibly
extended by zeros in case where ny_1 + 2 < di. We evaluate, for the + and —
cases, the matrices Mgdk_l(u(k))Egk (U*))~=1. These matrices will be extended to
n X dp matrices by adding symmetrically zeros at the top and the bottom. The
resulting matrices will be denoted by Wj(tk). Clearly, Wj(f) has again symmetric or
skewsymmetric columns. From now on we indicate by a subscript or superscript
the 4+ or — case.

We form the block matrix

W= Wiy w o wi L w (7.1)

which is a block unit column-symmetric W-matrix.
Next we evaluate A, W. According to (6.1) we have

(k)
:i:J k+d3 R:t

v

TEW = 0 ()t
RY
where
_ Tk _
re (k)
+(k) +(k)
(k) 7“0 e lrdkjvzfl
R:t = +(k) +(k) ’
7‘1 e ’rdi
k
+(k) +(k)
L 7"1/2: e /"l/]:ct-‘rdki—l ]

viE = 1 (n —n{) and O denotes the zero matrix of size (n —nj_,) x dif.
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We introduce matrices Vﬂ(tk) by

+(k +(k
TR C)
v =

r(ﬂ):(k)

and the matrices Zf) by
£t B
k k)7 r(k) 1 ,(k)\— Sk k)y—
28 = TrwPUP (V) e = 0 (V)T e

RY

We arrange the matrices Zf) to the n x n matrix
) (1) (1) (r4)
Z=1zZ" Jaz v L0y 200 2y ].
This matrix is a block unit column-symmetric Z-matrix.
We have now the relation
AW =ZD, (7.2)

where D = diag (D",..., D" DV .. DIy and
k k k)\— k k k)\—
DY = 1, v, bW = v B Wy,

Note that the matrices Df) are lower triangular and the matrices D™ are upper
triangular Hankel matrices.

Since the inverse of a W-matrix is again a W-matrix we have a block ZW-
factorization A, = ZDW !, The matrix 2 W ! is a block unit row-symmetric W-
matrix. Taking the uniqueness of unit ZW-factorization into account we conclude
that ZT =2W 1, thus

A, = ;ZDZT. (7.3)
Moreover we have obtained a WZ-factorization of A;! as
At = ;WD‘1WT. (7.4)
Summing up, we arrived at the following.

Theorem 7.1. Any nonsingular centrosymmetric T+H matriz A, admits a repre-
sentation A, = ZEZ" in which Z is a block unit column-symmetric Z-matriz and
E is a block diagonal matriz the diagonal blocks of which are triangular Hankel
matrices.

In order to find the block ZW-factorization of A, one has to run the split
Schur algorithm from Section 5. This gives the factor Z. In order to evaluate
the block diagonal factor one has to find the first df components of the vectors

u(ik ). This can be done running partly the split Levinson algorithm described in
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Section 4. Unfortunately the numbers dj, are not known a priori, so some updating
might be necessary during the procedure.

8. Concluding remarks

The split Levinson and Schur algorithms developed in this paper can be used in
different ways for fast solution of a linear system A, f = b with a nonsingular, cen-
trosymmetric T+H coefficient matrix A,. There are basically three approaches,
namely (a) via an inversion formula, (b) via factorization, and (c) by direct recur-
sion.

Approach (a) means that first the data in an inversion formula, e.g., in (3.2)
or (3.5), are computed and then this formula is applied for fast matrix-vector
multiplication. This can be done in a standard way with O(n?) operations. In
the cases F = R and F = C it is more efficient to use representations of T+H
Bezoutians that involve only diagonal matrices and Fourier or real trigonometric
transformations (see [15], [16], [17]). The application of these formulas reduces the
amount for matrix-vector multiplication to O(nlogn) operations.

The data in the inversion formula can be computed by means of the split
Levinson algorithm alone or, in order to avoid inner products, together with the
split Schur algorithm. The second method is more expensive in sequential but
preferable in parallel processing. Another advantage of the second method is that
it can be speeded up with the help of a divide and conquer strategy and FFT
to an O(n log2 n)-complexity algorithm, at least in the cases F = R and F = C
(see [11]).

Approach (b) is to use a factorization of the matrix A,, of its inverse or
formula (7.2). To obtain the block ZW-factorization (7.3) of A, one has to run
the split Schur algorithm for the full vectors and the split Levinson algorithm for
a few components depending on the rank profile. In the centro-nonsingular case
this reduces to the recursion of just one number. Finding the solution f requires
finally the solution of a Z1 and Z-system.

Running only the split Levinson algorithm will provide a block WZ-factoriza-
tion (7.4) of A, 1. The solution of the system is then obtained after two matrix-
vector multiplications.

To evaluate the factors W, Z and D in formula (7.2) one has to run both the
split Levinson and Schur algorithms. After that one has to solve a system with the
coefficient matrix ZD by back substitution and to multiply the result by W.

Approach (¢) is to use the direct recursion formula from Section 6 together
with the split Levinson algorithm. Recall that there is also a Schur-type version
of the recursion in Section 6, so that inner products can be avoided. Approach (c)
is preferable if only a single system has to be solved.

The comparison of the complexities of the different algorithms will be similar
to that for the centro-nonsingular case discussed in [20]. Of course, the complexities
depend on the rank profile of the central submatrices of A,,, but it is remarkable
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that the presence of singular central submatrices does not essentially increase the
complexity. On the contrary, in many cases the complexity is smaller than in the
centro-nonsingular case (see [22], [23]). Let us also point out that complexity is
not the only criterion to select an algorithm. If finite precision arithmetic is used,
then another important issue is stability. As practical experience and theoretical
results indicate, Schur-type algorithms have better stability behavior than their
Levinson counterparts.
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Abstract. We consider difference quotient operators in de Branges Hilbert
spaces of entire functions. We give a description of the spectrum and a formula
for the spectral subspaces. The question of completeness of the system of
eigenvectors and generalized eigenvectors is discussed. For certain cases the
s-numbers and the Schmidt-representation of the operator under discussion
is explicitly determined.

Mathematics Subject Classification (2000). Primary 46E20; Secondary 47B06.

Keywords. Hilbert space, entire function, compact operator, s-number.

1. Introduction and Preliminaries

Let H be a Hilbert space whose elements are entire functions. We call H a

de Branges Hilbert space, or dB-space for short, if it satisfies the following ax-

ioms (cf. [dB)):

(dB1) For each w € C the functional F — F(w) is continuous.

(dB2) If F € H, then also F#(z) := F(z) belongs to H. For all F,G € H
(F#,G%) = (G, F).

(dB3) If we C\R and F € H with F(w) = 0, then also

zZ—w

F(z)eH.
—w
For all F,G € H with F(w) = G(w) =0

zZ—w zZ—w
F G =(F,QG) .
((Trre.llew) = me)
For a dB-space H the linear space of associated functions can be defined as

AssocH :=H + zH.



148 M. Kaltenback and H. Woracek

Consider the operator S of multiplication by the independent variable in the dB-
space H:

domS:={FeH: zF(z) e H}

(SF)(z) := zF(z), F € dom S.
By (dB1)-(dB3) the operator S is a closed symmetric operator with defect index
(1,1), is real with respect to the involution F' +— F#, and the set of regular points
of § equals C.

There is a natural bijection between the set AssocH and the set of all rela-

tional extensions A of S with nonempty resolvent set, see, e.g., [KW1, Proposition
4.6]. It is established by the formula

F(z) = 32 F(w)

zZ—w

(A—w) 'F(2) = , weC,S(w)#£D0. (1.1)

Throughout this paper we will denote the relation corresponding to a function
S € Assoc’H via (1.1) by Ag and will put Rg := Agl. Note that

ker(As — w)~! = span{S}NH,

and therefore Ag is a proper relation if and only if S € H. Moreover, it is a
consequence of the formula (1.1) that the finite spectrum of the relation Ag is
given by the zeros of the function S. Hence

a(RS)\{O}:{/\eC: s(i):o}.

If S(0) # 0 the relation Rg has no multivalued part, i.e., is an operator, and is
given by (1.1) with w = 0. As is seen by a perturbation argument (cf. Lemma 2.1)
it is in fact a compact operator.

In this note we give some results on the completeness of the system of eigen-
values and generalized eigenvalues (Theorem 3.3) and determine the s-numbers
and the Schmidt-representation of Rg (Theorem 4.5) when S belongs to a certain
subclass of AssocH. In fact, we are mainly interested in the operator Rg where
‘H = H(FE) in the sense explained further below in this introduction. However, our
results are valid, and thus stated, for a slightly bigger subclass of AssocH. As a
preliminary result, in Section 2, we give a self-contained proof of the explicit form
of spectral subspaces of Rg at nonzero eigenvalues.

In the final Section 5 we add a discussion of the operator Rg in the case of a
space which is symmetric about the origin, for the definition see (5.1). This notion
was introduced by de Branges, and originates in the classical theory of Fourier
transforms, i.e., the theory of Paley-Wiener spaces. In our context it turns out
that in this case Rp is selfadjoint with respect to a canonical Krein space in-
ner product on H(E). An investigation of the case of symmetry is of particular
interest for several reasons. Firstly, in spaces symmetric about the origin a rich
structure theory is available and thus much stronger results can be expected, cf.
[KWW?2], [B]. Secondly, it appears in many applications, as for example in the
spectral theory of strings, cf. [LW], [KWW1], the theory of Hamiltonian systems
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with semibounded spectrum, cf. [W], or in the theory of functions of classical anal-
ysis like Gauss’ hypergeometric functions, cf. [dB], or the Riemann Zeta-function,
cf. [KW2]. Moreover, by comparing Lemma 4.3 with Theorem 1 of [OS] more op-
erator theoretic methods could be brought into the theory of sampling sequences
in de Branges spaces symmetric about the origin. It is a possible future direction
of research to investigate these subjects.

The present note should also be viewed as a possible starting point with
connections to several areas of research. For example in Corollary 4.6 we actually
apply the present results to the field of growth of entire function. The proofs
given are often elementary, which is due to the fact that we (basically) deal with
those operators Rg having one-dimensional imaginary part. Thus many notions
are accessible to explicit computation.

Let us collect some necessary preliminaries. A function f analytic in the
open upper half-plane C* is said to be of bounded type, f € N(CT), if it can be
written as a quotient of two bounded analytic functions. If the assumption that f
is analytic is weakened to f being merely meromorphic, we speak of functions of
bounded characteristic, f € N(Ct). If f € N(C*) there exists a real number mt f,
the mean type of f, such that for all € (0,7) with possible exception of a set of
measure zero

L log|f(re?)
r—00 r

For f € N(CT) the mean type can be obtained as

mt f = limsup log |f(iy)| .

y——+00

=mtf - sinf.

An entire function F is said to belong to the Hermite-Biehler class, E € HB, if it
has no zeros in Ct and satisfies

|E#(z) |§\E(z)’, z€C*.

If, additionally, F has no real zeros we shall write £ € HB*.

Recall that the notions of dB-spaces and Hermite-Biehler functions are inti-
mately related: For given E € HB define H(E) to be the set of all entire functions
F such that E~'F and E~'F# are of bounded type and nonpositive mean type in
C* and, moreover, belong to L?(R). If H(E) is equipped with the inner product

dt

(P.G):= [ FOGH)

it becomes a dB-space. Conversely, for any given dB-space H there exists a function
E € HB such that H = H(FE). In fact the function E is in essence uniquely
determined by H: Let E1, Es € HB and write By = Ay —iBy, Es = As —iBs, with
A = A#, Ay = A;é, etc. Then we have H(E;) = H(F>) if and only if there exists
a 2 X 2-matrix M whose entries are real numbers and which has determinant 1
such that (AQ, BQ) = (Al, Bl)M
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By its definition a dB-space H is a reproducing kernel Hilbert space; denote
its reproducing kernel by K(w, z), i.e.,

Fw)=(F(.),K(w,.)), FEH,weC.
If H is written as H = H(FE), the kernel K (w, z) can be represented in terms of E:

E(z)E* (w) — E(w)E* ()
2mi(w — z)

(E/(Z)E#(Z) — E(Z)E#(Z)/) .

K(w,z) = , ZFw,

-1

K =
(22) = omi

The function E, and thus also E# as well as any linear combination of those

functions, belongs to AssocH and henceforth gives rise to an extension of the
operator S. Thereby the functions (E = A —iB)

1 . - 1 . P
Se(2) = 26’(¢_ 2)E(z) + 2€_Z(¢_2)E#(Z’) =sing A(z) — cos ¢ B(z), ¢ € R,

play a special role: The set
{-Asd, P € [0,7r)}

is equal to the set of selfadjoint extensions of S, cf. [KW1, Proposition 6.1]. Note
that there exists ¢ € [0,7) such that Sy € H if and only if domS # H in which
case ¢ is unique and domS @ span{Sy} = H, cf. [dB, Theorem 29, Problem 46).
Let us note for later reference that the reproducing kernel K can be expressed in
terms of the functions Sy as

Sp(2)Sp+7 (W) — Spt7(2)94(2)

: , 2 F W,
: mi(w — 2) (1.2)
K(z2) = (S¢(Z)Sfb+g(z) - s;)(z)sH(z)) .

K(w,z) =

If f is analytic at a point w we denote by Ord,, f € NU {0} the order of w as a
zero of f. Note that by the definition of H(E) we have

Ordy, £ , weR

. R (1.3)

(0H)(w) := min Ordy, F = {

We will confine our attention to dB-spaces H with 9H = 0 which means, by
virtue of (1.3), to restrict to dB-spaces that can be written as H = H(E) with
E € HB*. This assumption is no essential restriction since, if £ € HB and C
denotes a Weierstra product formed with the real zeros of E, we have C~'E € HB
and the mapping F — C~1F is an isometry of H(E) onto H(C~1E), cf. [KW3,
Lemma 2.4].
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2. Spectral subspaces

Let us start with the following observation:

2.1. Lemma. Let S € AssocH, S(0) # 0. Then the operator Rgs is compact.
Proof. Let S,T € AssocH, S(0),T(0) # 0, then Rg and Ry differ only by a

one-dimensional operator:

F(2) = $E)F0)  F(2) - 75 F(0)

(Rs = Rr) F(z) =
z z (2.1)

1[T(z) S(z)
= — F(.),K(0,.)) .

Ll - s FOE©.)
Choose T' = Sy where ¢ is such that S4(0) # 0. For this choice the operator Rr
is a bounded selfadjoint operator whose nonzero spectrum is discrete, cf. [KW1,
Proposition 4.6] and hence Ry is compact. It follows that Rg is compact for any

S € Assoc’H, S(0) # 0. O

2.2. Remark. Assume that H = H(E) with a function E € HB of finite order p.
Let S € AssocH, S(0) # 0, be given. Then for any p’ > p the operator Rg belongs
to the symmetrically-normed ideal &, (cf. [GK]).

To see this recall, e.g., from [dB], that the nonzero spectrum of the selfadjoint
operator Rg, consists of the simple eigenvalues {A € R: S4(}) = 0}. Since E is
of order p, also every function S, possesses this growth, cf. [KW3, Theorem 3.4].
Thus, for every p’ > p, its zeros uy satisfy

We start with determining the spectral subspaces of Rg. The following result
is standard, however, since it is a basic tool for the following and no explicit
reference is known to us, we provide a complete proof.

If 6(Rs) N M is an isolated component of the spectrum denote by Pjs the
corresponding Riesz-projection.

2.3. Proposition. Let H be a dB-space, YH = 0, and let S € AssocH, S(0) # 0, be
given. Unless H is finite-dimensional and S € (Assoc H) \ H, we have

o(Rs) = {)\GC: s(i) :O}U{O}.
In the case dimH < oo, S € (Assoc’H) \ H,

a(RS):{)\eC:SC\):O}.

If X € 0(Rs) \ {0}, the Riesz-projection Pyyy is given as (n := Ordy-1.S)

n

R 1\" F(z S(z
(PiyF) ()= (n 1)l dzn—t KZ_ A) 58] ( f)l. (2.2)

=1 =1 (F—
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The spectral subspace ranPyyy is spanned by the Jordan chain

S(z) \ T 0
1-XAz 3
: MM k=0,...,n—1 (2.3)
S(2) 0
(1=Az)" 1
where we have put
0 1 1
Moe 0 0
: 1
0 0 0
If S € dom(S¥) for some k € NU {0}, then
{S(z),(1+z)S(z),...,(1+...+zk)S(z)} (2.4)

is a Jordan chain of Rs at 0. Moreover, any Jordan-chain at 0 is of the form
{p(2)S(2), Rs(p(2)S(2)), R%(p(2)S(2)), - ..,aS(2)} where p is a polynomial of de-
gree at most k and « is constant.

Proof. Assume that 0 ¢ 0(Rg). Then |0(Rg)| < oo and since every nonzero
spectral point is an eigenvalue of finite type we conclude that dim’H < oo. Since

kerRg = span{S} N H, (2.5)

we must have S ¢ H. Conversely assume that dimH < oo, S € H. Then 0(Rg) =
op(Rs) and by (2.5) we have 0 € o(Rs).

Let A € 0(Rs)\ {0} be given. In order to compute the Riesz-projection Pyyy
we use the relation (u € p(Rg), u #0)

-1
_ 1 1 1
(Rs—p) " =~ - (-As— ) :
B I
Choose a sufficiently small circle I' around A so that neither 0 nor any spectral
point other than A is contained in the interior of I". Then

(PpyF) (2) = 2;12 f ((Rs —u)71F> (z)du

() )rJom
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-1 %F< 2) = S F(v)

= _ dv
27 z—V
_ F(2) dv S(z) F(v) 5
©2mi ?{ v—z 2T f (v —2)S(v) dv. (26)

Assume that z is located in the exterior of the circle I'™!, put € := A~! and let
n := Ord¢ S. Then the first integral in (2.6) vanishes and the integrand in the
second term is analytic with exception of a pole at £ with order n. Thus

(P F) (2) = —S(2) Resyme , © )

(1 —2)S(p)
_ Sk) at [(u - f)"F(u)}
(n—Dtdpn=t | (u—2)S(p) |,—¢

and we compute

dn! [(u - 5)"F(u)}
dpnt [ (p=2)S(w) J,—

s 21 () o el L
—~ (-1 drth [(u - 6)"F(u)] RV
(n—1—k)ldpr=1-F S(w) g (= 2)F 1

Then Py} F' coincides for z in the exterior of I'! with the function on the right-
hand side of (2.2). Since both functions are entire this establishes (2.2).

Put ®;(z) := (1 — X2)71S(2), Il = 1,2,...,n. Then, by the already proved
formula (2.2), we have ran Pg C span{®4, ..., D, }. We compute

1 S(z) S(z) S(z)
Rs—A\) & = — DL(0)] — A
(Rs =N @ulz) = {(1 e T s PO A
S(z) = (1= X2)*S(2) — A28(z) S(z) 1—(1—Az)kt
B (1 - )\z)’C (1= Az)k1 z
S(2) k—1
= )\Z (1=X2)' = A®;(2).
Jj=1
Hence span{®y,...,®,} is an invariant subspace for Rg and with respect to the
basis {®1,...,®,} the operator Rg — A has the matrix representation
Rs—A=AM.
The only eigenvalue of this matrix is 0 and therefore ran Pg = span{®y,..., P, }.

Moreover, this space is spanned by the Jordan chain (2.3).
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Assume that S € dom(S*) and put 7(2) == (1 + 2+ ---+ 2)9(2), | =
0,1,...,k. Then
Rs7o(z) =RsS(z) =0,

and for [ > 1
1 S(z
Rsn(z) = | [(424 04 56) - 500 SO =)
We see that (2.4) is a Jordan chain at 0. O

3. Completeness of eigenvectors

In general the system £ of eigenvectors and generalized eigenvectors of Rg need
not be complete. For example consider a dB-space H with 1 € (AssocH) \ H.
By Proposition 2.3 the operator R; has no eigenvectors. However, in two special
situations a completeness result holds. The following statements answer the ques-
tion on completeness of eigenvectors in our particular situation. They complement
classical results on completeness of eigenvectors such as [KL, K, L, M].

The first case is easily explained, it follows immediately from Proposition 2.3.
Denote by C|z] the set of all polynomials with complex coefficients.

3.1. Proposition. Let H be a dB-space. Assume that C[z] CH and that S € C[z],
S(0) #0. Then
span & = Clz],
ranPygy 2 S(2)C[z], (3.1)
ranPeygoy = {p € C[z] : degp < degS'} .

The following are equivalent:
(i) cls& =H,
(ii) Clz] =,
(iii) ranPyoy = cls{z*S(2) : k=0,1,2,...}.
Proof. Let n:=deg S. Since S has exactly n zeros (taking into account multiplic-
ities) and S(0) # 0, we conclude from Proposition 2.3 that

span U ran Pryy
{A: S(A)=0}
is an n-dimensional linear space which contains only polynomials with degree less
than n. Hence
ranPey oy = {p € C[z] : degp < deg S}.
Moreover, since S € dom(S¥) for all k € N, Proposition 2.3 implies that
S(2), (14 2)S(2),(1+ 2+ 23)8(2),...
is a Jordan chain of infinite length of Rg at 0. We have
span{S(z), (1 + 2)8(2), (1 + z + 2%)S(z),...} = S(2)C[z].
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We have proved all relations (3.1) and henceforth also the equivalence of (i), (ii)
and (iii). O

Let H be a dB-space and write H = H(E) for some E € HB. The next
result, Theorem 3.3, which is the first main result of this note, deals with functions
S € span{E, E#} =: D. It will be proved that generically for such S a completeness
result holds true. However, let us first clarify the meaning of the (two-dimensional)
space D.

3.2. Lemma. Let a dB-space H be given and write H = H(E) for some E € HB.
The space D = span{E, E*} does not depend on the choice of E. We can write D
as the disjoint union
D=GUCUG*,
with
C:={aTl: acCT e AssocH, Ar selfadjoint} ,

G:={pH: p>0,HeHB,H(H)=H} .

We have DOVH C C, dim(DNH) < 1, and {S € D: Ordy S > Ordy E} = span{Sy}
for an appropriate ¢ € [0, 7).

Proof. Let E,H € HB and write E = A—iB, H= K —iL, with A, B, K, L real.
Then, by [KW1, Corollary 6.2], we have H(E) = H(H) if and only if for some
2 x 2-matrix M with real entries and det M = 1 the relation (K,L) = (A, B)M
holds. Hence

span{H, H*} = span{K, L} = span{A, B} = span{E, E*} .

Choose E € HB such that H = H(F) and write E = A — iB. Let S € D, then
S = uA + vB for some appropriate u,v € C. Then

S+ S8# §—S# Reu —Imu
(455 s (T )

Consider the determinant A of the matrix on the right-hand side of (3.2). We have
A =0 if and only if uv € R and hence S = a.Sy for certain a € C and ¢ € [0, 7).
If A > 0, the function

H(z):= S(2)

VA
belongs to HB and H(H) = H(E). Thus S € G. In case A < 0 apply this argument
to S# instead of S to conclude that S € G#.

The fact that D N'H is at most one-dimensional and is a subset of C was
proved in [dB, Problem 85]. Since we have E € D, the set of all functions of D
which vanish at the origin with higher order than F is a at most one-dimensional
subspace of D. The present assertion follows since there exists a (unique) value
¢ € [0, 7) such that Ordy Sy > Ordy E. O
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For a dB-space H and numbers «, 3 < 0 denote by H(, gy the closed linear
subspace (cf. [KW3, Lemma 2.6])

F F#
H(a,ﬁ)::{FeHim‘BE<a,mt 5 <5}.

3.3. Theorem. Let H be a dB-space, YH = 0. Assume that S € D, S(0) # 0, and
put T 1= % mt S~1S#. Then

Et={FeM: OrdyF >O0rd, S* foralwe C} . (3.3)
We have cls€ = H if and only if T = 0. In the case T # 0

cls& = 7_[(0,27') , T< 0
H(—2‘r,0) , >0

and
8J‘ — S#(Z)ei‘rzH(efi\T\z).

Proof. It S € C, we have 7 = 0 and cls€ = H by [dB, Theorem 22]. In the case
S € G we may assume without loss of generality that H = H(S).
Let H = H(E) be given, then Proposition 2.3 implies that

AeC, EAYH =0),
ak

1
aZkK(/\,z): 0<k<Ord; E} ,

ran Py} = span {

and we conclude that (3.3) holds.

Let F' € H(FE) and consider the inner-outer factorizations of E~'F, E~'E# ¢
N(C*):

() =BEUR), " (2) = Bi(z)e ==,

where B and B; denote the Blaschke products to the zeros of F and E#, respec-
tively, and U is an outer function. By the already proved relation (3.3) we have
F 1 cIs€ if and only if By|B in H?(C"). Under the hypothesis 7 = 0 this tells us
that F(E#)~1 belongs to H2(C"), and hence that F' = 0 since

E#*

1
EH(E) =H*(CYH o = H?(CT).

Next assume that 7 < 0 and put Eo(z) := E(z)exp[—iTz]. Then H(Ey) =
exp|—i7z]H 27,0y and (cf. [KW3, Theorem 2.7])

H(E) = Hzr,0) ® Eo(2)H(e'™?).

Hence also
H(E) = Moz & B* ()67 H(e™).
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From what we have proved in the previous paragraph (mt(Ey 1E# ) =0,0rd, Ey =
Ord,, E), we know that a function F'€H g o) = (H(Eo)explitz])# with Ord,, F >
Ord,, E# for all w € C must vanish identically. Hence

&+ = E*(2) expliTz]H (explitz])

and therefore cls & = H g 27)-

Finally let us turn to the case that S € G#. Applying the already proved
result to the function S# we obtain the assertion of the theorem also in this case.
O

3.4. Remark. We would like to mention that the part of Theorem 3.3 which states
that cls€ = H if and only if 7 = 0, could also be approached differently. In fact
it can be deduced from a statement which is asserted without a proof in [GT].
However, the approach chosen here is self-contained and gives a more detailed
result.

The case 7 # 0 in Theorem 3.3 is actually exceptional: Put Dy := {S € D :
mt(S~1S#) # 0} U {0}, then

3.5. Lemma. We have either Dy = {0} or
Dy = span{Ho} Uspan{H},
for some Hy € G.

Proof. Assume that Hy € HB generates the space H and satisfies mt(H,, 1H§’6 ) <
0. All other functions H € HB with H(H) = H are obtained as (H = K — iL,
Hy = Ky —iLg)
(K,L) = (Ko, Lo) M,
where M runs through the group of all real 2 x 2-matrices with determinant 1.
Every such matrix M can be factorized uniquely as

M= ( cosy sinq/) ()\ f) ’ (3.4)
—siny cosvy 0 5
with v € [0,27), A >0 and t € R.
If the second factor in (3.4) is not present, i.e., if (A, t) = (1,0), we have
H(z) = Ho(2)e™". We see that H € span{Hy} and thus as well mt(H ~*H#) < 0.
Assume that (A, t) # (1,0). Put Hy := Ky —iLq where

L cosvy  sinvy
(K, Ln) = (Ko, Lo) <— sin y cos'y) '

We already saw that mt(H; *H # ) < 0. The functions H; and H are connected by

(K, L) = (K1, L) (8 ;) .
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We compute
a# )\K1+7L(§\L1+tK1) \ (}\ — AL +tK,y
= = A
H# Ki+1iLy K1+l
i Sy

=)+ . #’
JOa-nz e Hi

for a certain ¢ € [0, 27). Since

S o
mt ‘1’7’; =mt ., >0,
Hi Hj
it follows that
a# H,
m

t =mt .

HY HY
Since both, H and Hj, generate the same dB-Hilbert space, we must have
mt(H; ' H) = 0 and conclude that

H# lH# ay Hll_
= m . —0.

t .
" w t H H

We have proved that the set of all functions H € HB, H(H) = H, with
mt(H-'H#) < 0 is either empty or of the form Hy(z)e=®, v € [0,2n). From
this knowledge the assertion of the lemma can be easily deduced: First note that,
by S¢ = Sf, we have mt(S~15%) = 0 for all functions S € C \ {0} and hence
Dy NC = {0}. Moreover, by mt(S~1S#) = — mt[(S#)~1S], it suffices to determine
Dy N G. Finally, since for p > 0 we have mt[(pS)~1(pS)#] = mt(S~1S#), we are
in the case H € HB, H(H) = H. O

4. s-numbers

In this section we investigate more closely the operators Rg for S € D. The next
lemma is immediate from [S, §4], and will therefore stated without a proof:

4.1. Lemma. Assume that S € D, S(0) # 0. Then
[(As —w)!]" = (Ags —w) ™!, weC, S(w) #0. (4.1)

In the case S € C\ {0}, S(0) # 0, the operator Ry is selfadjoint. Hence the
Schmidt-representation of Rg can be read off its spectral representation:

1
Rs= >, 5 (28,
{A€C: S(A)=0}

with @y = K(\,2)K(\A)~2. If S € D\ C, then Rg is no longer selfadjoint.
However, let us remark the following (cf. [dB, Theorem 27])
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4.2. Lemma. Assume that S € D\ C. Then either Rs or —Rs is dissipative,
depending on whether S € G or S € G7.

Proof. It suffices to prove that R g is dissipative whenever H = H(E). We compute

(ct. (2.1))

s (4 ) (45
 (E*(:)B(0) — E(2)E#(0)
- ( 2 E(0)E#(0)2 F(O)’F(z)>
—r PO K (0,2), F ) = 7

RO -

In order to compute the Schmidt-representation of Rs we need some infor-
mation about the spectrum of RERs.
4.3. Lemma. Let S,T € (AssocH) \ H, S(0),T'(0) # 0, and put
Usr(z) :=T(2)S(—2)+ T(—2)S(2).
Then
o(RsRr) \ {0} = {)\ cC: US,T(\/l)\) - 0} . (4.2)

We have 0 & o,(RsRr). Denote by Ex the geometric eigenspace at a nonzero
eigenvalue X € 0(RsRr) \ {0}. Then dim &y = 1,2 where the latter case appears

if and only if
1 1
! <i¢A> -0 (im> -

5>\:span{ Tz  25) } (4.3)

1—X2271—)X22

If dim &\ = 2, then
Let dim &, = 1. If (T(\}A),S(\}A)) £ (0,0), then

1 1
1—Az22 {T(Z) VA

if (T(= J,):5(= },)) # (0.0), then

£ = span { s( )= =sar( ol b

1
VA VA

£, = span { ) _1A22 {T(z) \}/\S(— ;A) —2S()T(~ ;A)] } L

Proof. Since for any nonzero constants a,b we have R,s = Rg, Ryr = Rr, and
Uaspr(z) = abUsr(z), we can assume without loss of generality that S(0) =
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T(0) = 1. We compute RsRr:
1 [F(2) —T(2)F(0)

RsRrF(z) = ; = 8(2) (F'(0) = T'(0) F(0))
= 212 [F(2) = T(2)F(0) = 25(2) (F'(0) = T'(0)F(0))] -

It is readily seen from this formula that ker RsRr = {0}, since the hypothe-
sis S,T € (AssocH) \ H implies that the functions zS(z) and T(z) are linearly
independent and span{zS(z),T(z)} NH = {0}.

Let u € C and assume that F' € ker(RsRr — u), F' # 0. Then we must have

F(2)(1 = pz?) = T(2)F(0) + 25(2) (F'(0) — T"(0)F(0))

=T(2)¢o + 25(2)¢1, (4:3)

with certain ¢g, 1 € C, not both zero. In the sequel always put v := (\//1)’1
where we choose, e.g., the square root lying in the right half-plane. From (4.5) we
see that

T(w)po + vSw)g1 =0

T(~v)gp — vS(~v)pr =0 (4.6)

Hence,

_ T(v)  wS() \_
0=det () vo,)) = Covsao),
and we conclude that the inclusion “C” in (4.2) holds.

Conversely, assume that g € C\ {0} and that Ugsp(r) = 0 where again
v = (/)" Then the system (4.6) of linear equations has nontrivial solutions. If
(¢o, ¢1) is any such nontrivial solution of (4.6), the function

1

F(z):= | e

[T(2)do + 25(2) 1]

is entire and belongs to the space H. We have F'(0) = ¢y and

F(z) - 1 [T
O A (2)
2—0 z z—0 1 — pz? z

T+ 5(2)61| = T (0)d0 + 1.

Hence F satisfies the first equality in (4.5) and thus belongs to ker(RsRr — ).

The formulas (4.3) and (4.4) for £y now follow on solving the linear system
(4.6). O

4.4. Lemma. Assume that E € HB, E(0) = 1, and denote by K(w,z) the repro-
ducing kernel of the space H(E). Let z,w € C, w # 0, z # w. Then

1

ReK =
sk (w,2) 2mizw(w — 2)
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Proof. We substitute in the definition of Rg:

2)E# (w) — E(w)E* (2 w) — B (w
= 1 [WE(2)E* (w) — wE(w)E*(z)

2mizw(w — z)
—(w = z) (E(2)E* (w) — E(2) E(w))]
1
_ _ # # _
drizw(w — 2) [~wE(w)E*(2) + wE(2)E(w) + zE(2) E¥ (w) — zE(2) E(w)]
_ 1
- 2mizw(w — 2)
4.5. Theorem. Let H be a dB-space, YH =0, let S € D\ C and let p > 0 be such
that H = H(p~1S) (H = H(p~1S¥), respectively). The zeros of the function
Us,s#(2) = 5(2)87 (=2) + S(=2)5%(2)

are real, simple, nonzero, and symmetric with respect to 0. Denote the sequence of
positive zeros of Ug g# by

[wE(w) (E(z) — E#(z)) —2E(2) (E(w) — E#(w))] . O

O<pg <pg<---.
Then the s-numbers of the operator Rg are given as

IR
Sj(RS):M‘7]:172a-"
J

In the Schmidt-representation Rs =) s;(., ¢;)1; we have
- p\/QWS(—Mj)K(Mj, z)+ S(Mj)K(—Mlj, z)
1S (143)S# (= )UG g (115)] 2
S(=pi) K (g, 2) = S(pg) K (—py, 2)
Wi(z) = pV/2 j J j i
) )5 (i U )

Proof. Let us first assume that H = H(F) and determine the Schmidt-represen-
tation of Rg. By Lemma 4.3 the zeros of U := Ug g# (= Ug# ) are exactly the
eigenvalues of the selfadjoint operator RgR g+ and, hence, are all real. The fact
that all zeros of U are simple will follow from the following relation which holds
for all A with U(X) = 0:
1
QWiUI()\)E()\)E#(_)\) =||E(=NK(\2) £ E()\)K(—)\,Z)H2 . (4.9)

In order to establish this formula we compute the norm on the right-hand side of
(4.9):

¢;j(z ; (4.7)

(4.8)

IE(=NE (X 2) £ BEQ)K (=), 2)|)?
= [E(=N)PEMXX) +|EWPK (=X, =))
+ [E(—)\)E()\)K(/\, M)+ EQOBE(=ANK (=)
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Since A € R and E(\)E#(—)\) = —E(=A\)E#()) the term in the square bracket
vanishes:
E(=\)E#(\) — E(\)E# (=)
_ #
BEENET ( 2mi(2))
E(\E#(=)\) — E(=A\)E#())
#(_
+ENE™( )\)( di(—2)
1
2miA
The first two summands compute as

E'(\)E#()) — E()\)E/()\)#)

[(E(—)\)E#()\))2 - (E(A)E#(—A))Q} ~0.

—2m
E' (=N E#(=)) - E(—A)E’(—A)#)

E(=M)E#(=)\) (

—2m

+ E(NE*()) (

= PO () # (- 3) - EQ)E (- 0%)
L BOE#(-))

—27m
[E'(\)E#(=)) — EQ)E' (-\)*

By definition the singular values of R g are the positive roots of the eigenvalues of
R%RE = Re#Re and hence s;(Rg) = u;l.

The elements ¢; in the Schmidt-representation for Rg are the members of
the orthogonal system of eigenvectors of R R . Note here that by Lemma 4.3 the
operator R, R has only simple eigenvalues. Hence ¢; must be a scalar multiple

of the function

(~E(=NE'(N)* + E'(-N)E*()))
_ E(-ME*())
o —2i

+E(-\)E'(N)* — E'(-\)E*(\)] =

—2m

1
i —2?
We compute (U(M\) = 0)
E(-=NK\, z2)+ ENK(=), z)
E()E*(\) - EQ)E(2) |

[E(2)u; E# (1) — E* (2)2E(ny)] -

E(2)E#(=\) — E(-=\)E*(2)

= BN 2mi(A — z) ) 2mi(—\ — 2)
_ E(=)) [E(z)E*()\) = EQOE#(2) | E(2)E#(\) + E(\E#(2)
T 2w A—2z + Atz

| B(=)) E(2)E*(\A — E(\)E#(2)2

) A2 — 22 '

By virtue of (4.9) we may take ¢; as stated in (4.7).



Schmidt-Representation of Difference Quotient Operators 163

It remains to identify the elements ;. First note that they must form an
orthonormal system of eigenvalues of RgR},. Hence 1; is a scalar multiple of

o (BB () — B2y Bl

A similar computation as in the previous paragraph shows that 1; henceforth is
a scalar multiple of the function

E(~NEK (M, 2) — EQ)K (=), 2).

In order to prove (4.8) it is therefore sufficient to evaluate at a point z = zo with
¥;(20) # 0 in the equation
1
Redj = = ;- (4.10)
K
We have (U(X) =0)
E(=X)K(X,0) — E(A\)K(—X,0)

0
E#(\) = E(\) E#(=\) = E(=)) _ —E(=NE(\)
= E(— —F = .
(=) 27\ ) 2mi(—A\) TIA
Note that this value is nonzero. In order to evaluate the left-hand side of (4.10)
we use Lemma 4.4:

Re (E(=MNK(X, 2) + EQA)K(=A,2))

_ 2) — E#(»
= sy B T T b (B - B4
2) — E#(z
iy [PAEENEED T ETD b (B - )]

Letting z tend to 0 we see that the first summands of each square bracket cancel.
For A with U(\) = 0, therefore,
—E(=MNE(\
R (BCNE0) + BOOK(-A,0) = FY

and we obtain the desired representation of R .
Let S € D\ C be given. We reduce the assertion to the already proved case.
Assume that S € G and write S = pFE with p > 0 and H = H(E). We saw
that

Rs =R =y s5;(;(E)v;(E),
where ¢;(E) and ¢;(E) denote the elements (4.7) and (4.8) with E instead of S.
Then

E (=) K (i, 2) + E(pi ) K (=1, 2)

| E () E# (= 1)Uy e (15|
_ Jor? S E (g, 2) + S () K (=py,2))
P21 (1) S# (=) )UY g (11y)]2

¢;(E) = V2
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The same computation applies to ¢;(E) and hence the assertion of the theorem
follows for S € G.

Assume finally that S € G# and write S = pE# with p > 0 and H = H(E).
We have

RS—RE#— RE Zsj (bj( )
The element ¢;(E) computes as
S(=mi)K (ki 2) + S () K (—pjs 2)
|S#(113)S (=) Ugw o(115)|2
Since Ug# g(p;) = 0, it follows that this expression is equal to
oS H) K (g 2) = (i) K (—pjo ) S(=p5)
1S (115) S# (=115 )U§G g (115)]2 S(=1y)

¢;(E) = pvV2m

Analogously

S(=pi) K (g, 2) + S(pg) K (=py2)  S(=p )
1S (113) S# (=) U g (115)] 2 S(=n)”

and henceforth also in the case S € G# the assertion of the theorem follows. O

$;(E) = pV2r

4.6. Corollary. Let E be a Hermite-Biehler function of finite order p > 1 and
assume that E can be written as
- z 1 zP 1
E(z) = e *** 1-— R R 4.11
(z)=¢e H( Zn)exp[z ezn—i— +p ezﬁ , (4.11)
neN
with a > 0 and z, € C~, compare [KW3, Lemma 3.12]. Then the order of the
Sfunction
F(2) := E(2)E*(—2) + E(—2)E*(2)
is also equal to p.

Proof. First of all let us note that, since E is of the form (4.11) and we assume
that p > 1, the order of the product [, (1 — ? )exp[zRe Zl +-F pr Re le]
must also be equal to p.

The fact that the order of F' does not exceed the order of E is clear. Assume
that the order of F is p’ < p and choose € > 0 such that 1 < p’ +¢€ < p' 4+ 2¢ < p.

Denote by p the sequence of zeros of F, then the series ), ||~ '+ is
convergent. By the above theorem the operator Rg in the space H(E) belongs to
the class &, 4. By the proof of Lemma 2.1 for every S € Assoc H(E) we have
RS € 6pl+5.

Consider the function A(z) := ;(E(z) + E#(z)), and denote by (A;) the
sequence of its zeros. Since R 4 is a selfadjoint operator of the class &,/ 1. and its
spectrum coincides with {\}, we know that ), |Ax| =P+ converges. By [KW3,
Theorem 3.17], applied with the growth function A(r) := 7#'*2¢, we obtain that
there exists a Hermite-Biehler function E; of order p” < p-+2¢ and a real and zero



Schmidt-Representation of Difference Quotient Operators 165

free function C such that H(F) = C - H(E4). By [KW3, Lemma 2.4], it follows

that
1 1

H(E,) = CH(E) = H(C
and in particular C~'E € Assoc H(E1). Thus the order of C~1E cannot exceed the
order of p” of Ey. However, since C is zero free and E is of the form (4.11), certainly
the order of C~!E is at least equal to p and we have reached a contradiction. [

E),

The sequence of zeros of the function Ug g# can be obtained from the knowl-
edge of a phase function. Recall from [dB, Problem 48] that, if E € HB, a phase
function is a continuous function ¢ : R — R such that

E(t)e*® e R.
By this relation the function ¢ is uniquely determined up to integer multiples of 7.

4.7. Lemma. Let E € HB be given and let ¢ be a phase function of E. Then
Ug p#(t) = 0 if and only if

o(t) — p(—t) = ;T mod 7.
Proof. We have for t € R
E(t) E(-t)
E#(t)  E#(-t)]

Both summands in the square bracket are complex numbers of modulus 1. Hence
their sum vanishes if and only if their arguments differ by an odd multiple of =,
ie.,

Ug,p#(t) = E* (—t)E* (1)

E@t) _  E(=1)
arg B (1) = arg E#(—t) + 7 mod 27.
Since
E(t E(—t
arg E#((z) = —2¢(t) mod 2w, arg E#((—l)f) = —2p(—t) mod 27,
we obtain
—2p(t) = —2¢(—t) + 7 mod 2. O

4.8. Remark. Assume that E satisfies the functional equation E¥(z) = E(—z).
Then E(0) € R, hence we may choose a phase function ¢ such that ¢(0) = 0.
Then ¢ is an odd function and hence Ug g« (t) = 0 if and only if

0 0
t) = mod _ .
plt) =, 5
This observation is explained by the fact that in the present case the function
Ug,g# can be factorized as

UE,E#(Z) = 4S74f (Z)SSI (Z)
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5. Spaces symmetric about the origin

Let us consider the situation that the dB-space H is symmetric with respect to
the origin (cf. [dB]), i.e., has the property that the mapping F'(z) — F(—z) is an
isometry of H into itself. By [dB, Theorem 47] an equivalent property is that H
can be written as H = H(E) with some E € HB satisfying

E#(2) = E(-2), z € C. (5.1)

This symmetry property can also be read off the reproducing kernel K (w,z) of
the space H: In order that H is symmetric about the origin it is necessary and
sufficient that

K(w,z) = K(—w,—z), w,z € C. (5.2)
A space H being symmetric about the origin can be decomposed orthogonally as
H=H'&H", (5:3)

where
HI={FeH: F(—2)=F(2)},
HY:={FeH: F(-2)=-F(2)}.
The orthogonal projections P9 : H — HY and P* : H — H" are given by
F(z)+ F(—=2) F(z)— F(-=2)
2 2

In particular the reproducing kernel K9 of H9 (K" of H", respectively) is given
by

(POF) (2) = , (PUF)(2) = (5:4)

K9(w,2) = & (K(w,2) + K(w, —2)) = » (K(w,2) + K(~w,2)) ,

? ? (5.5)
Ku(wa Z) = ) (K(wa Z) - K(wa _Z)) = 2 (K(wa Z) - K(_wa Z)) .
Taking (5.3) as a fundamental decomposition H can be regarded as a Krein space
(H,[.,.]) [,] = (J.,.) where the fundamental symmetry J is given by
HY HY
1
J = (0 _OI> e — @
H H

Note that, by the formulas (5.4), J is nothing else but the isometry (JF)(z) =
F(-=z).

5.1. Theorem. Assume that H, OH = 0, is symmetric with respect to the origin
and write H = H(E) where E € HB* satisfies (5.1) and E(0) > 0. Then the
operator —iRg is selfadjoint in the Krein space (H,[.,.]). In fact,

—iTRE =Y (-1)"1s; (., ¢5) 65, (5.6)

J
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where .
{(-1)*ts;: j=1,2,...} = {w eC: Sg(w) = 0} .
Let A € o(—iRg)\{0} and let ey be a corresponding eigenvector. Then ey is neutral
if and only if either A\ € R or —iA™1 € iR~ is a multiple root of E. Denote by n(t)
the number of zeros of E lying in [0, —it] counted according to their multiplicities.
If —iA~1 € iR~ is a simple root of E, then
senfex, ex] = (~1)" 7T, (5.7)
Proof. Let R =3}, s;(.,¢;j)¢; be the Schmidt-representation of Rg. Then
—iTRE =Y (=i)s;(-,¢3)T 5 ,
J
and hence establishing (5.6) amounts to show that
Ty =i(=1)""¢;. (5.8)
From (5.6) selfadjointness with respect to ., .] follows immediately.
The function 1; is given by (4.8) and we obtain from (5.2)

\/lﬁ | E(p5)] - ‘UCE,E#(M) LT =T [BE(—15) K (15, 2) — E(pg) K (=, 2)]

= B(=pj) K (=pj, 2) = EQuy) K (g, 2) = B(pg) K (115, 2) = B(p) K (=pj, 2) -
Let ¢ be the phase function with ¢(0) = 0, then by Remark 4.8 the numbers
i = s]l are such that

+U-13, (5.9)

N

() =
which means that

arg () =i () =33 -

From this we obtain

™

E(uy) = |E(py)| e T 772) = B(py)e > 773) = B(p;)(—i)(-1)7,
and by symmetry E(—u;) = E(—p;)i(—1)7. Thus we have
E(p;) K (g, 2) — E(u ) K (= py, 2)
and (5.8) follows. Next note that, since ¢ is odd, (5.9) implies

) T j—1 .
@((_1)J+1ﬂ'):{4+ 2 T .]Odd

! b , j even
and hence (—1)7T'yu;, j = 1,3,5,..., enumerates the positive zeros of S~ and

(=1)7 1 , j = 2,4,6,. .., the negative zeros of this function.
Let A € 0(—iREg) be given. By Proposition 2.3 the geometric eigenspace at

. . . 1 . .
A is one-dimensional and spanned by ey := K(iA ~, z). The assertion concerning
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neutrality of eigenvectors follows from the selfadjointness of Rg: If A € R the
eigenvector must be neutral. If A € R and —i\~! is a multiple root of E then by
Proposition 2.3 there exists a Jordan chain at A and, hence, the eigenvector must
be neutral. It remains to consider the case that —iA~! is a simple root of E. To

this end we compute (put w := i)\il)
lex,en] = [K(w, 2), K(w, 2)] = (K(—w, z), K(w, z)) = K(—w,w).
Since w € iR™, we have
E#(w)
27

From the symmetry relation (5.1) we find that E(iR) C R. Since E(0) > 0 and E
has no zeros in C*, we have E(iR*) C R* and therefore

K(~w,w) = K(w,w) = 27;_ (E'(w)E* (w) — B(w)E* (w)') = iE'(w)

sgnfey, ex] = sgniE’ (w).
Consider the function f(t) := E(—it) : [0,00) — R. Then f(0) > 0 and hence at a
simple zero tg of f we have

sen ['(10) = (~1)"),
where 72(f, o) denotes the number of zeros of f in [0, ¢y] counted according to their

multiplicities. Since f/(t) = —iE’'(—it) the relation (5.7) follows. O

Let us conclude with giving the matrix representation of R g with respect to
the decomposition (5.3).

5.2. Lemma. With respect to (5.3) the operator Rg has the representation

4mi(—1)7F1s;
Up o ()] =7
with
M, = ( (o B (g, 2)) K (1 2) i(—l)j(wK“(ijZ))Kg(MjaZ))
i(=1)7 (- K9y, 2) K™ (g, 2) - = (5 K™ (g, 2)) K (p5, 2)

Proof. We determine the decomposition of ¢; with respect to (5.3). Using (5.9)
we obtain

b = vor EGw)|

B ()| U g () > V2
A (EDB =i )T K g, 2) 4 (DB 40T K (-, 2)]

2V BIK9 () — i
| (DR K (g, 2) —i(—1
= Wyt (1B K9 5, 2) = i(-1)

[j+1

PR, 2)] -

Substituting into (5.6) the assertion of the lemma follows. O
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5.3. Remark. The value of Uy . (1;)| can be determined from A and B: Making
use of (5.9) we obtain from Ug p#(2) = E(2)* + E#(2)? that

Up g (1) = 2V2| E(uy)| (—1)12) (A" () + (1) B (1)) -
Since sgn(—i)E(u;)* = (—1)7, we obtain from (4.9) that sgnU}, .., (u;) = (—1)7
and, hence, conclude that

U (13)| = 2V2IEGup) [(-1)U3 (4 (1) + (~1)7 B (1)) -
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Algebras of Singular Integral Operators
with Piecewise Continuous Coefficients
on Weighted Nakano Spaces

Alexei Yu. Karlovich

Abstract. We find Fredholm criteria and a formula for the index of an arbi-
trary operator in the Banach algebra of singular integral operators with piece-
wise continuous coefficients on Nakano spaces (generalized Lebesgue spaces
with variable exponent) with Khvedelidze weights over either Lyapunov curves
or Radon curves without cusps. These results “localize” the Gohberg-Krupnik
Fredholm theory with respect to the variable exponent.

Mathematics Subject Classification (2000). Primary 45E05; Secondary 46E30,
47B35.

Keywords. Weighted Nakano space, Khvedelidze weight, one-dimensional sin-
gular integral operator, Lyapunov curve, Radon curve, Fredholmness.

1. Introduction

The study of one-dimensional singular integral operators (SIOs) with piecewise
continuous (PC) coeflicients on weighted Lebesgue spaces was started by Khvedeli-
dze in the fifties and then was continued in the sixties by Widom, Simonenko,
Gohberg, Krupnik, and others. The starting point for those investigations was the
sufficient conditions for the boundedness of the Cauchy singular integral operator
S on Lebesgue spaces with power weights over Lyapunov curves proved in 1956 by
Khvedelidze [27]. Gohberg and Krupnik constructed the Fredholm theory for SIOs
with PC' coefficients under the assumptions of the Khvedelidze theorem and this
theory is the heart of their monograph [16] first published in Russian in 1973 (see
also the monographs [6, 20, 33, 35, 36]). In the same year Hunt, Muckenhoupt, and
Wheeden proved that for the boundedness of S on LP(T,w) it is necessary and
sufficient that the weight w belongs to the so-called Muckenhoupt class A,(T),
here T denotes the unit circle. In 1982 David proved that S is bounded on L?

This work is partially supported by an F.C.T. (Portugal) grant.
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over a rectifiable curve if and only if the curve is a Carleson curve. After some
hard analysis one can conclude, finally, that S is bounded on a weighted Lebesgue
space over a rectifiable curve if and only the weight belongs to a Carleson curve
analog of the Muckenhoupt class (see [11], [2] and also [36]). In 1992 Spitkovsky
[43] made the next significant step after Gohberg and Krupnik (20 years later!): he
proved Fredholm criteria for an individual SIO with PC' coefficients on Lebesgue
spaces with Muckenhoupt weights over Lyapunov curves. Finally, Bottcher and
Yu. Karlovich extended Spitkovsky’s result to the case of arbitrary Carleson curves
and Banach algebras of SIOs with PC' coefficients. With their work the Fredholm
theory of SIOs with PC' coefficients is available in the maximal generality (that,
is, when the Cauchy singular integral operator S is bounded on weighted Lebesgue
spaces). We recommend the nice paper [3] for a first reading about this topic and
[2] for a complete and self-contained analysis (see also [4]).

It is quite natural to consider the same problems in other, more general,
spaces of measurable functions on which the operator S is bounded. Good can-
didates for this role are rearrangement-invariant spaces (that is, spaces with the
property that norms of equimeasurable functions are equal). These spaces have nice
interpolation properties and boundedness results can be extracted from known re-
sults for Lebesgue spaces applying interpolation theorems. The author extended
(some parts of) the Bottcher-Yu. Karlovich Fredholm theory of SIOs with PC co-
efficients to the case of rearrangement-invariant spaces with Muckenhoupt weights
[22, 24]. Notice that necessary conditions for the Fredholmness of an individual
singular integral operator with PC' coefficients are obtained in [25] for weighted
reflexive Banach function spaces (see [1, Ch. 1]) on which the operator S is
bounded.

Nakano spaces LP() (generalized Lebesgue spaces with variable exponent)
are a nontrivial example of Banach function spaces which are not rearrangement-
invariant, in general. Many results about the behavior of some classical operators
on these spaces have important applications to fluid dynamics (see [10] and the ref-
erences therein). Recently Kokilashvili and S. Samko proved [29] that the operator
S is bounded on weighted Nakano spaces for the case of nice curves, nice weights,
and nice (but variable!) exponents. They also extended the Gohberg-Krupnik Fred-
holm criteria for an individual SIO with PC coefficients to this situation [30]. So,
Nakano spaces are a natural context for the “localization” of the Gohberg-Krupnik
theory with respect to the variable exponent. In this paper we proved Fredholm
criteria and a formula for the index of an arbitrary operator in the Banach alge-
bra of SIOs with PC' coefficients on Nakano spaces (generalized Lebesgue spaces
with variable exponent) with Khvedelidze weights over either Lyapunov curves or
Radon curves without cusps. These results generalize [30] (see also [25]) to the case
of Banach algebras and the results of [15] (see also [14]) to the case of variable
exponents (notice also that Radon curves were not considered in [15]). Basically,
under the assumptions of the theorem of Kokilashvili and Samko, we can replace
the constant exponent p by the value of the variable exponent p(t) at each point
t of the contour of integration in the Gohberg-Krupnik Fredholm theory [15].
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The paper is organized as follows. In Section 2 we define weighted Nakano
spaces and discuss the boundedness of the Cauchy singular integral operator S
on weighted Nakano spaces. Section 3 contains Fredholm criteria for an individual
SIO with PC coefficients on weighted Nakano spaces. In Section 4 we formulate
the Allan-Douglas local principle and the two projections theorem. The results of
Section 4 are the main tools allowing us to construct the symbols calculus for the
Banach algebra of SIOs with PC coefficients in Section 5. Finally, in Section 6, we
prove an index formula for an arbitrary operator in the Banach algebra of SIOs
with PC' coefficients acting on a Nakano space with a Khvedelidze weight over
either a Lyapunov curve or a Radon curve without cusps.

2. Preliminaries

2.1. The Cauchy singular integral

Let " be a Jordan (i.e., homeomorphic to a circle) rectifiable curve. We equip I’
with the Lebesgue length measure |d7| and the counter-clockwise orientation. The
Cauchy singular integral of a measurable function f : ' — C is defined by

(SF)(t) := lim 1/F T g e,

R—0 711 \I'¢,R) T — t
where the “portion” T'(¢, R) is
I't,R):={rel:|r—t|<R} (R>0).

It is well known that (Sf)(t) exists almost everywhere on I' whenever f is inte-
grable (see [11, Theorem 2.22]).

2.2. Weighted Nakano spaces L?(")

Function spaces LP(") of Lebesgue type with variable exponent p were studied for
the first time by Orlicz [42] in 1931, but notice that other kind of Banach spaces
are named after him. Inspired by the successful theory of Orlicz spaces, Nakano
defined in the late forties [40, 41] so-called modular spaces. He considered the space
LPC) as an example of modular spaces. Musielak and Orlicz [38] in 1959 extended
the definition of modular spaces by Nakano. Actually, that paper was the starting
point for the theory of Musielak-Orlicz spaces (generalized Orlicz spaces generated
by Young functions with a parameter), see [37].

Let p: I' — [1,00) be a measurable function. Consider the convex modular
(see [37, Ch. 1] for definitions and properties)

m(f,p) = / F)POdr].

Denote by LP() the set of all measurable complex-valued functions f on I' such
that m(Af,p) < oo for some A = A(f) > 0. This set becomes a Banach space with
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respect to the Luxemburg-Nakano norm
I fllLrer == inf{)\ >0: m(f/\p) < 1}

(see, e.g., [37, Ch. 2]). So, the spaces LP() are a special case of Musielak-Orlicz
spaces. Sometimes the spaces LP() are referred to as Nakano spaces (see, e.g., [13,
p. 151], [19, p. 179]). We will follow this tradition. Clearly, if p(-) = p is constant,
then the Nakano space LP() is isometrically isomorphic to the Lebesgue space LP.
Therefore, sometimes LP() are called generalized Lebesgue spaces with variable
exponent or, simply, variable LP spaces.

A nonnegative measurable function w on the curve I is referred to as a weight
if 0 < w(t) < oo almost everywhere on I'. The weighted Nakano space is defined
by

w

L) = {f is measurable on I and fw € Lp(')}.

The norm in this space is defined as usual by | f||,»c) = [ fw]| o).

2.3. Carleson, Lyapunov, and Radon curves
A rectifiable Jordan curve T is said to be a Carleson (or Ahlfors-David regular)

curve if
IT'(t, R)|

sup sup < 00,

ter r>0 R
where || denotes the measure of a measurable set €2 C I". Much information about
Carleson curves can be found in [2].

On a rectifiable Jordan curve we have dr = €?r(7)|dr| where 0r(7) is the
angle between the positively oriented real axis and the naturally oriented tangent
of " at 7 (which exists almost everywhere). A rectifiable Jordan curve T' is said to
be a Lyapunov curve if

|0 (1) — 6r(t)] < cf7 — "
for some constants ¢ > 0,4 € (0,1) and for all 7,¢ € I'. If Or is a function of
bounded variation on I', then the curve gamma I' is called a Radon curve (or a
curve of bounded rotation). It is well known that Lyapunov curves are smooth,
while Radon curves may have at most countable set of corner points or cusps. All
Lyapunov curves and Radon curves without cusps are Carleson curves (see, e.g.,
[28, Section 2.3]).

2.4. Boundedness of the Cauchy singular integral operator
We shall assume that

1 <essinfp(t), esssupp(t) < oo. (1)
tel’ ter

In this case the conjugate exponent
alt) = (ter)

has the same property.



Algebras of SIOs with PC' Coefficients 175

Not so much is known about the boundedness of the Cauchy singular integral
operator S on weighted Nakano spaces Lﬁ,(') for general curves, general weights, and

general exponents p(+). From [25, Theorem 6.1] we immediately get the following.

Theorem 2.1. Let T' be a rectifiable Jordan curve, let w : T' — [0, 00] be a weight,
and let p : T — [0,00) be a measurable function satisfying (1). If the Cauchy
singular integral generates a bounded operator S on the weighted Nakano space
LE ('), then

1
sup sup R||er(t,R)HLp<-> HXr(t,R)/w||Lq<-> < 00. (2)
tel’ R>0

From the Holder inequality for Nakano spaces (see, e.g., [37] or [32]) and (2)

we deduce that if S is bounded on qu('), then I' is necessarily a Carleson curve.
If the exponent p(-) = p € (1,00) is constant, then (2) is simply the famous
Muckenhoupt condition A, (written in the symmetric form):

1 1/p —1/q
sup sup / wP(7)|dT| / w=(7)|dT] < 00,
ter k>0 B \ Jr,R) (t,R)

where 1/p+ 1/q = 1. Tt is well known that for classical Lebesgue spaces L? this
condition is not only necessary, but also sufficient for the boundedness of the
Cauchy singular integral operator S. A detailed proof of this result can be found
in [2, Theorem 4.15].

Consider now a power weight of the form
N
o(t) ::H|t—7’k|/\’“, mel, ke{l,...,N}, NeN, (3)
k=1

where all A\;, are real numbers. Introduce the class P of exponents p : I' — [1,00)
satisfying (1) and
A
—p(t)| <
plr) —pI < _y S

for some A € (0,00) and all 7,¢ € I" such that |7 —t] < 1/2.

Criteria for the boundedness of the Cauchy singular integral operator on
Nakano spaces with power weights (3) were recently proved by Kokilashvili and
Samko [29] under the condition that the curve I' and the variable exponent p(-)
are sufficiently nice.

(4)

Theorem 2.2. (see [29, Theorem 2]). Let ' be either a Lyapunov Jordan curve or
a Radon Jordan curve without cusps, let o be a power weight of the form (3), and
let p € P. The Cauchy singular integral operator S is bounded on the weighted

Nakano space Lg(') if and only if

1
0< + A <1 I ke{l,...,N}. 5
ooy TS Jorall k(L. N} )
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For weighted Lebesgue spaces this result is classic, for Lyapunov curves it
was proved by Khvedelidze [27]. Therefore the weights of the form (3) are often
called Khvedelidze weights. We shall follow this tradition. For Lebesgue spaces
over Radon curves without cusps the above result was proved by Danilyuk and
Shelepov [8, Theorem 2]. The proofs and history can be found in [7, 16, 28, 36].

Notice that if p is constant and I is a Carleson curve, then (5) is equivalent
to the fact that g is a Muckenhoupt weight (see, e.g., [2, Chapter 2]). Analogously
one can prove that if the exponent p belong to the class P and the curve T is
Carleson, then the power weight (3) satisfies the condition (2) if and only if (5) is
fulfilled. The proof of this fact is essentially based on the possibility of estimation
of the norms of power functions in Nakano spaces with exponents in the class P
(see also [25, Lemmas 5.7 and 5.8] and [29], [31]).

2.5. Is the condition p € P necessary for the boundedness?

What can be said about the necessity of the condition p € P in Theorem 2.27 We
conjecture that this condition is not necessary, that is, the Cauchy singular integral
operator can be bounded on Lg('), but p does not satisfy (4). This conjecture is
supported by the following observation made by Andrei Lerner [34].

It is well known that, roughly speaking, singular integrals can be controlled
by maximal functions. Denote by M(R™) the class of exponents p : R" — [1,00)
which are essentially bounded and bounded away from 1 and such that the Hardy-
Littlewood maximal operator is bounded on LP()(R™). Diening and Ruzicka [10,
Theorem 4.8] proved that if p € M(R"™) and there exists s € (0,1) such that
s/p(t)+1/4(t) =1 and ¢ € M(R™), then the Calderén-Zygmund singular integral
operator is bounded on LP)(R™). A weighted analog of this theorem was used by
Kokilashvili and Samko (see [29] and also [31]) to prove Theorem 2.2. Notice also
that the author and Lerner [26, Theorem 2.7] proved that if p,q € M(R"™), then
the Calderén-Zygmund singular integral operator is bounded on LP(") (R™). On the
other hand, Diening [9] showed that the following conditions are equivalent:

(i) p € M(R");

(i) ¢ € M(R™);
(iii) there exists s € (0, 1) such that s/p(t) +1/¢(t) =1 and g € M(R").
So, p € M(R") implies the boundedness of the Calderén-Zygmund singular inte-
gral operator on LP()(R™).

Lerner [34], among other things, observed that

p(z) = a+ sin(loglog(1/|z[)x&(x)),
where a > 2 is some constant and xpg is the characteristic function of the ball
E = {z € R" : |z| < 1/e}, belongs to M(R™). Clearly, the exponent p in this
example is discontinuous at the origin, so it does not satisfy (an R™ analog of) the
condition (4). This exponent belongs to the class of pointwise multipliers for BM O
(the space of functions of bounded mean oscillation). For descriptions of pointwise
multipliers for BM O, see Stegenga [44], Janson [18] (local case) and Nakai, Yabuta
[39] (global case). So, we strongly believe that necessary and sufficient conditions
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for the boundedness of the Cauchy singular integral operator (and other singular
integrals and maximal functions) on Nakano spaces LP() should be formulated
in terms of integral means of the exponent p (i.e., in BMO terms), but not in
pointwise terms like (4).

3. Fredholm criteria
3.1. Fredholm operators

A bounded linear operator A on a Banach space is said to be Fredholm if its image
is closed and both so-called defect numbers
n(A) :=dimker A, d(A4) := dimker A*

are finite. In this case the difference n(A) — d(A) is referred to as the index of the
operator A and is denoted by Ind A. Basic properties of Fredholm operators are
discussed in [5, 16, 20, 35, 36] and in many other monographs.

3.2. Singular integral operators with piecewise continuous coefficients

In the following we shall suppose that I' is either a Lyapunov Jordan curve or a
Radon Jordan curve without cusps, the variable exponent p belongs to the class P,
and the Khvedelidze weight (3) satisfies the conditions (5). Then, by Theorem 2.2,

the operator S is bounded on the weighted Nakano space Lg('). Let I be the
identity operator on Lg('). Put

P=(I+95)/2 Q:=(I-25)2.

Let L°° denote the space of all measurable essentially bounded functions on
I'. We denote by PC the Banach algebra of all piecewise continuous functions on
I": a function a € L* belongs to PC' if and only if the finite one-sided limits

a(t £0) := TEItI}tO a(T)

exist for every ¢t € I'.
For a € PC denote by al the operator of multiplication by a. Obviously, it

is bounded on Lg('). If B is a bounded operator, then we will simply write aB for
the product al - B. The operators of the form aP + bQ with a,b € PC are called
singular integral operators (SIOs) with piecewise continuous (PC) coefficients.

Theorem 3.1. The operator aP+bQ), where a,b € PC, is Fredholm on the weighted
Nakano space LZ(') if and only if
1 (t 1
t£0)#0, b(tx+0)#0, — At) ¢ Z
a(t£0) A0, bEE0)£0, —y mgf A0 ¢

for allt € T, where g = a/b and

X if t=m, ke{l,...,N},
A1) '_{ O,k if t¢Fk\{Tl,...,TN}.
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If @, b have only finite numbers of jumps and ¢ = 1, this result was obtained
in [30, Theorem A] (as well as a formula for the index of the operator aP + bQ).
In the present form this result is contained in [25, Theorem 8.3]. For Lebesgue
spaces with Khvedelidze weights over Lyapunov curves the corresponding result
was obtained in the late sixties by Gohberg and Krupnik [16, Ch. 9].

3.3. Widom-Gohberg-Krupnik arcs
Given 21,22 € C and r € (0,1), put

A(z1,29;7) :={z1,22} U {z € C\ {z1,22} : arg A € 2nr + 2772} .
z — Z9

This is a circular arc between z; and z (which contains its endpoints z; and
z9). Clearly, A(z, z; v) degenerates to the point {z} and A(z1, 22;1/2) is the line
segment between z; and z3. A connection of these arcs to Fredholm properties
of singular integral operators with piecewise continuous coefficients on LP(R) was
first observed by Widom in 1960. Gohberg and Krupnik expressed their Fredholm
theory of SIOs with PC' coefficients on Lebesgue spaces with Khvedelidze weights
over piecewise Lyapunov curves in terms of these arcs. For more about this topic we
refer to the books [5, 16, 20, 36], where the Gohberg-Krupnik Fredholm theory is
presented; see also more recent monographs [2, 4], where generalizations of Widom-
Gohberg-Krupnik arcs play an essential role in the Fredholm theory of Toeplitz
operators with PC' symbols on Hardy spaces with Muckenhoupt weights.

Fix ¢t € T' and consider a function x; € PC which is continuous on I"\ {¢}
and satisfies x¢(t —0) = 0 and x.(t+0) = 1.

From Theorem 3.1 we immediately get the following.

Corollary 3.2. We have

{AeC: (xt = NP+ Q is not Fredholm on Lg(')} = A(0,1;1/p(t) + A(t)).

4. Tools for the construction of the symbol calculus

4.1. The Allan-Douglas local principle

Let B be a Banach algebra with identity. A subalgebra Z of B is said to be a
central subalgebra if zb = bz for all z € Z and all b € B.

Theorem 4.1. (see [5, Theorem 1.34(a)]). Let B be a Banach algebra with unit e
and let Z be closed central subalgebra of B containing e. Let M (Z) be the mazimal
ideal space of Z, and for w € M(Z), let J,, refer to the smallest closed two-sided
ideal of B containing the ideal w. Then an element b is invertible in B if and only
if b+ J,, is invertible in the quotient algebra B/J,, for allw € M(Z).
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4.2. The two projections theorem

The following two projections theorem was obtained by Finck, Roch, Silbermann
[12] and Gohberg, Krupnik [17].

Theorem 4.2. Let F' be a Banach algebra with identity e, let C = C™*™ be a Banach
subalgebra of F which contains e, and let p and q be two projections in F such
that ¢cp = pe and c¢q = qc for all c € C. Let W = alg(C, p, q) be the smallest closed
subalgebra of F' containing C,p,q. Put

z = pgp + (e — p)(e — q)(e — p),
denote by spx the spectrum of x in F, and suppose the points 0 and 1 are not
isolated points of spx. Then

(a) for each p € spx the map o, of C U {p,q} into the algebra C*"**" of all
complex 2n X 2n matrices defined by

me= (5 0) aw=(¢ ). ©)

_ pE Vil = pE )
7l ( Vel=-mE  (1-wE )’ @
where ¢ € C,E denotes the n X n unit matriz and \/u(l — 1) denotes any
complex number whose square is u(l — u), extends to a Banach algebra ho-
momorphism o, : W — C?nx2n;
(b) an element a € W is invertible in F' if and only if det 0,a # 0 for all p € sp z;
(c) the algebra W is inverse closed in F if and only if the spectrum of x in W
coincides with the spectrum of © in F.

A further generalization of the above result to the case of N projections is
contained in [2].

5. Algebra of singular integral operators

5.1. The ideal of compact operators

The curve I' divides the complex plane C into the bounded simply connected
domain DT and the unbounded domain D~. Without loss of generality we as-
sume that 0 € D*. Let X,, := [Lg(')]n be a direct sum of n copies of weighted
Nakano spaces X := L’Q)('), let B := B(X,) be the Banach algebra of all bounded
linear operators on X,, and let K := K(X,) be the closed two-sided ideal of
all compact operators on X,,. We denote by C"*™ (resp. PC™*™) the collection
of all continuous (resp. piecewise continuous) n X n matrix functions, that is,
matrix-valued functions with entries in C' (resp. PC). Put I := diag{I,..., I}
and S .= diag{S,...,S}. Our aim is to get Fredholm criteria for an operator
A € U := alg(PC™ " S™M) the smallest Banach subalgebra of B which con-
tains all operators of multiplication by matrix-valued functions in PC™*™ and the
operator S(").
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Lemma 5.1. K is contained in alg(C™*™, S™), the smallest closed subalgebra of B
which contains the operators of multiplication by continuous matriz-valued func-
tions and the operator S().

Proof. The proof of this statement is standard, here we follow the presentation in
[21, Lemma 9.1]. First, notice that it is sufficient to prove the statement for n = 1.
By [32, Theorem 2.3 and Corollary 2.7] (see also [37]), (1) is equivalent to the
reflexivity of the Nakano space LP(). Then, in view of [25, Proposition 2.11], the
set of all rational functions without poles on I' is dense in both weighted spaces

LZ(') and L‘ll(/'g). Hence {t*}2°___ is a basis in LZ(') (we assumed that 0 € DT),
)

whence Lg(') has the approximating property: each compact operator on L}
can be approximated in the operator norm by finite-rank operators as closely as
desired. So, it is sufficient to show that a finite-rank operator on L’;(') belongs to
alg(C, S). Since [Lg(')]* =% (again see [32] or [37]), a finite-rank operator on

1/e
L’;(') is of the form
(KN® =3 as(t) [ b0 f(rdr, ter. (8)
j=1 r

where a; € L5 and b; € L‘ll(/'g). Since C is dense in L2 and in L‘ll(/'g), one can
approximate in the operator norm every operator of the form (8) by operators
of the same form but with a;,b; € C. Therefore it is sufficient to prove that the
operator (8) with aj,b; € C belongs to alg(C, S). But the latter fact is obvious

because
m

K=Y a;(SxI —xS)b;I,
j=1
where x(7) =7 for 7 € T. O

5.2. Operators of local type

We shall denote by B™ the Calkin algebra 5/K and by A™ the coset A+ K for any
operator A € B. An operator A € B is said to be of local type if AcI(™ — cA is
compact for all ¢ € C, where ¢I(™ denotes the operator of multiplication by the
diagonal matrix-valued function diag{c, ..., c}. It easy to see that the set £ of all
operators of local type is a closed subalgebra of B.

Proposition 5.2.
(a) We have KCU C L.
(b) An operator A € L is Fredholm if and only if the coset A™ is invertible in the
quotient algebra L™ = L/K.

Proof. (a) The embedding IC C U follows from Lemma 5.1, the embedding U C £

follows from the fact that ¢S — Scl is a compact operator on LZ(') for ¢ € C (see,
e.g., [25, Lemma 6.5]).
(b) Straightforward. O
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5.3. Localization

From Proposition 5.2(a) we deduce that the quotient algebras U™ := U /K and
L™ := L/K are well defined. We shall study the invertibility of an element A™ of
UT in the larger algebra L™ by using the localization techniques (more precisely,
Theorem 4.1). To this end, consider

Z7 = {(cI("))Tr cceC}.

From the definition of £ it follows that Z7 is a central subalgebra of L£™. The
maximal ideal space M(Z7™) of Z™ may be identified with the curve T' via the
Gelfand map G given by

G: 2" —C, (GeI™)™)(t) =c(t) (teT).

In accordance with Theorem 4.1, for every t € I we define J; C L™ as the smallest
closed two-sided ideal of L™ containing the set

{(cl("))’T : ceC, c(t)=0}.

Consider a function x; € PC which is continuous on I' \ {t} and satisfies
Xxt(t —0) =0 and x¢(t + 0) = 1. For a € PC™*™ define the function a; € PC™*"
by
ay = a(t = 0)(1 = x¢) + a(t + 0)x¢- (9)
Clearly (aI™)™—(a;I™)™ € J;. Hence, for any operator A € U, the coset A™+7;
belongs to the smallest closed subalgebra W; of L™/ J; containing the cosets
pi=(I™+8™))2)" + Fh, q:= (xeI™)" + F, (10)

where x:I(™ denotes the operator of multiplication by the diagonal matrix-valued
function diag{x, ..., x:} and the algebra

C .= {(cl("))”—i-jt : CEC"X"}. (11)
The latter algebra is obviously isomorphic to C™**", so C and C"*™ can be identified
to each other.

5.4. The spectrum of pgp + (e — p)(e — ¢)(e — p)
Since P? = P on Lg(') (see, e.g., [25, Lemma 6.4]) and x7—x; € C, (x?—x¢)(t) =0,
it is easy to see that

P’=p, ¢¢=q pe=cp, ge=cq (12)

for every ¢ € C, where p, ¢ and C are given by (10) and (11). To apply Theorem 4.2
to the algebras F = L™/ J, and W = W, = alg(C, p, ¢q), we have to identify the
spectrum of

pap + (e = p)e —q)(e = p) = (PP + QW1 —x)Q™)" + 7 (13)
in the algebra F' = £™ /7, here P := (I(™) 48(™)) /2 and Q™) := (1™ —S§(M)) /2.
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Lemma 5.3. Let x; € PC be a continuous function on T\{t} such that x(t—0) =0,
xt(T +0) =1 and x+(T\ {t}) N A(0,1;1/p(t) + A(t)) = 0. Then the spectrum of
(13) in the algebra L™/ J; coincides with A(0,1;1/p(t) + A(t)).

Proof. Once we have at hand Corollary 3.2, the proof of this lemma can be devel-
oped by a literal repetition of the proof of [21, Lemma 9.4]. It is only necessary to
replace the spiralic horn S(0, 1; §;; aar, Bar) in that proof by the Widom-Gohberg-
Krupnik circular arc A(0,1;1/p(t) + A(t)). A nice discussion of the relations be-
tween (spiralic) horns and circular arcs and their role in the Fredholm theory of
SIOs can be found in [2] and [3]. O

5.5. Symbol calculus

Now we are in a position to prove the main result of this paper.

Theorem 5.4. Define the “arcs bundle”

M= ({t} x A(0,1;1/p(t) + A(t))).
ter
(a) for each point (t,u) € M, the map
Wt {S(")}U{CLI(”) . a € PC™"} _)(C}rLXZn’

given by

rns™) = (¢ O ) antar = (i) el ),

a2 (t, 1)  az(t, p

where
anlty) = a(t+0)u+a(t—0)(1— p),
ara(t,p) = am(t,p) = (at +0) —a(t — 0))\/p(l —
aga(t,p) = alt+0)(1—p)+alt —0)u,

and O and E are the zero and identity n X n matrices, respectively, extends
to a Banach algebra homomorphism

Ot U = (C2n><2n
ok

ot u(K) = ( g g )

for every compact operator K on X, ;
(b) an operator A € U is Fredholm on X, if and only if

detoy ,(A) #0  for all (t,p) € M;

(c) the quotient algebra UT is inverse closed in the Calkin algebra B™, that is, if
an arbitrary coset A™ € U™ is invertible in B™, then (A™)~! e U™.

with the property that
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Proof. The idea of the proof of this theorem based on the Allan-Douglas local
principle and the two projections theorem is borrowed from [2].

Fix ¢t € T and choose a function x; € PC such that y; is continuous on I'\ {¢},
xt(t—0) =0, x:(t+0) =1, and x¢(T'\ {¢}) N.A(0,1; 1/p(t) + A(¥)) = 0. From (12)
and Lemma 5.3 we deduce that the algebras £7/J; and W; = alg(C, p, q), where
p,q and C are given by (10) and (11), respectively, satisfy all the conditions of the
two projections theorem (Theorem 4.2).

(a) In view of Theorem 4.2(a), for every p € A(0,1;1/p(t) + A(t)), the map
o, C" U {p, g} — C?>"*2" given by (6)—(7) extends to a Banach algebra homo-
morphism o, : W; — C?"*2"_ Then the map

Oty =0, 0Tt U — CX2n

where m, : U — W, = U™ /T, is acting by the rule A — A™ + 7, is a well-defined
Banach algebra homomorphism and

n E O
0., (S™) = 20,p — 0,6 = ( O -E )

If a € PC™ " then in view of (9) and (aI™)™ — (a,I™)™ € 7, it follows that

oru(al™) = oy u(ad™) = ou(at —0)ou(e —q) + oulalt +0))oug

(au(t»/i) alz(t»/i))
agi(t,p) a(t,u) )

From Proposition 5.2(a) it follows that m(K) = K™ + J; = J; for every K € K
and every t € I'. Hence,

nn) =00 = (G )

Part (a) is proved.

(b) From Proposition 5.2 it follows that the Fredholmness of A € U is equiv-
alent to the invertibility of A™ € £L™. By Theorem 4.1, the former is equivalent to
the invertibility of m(A) = A™ + J; in L™/ J; for every t € I'. By Theorem 4.2(b),
this is equivalent to

detoy,(A) =deto,m(A) #0 forall (¢,u) e M. (14)

Part (b) is proved.

(c) Since A(0,1;1/p(t) + A(t)) does not separate the complex plane C, it
follows that the spectra of (13) in the algebras £7/J; and W, = U™/ J; coincide,
so we can apply Theorem 4.2(c). If A™, where A € U, is invertible in B™, then
(14) holds. Consequently, by Theorem 4.2(b), (¢), m(A) = A™ + J; is invertible in
Wy =UT /T, for every t € T'. Applying Theorem 4.1 to U™, its central subalgebra
Z™ and the ideals J;, we obtain that A™ is invertible in U™, that is, U™ is inverse
closed in the Calkin algebra B™. (]
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6. Index of a Fredholm SIO

6.1. Functions on the cylinder I" x [0, 1] with an exotic topology

Let us consider the cylinder 9t :=I' x [0, 1]. Following [14, 15], we equip it with
an exotic topology, where a neighborhood base is given as follows:

Qt,0) ;= {(t,z) eM: |t —t| < 6,7 <t,x €[0,1]}U{(t,z) € M:z€[0,e)},
Qt,1) = {(t,x) eM: |t —t| < st <7,z [0,1]}U{(t,z) e M:z € (1]},
Qt, o) = {(t,x) € M: 2 € (wg — 01,20 + 02) },

where xg # 0,0 < 61 < 29,0 < J2 <1 —1zp,and 0 < e < 1.
Note that A(z1, z2; ) has the following parametric representation

Z(.’E) =z + (’22 - Zl)W(.’E,T), 0<z <1,
where w(z,r) = z for r = 1/2 and

sin(fz) exp(ifzx)

w(x,r) = , O:=7m(1-2r), r#1/2.

sin 0 exp(i6)
Let A be the set of all piecewise continuous scalar functions having only
finitely many jumps. For a € A, put

Ua(t, ) == a(t+0)w(z, 1/p(t)+A(t)+a(t—0) (1-w(z, 1/p(t)+A(t))), (t,z) € M.

Let us consider the function
k
F(t,z) := H Uag;(t, ), (t,x) €M, (15)
j=1

where a; € A, 1 < j <k, and k > 1. If F(t,x) # 0 for all (¢t,z) € M, then F is
continuous on M and the image of this function is a continuous closed curve that
does not pass through the origin and can be oriented in a natural way. Namely,
at the points where the functions a; are continuous, the orientation of the curve
is defined correspondingly to the orientation of I'. Along the complementary arcs
connecting the one-sided limits at jumps the orientation is defined by the variation
of z from 0 to 1. The index ind gn F' of F is defined as the winding number of the
above defined curve about the origin.
By F(9) we denote the class of functions H : 9t — C satisfying the following
two conditions:
(i) H(t,z) # 0 for all (t,x) € M;
(ii) H can be represented as the uniform limit with respect to (¢,z) € 9 of a
sequence of functions F of the form (15).

The numbers ind g F are independent of s starting from some number sq.
The number
indgpH := lim ind gn F§

§—00

will be called the index of H € (). One can see that the index just defined is
independent of the choice of a sequence Fy of the form (15).
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6.2. Index formula

The matrix function

AL, ) = 0t w(@1/p)+r0)(A4), (t,xz) € M,

is said to be the symbol of the operator A € U. We can write the symbol in the

block form
o Q[u(t, x) Q[lz(t, x)
Ql(tv J") - ( Q[21(t7 £C) 9[22@, £C) ) (t7 l‘) S ma

where 2;;(¢, z) are n x n matrix functions.

Theorem 6.1. If an operator A € U is Fredholm on X,,, then the function

det A(t, z)
t = t
Qalt,) det Aaa(t,0) det Ago (¢, 1)’ (t,z) € M,
belongs to F(M) and

Ind A = —ind gﬁQA.

Proof. The proof of this theorem is developed as in the classical situation [14, 15]
(see also [22, 23] and [2]) in several steps. We do not present all details here,
although we mention the main steps.

1) The index formula for the scalar Fredholm operator aP + Q) with a € A:

Ind (aP + Q) = —ind gy U,.
In a slightly different form (and in the non-weighted case) this formula was proved

by Kokilashvili and Samko [30].
2) The index formula for aP(™ + Q™) where a € C™*™:

1
Ind (aP™ + QM) = ~ 5 {Argdeta(t)}r,
™

where the latter denotes the Cauchy index of the continuous function det a. This
formula can be proved by using standard homotopic arguments.

3) The index formula for aP™ + Q™) where a is a function in A"*", the
set of n x n matrices with entries in A:

Ind (aP™ + Q™) = —ind gy det U,,.

A proof of this fact is based on the possibility of a representation of a € A"*™ as
the product ¢1Y ¢o, where ¢; and ¢ are nonsingular continuous matrix functions
and Y is an invertible upper-triangular matrix function in A”*™. A proof of this
representation can be found, e.g., in [6, Ch. VIII, Lemma 2.2].

4) An index formula for the operators of the form

k
D (@ P 4 55QM) x - x (a5 PM + b;,Q™), (16)
j=1
where aj;, b € A"*™, 1 <1 <r, k>1, can be proved by using the previous step
an a procedure of linear dilation as in [14, Theorem 7.1] or [15, Theorem 3.1].
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5) Every operator A € U can be represented as a limit (in the operator
topology) of operators of the form (16). So, the index formula in the general case
follows from the fourth step by passing to the limits. Notice that if a sequence of
operators A; € U converges to A, then

det A®) — det A, det A — det Uiy, det ALY — det Ans

uniformly on 9, where 2 and A() are the symbols of A and A, (see [23, Theo-
rem 3]), so passage to the limits is legitimate. O
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Abstract. Let V(R) denote the Banach algebra of absolutely continuous func-
tions of bounded total variation on R. We study an algebra 9% of pseudodiffer-
ential operators of zero order with compound slowly oscillating V (R)-valued
symbols (z,y) — a(z,y, ) of limited smoothness with respect to z,y € R. Suf-
ficient conditions for the boundedness and compactness of pseudodifferential
operators with compound symbols on Lebesgue spaces L?(R) are obtained. A
symbol calculus for the algebra B is constructed on the basis of an appropriate
approximation of symbols by infinitely differentiable ones and by use of the
techniques of oscillatory integrals. A Fredholm criterion and an index formula
for pseudodifferential operators A € B are obtained. These results are carried
over to Mellin pseudodifferential operators with compound slowly oscillating
V(R)-valued symbols. Finally, we construct a Fredholm theory of general-
ized singular integral operators on weighted Lebesgue spaces LP with slowly
oscillating Muckenhoupt weights over slowly oscillating Carleson curves.
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1. Introduction

Pseudodifferential operators with compound (double) symbols play an important
role in the modern theory of linear PDE and singular integral operators (see,
e.g., [13], [22], [39], [40], [42], [32], [1]). Treatments of pseudodifferential operators
most frequently concentrate on operators with smooth symbols, but for a lot of
applications we need to study pseudodifferential operators with symbols of limited
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smoothness. Thus, studying pseudodifferential operators with symbols of minimal
smoothness is of interest now (see, e.g., [6], [7], [24], [39], [41]).

Pseudodifferential operators of Mellin type were intensively studied along
with the Fourier pseudodifferential operators (see, e.g., H.O. Cordes [8], J.E. Lewis
and C. Parenti [23] and the references given there). The theory of Mellin pseudo-
differential operators of higher order with smooth symbols is applied in the study
of boundary value problems on manifolds with singularities (see, e.g., [35], [36] and
the references therein), in the diffraction theory (see, e.g., [25], [26]), and in the
theory of singular integral operators with singularities (see [2]-[4], [29]).

Let B, = B (Lp (R)) be the Banach algebra of bounded linear operators acting
on the Lebesgue space LP(R), 1 < p < oo, and let K = I, be the closed two-sided
ideal of all compact operators in B,,.

The paper is devoted to studying the Fourier and Mellin pseudodifferential
operators with compound symbols on Lebesgue spaces LP over R and R, re-
spectively. More precisely, we study an algebra 9B of (Fourier) pseudodifferential
operators of zero order with compound slowly oscillating V(R)-valued symbols
(z,y) — a(z,y,-) of limited smoothness with respect to z,y € R, where V(R) is
the Banach algebra of absolutely continuous functions of bounded total variation
on R. Sufficient conditions for the boundedness and compactness of pseudodifferen-
tial operators with compound symbols on the Lebesgue spaces LP(R) are obtained.
A symbol calculus for the algebra 8 is constructed on the basis of an appropri-
ate approximation of symbols by infinitely differentiable ones and by use of the
techniques of oscillatory integrals. As is well known (see, e.g., [5], [12], [1]), an
operator A € 2 is said to be Fredholm, if its image is closed and the spaces ker A
and ker A* are finite-dimensional. In that case Ind A = dimker A — dim ker A* is
referred to as the index of A. A Fredholm criterion and an index formula for the
pseudodifferential operators A € B are obtained. These results are carried over to
Mellin pseudodifferential operators with compound slowly oscillating V' (R)-valued
symbols (r, ) — a(r,o,-) of limited smoothness relative to r, 0 € Ry. Finally,
as an application we construct a Fredholm theory of generalized singular integral
operators on weighted Lebesgue spaces LP over slowly oscillating Carleson curves
with slowly oscillating Muckenhoupt weights.

The paper extends the results of [16] and is organized as follows. By analogy
with [16], in Section 2 we introduce new classes of compound symbols C, (R™, V (R)),
&, and £V C EC that consist of bounded continuous, uniformly continuous, and
slowly oscillating V(R)-valued functions on R™, respectively. Approximations of
the functions in these classes by infinitely differentiable ones are constructed by
the scheme of [8, Chapter 3] with estimates caused by the considered classes of
symbols. Here we also introduce a subset &, C &Y of symbols which allows us
to construct a Fredholm theory for pseudodifferential operators with compound
symbols in gg.

In Section 3 we study (Fourier) pseudodifferential operators with compound
finitely differentiable (with respect to spatial variables) V(R)-valued symbols in
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Cyp (R x R, V(R)) making use of the techniques of oscillatory integrals (see, e.g.,
22], [42], [30], [32))-

In Section 4, we establish sufficient conditions for the boundedness and com-
pactness of (Fourier) pseudodifferential operators with compound V(R)-valued
symbols of limited smoothness relative to spatial variables on the Lebesgue spaces
LP(R), 1 < p < oo. The proofs are based on the results of Sections 2-3 and [16].

In Section 5 we construct the symbol calculus for pseudodifferential operators
with compound slowly oscillating V' (R)-valued symbols of limited smoothness with
respect to spatial variables and obtain a Fredholm criterion and an index formula
for such operators making use of the results of [16] and Section 4.

In Section 6 we carry the results obtained for Fourier pseudodifferential op-
erators with compound symbols over to Mellin pseudodifferential operators with
compound slowly oscillating V(R)-valued symbols of limited smoothness with re-
spect to spatial variables 7, 0 € R;..

The next two sections are devoted to an application of Mellin pseudodifferen-
tial operators to constructing a Fredholm theory for generalized singular integral
operators on weighted Lebesgue spaces LP(T",w) with slowly oscillating Mucken-
houpt weights w over slowly oscillating Carleson curves T.

Given an oriented rectifiable simple arc I" in the plane and a function f in
LY(T), the Cauchy singular integral Srf,

1(7) dr, T(t,e):= {7’ el:|r—tl < 6},

\I(te) T 1

exists for almost all ¢ € T'. We consider St as an operator on the weighted LP space
LP(T",w) with the norm || f] := waHLP(F) where 1 < p < oo and w: T — [0, 00
is a measurable function such that w=1({0,00}) has measure zero. After a long
development, which culminated with the work by Hunt, Muckenhoupt, Wheeden
[14] and David [9], it became clear that St is a well-defined and bounded operator
on LP(T',w) if and only if

1 1/p 1/q
sup sup (/ w(r)p|d7'|> (/ ’w(T)_q|dT|> < 00, (1.1)
e>0 tel’ € I(t,e) I'(t.e)

where 1/p+1/g =1 (see also [11] and [1]). Following [3], we write A, for the set
of all pairs (I, w) satisfying (1.1). Using Holder’s inequality, it is easily seen that
(1.1) implies that

supsup [I'(¢,¢)|/e < o0, (1.2)
e>0 tel’

where |T'(¢, €)| stands for the Lebesgue (length) measure of I'(¢, €). Condition (1.1)
is called the Muckenhoupt condition. The curves I' satisfying (1.2) are named
Carleson or Ahlfors-David curves (see [1]).

Applications of Mellin pseudodifferential operators with compound (double)
symbols to studying algebras of singular integral operators with slowly oscillat-
ing coeflicients on weighted Lebesgue spaces with slowly oscillating Muckenhoupt
weights over slowly oscillating Carleson curves were considered in [29], [2], [3], [4]
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(see also [1], [32] and the references therein). Singular integral operators with some
slowly oscillating shifts were investigated in [17], pseudodifferential operators with
slowly oscillating shifts were studied in [31]. In all these papers the symbols of
pseudodifferential operators were infinitely differentiable. Now we apply the re-
sults on Mellin pseudodifferential operators with compound V' (R)-valued symbols
of limited smoothness (with respect to spatial variables).

In Section 7 we introduce slowly oscillating data of generalized singular inte-
gral operators. In Section 8 we obtain a Fredholm criterion and an index formula
for generalized singular integral operators with slowly oscillating coefficients on
weighted Lebesgue spaces LP(T',w) with slowly oscillating Muckenhoupt weights
w over slowly oscillating unbounded Carleson curves I' with endpoints ¢ € C and
00, making use of the results of Sections 4 to 6. Let a be an orientation-preserving
diffeomorphism of I'® = T\ {t, 00} onto itself that is slowly oscillating at the end-
points of T', and let V,, be the corresponding shift operator, V o = ¢ o a. We call
the operators of the form V,SrV, ! generalized singular integral operators. The
Fredholm result obtained in Section 8 essentially depends on all slowly oscillating
data: the curve, the weight, the shift, and the coefficients.

2. Oscillating compound symbols and their approximation

Slowly oscillating functions. For n € N and a point = (x1,...,2,) € R", fix
the norm ||z|| = max{|z1],...,|zs|}. Given a continuous function a : R” — C, let
Cp(R™) := C(R™) N L*(R™) and let ¢cmy(a) := cmy 1(a) where

cmae(a) = max {|a(z +y) — alz)| : y €R", [y] <} (2.1)

for € > 0 is a local oscillation of a at a point = € R™.

According to [8, p. 122], a function a € C,(R™) is called slowly oscillating at
oo if

lim cmy(a) =0 (2.2)
llz[[—o0
or, equivalently, | lﬁm cmyg (a) = 0 for every € > 0.
Z||—00

Let SO(R™) be the set of all functions in Cy(R™) which are slowly oscillating
at co. By [8, Chapter 3, Lemma 10.4], SO(R™) is a C*-algebra being the closure
in L*°(R™) of the algebra

SO®(R") := {a €CP®Y): lm 0fa(x) =0, o] > o}. (2.3)
Here C;°(R™) is the set of all infinitely differentiable functions a : R — C that
are bounded with all their partial derivatives, 0,, = 0/0,,, 05 = 09! ...99~ and
o] = a1 + -+ + a, for every multi-index o = (a1, ...,®,) with non-negative
integers «;. For a € SO(R™), an approximation a. € SO>(R"™) (¢ — 0) can be
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chosen in the form a. = 1. * a where
we(m) = <,05($1)905(1‘2) T @s(mn)a 4108($j) = 67190(1'1'/5) for € >0, (2'4)

o€ C(R), suppy C [-L1], >0, / p(t)dt = 1, 25)
R

and C§°(R™) denotes the set of all infinitely differentiable complex-valued functions
on R™ with compact support.

Functions of bounded total variation. Let a be an absolutely continuous function
on R of bounded total variation V(a) where

V(a) := sup {Z la(xg) —a(zp—1)] : —c0o < zpg < a1 < -+ < xp < +00, N E N}.
k=1

As is known (see, e.g., [27, Chapter VIII, § 3; Chapter IX, § 4]), if V(a) < oo, then

the limits a(+o0) = lirin a(z) exist and thus a is continuous on R = [—o0, +00],

a’ € L*(R), and

a(x) :/SC a'(y)dy +a(—oc0) for x € R, V(a) :/R|a'(y)|dy.

—00

The set V (R) of all absolutely continuous functions on R of bounded total variation
is a Banach space with the norm ||a||v := ||a||c+V (a) where ||a||c := sup {|a(z)] :
z € R} and [|abl|,, < [lal|, [[b]], -

Bounded symbols. In what follows we denote by L (R",V(R)) the set of all
functions a : R™ x R — C such that = +— a(x,-) is a bounded measurable V(R)-
valued function on R™. Since the Banach space V(R) is separable, we conclude
according to [37, Chapter IV, Theorem 235] that every measurable V(R)-valued

function is a limit a.e. of a sequence of simple measurable functions a; : R® —

V(R) having only finite sets of values b; € V(R), with measurable pre-images

a;, ' (b;). This implies that the functions  — a(z, A) for all A\ € R and the function

T ||a(x, )HV are measurable on R™ as limits a.e. of corresponding sequences of

simple measurable functions. Therefore, a(-, \) € L>(R") for every A € R, and
the function z — |[a(z, ~)||V, where

la(z. )|, = max |a(z, 3)| + / 1Ona(z, A)|dA, (2.6)
AER R
belongs to L>(R™). Clearly, L>(R",V(R)) is a Banach algebra with the norm
HaHLw(R",V(R)) = eise%gp a(z, )HV (2.7)

Bounded continuous symbols. Let C, (R™, V(R)) stand for the set of all functions

a: R"xR — Csuch that x — a(z, -) is a bounded continuous V' (R)-valued function
on R". If a € Cb(R",V(]R)), the functions z — a(z, ) for all A € R and the
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function z — [la(z,-)|lv given by (2.6) belong to Cy,(R™). Clearly, Cy(R", V(R))
is a Banach subalgebra of L*°(R", V(R)) with the norm

Hchb(Rn,V(R)) ‘= sup ||a(957')HV' (2.8)
TzER™

Let &, be the Banach subalgebra of all functions a(z, ) in Cy(R™, V(R))
such that the V' (R)-valued function x +— a(x, -) is uniformly continuous on R™ and

lim sup ||a(z,) — a(x (2.9)

[h]—0 zeRrn ’.)HV =0

where a(z, \) := a(z, A + h) for all (x,\) € R" x R.
By analogy with [16, Theorem 2.1] we prove the following.

Theorem 2.1. Every function a(z,\) € &,, can be approzimated in the norm of
Cy(R™, V(R)) by functions ac(z, ) € &, (¢ — 0) such that 0205ac(z,\) € &, for
all multi-indices a = (aq, ..., ap) with |a| =0,1,2,... and for all j =0,1,2,.. ..

Proof. Fix a function ¢ given by (2.5) and define functions 1. and ¢, as in (2.4).
For every € > 0, every multi-index o and every k£ =0,1,2,..., we set

I, ::/ |8§1/)5(x)|dx <oo, Ij ::/ |<p§k)(/¢)’d,u < 0. (2.10)
R™ R
Following [8, Chapter 3, Lemma 10.4], we construct approximations a. in the form
acle N = [[ vulo = e w aly. p)dyd (2.11)
Rﬂ,

for (z,\) € R" x R. Let |a|,j = 0,1,2,.... Since ¥. € C§°(R™) and ¢. € C5°(R),
we obtain

[02 8 a.] (z, \) / /]R " 0% (y) 9 (A — p) alx — y, p)dydp. (2.12)
Hence, according to (2.4), (2.5) and (2.10), and because a € Cy,(R™, C(R)), we get
105 8ac] (2, )| < I /R |05 ¢=)|[|a(z -y, )| ody. (2.13)
On the other hand, along with (2.12),
o0 el @) = [ 050) ¢ 0= ) Byale = ydyda. (214)
From (2.14) and (2.10) it follows that
v(iozofac)(e) < [ 1600 mlan( [ [ogo-tolas [ [o.ate v lan)
I /R |05 e (y)|V (alz -y, -))dy. (2.15)

IN

IA
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Combining (2.13) and (2.15) we conclude that

[000la](z, )], < I, / |0y W)]Jalz =y, )|, dy
Rn
< |\I;l|?gxg||a($_y")’|‘/[alj' (2.16)

As [6g3§ag]h =920 (a”)_, the estimate (2.16) implies that

1102 8ac] (. ) = [95BRac] (= )|y, < max [|ale —y.) = alz =y, )y Ly,

103 Rael(@, ) = 780" (2. )y, < max Ja(e = y,) = a” (@ =y, )|y Lals:

Hence, 8;“8;\(15 e Gy (R”, V(R)) for all |af,j =0,1,2,..., and, moreover,

i sup [[078ac] (@) ~ [878fac] =)l =0,

Jm - sup [[[9704a](r, ) — Bp04al" x|, =0

Thus, all the V(R)-valued functions = +— [8;“8;\(15](30,) (lal, 4 = 0,1,2,...) are
uniformly continuous on R™ and satisfy (2.9), that is, belong to the algebra &,,.
Since according to (2.3),

// | (y) e (1) |dydp = / Ve(y) pe(p)dydp = 1, (2.17)
R'n.+l Rn+1

we obtain

Oae )~ Aacle ) = [[  vnle =) e~ [Dlale ) - Bty w)]dydn

Rn+1
B /Rn+1 Ve (y) @6()\ B M) [aﬂa(x, 'u) - QZG(J; - Y U)] dydp

+ / - Ve (z —y) 0= (1) [@a(m, A) — aia(x, A\ — U)] dydy,

where j = 0,1, supp ¥ C [—€,e]” and supp ¢ C [—¢,¢]|. Hence, taking into
account (2.5), we infer from the latter equality for j = 0 and j = 1, respectively,
that

Ha(x,-)—as(x,-)HC < /R" ’ws(y)ma(x?')_a(x_yv')Hcdy

(2.18)
b [ leellote) - a7 )| do
R



196 Yu.l. Karlovich

V(a(z,-) —ac(z, ") = /R |8>\a(ac,)\) — Orac(w, \)|dA

< (Lo =stan) ([ otilay [ 10,0t = d,ato = woihin)
([ toete = ntdy) ([ lotlan [ Josate ) - onater - fir)

/ |1/)5 |V a(z,) —alx —y,-) dy+/|<p5 |V( )—a_“(x,'))d/i.
(2.19)
From (2.8), (2.18) and (2.19) it follows that

lo = acllc, g, v ey = o la(, ) = ac(x, )]

< sup ([ Jucto)late) = ate — ) do

r€R”

+ [le-late.) —a-u<x,->||vdu)
h

< sup max |la(z )—a(ac—y,')HV—i— sup max |la(z,-) — a"(x

zeRn |yll<e z€Rn |h|<e ’ )HV

Hence ghlr(l) Ha — af”cb(R",V(R)) = 0 in view of the uniform continuity of the V(R)-

valued function z — a(z,-) on R™ and according to (2.9). O

Corollary 2.2. If 8;)‘8§\a(x,)\) € &, for all multi-indices a = (a1, ..., Q,) with
|a] =0,1,2,...,N and for all j =0,1,2,..., M, then for all mentioned o and j,
28R alx,\) = ig% 990%ac(z, \) in the norm of Cy(R™, V(R)).

Proof. By virtue of Theorem 2.1, the function a(z, ) € &,, can be approximated
in the norm of Cy,(R™, V(R)) by the functions

ac(z,\) = [the(@)p(N)] * a(z, ) € &,. (2.20)
Since agaia(x, A) € 6, too, from (2.20) it follows that
0004 ac(z,)) = [Ve(2)p- (V)] + 05 a(w, \) € &,,.
Hence the function agaia(x, M) is approximated in the norm of Cy(R", V(R)) by
the functions 92 a.(z, A). O
Slowly oscillating symbols. By analogy with (2.1), for a € C, (R", V(R)), we define

em€(a) = maX{Ha(x—i—y,~) — a(ac,~)||c cy eR™ |yl < 1}, 2.21)
emY (a) == max{”a(ac +y,) — a(x,-)”v cy eRY |yl < 1}.
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Let £ and &Y be the subsets of all functions a : R x R — C in &,, that slowly
oscillate at oo, that is, satisfy the conditions

| lﬁm em%(a) =0 and | lﬁm emY (a) =0, (2.22)
respectively. Thus, £S is contained in SO (R", C(R)), the C*-algebra of all bounded
continuous C(R)-valued functions on R™ that slowly oscillate at co. Analogously,
&Y is contained in SO(R™, V(R)), the Banach algebra of all bounded continuous
V(R)-valued functions on R™ that slowly oscillate at oo. Obviously, each func-
tion @ in SO(R™,C(R)) or in SO(R™,V(R)) automatically is uniformly contin-
uous on R™ with values in C(R) or in V(R), and for every A € R the function
z +— a(z,\) belongs to SO(R™). Obviously, the sets £ = &, N SO(R",C(R))
and €Y = &, N SO(R™, V(R)) are Banach subalgebras of C, (R™, V(R)).

Theorem 2.3. Let &, € {ES,EV Y. Bvery function a(x,)\) € &, can be approz-
imated in the norm of Cp (R” V(R)) by functions a- € &, (¢ — 0) such that
028 a:(x,\) € &, for all multi-indices o = (v, ..., ap) with |af =0,1,2,... and
forall j =0,1,2,.... In particular, if |a| > 0, then

| lﬁm || [62‘31(16] (z, )||C =0 for ac Eg,

lim || [agaiag] (, )||V =0 for acé&Y.

]| —o0

(2.23)

Proof. By Theorem 2.1, all the derivatives agaiag (laof,7 = 0,1,2,...) of the
functions a. (¢ > 0) given by (2.11) are in &,,. Moreover, in view of (2.21), (2.22)
and the inequalities

l[oz08ac] (@, ) = [02ac] (=, )|

o < max [laz =y ) = alz =y, )| Ly

[0 ac] (@,) = [05D%a] (2, )|],, < max [la(@ = y,-) = a(z =y, )|y, L]

Vo7 yli<e

deduced, respectively, from (2.13) and (2.16), we conclude that a. and all its
derivatives satisfy the condition

lim emf(9%0a.) = lim emS(a) =0 if ac&C,
l|lzl|—o0 l|z||—o00
(2.24)
lim em) (8“8Ja5) = lim emY(a)=0 if ac&Y,
llz||—o0 llz||—o00

and consequently belong to &,. Furthermore, if |a| > 0, then / 9y ¥=(y)dy = 0
R
because e (z) = pe(1)pe(r2) - - - pe(xn) and . (z;) = 0 for |z;| > €. Therefore,

(002 ac] (, \) //RM 05 (y) 9 (A = ) [a(x — y, p) — a(w, p) | dydp.
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Hence, ‘
H[aﬂljaf\(%] HC = HrnHa<X ||a(x_y7') _a(xv')HCIOéIJ
orRac] (@ )|y < max Ja(e —y.) — al@, )]y LT

which together with (2.24) imply (2.23) for all [a] € Nand j =0,1,2,.... O

Theorem 2.3 and Corollary 2.2 immediately imply the following.

Corollary 2.4. If &, € {£C,EVY and d¢&a(x, \) € E, for all multi-indices o =
(a1,...,qp) with o] = 0,1,2,...,N and for all j = 0,1,2,..., M, then for all
mentioned « and j satisfying the condition |a| > 0,

Jim [[[020%a) (@, )]l =0 if ac €y

i [|[o20}a] @)y =0 if acel.

Z, )Hc
(2.25)

Special slowly oscillating symbols. Let a(z,\) € C, (R”,V(R)). Taking into ac-
count the fact that dxa(z, A) € Gy (R, L' (R)), for M € R we put

+oo M
Vi< (a(z,)) = /M |oxa(z, A)|d\, VM (a(z,")) = /_OO|8>\a(m,/\)}d/\. (2.26)

To construct a Fredholm theory for pseudodifferential operators with com-
pound symbols, we need to introduce the following subset of slowly oscillating
symbols:

En = {a € SS : Mllr{loo xseuﬂg VM (a(x, )) = MEIEOO zsél@ V+oo( (x 7)) = (()} |
2.27

Obviously, &, is a Banach subalgebra of the Banach algebra Cj (]R", V(R)).

Theorem 2.5. Fvery function a € gn belongs to £Y and can be approzimated in
the norm of Cy(R™,V(R)) by functions a. € En (e — 0) such that 8ga§a€(x, A) €
En for all multi-indices o = (aa,...,an) with o = 0,1,2,... and for all j =
0,1,2,....

Proof. By Theorem 2.3, each function a € £ can be approximated in Cj, (R",V(R))
by functions a. € EY such that 6ga§a€(x,/\) € &¢ for all |al,j = 0,1,2,....
Analogously to (2.15) for every M > 0 and every € > 0 we get

Vi ([05%ac] (@ / |0y ve(z—y |dy</|s0 |du/ |Oxaly. A —p |dA)

< sup V> (a(z,")) Ia1;, (2.28)
xER™

where I, I; are given by (2.10). Similarly,

([80‘8]%]( ) < seu]lglv M+5(a(aj,-)) Ii1;. (2.29)
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Finally, (2.28), (2.29), and (2.27) yield that 82‘81(15(95,)\) € &, for all |a|,j =
0,1,2,....

Furthermore, from the first equality in (2.25), from (2.27) and from the esti-
mate

V([0 (0,) < 2M 050 0o + (V2 4 Vi) (0204 019)
it follows that
lim || [aanaE] (z, )HV =0 forall |a|=1,2,... and all j =0,1,2,...,

llz||—o0
which in its turn implies that all the functions 8?8;\(16 (laf,7=0,1,2,...) belong to
SO(R",V(R)). Since lim ||a—ac||. gn = 0 and SO(R™, V(R)) is a Banach
E—00 Ch(R ’V(R))

subalgebra of C,(R™, V(R)), the function a € &, also belongs to SO (R™,V(R)).
Finally, a € &Y because £ = &, N SO(R",C(R)), &Y = &, N SO(R™,V(R)),
and hence £/ = £¢' N SO (R", V(R)). O

3. Oscillatory integrals and pseudodifferential operators

Let x € C°(RxR) and x(y,n) = 1 in a neighborhood of the origin. Set x.(y,n) =
x(ey,en). If for a function a defined on R x R the limit

lim / / Xe(y,m)a(y, n)e” ¥ dydn

e—0 27T

exists and does not depend on the choice of the cut-off function y, then it is called
the (double) oscillatory integral of a and is denoted by Os[a(y, n)e’iy"] (see, e.g.,
[38, Chapter 1], [42, Vol. 1, Chapter 1], or [30, Chapter 2]).

Clearly, if a € L'(R x R), then, by the Lebesgue dominated convergence
theorem (see, e.g., [33, Theorem 1.11]), Os|[a(y,n)e~ "] exists and

Osla(y, me "] = // aly, n)e” " dydn. (3.1)
In what follows we will use the notation
)2 =0+y*)"", (Dy)?=1-0;, D,=—id, (3.2)

and will apply the following regularization of oscillatory integrals (see, e.g., [30,
Theorem 2.1.3]), which is based on the relations

(y)"2(Dy)2e™ W = W () T2(Dy)2e TV = e, (3.3)
integrating by parts, and on the Lebesgue dominated convergence theorem.

Lemma 3.1. If agafa(y,n) ey (R, V(R)) forallk=0,1,2 and j = 0,1, then the
oscillatory integral Os[a(y,n)e*i?m] exists and

Oslatrne™] = o [ 072 { 0Dy ety e dyan. (3.4
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Proof. Choosing a cut-off function xy € C§°(R x R) and taking into account the
relations (3.3), we deduce by integrating by parts that

// Xe(y,m)a(y,n)e”¥"dydn

B / /R Xe(maly, mn) (D) { ()™ (D) e "} dyd (3.5)
— //R? <y>*2<Dn>2{<77>*2<Dy>2{xs(y’ n)a(y,n) }} efiyndydn,

In view of the relations

O{(m 2} =2y, {(n)*} = (60> —2)(n)~°

we conclude that

sup|3k{ _2}|§2<n>_2 forall neR.
k=1,2

Consequently,

(D) {(m) 2 f(y,m) ]

[[(m) =2+ (2—67°) (n)~°] f (v, m)

+ An(n) O f(y.m) — () 202 f (y,m)|
< ()23 f ()| + 2[00 f (y, )| + |02 f (y, )] (3.6)
Taking f(y,n) = (Dy)?{xe(y,n)a(y,n)}, we deduce from (3.6) that
|)2p >2{<n>-2 (D0 e Ja(y n) e 7|
<3(y) 72 (m) 2 f ()| 4+ 20y) 2 ) 20 f (y,m)| + <y>’2|32f(y,n)l~ (3.7)
As 83,85{)(5(34,77 a(y,n } € Cb(R,Ll(R)) and 8%8’“{)(5 y,n)a } € Cp(R x R)

for all kK =0,1,2 and j = 0,1, each summand in (3.7) belongs to Ll(R x R), and
hence the last double integral in (3.5) exists.
Taking into account the facts that the function

W)= ()0, { ()20, {alw.m)}f e

belongs to L!(R x R) and, therefore, the double integral on the right of (3.4) exists,
we proceed to prove the equality (3.4).
By the definition of oscillatory integrals and by (3.5),

Osla(y,n)e” "] = lim // X=(y, ma(y, n)e” ¥ dydn

e—0 2’]‘(‘

(3.8)
= lim // <n>’ (Dy)? {xe(y,n)a(y,n)}} e~ Vdydn).

e—0 271'

Applying the Lebesgue dominated convergence theorem and taking into account
the fact that for k+j > 0 all the partial derivatives 85 8% Xe (Y, n) uniformly converge
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on compacts to zero as ¢ — 0, we infer from (3.8) that

Os[a( )e*iyn]
= lim // Xe (Y, m)( 2<Dn>2{<n>72<Dy>2{a(y,n)}} e~ W dydn

= oo [0 { 20 et} e aan,

Thus the oscillatory integral Os [a(y, n)e’iy"] exists, equals the double integral in
(3.4) and hence does not depend on the choice of the cut-off function y.. O

Lemma 3.2. If ag’ja(x,y,)\) € Cy(R x R, V(R)) for k =0,1,2, then the (Fourier)
pseudodifferential operator A defined for every u € C5°(R) by the iterated integral

1 .
(Au)(x) := 27T/Rd/\/Ra(x,y,A)e’(x_y)Au(y)dy, x €R, (3.9)
can be represented in the form
(Au)(z) = Osla(z,z + y, Nu(z + y)e_w”\] (3.10)

where the oscillatory integral depends on the parameter x € R.

Proof. Applying the equality (A {e ”’A} = ¢~ we infer by integrating
by parts that

/a(w,y,A)U(y)e“’”‘y)*dy = /a(a:,a: + oy, Nu(z + y)(\) 2(D,)2{e " by
R R

= 7 [ D)) a4y Nule + )}y
R
where for every x, A € R the function
) {a(z, e +y Nu(z +y)} = [(Dy)*{a}u - 2(9ya)u’ — au”](z,x +y, )

belongs to the space L' (R) with respect to y because u € C5°(R) and 95 a(x,y, \) €
Cyp (]R x R, V(R)) for k = 0,1, 2. Therefore, the function

(2,2) / (D, {alz, z + 3, Nulz +y) e dy

belongs to Cp(R x R) and hence in (3.9) the iterated integral

= 27T/R<)\>—2d/\/R<Dy> {a(m,x+y,/\)u(x+y)}e—iyAdy

is well defined.
Since u € C3°(R), the function

(. A) = (N 2(Dy)*{alz, @ +y, Nu(z +y) } e

(3.11)
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belongs to L'(R x R) for every x € R. Therefore, by analogy with Lemma 3.1, for
any cut-off function x € C§°(R x R) and for every z € R, we deduce with the help
of (3.1) that

Osa(z, z + y, Nu(z + y)e "]

= lim // Xe(y, Na(z, © +y, Nu(z + y)e P dydA
e—0 27

"o // Y a(w,z +y, Nu(z +y)} e dyd). (3.12)

Thus the oscillatory integral Os [a(ac, z+y, Nu(z+y)e ] exists and equals (3.12).
Finally, applying the Fubini theorem to the latter convergent double integral, we
deduce (3.10) from (3.11) and (3.12). O

Thus, under the conditions of Lemma 3.2, the pseudodifferential operator A
with compound symbol a(z,y, A) can be defined via the oscillatory integral (3.10)
depending on the parameter. In that form the operator A can be extended to
functions in C?(R) whenever 316§a(x,y,/\) € C’b(R X R,V(R)) for k = 0,1,2
and j = 0,1. In what follows let C{'(R) stand for the Banach space of n times
continuously differentiable functions f : R — C with the norm

— 3 (k)
Hf”cg(R) = igg kz::o ‘f (x)’ <o

Below we also use the following simple relations:
/(y)‘Qdy =, / (y)"2dy < 2/M for all M > 0. (3.13)
R R\[— M, M]

Lemma 3.3. If 318§a(x,y, A) € Cb(R x R, V(R)) for k=0,1,2 and j = 0,1, then
the pseudodifferential operator A given by (3.10) is bounded from the space CZ(R)
into the space Cp(R) and

14l < max, sup (3ﬂl|3§a($,y, W +2m([0x05a(z,y, )| o +V (9x0yalz, y, ~)))-

Proof. Let u € CZ(R). Obviously, aiag{a(x, z+y,Nu(z+y)} € CG(RxR,V(R))
for k = O, 1,2 and j = 0, 1. Therefore Lemma 3.1 implies that

(Au) Os[ (7,2 +y, Nu(z + y)e ]
27T //R2 <)\>*2<Dy>2{a(x, x4y, Nu(x + y)}} e*iy/\dyd)\

where the latter integral is a usual double integral of an L'(R x R) function for
every € R. From (3.14) it follows that

~or //R2 <)\>—2{(Dy>2{a(x,fﬂ+y,)\)}u(x+

~ 20,0(z, 3+ y, NOyu(w +y) - ale,@ +y, NO2u(z +y)| } e dydx.

(3.14)
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By the Fubini theorem, the latter double integral is represented via iterated inte-
grals as follows:

(Au)(z)
N 217r /R<y>72“(x +) (/R<DA>2{<A>2<Dy>2{a(x, v+, N} e““dA) dy

- 1 [t ([0 00t w2} an) dy

0
1

- /R<y>‘26§u(a:+y) (/R<D/\>2{</\>—2a(m,x+y,/\)}e—iyAd/\) dy.

Hence, Au € Cy(R) and, because /( Y"2dy = 7, we obtain

Aoy < Nelegeey s, sup [ [0 20fatey N} ar, (319

Since in view of (3.6),

|<D)\>2{< Qfx yv }| 2[3|f(x,y,)\)|+2|8Af(x,y,)\)|+|3§f(x,y,)\)|],
taking f(z,y,A) = aka(x,y, A), we obtain

/’ D))? 23’“ a(z,y, A }’d)\

= 3””85 a(z,y, )|+ 27| 0z alz, y, Ne+ 830y alz,y, ')HLl(R)' (3.16)
Finally, (3.15) and (3.16) imply the estimate of ||Al| in the lemma. d

Given u € C§°(R), let

a(\) == (Fu)(\) := / u(z)e ™z (X €R)
R
be its Fourier transform.

Lemma 3.4. Let all the conditions of Lemma 3.3 hold. Then the pseudodifferential
operator A, given by (3.10) for u € C§°(R), can be represented in the form

[oa(z, D)ul(z) = 217T/Rd/\/RUA(x,/\)ei(x_y)’\u(y)dy, z €R, (3.17)
where the symbol o a(x, \) is given by the oscillatory integral
oa(z,\) = Osla(z,z +y, A+ n)e "], (,A) ERxR. (3.18)
Proof. By Lemmas 3.2 and 3.3,
(Au)(z) = Os|a(z, & +y, nu(z + y)e~ "],
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and the operator A is bounded from the space C#(R) into the space Cy(R). There-
fore, taking u(z) = ** € CZ(R) and following [40, Chapter 2, Theorem 3.8],
we get

oa(z, ) = e @A) = Os[e~ ™ a(z, z + y, n)e @+ Ae=w1]

: , (3.19)
= Osofe,z +y e 0V] = Os[ala,z +y, A+ n)e 7],

which gives (3.18). Substituting the first equality of (3.19) into (3.17) we infer for
u € C§°(R) that

[0a(z, D)ul(z) = 217r /Rd/\/RaA(x,)\)ei(g“y»u(y)dy _ /eimaA(x,)\)ﬂ(/\)d)\

o o
— [ e @ann = (, [aneon)]w - woe.
which completes the proof. O

If aia(x,y, A) € Cp(R x R, V(R)) for j =0,1,2, then we will write

F a(x,y,)\)] = 3|a(x,y,)\)| + 2|8,\a(:c,y,)\)| + |3§a(x,y,)\)|,
Folaten] = oo+ 2lonate o+ oo ler
Fyla(z,y,-)] = 3V(a(z,y,")) +2V(dra(x,y,")) + V(Ra(z,y,-),
Fyla(e.y,)] = 3late.y. )]y +2l|ora(z,y. )|, + [[0Ra(z,y. )], -
Clearly, from (3.20) it follows that
Fyla(z,y,")] = Fcla(z,y,-)] + Fy la(z,y,")], (3.21)
ilégF[a(x, )\)] < F¢ [a(x,y, )], /RF[aAa(x,y, )\)] d\ = ﬁv [a(m,y, )] .(3.22)

Theorem 3.5. If 8185(1(95,3/,)\) € Cb(R X R,V(R)) for all k,j = 0,1,2, then
oa(z,\) given by (3.18) belongs to Cy(R,V(R)). If 3185a(x,y,/\) € &y for all
k,j=0,1,2, then oa(z,\) belongs to &1. If 8i8§a(x,y,/\) belong to ES (respec-
tively, to EY ) for all k,j = 0,1,2, then o 4(z, \) belongs to EC (respectively, to ).

Proof. According to Lemma 3.1, the oscillatory integral
oa(z,\) = Os[a(z,z +y, A+ n)e V"]

with the parameters x, A € R can be represented by the convergent double integral

217T //R )20 { ) 2D Halw,w + y A+ m)}p e Pdydy.  (3.28)
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Setting f(z,y, A+ 1) = (Dy)?{a(z,z+y,A+n)} in (3.6) and taking into account
the first equality in (3.20), we obtain

(D)2 )2y {alw,w +y A+ )| < ()72 (3(Dy)* o,z + y, A+ m)} |
+ 2[on(Dy)*{a@,z +y, A+ n) }| + |03(Dy)*{a(z,z + y, A +77)}|>
= (n) *F[(Dy)*{a(z,x +y,A\+n)}]. (3.24)

Therefore, for every z € R we deduce from (3.23), (3.24) and the second equality
n (3.20) that

loatz e < 5, // 02 Fe[(Dy)*{a(e, o +y,)}]dydn.  (3.25)

Let E be the union of pairwise disjoint intervals (cg,dg), k=1,2,...,n. As

Z |O'A(.’E, dk) - O'A($, Ck:)|

k=1

= 2m //RQ 22’ 2{a(xvm+y»dk+77) _a(x7x+y70k+n)}’dydn

/ 2dy/d77/ laxaxx—i—y,/\—i—n|+|6Aaxa7+y,)\+n)’)d)\

T 27
< 217T /R<y>*2dy/E (V(a(m,x +y,°) + V(Ra(z,z + v, -)))d)\
= ; sk (V(a(m,y, )) +V(BRala,y, ))> kz::l(dk — k),

we conclude that for every z € R the function A\ — o4(x, \) is absolutely contin-
uous on R.
Let us prove now that actually o4 (z, A) € Cj (R, V(R)). Let

F(@, 9,0, Ak Adk—1) = alz, @ + y, Ade + 1) — a(@, 2+ y, A—1 + 1)
where —00 < Mg < A\ < -+ < Ay < +00. From (3.23) and (3.6) it follows that

D {0 D ) Yy ]

R2

= 217r //R2<y>_2<77>_2dyd77; (3’<Dy>2{f(fc,y,n,/\k,Ak_l)H

+ 2|8A<Dy>2{f(x7y777,)‘k»)\kfl)}| + |a/2\<Dy>2{f(x7yvnv)‘krv)\krfl)}D'

Therefore, passing in the latter expression to the supremum with respect to all
partitions —co < Ag < A1 < -+ < A, < 400 (n € N) and applying the third
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equality in (3.20), we obtain

Viea) <, [[ w7 (3v (D) et +v.0})
+ 2V (0x(Dy)*{a(z,z +y,)}) + V(03(Dy)*{a(z,z + v, )}))dydn
=, //]R2 2Py [(Dy)Ha(x, x +y, )} dydn. (3.26)

The inequalities (3.25) and (3.26) together with the fourth equality in (3.20)
and (3.21) imply that

oty <, //R2 n " 2Fy [(Dy)*{a(z,z +y, ) }]dydn
< ZISLJS Fv[ y) {a x,y,-)}] = ;x%;é)]g (3H<Dy>2{a(x,y,.)}uv

+2[|on(Dy)*{a(@, v, )} |y, + 103D {alw,y, )}y ) <o (3.27)

Taking into account (3.13) and applying a representation of the form

/ ()2 f (2, y)dy = / ()2 f (z, y)dy + / ()2 f (. y)dy,
R R\[-M,M]

[— M, M]

we infer from the first inequality in (3.27) that

loate) ~ateolly < 5 s Fo[(Dy)*{atw,+5,) —alro,z0 +y, )]
lyl<M
* e D ate )] (329

Since the V(R)-valued functions (z,y) — aiafa(x,y,)\) € Cy(R x R, V(R)) are
continuous on R x R for all k,j = 0,1, 2, we conclude from (3.28) and (3.25) that
O'A(x, )\) e Cy (R, V(R)) .

Let now 8185(1(95,3/, A) € Gy for all k, j = 0, 1,2. Passing to limit in (3.28) as
M — oo, we obtain

™ sup Fy [(Dy)*{a(z,z+y, ) —a(zo,z0+y,") }]. (3.29)

||UA( ) 0A .ro, HV 2 cR
Yy

Since the V(R)-valued functions (z,y) — aiafa(x,y, -) are uniformly continuous
on R x R for all k,j = 0,1,2, we conclude from (3.29) that the V(R)-valued
function x +— o 4(x,-) is uniformly continuous on R.

Analogously to (3.29), the second inequality in (3.27) gives

HUA(xv ) - O'Z(.’E, )HV < 72T ISESRFV [(Dy>2{a(x,y, ) - ah(xvyv )}] . (330)
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The estimate (3.30) and the relations

|}lli‘mo sup H@ic’?ja(x,y, ) - 8§8§ah(x,y, )||V =0 (k,7=0,1,2) (3.31)
—Vaz,yeR

imply that

|}1zi\r—r>loilel£ loalz,-) — o (x, )||V =0. (3.32)

Consequently, the function o4 (z, A) belongs to the Banach algebra &;.
Let now aiafa(x,y, \) € &Y for all k,j =0, 1,2. Hence, for these k, j,

lim ma.

i ok j ok _
0~ s ], <o 03

Fix € > 0 and choose M > 0 such that

o 20 Fr D) (e, )] < > (3.34)

By (3.33), for all sufficiently large |z| we get

T sup FV[<Dy>2{a(x,x+y,-) —a(x+h,x+h—|—y,~)}] < °. (3.35)
2 Jy|<n, |n<1 2

Finally, setting xo = + h in (3.28), we deduce from (3.28), (3.34) and (3.35) that

lxlliinoolr}rll‘agiHaA(x,') —O'A(CC-l-h,')HV =0 (3.36)

and hence o4 (z,)\) € &Y.
~ Analogously, starting from (3.25) instead of (3.28), one can prove that if
R oka(x,y,\) € EF for all k,j =0,1,2, then ga(z, A) € . O
Lemma 3.6. If c'?ia,lja(x,y, A) € Cyp(RxR,V(R)) for all k,j =0,1,2,3, then
oalz,\) = a(z,z,\) +r(z, ), (3.37)
where
1! _ _ —i
r@) =, /de// ()" 2(Dy)*{ () 2(Dy)*{ Dy dra(w, w0y, \) } e~ P dydn.
T™Jo R2
(3.38)
Proof. From (3.18) it follows that

oalz,\) = Os [a(x, r+y,A+n) —a(z,z,\+ n))eﬂ‘yn]

‘ (3.39)
+  Osla(z,z, A +n)e= 1],
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Applying the equality
1
a(z,x +y, A +n) —a(z,z, A +1) = y/ [0ya] (z, @ + Oy, A+ n)df
0

to the first oscillatory integral in (3.39) and changing in it the order of integration
on the basis of the Fubini theorem, we obtain

Osla(z,z 4+ y, A+ 1n) — a(z,z, A+ n))e~ "]

1
= lim // Xe(y,m) (/ [0yal (z,z + Oy, A + n)d@) ye W dydn
0

e—0 27

1
= lim // (Xs Y, 1) / [8ya] (z,z + Oy, A —|—77)d9> e~ dydn
0

e—0 27

= lim / dﬂ// Dy{x:(y,m)}[0ya] (z,x + 0y, X\ + n)e ~W dydn
+ lim / df // Xe(y,n) [Dndyal (z, 2 + 0y, X + n)e” " dydn.
0 R2

Since the iterated integral on the right of (3.38) absolutely converges, we infer by
analogy with the proof of Lemma 3.1 that

I .
lim / de // Dy{x(y,m)} [8ya](z, x + Oy, X+ n)e”"dydn = 0,
0 R2

e—0 21

I ‘
lim / de // Xe(y,m) [Dy0ya] (2, + 0y, A + n)e” Ydydn = r(z, \),
0 R2

e—0 27
where 7(z, \) is given by (3.38). Hence
Osla(z,z +y,A+1) —a(z, 2, A +n))e”¥"] = r(z,N). (3.40)

Since da(z,z,)\) € Cy (R,V(R)) for j = 0,1, we deduce from [16, Lemma 6.4]
that
Osla(z, z, A\ +n)e” "] = a(z,z, \). (3.41)

Finally, (3.37) follows from (3.38), (3.40) and (3.41). O

By analogy with [16, Lemma 9.6] we obtain the following important property
of the function (3.38).

Lemma 3.7. If@i@fa(x,y, \) € ES forallk,j =0,1,2,3, then the function r(z, \)
given by (3.38) satisfies the condition

lim r(z,\) =0. (3.42)

24+ A2—00
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Proof. From (3.38), (3.24) and (3.20) it follows that
[r(, A

max /R<y>*2dy/R’<Dn>2{<n>*2<Dy>2{Dn[aya](x,x+9y,A+n)}}‘dn

27 9¢€o,1]

1 —2 -2 k
- ,ggﬁgerg[gﬁ]/]}gy) dy/Rm) F[[0n0ya](x,x+ 0y, X +n)]dn

max ((/ (y)zdy) sup Fo [6,785(1(:6,1;,-)]
k=13 R\[-N,N] @,y€R

+ (! N<y>‘2dy sup [ (n —A)2F[9,0ya(x,x + y,n)]dn),
-/ R

-N ly|<N

IN

IN

IN

(3.43)
where N > 0. Hence for sufficiently large M > 0 and |A| > M, we obtain

2 1 ~
|r(z, A)] < max (N sup Fo [8,785(1(:3,% )] + A= sup Fy [8§a(x,x + v, )]

k=13\ N 2 yer My <n
+ sup / F[@naja(x, z+y, n)]dn) . (3.44)
[y|<N JR\[-M,M]

Since 6135@(3:, ¥, A) € Co(RxR, V(R)) forall k, j = 0,1,2,3, from [16, Lemma 4.2]
it follows that the latter summand in (3.44) tends to zero as M — oo, uniformly
with respect to x € [—K, K] for any K > 0. Thus, choosing sufficiently large
N, M >0 and |A| > M, we infer that

\A1|1Lnoo ﬁ?}i |r(z,A)| = 0. (3.45)

On the other hand, from the first two inequalities in (3.43) it follows that

Ir(z,\)| < ]gr:lalmfgerg[%ﬁ]/R<y>’2Fc[[8A3§a] (z,2+ 0y,-)]dy

2
< max ( sup Fo [6,\35a(x,y,~)] +m sup Fe [8)\8;;@(3:,3: + v, )])
k=13 z,y€R lyl<N

Since aAal’ja(x,y, \) € &Y for (k =0,1,2,3), we infer from Corollary 2.2 and the
latter estimate that

lim max |r(z, A)| = 0. (3.46)
lz|—oo AeR
Finally, (3.45) and (3.46) imply (3.42). O

4. Boundedness and compactness of pseudodifferential operators

Let f € C§°(R) and its Fourier transform be given by

FENW = F) = [ 1@y, (1.1)
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For —oo < a < b < 400, we consider the partial sum operators S(, ) given by

(Stap)f) (@ /f Ae N, x €R.

Such operators can be represented in the form
—1 1 ax —iax ibx —ibx
Sy =F XanF = 9 [e Spe " — e Spe™ T (4.2)

where X (4,5) is the characteristic function of the interval (a,b) and S is the Cauchy
singular integral operator defined for functions ¢ € LP(R) by

(Srp)(x) = lim ! /R\( ot wlt) dt z eR. (4.3)

e—0 ’]'("L

Since the operator Sg is bounded on all the spaces LP(R) with 1 < p < oo (see,
g., [12], [1]), from (4.2) it follows that the operators S(, ;) also are bounded on
these spaces.

According to the celebrated Carleson-Hunt theorem on almost everywhere
convergence (more precisely, by its integral analog for LP(R), see [6] and [20]), the
maximal operator S, given by

(Sif)@) = swp  [(S@upf@)|, zeR,
—oo<a<b<+oo
is bounded on every space LP(R), 1 < p < oo (also see [10, p. 18]). In particular,
for almost every = € R,
sup |(S(o.0)(@)] < (S.f)(x) < oo. (4.4)
Theorem 4.1. [16, Theorem 3.1] If 0 € L°(R,V(R)), then the pseudodifferential
operator o(x, D) defined for functions u € C§°(R) by the iterated integral

[o(z, D)u /d)\/ o(z, \)e' TV u(y)dy, = eR, (4.5)

extends to a bounded linear operator on every Lebesgue space LP(R), p € (1,00),
and

Ha(x’D)HB(LP(R)) =2 ||U||L°°(R,V(R))||S*HB(LP(R))' (4.6)

Theorem 4.2. If 316§a(x,y,/\) € Cb(R X ]R,V(R)) for all k,j = 0,1,2, then the
pseudodifferential operator A defined for functions u € C§°(R) by the iterated
integral

(Au)(x) := 217T/Rd/\/Ra(x,y,/\)ei(f”fy)/\u(y)dy, z €R, (4.7)

extends to a bounded linear operator on every Lebesgue space LP(R), p € (1,00),
and

HAHB(LP(R)) < 222]%”‘714(33 (4.8)

’)HV|



Pseudodifferential Operators with Compound Symbols 211
where o 4(xz, ) is given by (3.18) and
™
sup (3|[(D,)*{a(z,y,-
2 5 (300 {ate. .9}

+ 2l|oa(Dy)*{ale,y, ]y + 93D a9, )}, )-

Proof. By Lemma 3.4, the pseudodifferential operator A defined for functions u €
C§°(R) by the iterated integral (4 7) can be represented in the form

loate. Iy,

(Au)(x) = [oa(z, D)u / dX / oa(z, eV y(y)dy, =R,
with o4(z, A) given by (3.18). By Theorem 3.5, g4(z,\) € Cy(R,V(R)) and it
satisfies the estimate (3.27). It remains to apply Theorem 4.1. O
Theorem 4.3. [16, Theorem 4.4] If o(x,\) € &1 and

li A)=0 4.9
:c2+§\r2n—>oo 0'($, ) ’ ( )

then the pseudodifferential operator o(x, D) is compact on every Lebesgue space
LP(R), 1 < p < c0.

Theorem 4.4. If 6185a(x,y, \) € EY for all k,j = 0,1,2, then the pseudodifferen-
tial operator

r(z,D) =oa(z,D) —a(z, D), (4.10)
where a(z, \) = a(z,z, A), is compact on every Lebesgue space LP(R), 1 < p < 0.

Proof. Clearly, due to the conditions of the theorem, a(z,\) € & C Cy(R, V(R)).
Theorem 3.5 implies that o4(z,\) € EY too. Therefore, the function r(z,\) =
oa(z,\) —a(z, ) also belongs to the Banach algebra £C.

By Theorems 4.1 and 4.2, the pseudodifferential operators a(z, D), r(z, D)
and o4(z, D) are bounded on all the spaces LP(R), 1 < p < oco. For the function
a(x,y,\) € EY, we construct infinitely differentiable approximations a.(z,y,\) €
&Y by formulas (2.11). By Theorem 2.3, the derivatives ajjaf\ag(x,y,)\) for all
k,7=10,1,2,... also belong to the Banach algebra £ C C,, (]R, V(R)) and hence
e (2, \) = ac(z,2,\) € EC. Moreover, Theorem 2.3 and Corollary 2.2 imply that
for all k,5=0,1,2,

glir%)ws;lg |0k a(z,y, ) — OfRac(z,y, )|, =0, (4.11)
which, in particular, gives
hn%)supHa ) —5E(x,-)’|v =0. (4.12)
e~V zeR
From (3.27) and (4.11) it follows that
lim supHaA ) —ag(x,-)HV = (4.13)

e—0 4

where ‘
oc(z,A) = Osfac(z,z +y, A+ n)e "], (2,A) ERxR. (4.14)
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Therefore, by Theorem 4.2, the pseudodifferential operators o.(z, D) are bounded
on all the spaces LP(R), 1 < p < oo, and

hm ||U6 x,D) —oa(z,D) =0. (4.15)

HB (LP(R))

Analogously, we deduce from (4.12) and Theorem 4.1 that the pseudodifferential
operators ag(z, D) are bounded on all the spaces LP(R), 1 < p < oo, and

lim [z (2, D) — a(x, D) | 0 (s, = 0- (4.16)

From (4.10), (4.15) and (4.16) it follows that
limy [[re (2, D) — r(z, D)|[5(zrx)) = 0

where r.(z, D) is the pseudodifferential operator with the symbol r.(z,\) =
o-(z,\) —ac(z,)\) € EC and o.(z, \) is given by (4.14). Since r.(z,\) € EC C &4,
we infer from Lemma 3.7 and Theorem 4.3 that each pseudodifferential operator
re(x, D) is compact on all the spaces LP(R). Therefore, the operator r(z, D) =
Elilr(l) re(z, D) also is compact on the spaces LP(R), 1 < p < 0. O

5. Fredholm theory for pseudodifferential operators with
compound symbols

Given p € (1,00), let B = B(LP(R)) denote the Banach algebra of all bounded
linear operators acting on the Banach space LP(R), K = K(LP(R)) be the closed
two-sided ideal of all compact operators in B, and let B™ = B/K be the Calkin
algebra of the cosets A™ = A + K where A € B.

Let 2 denote the non-closed algebra of all pseudodifferential operators a(z, D)
with symbols a € 51, where the algebra &, is defined by (2.27). According to [16,
Lemma 10.1], the closure 2, of A in B (Lp( )) contains all compact operators
K € B(LP(R)).

Let 9 be the non-closed algebra of all pseudodifferential operators A of the
form (3.9) with compound symbols in the class

Ey = {a(x,y,)\) : 313§a(x,y,/\) €&, k,j=0, 1,2}.
Since & C &Y and since a(x,\) € &1 whenever a(z,y,\) € é\g, we immediately
deduce from Theorems 4.1, 4.2 and 4.4 that the closure B, of B in B(LF(R)) is a

Banach subalgebra of ,,. Moreover, the quotient algebra %; ={A"T: AeB,} C

2[; is commutative because the Banach algebra 91; = A, /K is commutative (see
[16, Theorem 11.11]).
The non-closed subalgebra 9 consists of all operators of the form A =

T1. A; i where A; ; are pseudodifferential operators of the form (3.9) with com-
i J 5] 3J
pound symbols a; ; € gz, i, 7 run through finite subsets, and products Hj A ; are

ordered. Since the operators a(z, D) with symbols a(z, \) € £ commute to within
compact operators (see [16, Theorem 8.3]), we infer from Theorem 4.4 that every
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operator A =), Hj A; ; € B can be represented as the sum of the pseudodifferen-
tial operator with the compound symbol a(z,y,\) = ", Hj a;;(x,y,\) € & and
a compact operator. On the other hand, we can assign to A the pseudodifferential
operator a(z, D) € 2 with the usual symbol a(x, ) = >, [[; ai;(z,z,A) € &,
and the operator A — a(x, D) again is compact. We call the function a(z, A) the
symbol of the operator A =3, Hj A;; € B. Thus, the symbol algebra generated
by the symbols a(x, \) is commutative.

As a result, the operator A € B is Fredholm on the space LP(R) (1 < p < o0)
if and only if the corresponding operator a(z, D) € 2 is as well, and in this case
their indices coincide.

Finally, we derive from [16, Theorems 12.2 and 12.5] the following result (cf.
129], [16)).

Theorem 5.1. The pseudodifferential operator A € B of the form (3.9) with a
compound symbol a(x,y,\) € Ez is Fredholm on the Lebesgue space LP(R) (1 <
p < o0) if and only if

inf |a(x,x,+00)| >0, liminfmin |a(x,z, )| > 0. (5.1)
rz€ER T—+oo AER
In the case A is Fredholm
1
mdA= I { A } 2
. Jm o (aee@ e Ny o (52)
where II, = [-r,r] x R and {arga(m,x,)\)}(xx)\)ean denotes the increment

of arga(x,x,\) when the point (xz,\) traces the boundary OIl,. of IL,. counter-
clockwise.

6. Mellin pseudodifferential operators with compound symbols

Let Ry := (0,00), R} = (R4)™, and let L>(R%, V(R)) stand for the set of all
functions a : R} x R — C such that z — a(z,-) is a bounded measurable V (R)-
valued function on R’ . The set L>° (RQ‘_, V(R)) becomes a Banach algebra if we
equip it with the norm

HG‘HLN(R",V(R)) = eiseiﬁp a(z, )Hv < 0. (6.1)

Theorem 6.1. If a € L (R+,V(R)) then the Mellin pseudodifferential operator
OP(a), defined for functions f € C§°(Ry) by the iterated integral

[OP(a)f %/dx/]R+ a(r,\) ( > f(g)dg‘g, reRy,  (6.2)

extends to a bounded linear operator on every Lebesgque space LP(Ry, du) with the
measure dpu = do/o (1 < p < o), and

||a(x’D)HB(LP(R+,d;L)) = 2||aHL°°(R+,V(R)) HS*HB(LP(]R))' (6.3)
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Proof. Let E be the isometric isomorphism
E:LP(Ry,dy) — L'(R), (Ef)@)=f(c*), w€R. (6.4)

Applying the transform A — EAE~! to the Mellin pseudodifferential operator
OP(a) given by (6.2) we get the equality

E[OP(a)] E~! = b(z, D)
where b(z, A) = a(e®, A) and b(z, D) is the pseudodifferential operator given for
functions ¢ € C§°(R) by
[b(z, D)p /dA/ (2, \)e! @V po(y)dy, = €R.
Since b € L>= (R, V(R)) if and only if a € L= (R4, V(R)) and since

HbHLw(R,V(R)) = |’aHL°°(R+,V(R))’

Theorem 6.1 immediately follows from Theorem 4.1. O
Obviously, for the function b(r, o, \) = a(logr,log o, A), the conditions
Aofa(z,y,\) € Co(R xR, V(R)) forall k,j=0,1,2,

are equivalent to the conditions
3 (00,)kb(r,0,)) € Cy(Ry x Ry, V(R)) forall k,j=0,1,2.  (6.5)

Thus, similarly to Theorem 6.1, applying (6.4) and Theorem 4.2, we easily
obtain the following.

Theorem 6.2. If conditions (6.5) are fulfilled, then the Mellin pseudodifferential
operator B = OP(b) defined for functions f € C§°(R4.) by the iterated integral

[OP /al)\/]R+ T, 0, A ( >i)\f(g)dgg, re Ry, (6.6)

extends to a bounded linear operator on every Lebesgue space LP(Ry,du), p €
(1,00), and

||BHB(LP(R+,du)) = QSup oz, ||VHS*||B(LP(R))’ (6.7)
where o a(xz, \) is given by (3.18) wzth
alz,x +y,A+n) =b(e”, e A +n), w,y,\neR, (6.8)

and oa(x, \) salisfies the estimate

5 s (3D 0(r 00}y + 210 D2 060}y,

[93(D0)*{b(r 0. )}ly,) where (Do) =1~ (00,).

sup [oa(a. )|,
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A function a € Cy(R4) is called slowly oscillating at 0 and at +oo if the
function x +— a(e”) € Cy(R) is slowly oscillating at the points +oco. Thus (see [28]
and [34]), a function a € Cp(R) is slowly oscillating at 0 if for every A € (0,1),

}iir(l) max {|a(z) — a(y)| : z,y € [Ar,7]} =0 (6.9)
or, equivalently,

}ii%maxﬂa(x) —a(y)|: =,y €[r/2,7]} = 0. (6.10)
Analogously, a function a € Cp(Ry) is slowly oscillating at oo if

lim max {|a(z) — a(y)| : =,y € [r/2,7]} = 0. (6.11)

T—00
Clearly (see, e.g., [3] or Corollary 2.4), if a € C*(R.), then it slowly oscillates at
0 if and only if
lim |ra’(r)] = 0, (6.12)

r—0

which in its turn is equivalent to the relations

sup |(rd7«)ja(r)| <o (j=0,1,...,n), (6.13)
T€R+

lim |(rd, ) a(r) =0 (j=1,2,...,n) (6.14)

where (rd,)a(r) = ra/(r).
Below we need the following classes of compound symbols for Mellin pseudo-
differential operators. Let

ES(Ry) == {b(r,0,A) € Cy(Ry x Ry, V(R)) : b(e®,e¥, \) € £},

E(Ry) = {b(r,0,\) € Cp(Ry x Ry, V(R)) : be*, e, \) € &}, (6.15)
) :b(e”,ev,\) € g’g}

)
E(Ry) == {b(r,0,\) € Cp(Ry x Ry, V(R)

Theorem 4.4 implies the following.
Theorem 6.3. If 81(989)%(7«, 0,\) € ES(Ry) for all k,j = 0,1,2, then the pseu-
dodifferential operator OP(b) — OP(b), where OP(b) is given by (6.6) and OP(b)
is of the form (6.2) with b(r,\) = b(r,r, A), is compact on every Lebesgue space
LP(Ry,dp), 1 < p < oo.

Obviously, we can easily rewrite Theorem 5.1 for Mellin pseudodifferential
operators with compound symbols b(r, o, A) € &y (R4). Let 9t be the Banach sub-
algebra of B (Lp (R, du)) generated by all Mellin pseudodifferential operators with
compound symbols b(r, o, \) € @(R.ﬁ. Below we consider an application of such
pseudodifferential operators to generalized singular integral operators on weighted
Lebesgue spaces on some Carleson curves.
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Remark 6.4. All the previous results remain valid if in the definitions of the al-
gebras SO(R™), SO®(R"), S, &V (that is, in (2.2), (2.3), and (2.22)), and in

equations (2.23) and (2.25), we replace | lﬁm , where x = (x1,...,2,) € R",
Z||—00

with the two limits lim and lim , assume in addition the uniform
L1y, Ty —+00 T1yeeoy Ty —>—00

continuity of functions in SO(R™) and SO>°(R"™), and modify accordingly the defi-
nitions of the algebras &,, &, £ (R,), &2(Ry), and &(Ry). In what follows we
will use these algebras defined in this new way.

7. Oscillating data

Following [3], we introduce the slowly oscillating data.

Slowly oscillating functions. Let SO(Ry) stand for the set of all functions in
Cy(R4) which are slowly oscillating at 0 and at oco. Thus, SO(Ry) is a C*-
subalgebra of L>(R).

Slowly oscillating curves. Let I' be an unbounded oriented simple arc with the
starting point ¢ and the terminating point oo that is defined by

r= {T:t—i—rew(r) i €R+} (7.1)

where 0 is a real-valued function in C3(R ). We say that T is a slowly oscillating
curve (at the endpoints ¢ and co) if the function r76’(r) is slowly oscillating at 0
and oco. A slow oscillation of 76’(r) at 0 and oo means in the case of § € C3(R.)
that

TseuRp |(rd,)70(r)| < oo (j=1,2,3), (7.2)
lim (rd,)6(r) =0, lim (rd,)’0(r) =0 (j =2,3). (7.3)

Condition (7.1) says that I' may be parameterized by the distance to the starting
point ¢. Note that #(r) may be unbounded as r — 0 and r — oo. Since

ldr| = \/1+ (r0/(r))? dr,

condition (7.2) for j = 1 ensures that I' is a Carleson curve (see, e.g., [1]).
Slowly oscillating weights. Let I' be a slowly oscillating curve as above. We call a
function w : I' — (0, +00) a slowly oscillating weight (at the endpoints ¢ and oo of
r)if

w(t + rei‘g(r)) =" e Ry, (7.4)

where v is a real-valued function in C3(R) and rv/(r) is slowly oscillating at the
points 0 and oo. The latter means that

sup |[(rD, ) v(r)] < oo (j=1,2,3), (7.5)

reRy

Tliir(l)(rDr)jv(r) =0, lim (rD,)Yo(r)=0 (j=2,3). (7.6)

T—00
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One can show (see, e.g., [1, Theorem 2.36] and [18, Section 5]) that the Mucken-
houpt condition (1.1) is satisfied if and only if

-1/p< limi(r)lfrv’(r) < limsuprv’(r) < 1/g,
T— r—0
—1/p < liminf rv'(r) < limsupro/(r) < 1/q. (7.7)
We denote by AY the set of all pairs (I',w) € A, in which T is a slowly
oscillating curve and w is a slowly oscillating weight. Thus, (T',w) € Ag means
that (7.1) to (7.7) are true with functions § and v in C3(R.).
Slowly oscillating shifts. Let (I',w) € Ag and let « be an orientation-preserving
diffeomorphism of I onto itself such that log |o/| € Cp(I'?) where I'Y =T\ {¢, c}.
We call « a slowly oscillating shift (at the endpoints ¢ and co of T') if

a(t + reie(T)) =t+re’" exp (iH(re“(T))), reRy, (7.8)
where w is a real-valued function in C3(R;) and the functions w and rw’(r) are
slowly oscillating at 0 and co. Then w, rw'(r) € SO(R4).

Since rw’(r) is slowly oscillating at 0, the slow oscillation of w at 0 and oo is
equivalent to the property:

lim rw’(r) =0, lim rw'(r) = 0. (7.9)

r—0 r—00

Thus, in contrast to (7.5) and (7.6), slow oscillation of & means that

Sup |(TD7")jw(r)| < (.7 = Oa 172a3)7
rER

lim(rD,Yw(r) =0, lim (rD,)v(r)=0 (j=1,2,3).
r—0 T—00

If « is a slowly oscillating shift at the point ¢ (respectively, at co), then the
derivative o/, given by
!/
o (1) = 11_'—‘__:;2/((7;)) (1 +irev (Mg’ (rew(r))) exp (w(r) + i@(rew(r)) — i@(r))
(7.10)
for 7 =t +re?(") € T, is a slowly oscillating function at the point ¢ (respectively,
at 0o) (cf. [17] and [15]). The inverse assertion is false in general.
Since log|a/| € Cy(T?), we conclude that gﬁ{ |1 4+ rw’(r)| > 0, whence we
reRy

infer due to (7.9) that

inf (14 rw'(r)) > 0. (7.11)
reRy

Slowly oscillating coefficients. Let (I',w) € A). We denote by SO™(T') the set of
all functions ¢r : I' — C such that

cr(t+re") = c(r), reRy,

where ¢ € CJ'(R4) N SO(R), respectively. Below we assume that coefficients
belong to SO?(T).



218 Yu.l. Karlovich

8. Algebra of generalized singular integral operators
Let Dr,, denote the smallest closed subalgebra of B(Lp (T, w)) containing the set
{CFI cr € SOQ(F)} U {SF} U {VQSFV(;l}, (8.1)
where V,, is the shift operator, Vo9 = ¢ o a. The Banach algebra Dr,, plays an
important role in studying singular integral operators with shifts (see, e.g., [21],
[19], [17]). Here, in general, the shift operator V, is an isometric isomorphism
from the space LP(I',w) with the weight w = (w o a’1)|(a’1)’|1/p onto the space
L?(T',w). This makes a contribution of the properties of the shift « in the Fredholm

theory of operators D € Dr 4. To get the boundedness of the operator VO,SFV(;1
on LP(T,w), we need to assume that along with (7.7),

—1/p < 1imi£1fr5'(r) <limsuprv'(r) < 1/q,
r—

PR =0 (8.2)
—1/p < liminfrv'(r) < limsuprv’(r) < 1/q.

where @(t + rew(r)) = e’ for r € Ry.

We will show below that the Banach algebra Dr ,, can be imbedded into the
Banach algebra of Mellin pseudodifferential operators 9t C B(Lp (R+,du)) as a
Banach algebra Cr 4.

Let (T',w) € A). The map ® given by

(®f)(r) = e”(r)rl/pf(t + reie(r)), r € Ry, (8.3)
is an isomorphism of LP(T", w) onto LP(Ry, du). Consider the map
U B(LP(T,w)) — B(LP(Ry,dp)), A ®AD!.
Then CF,w = \I/(’Dp,w).
For a real-valued function b € C™(Ry), let
my(r, 0) = (b(r) — b())/(log r — log o). (8.4)
Along with my(r, ), for a real-valued function a € C™(R), we put
ma(z,y) = (a(z) — a(y))/(z - y). (8.5)
Lemma 8.1. Ifa € C*(R) and a’ € SO(R), then the functions (x,y) — 0imq(x,y)
belong to SO(R?) for all j = 0,1,2, where according to Remark 6.4,
SO(R?) := { FECURY: lm eme(f) = lm eme,(f) = o}. (8.6)

Proof. As a € C*(R) and o’ € SO(R) = closy,«(r)SO™(R), (2.3) implies that
a,a’,a" € Cy(R), lim a”(z) = lim a"(z) = 0. (8.7)
r—00 xr—00

Hence, by the mean value theorem, the function m, is bounded on R2. Since a’ is
continuous on R and since for every z € R,
fyx [d'(t) — d'(z)]dt

. ~ / = i =
i, (el —a @] = Jm T T =0



Pseudodifferential Operators with Compound Symbols 219

the function (z,y) — me(z,y) is continuous at the points (z, z) and hence on the
whole plane R?. Thus, m, € C,(R?). On the other hand, because

ra(z,y) = ly/x (>dr—/ oy + 1z — y))dt,

T —

y+s+t(x+h—y—s)
Me(x + h,y +s) — me(z,y) / / o a” (1) drdt, (8.8)
y+t(z—y

we conclude from (2.1), (8.8), and (8.7) that

:C,yh—{g-oo Cm(a:,y) (ma) x yh—>nioo Cm(xvy) (ﬁla) = Oa

whence m, € SO(R?) in view of (8.6).
Further, from the equalities
B a'(z) — fa(z, y) f;c [a'(z) — a'(t)]dt f [ a" (r)drdt
2 Ma\T,Y) = = )
Y T—y (z —y)? (z —y)?

. f; [ [a" (1) — o (z)]drdt _

2

lim [Dyma(z,y) —a”’(2)/2] = 1

T, Yy—z T,Yy—z ($ - y)

it follows, respectively, that the function (x,y) +— .M (x,y) is bounded on R?
and continuous at every point (z, z). Consequently, 9,m, € Cyp(R?). As

D (z,y) = / / (1—t)a"(y+[t+7(1 —t)|(x —y))drdt,

y+s+[t+7(1—-t)](z+h—y—s)
Oumo(z + hyy + 8) — Opg(z,y) = /// (1 —t)ad" (€) dédrdt,
y+t+7(1-)](z—y)

and the points y+[t+7(1—t)](z—y) are in the segment with the endpoints z, y for
all t, 7 € [0, 1], we conclude from (2.1), (8.8), (8.7), and (8.6) that d,m, € SO(R?).
Analogously, the equalities

2]; ftx [a”(x) - a//(T)] drdt 2f ft fo @ (€)dedrdt

aima(xv y) = (x _ y)3 (.’E _ y)3 k)
N 27 [7 2 [a®(€) — a®(2)]dédrdt
Jim (02, y) — ) (2)/3] = lim ikl (x(—)y): e,

where z € R, imply that 02m, € Cy(R?). Finally, since
azﬁla(x'i‘h)y"f's)_agma(xay)
1,1 1
=9 / / (1-t)%(1—71) [a”’(@(x—i—h,y—i—s,t,ﬂg)) —a”'(@(m,y,t,T,g))]d{det,
o Jo Jo
where the points 0(z,y,t,7,§) :=y+[t+ (7 +&(1 —7))(1 —t)](x — y) belong to the

segment with the endpoints z,y, we again infer from (2.1), (8.8), (8.7), and (8.6)
that 82m, € SO(R?). a
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Lemma 8.1 immediately gives the following.
Corollary 8.2. If a € C3(Ry) and ra’(r) € SO(R), then for all j = 0,1,2,
(r0,) my(r, 0) € SO(Ri) = {b(r, 0) € Cb(Ri) :b(e”,eY) € SO(RQ)}.

The following theorem reveals our interest in Mellin pseudodifferential oper-
ators with slowly oscillating compound symbols.

Theorem 8.3. Let (I',w) € A) and
0< inf (1/p+my(r,0) < sup (1/p+mu(r o) <1,  (89)

,0€ER4 r,0€ER4
]‘ v ) ]‘ v b
0< mf VPO oo Updm(ne) (8.10)
ro€Ry 1+ my, (7“, Q) r,0ER4 1+ mw(r, Q)

If cr € SO*(T') then W(crl) = cl. For the operators Sp € B(LP(I',w)) and
VaSrVyt € B(LP(T,w)), we have
U(Sr) = OP(0), ¥(VoSrV, ') = OP(aa),
where for (r,0,\) € Ry x Ry xR,
. / .
o(r02) = L Tie0(0) A+ i(1/p+ma(r, Q))>7
1+ img(r, 0) 1+ ime(r, 0)
/

1+ ow'(0) +ieY' (o) A +i(1/p 4+ my(r, 0))
oa(r,0,A) = |+ m(r, 0) + imo (1, 0) oth (71'1 + m(r, 0) + imay (1, 0) )8.12)

coth <7r (8.11)

v(r) = 0(re* ")), and the functions o and o, belong to 52(R+).

Proof. One can easily check that (8.10) implies (8.2) for the weight w, and hence
(T',w) € AY. Thus the operator Sr is bounded on the space L?(I', w) and therefore
the operator V,SrV, ! is bounded on the space LP(T',w) together with Sr.

The function (8.14) is calculated in [2]. A straightforward computation on
the basis of (7.8) and (8.3) shows that for r > 0,

[@(VaSeVa ) fl(r)

. 1 ev(r)—v(e) (r/g)l/P (1+Qw'(g) _i_,L-Q,y/(Q))ew(g)-&-iﬂ/(g) ;
omi Ry pew(@t+iv(e) — pew(r)+iv(r) f(o)do
- / (r/@)/rm 00 (Lt ow'(0) +i07'(0) iy de _
i Ry 1 — (r/g)ttme(re)tim, (r.e) e o 0-

Further, taking into account (8.10) and using the Mellin transform identity
1 6z 1 . A
il 27T/Rcoth[7r()\+w)/5]x’ dx (z>0,Red>1,0<pu<1)

(see, e.g., [2]), we infer for = (r/0)'T™ (") and

p=1/p+my(r,0)/(L+my(r,0)), §=141im,(r,0)/(1+mu(r,0)),
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that
1 1 v —1
Iy = / /coth ﬂ()\—l—i /p—i—m(r,g)) (l—i-i ma (7, 0) )
T Ry JR 14 my(r, o) 1+ my(r 0)

-1 iX(14+my (r,0)) d
R O N eV

1 r & do
[ w,g,A)( ) f0%,
™ JRr Ry Y Y

which gives (8.15).
It is easily seen with the help of Corollary 8.2 that the functions o, o, belong
to the class £3(Ry) given by (6.15). O

X

Finally, we deduce from Theorems 5.1, 6.3 and 8.3 the following Fredholm
result.

Theorem 8.4. Let 1 < p < oo, (I'w) € Ag, a is a slowly oscillating shift on T,
and let (8.9)—(8.10) hold. Then the operator

B = Z H ((ci,j)rl + (di,j)rSr + (g@j)pVaSrVa_l) € Dr,w, (8.13)
i J

with coefficients (c; j)r, (di;)r, (gi;)r € SO*(T) and i,j running through finite
subsets, is Fredholm on the space LP(I',w) if and only if

'r‘-‘rOO)\

inf |b(r,r,£o00)| >0, liminfmin|b(r,r,A)| >0, lminfmin|b(r,r, A)| >0,
reR 4 r—0 \eR

where

b(r,r, N) ZH (Cu +d; j(r)o(r,r, A) + gi,5(r)oa(r,T, A)),

A+i(1/p+ro'(r))
:= coth .14
a(r,r,\) := cot (ﬂ' L+ i (r) , (8.14)
A+i(1/p+ro'(r))
[e% ’ 7)\ = th . 815
oulr,r,\) :=co (Wl—i—rw’(r)—i-w“’y’(?“) (8.15)
and y(r) = O(re*™). In the case B is Fredholm
1
IndB= 1l 1
nd Lam o {arg b(r,r, )\)}(r,/\)eanm (8.16)
where I, = [1/m,m] x R and {argb(r,r, )‘)}(r,r,k)eanm denotes the increment

of argb(r,r,\) when the point (r,\) traces the boundary OIl,, of Il,, counter-
clockwise.

Note that Theorems 8.3 and 8.4 remain true without the property of slow
oscillation of w(r). In the same manner we can study the algebra of generalized sin-
gular integral operators containing several operators V,, SFVa_nl, n=12...,ng.
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Extension of Operator Lipschitz and
Commutator Bounded Functions

Edward Kissin, Victor S. Shulman and Lyudmila B. Turowska

1. Introduction and preliminaries

Let (B(H),||-||) be the algebra of all bounded operators on an infinite-dimensional
Hilbert space H. Let B(H)sq be the set of all selfadjoint operators in B(H).
Throughout the paper we denote by o a compact subset of R and by B(H )sa ()
the set of all operators in B(H)s, with spectrum in a:

B(H)sa(a) = {A= A" € B(H) : Sp(A) C a}.

We will use similar notations As,, Asq (@) for a Banach *-algebra A. Each bounded
Borel function g on « defines, via the spectral theorem, a map A — g(A) from
B(H)sq(e) into B(H). Various smoothness conditions when imposed on this map
define the corresponding classes of operator-smooth functions.

Definition 1.1.
(i) A function g on a in R is operator Lipschitzian if there is D > 0 such that

l9(A) —g(B)|| < D||A = B|| for A, B € B(H)sa(c).

(ii) A function g on an open subset I' of R is operator Lipschitzian if it is operator
Lipschitzian on each compact subset of T'.

For infinite-dimensional H, the classes of operator Lipschitz functions defined
above do not depend on the dimension of H. For finite-dimensional spaces, the
classes defined in (i) coincide with the class of all functions Lipschitzian on « in
the usual sense, that is, such that |g(x) — g(y)| < D]z — y| for some D > 0 and
all z,y € a.

The study of operator Lipschitz functions was initiated by Daletskii and
Krein [DK] and motivated by various problems in the scattering theory. Following
their paper, there have been significant articles by Birman and Solomyak [BS1],
[BS2], Johnson and Williams [JW], Farforovskaya [F], Peller [Pe] and others (see
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the bibliography in [KS3]) which consider “scalar” smoothness properties of op-
erator Lipschitz functions. In [KS2] the first two authors investigated the action
of operator Lipschitz functions on the domains of *-derivations of C*-algebras. It
was shown that operator Lipschitz functions are exactly the functions which act
on the domains of all weakly closed *-derivations of C*-algebras.

In this paper we study the following extension problems for operator Lipschitz
functions.

Question 1. Let g be an operator Lipschitz function on intervals [a,b] and [c, d]
with b < ¢. Is it operator Lipschitzian on [a, b] U [c, d]?

Question 2. Let a function g be operator Lipschitzian on an interval [a, b]. Can it
be extended to an operator Lipschitz function on a larger interval [a, ¢|?

Question 3. Let a continuous function g on [a, b] be operator Lipschitzian on an
infinite set of closed intervals covering [a, b). Under which conditions is it operator
Lipschitzian on [a, b]?

We show that Question 1 always has a positive answer as long as b # ¢. This
implies that a function on an open subset of R is operator Lipschitzian if and
only if it is operator Lipschitzian in a neighborhood of each point. For b = ¢, the
answer, in general, is negative and we find some conditions when it is positive.

We also show that Question 2 has a positive answer if supp(g) C [a,b).
However, we do not know the full answer to the more subtle case when supp(g) =
[a,b] nor the full answer to Question 3. We prove that under some conditions on
the behavior of g near the point b these questions have positive answers.

As an important consequence of these results, we construct in Section 5 a large
variety of operator Lipschitz functions which are not continuously differentiable.
The problem of the existence of such functions was posed by Williams in [W] and
the first example was given in [KS3]. The existence of such functions allows us to
distinguish between the classes of operator Lipschitz and operator differentiable
functions (see [KS2]).

In this paper we study the extension of operator Lipschitz functions in a
wider framework. Apart from the standard operator norm, we consider also other
unitarily invariant norms on B(H) and the classes of operator Lipschitz functions
with respect to these norms. This approach gives rise to a rich variety of functional
spaces.

Recall (see [GK]) that a two-sided ideal J of B(H) is symmetrically normed
(s.n.) if it is a Banach space with respect to a norm || - ||; and

|AXB|; < |A|X]|,|IB] for A, B € B(H) and X € ..

It is a #-ideal and, by the Calkin theorem, it lies in the ideal C'(H) of all compact
operators on H. An important class of s.n. ideals is constituted by Schatten ideals
Cp, 1 < p < oo. We will write || - ||, instead of | - [|c,. We denote Co, = C(H) and
Cy, = B(H).
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Definition 1.2. Let J be an s.n. ideal and let T' be an open subset of R, or one of
the finite or infinite intervals (a,d], [a,d).
(i) A function g on a compact o in R is J-Lipschitzian, if there is D > 0 such
that

9(A) —g(B) € J and ||g(A) — g(B)||; < D||A = Bl|s for A,B € Je(a). (1.1)

Denote by D(g,a) the minimal value of D for which the above inequality
holds.

(ii) A function g on T is J-Lipschitzian if it is J-Lipschitzian on each compact
setin I

It should be noted (see [KS3]) that the class of operator Lipschitz functions
coincides with the classes of C.-Lipschitz functions and of C;-Lipschitz functions.

Davies [D] and Farforovskaya [F] studied the smoothness properties of Cp-
Lipschitz functions. For arbitrary symmetrically normed ideals .J, the spaces of J-
Lipschitz functions, their hierarchy and properties were investigated in [KS2] and
[KS3]. De Pagter, Sukochev and Witvliet studied in [PSW] properties of Lipschitz
functions on non-commutative L,-spaces.

Let A, B be C*-algebras and let a Banach space X be a left A- and right B-
module. It is a Banach (A, B)-bimodule if the actions commute and are bounded:
there is M = M (A, B, X) > 0 such that

JAX]lx < MIAIX |x and [XB|lx < M|B||X|lx, for A€ A, BeB, X € X,
(1.2)
We write ‘A-bimodule’ instead of (A,.A)-bimodule and [A, X] instead of the com-
mutator AX — XA for A € A and X € X. Note that all symmetrically normed
ideals are Banach B(H)-bimodules and Banach .4-modules for each C*-subalgebra
A of B(H).
The following notion of commutator X-bounded functions has no “scalar”
analogues.

Definition 1.3. Let X be a Banach A-bimodule and let T' be an open set in R, or
one of the finite or infinite intervals (a,d], [a,d).
(i) A continuous function g on « is commutator (A, X)-bounded, if there is K >
0 such that

I1g(A), X]|lx < K[l[A, X]||x, for X € X and A € Asq(a). (1.3)

Denote by K(g,«) the minimal constant K for which (1.3) holds.
(ii) A continuous function on T is commutator (A, X)-bounded, if it is commu-
tator (A, X)-bounded on each compact in T

The proof of the following result can be found in [D, F, KS1].

Theorem 1.4. Let J be a symmetrically normed ideal and o be a compact sub-
set of R. The space of J-Lipschitz (respectively, operator Lipschitz) functions on
a coincides with the space of all commutator (B(H),J)-bounded (respectively,
(B(H), B(H))-bounded) functions on c.
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We extend now the above result to C*-algebras.

Theorem 1.5. Let A be an infinite-dimensional C*-algebra of operators on H and
let o = [—a,a].

(i) If J is a separable s.n. ideal, then the space of commutator (A, J)-bounded
functions on a coincides with the space of J-Lipschitz functions.

(ii) The spaces of commutator (A, B(H))-bounded functions on « coincides with
the space of operator Lipschitz functions.

Proof. Let B be the weak closure of A and B € B, («). By Kaplansky’s density
theorem, there are A, in A, such that |A,| < ||B] and A,, converge to B in the
strong operator topology (A, o B). Hence A,, € A,(a). Let g be a commutator
(A, J)-bounded function on «. Since g is uniformly approximated by polynomials
on « and since P(A,,) 2f P(B) for each polynomial P, we have g(A,,) 2 g(B).
Hence

[9(Ay), X] %% [¢(B), X] for X € B(H). (1.4)

Let J be a separable s.n. ideal. By Theorem II1.6.3 of [GK], ||[4n, X] —
[B, X]||; — 0 for X € J. Hence

liml|[g(An), X][[; < Kliml|[An, X][|; = K|[[B, X]|.

Then [g(B), X] € J and it follows from the above inequality, from (1.4) and from
Theorem ITL.5.1 of [GK] that ||[g(B), X]||ls < K||[B, X]||s. Thus g is a commutator
(B, J)-bounded function on .

Since B is an infinite-dimensional W*-algebra, there is a self-adjoint operator
B with Sp(B) = a. It follows from Theorem 3.4 of [KS1] that

Ilg(A), X]l[; < K|[[A, X[ for every A € B(H)sa().

Hence g is a commutator (B(H ), J)-bounded function on a.

Conversely, each commutator (B(H ), J)-bounded function on « is continuous
(see [KS3]), so it is commutator (A,.J)-bounded. From this and from Theorem
1.4 we have that the spaces of commutator (A, J)-bounded and of J-Lipschitz
functions on « coincide. This proves part (i).
All commutator (A,B(H))-bounded functions on « are commutator (A,C(H))-
bounded. By (i), they are all commutator (B(H),C(H))-bounded on a. It was
proved in [KS3] that the spaces of commutator (B(H),C(H))-bounded functions
on «a, of commutator (B(H ), B(H))-bounded functions and of operator Lipschitz
functions coincide. This completes the proof of (ii). O

The possibility to reduce the study of J-Lipschitz functions to the study of
commutator bounded functions is very useful, since it linearizes the problems and
enables one to avoid the complicated techniques of double operator integrals.
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2. Commutator (A, X')-bounded functions

Let A,B be C*-algebras and let X be a Banach (A, B)-bimodule. If Sp(A)N
Sp(B) = 0, for A € A and B € B, then, by Rosenblum’s Theorem (see [RR]),
there is C' > 0 such that

IAX — XB|lx > C||X||x for all X € X. (2.1)

The constant C' can be estimated via the distance between Sp(A4) and Sp(B). The
next two results are known (see [BR] and the references there). We include their
proofs for the convenience of the reader.

Lemma 2.1. Let T be a bounded operator on a Banach space such that
Sp(T) C (00, —0) U (d,00) and ||exp(isT)|| < R, for all s € R,
where R,§ are some positive numbers. Then ||T~Y| < CoRS~! for some universal

constant Cy.

Proof. Let f be a smooth odd function in L?*(R) that coincides with 1/t on
(—o0,—1) U (1,00). Denote by f its Fourier transform. Since f/ € L3(R), we
have sf(s) € L2(R) whence |s|f(s) € L2(R). Hence (1 + |s|)f(s) € L3(R). Since
(1+ s~ € L2(R), f € L(R).

Set Co = [ |f(s)|ds and let f5(t) = Lf(%). Then fs(t) = 1/t for |t| > 6
whence f5(T) = T~!. Since f(és) is the Fourier transform of fs,

f5(T) = /700 f(és)exp(—isT)ds.

Therefore |77 < [0 |f(6s)|Rds < CoRS™ L. O

For disjoint subsets «, 8 of R, let §(«, 5) = , inf 5|t — 8| be the distance
ca,sE

between them.

Lemma 2.2. Let A and B be C*-algebras and let X be a Banach (A, B)-bimodule.
If 6 = §(a, B) > 0, for disjoint subsets a and 3 of R, then

|AX — XBllx > Cy "M 72| X ||x, for X € X, A€ Asu(a), B € Bea(3),
where M is the constant in (1.2) and Cy > 0 is the constant in Lemma 2.1.

Proof. For A € As.(a) and B € Bs,(8), the operators Ly: X € X — AX, Rp:
X e X — XB act on X and commute. Set T'= L 4 — Rp. To prove the lemma, it
suffices to show that |77 < CoM?26~ 1. Tt is easy to see that
| exp(isT)[| = || exp(isLa) exp(—isRp)|| = || Lexp(isa) Rexp(—isp) |
< M| exp(is A)|| exp(—isB)|| = M?.

Since Sp(T) C {t—s:t € a, s € B} C (—o0,—0)U(d,00), it only remains to apply
Lemma 2.1. U
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In the rest of this paper A will be a W*-algebra on a Hilbert space H and X
be a Banach A-bimodule. Let g be a continuous function on o and A € Ay, (). Let
E(t) be the spectral resolution of the identity for A continuous from the right in the
strong operator topology and let P(vy), for v C «, be the corresponding spectral
measure of A. Let E(t —0) = s—sggn OE(s) in the strong operator topology. Then

E(t) = P((—o0,t]) and E(t —0) = P((—o0,t)) belong to A. Set H, = P(v)H.
Then Sp(A|x,) € v and

P()9(A) = g(A)P(y) = P(v)g(P(7)A) = g(Alm,) © O[5 - (2.2)

Corollary 2.3. Let 8 and vy be disjoint closed subsets of a and let g be a continuous
function on a. For each A € Asq(a) and X € X,

1P(1)g(A) X P(B)|lx < Cod(y, )" M sup lg@OIITA, X]l,
IP(3) X g(A)P()llx < Cod(v, B) 7 M° sup lg@OIITA; X]|-

Proof. From (2.2) we have |[P(y)g(A)|| = [|g(Alm, )|l < sup;e, |g(t)]. Hence, by
(1.2),

1P()g(A)XP(B)|x < M[[P(y)g(A)|IP(M)XP(B)]x
< Msup [g(t)[[[ P(v) X P(5)] -
tey

Set T'= Alg,,S = A|g,. Then Sp(T') C v, Sp (S) C 3. Since Y = P(y)XP(f) is
a Banach left P(y)AP(v)-module and right P(5)AP(8)-module with constant

M(P(y)AP(7), P(B)AP(3),Y) < M(A, A, X) = M,
we obtain from (1.2) and Lemma 2.2 that
M2||[A, X]llx = [P()A, X]P(B)||x = |TP(y)XP(B) — P(v)XP(B)S|y

>Cq ' M725(y, )| P()XP(B)lly = Cq ' M~28(, B)| P(1) X P(5)| -

Combining the above two inequalities, we obtain the first inequality of the corol-
lary. The proof of the second inequality is similar. O

For 8 = [a,d], P(f) = E(d) — E(a — 0). Set
P(p) = E(d) ~ E(a) = P((a,d]) and Hs = P(5)H.
Then Sp(A|I~{ﬁ) Cp.
Remark 2.4. Let 5 and v be closed intervals in a. The inequalities in Corollary
2.3 hold if P(B) is replaced by P(B) or (and) P(vy) by P(y).

Now we turn our attention to commutator (A, X)-bounded functions. The
set of all such functions on « is an algebra with respect to the usual operations.
Supplied with the norm

[fla = [ fllec + K(f, )



Extension of Operator Lipschitz and Commutator Bounded Functions 231

it becomes a differential Banach algebra in the sense of [BK, KS]. The result below
shows that this algebra is quite rich.

Proposition 2.5. Let g € L'(R) with Fourier transform § satisfy

[t < o

For all A and X, g is commutator (A, X)-bounded on each a C R and K(g,a) <
M? ~
om Jr [5G(s)]-

Proof. Let X € X and A € A. Repeating the argument of Lemma 2 [Po], we have
e, X] = / LA X0y
0
The function g acts on B(H)s, by the formula
g(B) = /Re_iSBE(s)ds for B € B(H)sq.
Hence it follows from (1.2) that

lg(4), X]lx = / 3(s)e="4, X]ds

X

1
< / 5() ( / Mze”“*[sA,X1X||e“<“>Adt) ds

= M4, X] / 15(s)|ds
which proves the lemma. O

Let g be a continuous function on o and A € Agq(r). Let v be a subset of
a. By (2.2), 0 € Sp(P(y)A) CyU{0}. If 0 ¢ o, Sp(P(y)A) does not lie in «, so g
does not act on P(7)A.

Lemma 2.6. Let g be a commutator (A, X)-bounded function on a compact 8 C a.
For any subsets v, of 8 and all A € Asq(a) and X € X,

1P(1)[g(A), XIP()ll2x < K (g, 8)M7||[A, X]|| . (2.3)
1P(7)[g(A), XIP(6)l|lx < K (g, B)M*||[A, X]|| x- (2.4)

Proof. Choose X € v and set B = P(y)A+ A(1— P(y)). Then Sp(B) C v C 5. By
52.23, P(v)g(A) = P(vy)g(B). Since P(y)A = P(v)B, we obtain (2.3) by applying
1.3):
1P(v)[g(A), X]P(7)l[x = lllg(B), P(NX P2 < K(g, BB, P(V) X P(7)]llx
= K(g, B)IIP(1)[A, X]P()||x < K(g, )M?[[A, X]]| x-
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From (1.2) and (2.3) we obtain (2.4)
1P(1)[g(A), X]PO)|x = [[P(v)P(B)lg(A), X]P(B)P(6) x
< M?||P(8)[g(A), X]P(B)|lx < K(g, 5)M*||[A, X]||x. O
Proposition 2.7. Let a continuous function g be commutator (A, X)-bounded on

compact subsets a and B of R. If a\ SN B\ a =0 then g is commutator (A, X)-
bounded on o U f3.

Proof. Let A € Ago(aUP). Set v1 = a\ B, v2=anf, v3 =0\ aand P, = P(y;).
Then a U B =y, U~ U~z and

Ilg(A), X]]l < Z 1Pilg(A), X]Pj| x, for X € X.

To prove the proposition, it suffices to show that, for all i,j € {1, 2,3},
1Pilg(A), X]Pjl|x < Ciyl[A, X]| x,
where C;; do not depend on A and X.
If v, Uy, C a, it follows from (2.4) that
1Pilg(A), X]Pjl|lx < MUK (g, )| A, X]]| x-
If 7 Uy; C B then [|P;[g(A), X]Pjllx < M*K (g, B)[|A, X]|| 2.
Since 71 and 73 are disjoint, we have from (1.2) and Corollary 2.3,
1Pi[g(A), X1Ps|| 2 < M?|[P(m1)[9(A), X]P(y3)l| 2
< M| P(1)g(A) X P(v3) || + M2 P(1) X g(A) P(73) | %
< 2C08(m1,73) " M| [A, X]||,

where r = sup,c .5 |9(t)]- We get the same inequality, if we exchange P, and Ps.
U

Note that the proof of Proposition 2.7 gives the following estimate for K (g, «U/3):
K(g,aUp) < 7TM*max(K(g,a), K(g,5)) +4Co6(y1,v3) ' M” supﬁ lg(®)]. (2.5)
teay

Corollary 2.8. If a function is commutator (A, X)-bounded on open setsT';, i € I,
for some index set I, then it is commutator (A, X)-bounded on their union T

Proof. Without loss of generality, assume that all I'; are open intervals. Since any
compact subset « of I' is contained in the union of a finite number of T';, it suffices
to consider finite sets I. A simple induction reduces the problem to the case of two
intervals.

If « € T'1 UT9, it can be represented as the union of compact sets 3 in I'y
and v in Ty such that v\ 8N B\~ = (. By Proposition 2.7, g is commutator
(A, X)-bounded on I'y UT,. O

We obtain immediately that locally commutator (A, X')-bounded functions
are commutator (A, X')-bounded.
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Corollary 2.9. A continuous function g is commutator (A, X)-bounded on an open
set T in R if and only if it is commutator (A, X)-bounded on a neighborhood of
each point of T'.

If ¢ is a continuous function on o = [a,d] (a can be —oco and d can be c0),
we denote by g its extension to R that equals 0 outside a.

Corollary 2.10. Let g be a commutator (A, X)-bounded function on c.

(i) If supp(
(ii) If supp(

Proof. If supp(g) C [a,d), there is ¢ < d such that supp(g) C [a,c]. For each
r > d, g(t) = 0 on [c,r] and, therefore, is commutator (A, X')-bounded on [c, r].
By Proposition 2.7, it is commutator (A, X')-bounded on [a,r]. This proves part
(i). The proof of (ii) is identical. O

[a,d), then g is commutator (A, X)-bounded on [a,c0).

9) C
g) C (a,d], then g is commutator (A, X)-bounded on (—oo,d].

Making use of Theorem 1.4, we have

Corollary 2.11. Let A be a W*-subalgebra of B(H) and J be a separable sym-
metrically normed ideal of B(H). Proposition 2.7, Corollaries 2.8, 2.9 and 2.10
hold if the words “commutator (A, X)-bounded” are replaced by “J-Lipschitzian”
or “operator Lipschitzian”.

It follows from Proposition 2.7 that a commutator bounded function on
two intervals, which are either disjoint or intersect by an interval, is commuta-
tor bounded on their union. The case when the intersection consists of one point
is more subtle and will be considered in the next section.

3. Extension of C,-Lipschitz functions from a closed interval

In Corollary 2.10 we proved that if ¢ is a commutator (A, X')-bounded function on
[d, c] and supp(g) does not contain d, then its extension g over d is commutator
(A, X)-bounded on (—oo, ¢]. In this section we consider the case when d € supp(g)
and find some sufficient conditions for g to be commutator bounded on (—oo, ¢].

We say that a function g on [a, c] is square-summable at d € [a,c) from the
right if there are A, \, d such that

00 2
G = ;::1 <Angi d) < oo where g, = sup{|g(t) — g(d)| : t € [d, \n—1]}. (3.1)

Similarly, we define the square-summability of g at d from the left.

If g is square-summable at d from the right then /\ﬂg[ 4 — 0, so g is differen-
tiable at point d from the right and ¢’(d) = 0. Conversely, if ¢/(d) = ¢”(d) = 0
then ¢ is square-summable at d.

The proof of the next lemma is evident.



234 E. Kissin, V.S. Shulman and L.B. Turowska

Lemma 3.1. Let g and h be functions on [a,c] and let h be square-summable from
the right at d € [a,c). Then g is square-summable from the right at d, if there are
e, M > 0 such that

9(t) — g(d)| < M [h(t) = h(d)| forte (d,d+e).

The condition of the square-summability can be written in a simpler way.
Denote by g¢ the monotone envelope of g for t > d, that is, g°(t) = supg<.<; [9(s) —

g(d)]-
Proposition 3.2. The following conditions are equivalent:

(i) g is square-summable at t = d from the right;

(i) D5,7212"9%(d+272)% < oo;

(111) Zn 19 (al—i—n’é)2 < o0;

(iv) fo (d+ )29 < oo.

Proof. The function f(z) = ¢g°(d +27/2)2, for x € [§,00) with § = (¢ —d)™2, is
non-increasing and non-negative. The conditions (i)—(iv) can be rewritten for f as
follows:

o0
(i) there are z,, / oo such that Z Tnf(@n_1) < 00;

n=1
oo
(i’ 22”f2"<oo iii’ Z ) < oo; (iv') /f Ydx < 00.
n=

The equivalence of (ii'), (iii’) and (iv’) is well known, (ii'’) — (i’) is clear. Suppose
that (i’) holds. Then (iii") also holds, since

NIOEDY oot | €D @kt —ak+ 1) f(an)

k Tp<n<Tpi1 k

< Zxk+1f(mk) < 0. O
k

Our next aim is to prove that any commutator (A, X')-bounded function on
[d, c], square summable from the right at d, can be extended to a commutator
(A, X)-bounded function on (—oo,c]. To do this we need to restrict the class of
bimodules.

Let A be a W*-algebra. We say that a left Banach A-module X is subsquare
if, for all projections P € A,

IX1% < IPX[% +[I(1 = P)X|%, for X € X.

Let X be subsquare, let X,, € X and let P, € A be mutually orthogonal projec-
tions. If > || P, X,[|% < oo then Y, P, X, converges in X and

1D PaXalie <D 1PaXal3 (3-2)
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Similarly, we define right subsquare Banach A-modules. A Banach A-bimodule is
subsquare if it is subsquare as a left and right module.

All Schatten ideals Cp, 2 < p < oo, are subsquare. Indeed, for X € C,,
1X]12 = | X*X][z. Since § > 1,

IX15 = 1X*(P+ (1 = P)X]|; < [|IX"PX]|y +[IX*(1 - P)X];
= IPXIl; + (1 = P)X][5.
In the same way it follows that Coc = C(H) and C, = B(H) are also subsquare.

Theorem 3.3. Suppose that a Banach A-bimodule X is subsquare. Let g be a com-
mutator (A, X)-bounded function on a = [d,c] and g(d) = 0. If g is square-
summable at t = d from the right, then its extension g is commutator (A, X)-
bounded on (—oo, c].

Proof. Since g is square-summable at d from the right, there are A, \, d such that
Ao = c and (3.1) holds. Set o, = [An, Ap—1]. For some p < d, set v = [p,¢] and
B = [p,d]. For A = A* € A with Sp(A) C v, let E(t) be its spectral resolution of
the identity. Then E(c) = 1 and E(p —0) = 0. Set Q = E(d) and P = 1 — Q.
Then Q = E(d) — E(p—0) = P(8) and P = E( ) — E(d) = P((d, c]).
Since supp(g) C [d,c] and Sp(QA|gu) C [p,d], we have from (2.2) that
Qg(A) =g(A)Q = Q3(QA) = 0. Hence, for X € X,
I19(A), X]llx < [P[g(A), X]P[lx + [[P[3(A), X]Ql|x
+ 1Q[3(A), X]P|[x + |Q[3(A), X]Q| x
= [[P[g(A), X]P|x + [[Pg(A) X Ql]|x + [QX g(A) P]|| x-
Since § is commutator (A, X')-bounded on « with K (g, a) = K(g, @), we have from
(2.3)
N 1P[g(A), X]P|lx < K(g,) M?|[[A, X]]| x-
For P(ay,) = E(An—1) — E(\y), we obtain from Corollary 2.3 and Remark
2.4 that _ ~
max{[| P(an)g(A) X P(B)]| x, [|1P(8) X (A)P(am)]| x }
< Gy 'MP6(an, B) " sup [g()]|[A, X][|x < Cg ' MP (A — d) ™ gull[A, X]] -

Since E(t) is strongly continuous from the right, s- lim E(\,) = E(d) = Q = P(B)

and

P=1-Q =E(c) — s- lim E(\,) = s—nlijgo zn:]S(an)

n—oo

By (3.1) and (3.2),

1Pg(A)XQIII% P@)%

IN

2
Z 1P(an)g(A)X P(B)]13 < GOy 2M ™[4, X]| -
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Similarly, [|QXg(A)P]||3 < GCy2M™||[A, X]||%. Therefore
I1g(A), X]llx < KII[A, X][|x
where K = K(g,a)M?+2G2Cy ' M5, O

Corollary 3.4. Let p € [1,00]Ub, let g be a Cp-Lipschitz function on [d, c] and let
g(d) = 0. If g is square-summable at t = d from the right, then its extension g is
Cp-Lipschitzian on (—oo, .

Proof. For p € [2,00] Ub, the ideal C), is subsquare, so the result follows from
Theorems 1.4 and 3.3.

For 1 < p < 2, g is Cp-Lipschitzian if and only if it is Cy-Lipschitzian for
q= pfl, if p# 1, and for ¢ = oo, if p = 1 (see [KS3]). Combining this with the
case p > 2, we complete the proof. O

Let f and h be C)-Lipschitz functions on [a, d] and [d, c], respectively, and let
f(d) = h(d) = A. Suppose that they have, respectively, left and right derivatives
r, s at d. Consider the function
| f@) for t € [a,d],
9(t) —{ h(t) for t € [d, .
Recall that any function square-summable from the left (right) at point d has zero
left (right) derivative in d.

Corollary 3.5. Let r = f'(d) and s = h/'(d). Let the function f(t) — r(t —d) be
square-summable at point d from the left and let the function h(t) — s(t — d) be
square-summable at d from the right.

(1) If 1 <p < o0, then g is Cp-Lipschitzian on [a, c].

(i) If p € {1,00,b} and r = s, then g is Cp-Lipschitzian on [a,c].

Proof. Let 1 < p < oco. It is known (see [D]) that the function

£(t) = { r(t—d)+ A for t € [a,d],
s(t—d)+ X for t € [d, ],
is Cp-Lipschitzian for all 7,5. Set 6 = g — &, 61 = 0|[4,q) and 02 = 04 .

The function 6; on [a,d] is square-summable at point d from the left and
61(d) = 0. It is Cp-Lipschitzian, since it is a linear combination of Cp-Lipschitz
functions f and r(t — d) + A. By Corollary 3.4, its extension 6; to [a,00) is a
Cp-Lipschitz function. Similarly, the extension 05 to (—o0, ] of the function s on
[d, c] is Cp-Lipschitzian. Hence the function

0= 9~1|[a,c} + 9~2|[a,c}

is Cp-Lipschitzian on [a, ¢]. Thus g is Cp-Lipschitzian on [a, ¢]. Part (i) is proved.

The classes of Cp-Lipschitz functions, for p € {1, 00, b}, coincide and all the
functions are differentiable at each point (see [JW]). This is why we set r = s
in (ii). In this case £ = r(t — d) + A is Cp-Lipschitzian on [a,c]. By the above
argument, g is Cp-Lipschitzian on [a, . O
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It was proved in [KS3] that the function
g(t) = t?sin (1/t), for t # 0, and g(0) = 0,
is operator Lipschitzian on [0, 1], although it is not continuously differentiable at
t = 0. By Proposition 3.2(iv), h(t) = t? is square-summable at ¢ = 0 from the
right. Since [g(t)| < h(t), it follows from Lemma 3.1 that g is square-summable

at t = 0 from the right. Hence, by Theorem 3.3, the extension of g to (—o0,1] is
operator Lipschitzian.

4. Extension of locally C-Lipschitz functions to closed intervals

It was proved in Section 2 that a function is J-Lipschitzian on (a,c) if and only
if it is locally J-Lipschitzian. In this section we find some conditions for locally
Cp-Lipschitz functions to be Cp-Lipschitzian on [a, c]. As before, we first consider
this problem for commutator (A, Cp)-bounded functions.

To begin with, note that if g is commutator (A, X)-bounded on [a,d], it is
commutator (A, X)-bounded on (a,d) and

K(g,a) < K(g,[a,d]), for each compact « in [a, d].
To prove the converse statement, we need the following result.
Lemma 4.1. Let g be a function on « and let A be a non-isolated point in «. If

(1.3) holds for all A € Agq(a) with Ker(A — A1) = {0}, then it holds for all A
€ Asa(a).

Proof. Let P be the projection on L = Ker(A — A1) # {0}. Set T,, = A+ A\, P,
where A\ # A\, € a and A\, — A Then T, € Ay, Ker(T),, — A1) = {0} and
Sp(T,) C a. Hence ||[9(T7), X]l|x < K||[Tn, X]||x- Since T,, — A and

9(Tn) = 9(Alaor) ® 9(An)P — g(Alror) © g(N) P = g(A4),
we have [[[g(A4), X][[x < K||[A4, X]||x. O

Let A be a W*-algebra. A Banach A-bimodule X is approzimate if there is
C > 0 such that, for each sequence of projections P, in A converging to 1 in the

strong operator topology (P, sof 1),
[[X]|x < Csup||P, X Py,|x for all X € X.
n

In particular, B(H) and all separable and all dual to separable symmetrically
normed ideals of B(H) are approximate Banach B(H )-bimodules (see [GK]).

Proposition 4.2. Let X' be an approximate Banach A-bimodule. A commutator
(A, X)-bounded function g on (a,d) is commutator (A, X)-bounded on |a,d] if and
only if

K =sup{K(g,a): aC (a,d)} < oo.
Proof. We only need to prove the “if” part. Let A = A* and Sp(4) C [a,d].
By Lemma 4.1, we only have to prove (1.3) in the case when Ker(4 — al) =
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Ker(A — d1) = {0}. Let E(t) be the spectral resolution of the identity for A. For
d, / dand a, \ a,

B(dn) % E(d — 0) = 1= Pger(a—a1y = 1 and E(a,) % E(a) = Pxer(_a1) = 0.

Set P, = E(dy) — E(ay). Then Sp(Alp,u) C [an,dy] and P, %! 1. Choose some
A which lies in all [ay,, d,] and set A,, = P,A+ A(1 — P,,). Then Sp(4,,) C [an, dy]
and, by ( 2.2), P,g(Ay) = Pog(P,A,) = P,g(P,A). Since X is approximate, we
have from (1.2) and (2.2)

Ilg(A), X]llx < Csup [[Pa]g(A), X]Pollx = Csup [[[Prg(PnA), Pa X Pyl||x
= Csup|[g(An), Pa X Plllx < CK(g,dn — an)sup [|[An, P. X Pl x
< CKsup || Py[A, X|P,||x = CKM?||[A, X]||x.

Thus ¢ is commutator (A, X')-bounded on [a, d]. O

Corollary 4.3. Let J be an approzimate s.n. ideal. A J-Lipschitz function g on
(a,d) is J-Lipschitzian on [a,d] if and only if sup{D(g,a) : a C (a,d)} < 0.

Proof. By Proposition 3.4 of [KS3], g is J-Lipschitzian on a compact « if and only
if it is commutator (B(H), J)-bounded. Moreover, D(g,a) = K (g, ). Hence the
result follows from Proposition 4.2. O

Let {P,} be a set of mutually orthogonal projections in B(H). Then (see
[GK]), for A € Cp, p € [1,00),

1Al = 1)~ PuAPll, (4.1)

”ZPnAnPnng = Z”PnAnPn”g (4'2)
n n

We need the following extension of these formulae.

Lemma 4.4. Let {P,} be a set of mutually orthogonal projections in B(H) and let
{Qn} be another set of mutually orthogonal projections. Let p € [1,00). For each
Ae Cp,

LA =11 PuAQulll =D I1PaAQu|E. (4.3)
Proof. Set X =3, P,AQ,. Since
Y Y e = Y15 = 1Y = [YY ||z for Y € Gy, (4.4)

we obtain the proof of the equality in (4.3):
H ZP AQu[I5 "= | XX |75 = | ZQnA*P AQuIY):

(4.4)

(4 2) * (4 4)
Z 1QnA* P, AQu )3 Z 1P, AQ .
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Let 2 < p. Since [[@nY Qullp < [|@ulIY[[p|@nll = Y|y, for Y € Cp, we have
from the above formula

I3 PoAQuly = 30 10uA" BuAQUT s < 314" ol

p/2

(44 % (4.2) %
ZWMPWQHZ&Mﬂ%

* (4.4)
< Aar D e,

This completes the proof of (4.3) for 2 < p.
For 1 <p<2,set qg= pfl and consider the bounded functional Fx on C,
defined by the formula

Fx(Y)= Tr(XY)= Tr (Z PnAQnY> = Tr (AZQnYPn>.

Since ¢ > 2, it follows from (4.3) that || ", Q.Y P, ||, < ||Y]l4. Hence

Tr (A Z QnYPn>

Since || X||, = || Fx| (see [GK]), we have || X||, < ||A|lp- Thus (4.3) is proved for
1<p<2.
For p = 1, we have ¢ = oo and the proof is the same as above. O

[Fx (V)| =

<Al Y @uY Pallg < Al 1Y llg-

We shall now prove the main result of this section.

Theorem 4.5. Let A be a W*-algebra and let p € [2,00]Ub. Let g be a continuous
function on [a,c]. Let {\,}52 in [a,c] be such that \g = ¢ and A\, \, a and let

2
Z ( ) < oo, where g, = sup |g(t) — g(a)|. (4.5)
= - )\n+1 t€laAn1]

Set oy, = [An, An—2]. The function g is commutator (A, Cp)-bounded on [a,c] if

and only if

1) g is commutator (A, Cp)-bounded on all cu,;
2) sup{K(g,on)} = K < 0.

Proof. The “only if” part is evident. Without loss of generality we assume that
g(a) = 0. Let A = A*, Sp(A) C [a,c] and let E(X) be its spectral resolution of
identity. By Lemma 4.1, we only need to consider the case when Ker(A—al) = {0},
so that S_JLHOIOE()\") = 0. Consider the projections P, = E(A—1) — E(\y) =

P((An, An—1]). Then

o0 (o)
1)=)» P and 1=) P,
j=n j=1
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Therefore
lg(A ||p—||ZZP X]P;llp
n=1 j=1
< ZPn[g( X]Pullp + || ZP 1Pty + |l ZPn+1 [9(A), X1P
n=1 o n=1
+1> Palg(A), XIE(Anta ||p+||ZE Ant1)[9(A), X] Py || (4.6)
n=1 n=1

We will evaluate all terms in (4.6).
In our case M =1 in (1.2). Since all P,, commute with g(A), since (A, Ap—1] C
apt1 and (Ap41, An] C @ny1, we have from Lemma 2.6

1Pilg(A), X]P;lp < K(g, anta)[I[A, X][lp, < K|[[A, X]llp, (4.7)
1Pilg(A), X]P;llp = [ Pilg(A), PiX P Pl
< K(g, ant)[[[A, BX Pyl < K|[A, X Pilp, (4.8)

where 4 and j are either n or n + 1. Hence, if p is co or b, then

(4.7
IIZP X|P, Hp—SHPIIP[ (A), X|Pall, < KI[[A X,
(4.7
IIZP n+1Hp—sup||P[ (A), X|Posallp < KI[A, X]llp,
(4.7
IIZPn+1 X|P, Hp—suplanH[ (A), X|Pall, < KI[[A X[

If p € [2,00) then

> (4.3) 4.8)
1Y Palg(A), X1P. 15 ZHP X|P|3 < KPZ I[A, Po X Pl

n=1

- (4. >
=K ||PJAXIRE <" KP|[A X])|E.

n=1

Similarly,
HZP X]Posally < KP(I[A, XI5

and

| ZPn+1 X]Palp < KP|[[A, XT]|[5-
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Therefore, for all p € |2, oo] Ub,

1Y Palg(A), X]P, Hp+IIZP n+1Hp+IIZPn+1 9(A), X]P |l
n=1 n=1
< 3K||[A, X]]llp- (4.9)

Set vn, = [An, An—1]. Using Corollary 2.3 and Remark 2.4, we have
[ Pn]g(A), XTEAn41)lp S Prg(A) X EAnt1)llp + [ PaX g(A) E(Ant1)lp

- 2Cogn
<Cod(yn,[a: Ansa]) HIAX]]p | suplg@®)]+ sup Jg(®)] ) < | _OA 1A, XTlp-
t€EYn t€la,Ant1) n n+1

Since all €}, are subsquare (see Section 3), it follows from the above formula
1/2

1D Palg(4), XIE(Ausa Hp < (ZIIP ()‘n+1)12y> <2CoS||[A, X]l[p-

Similarly,
Y IEGw+1)[9(A) X]Pallp < 2CoS||[A, X]|l,.

Substituting this and (4.9) in (4.6), we obtain that
Ilg(A), X]llp, < BK + 4CoS)|[[A, X]]|,
so g is commutator (A, Cp)-bounded on [a, ], for p € [2, 00] U b. O

Although conditions (3.1) and (4.5) look similar, comparing them, one can
see that G < S. Thus condition (4.5) is stronger than condition (3.1) of square-
summability of functions. We do not know whether condition (4.5) in Theorem 4.5
can be replaced by more natural and weaker condition (3.1).

Corollary 4.6. Let p € [1,00]Ub and let g be a continuous function on [a,c|. Let
{An}22, in [a, c] be such that Ao = ¢ and X\, \, a and let

2
S = ( ) < 00, where g, = sup |g(t) — g(a)l.
Z - )‘n+1 " tefa,An—1] )|
Set o, = [)\n, )\n,g]. The function g is Cp-Lipschitzian on [a, c] if and only if
1) g is Cp-Lipschitzian on all ay;
2) sup{D(g, an)} = D < oo (see Definition 1.1).
n

Proof. It follows from Proposition 3.4 of [KS3] that g is Cp-Lipschitzian on a com-
pact « if and only if it is commutator (B(H), Cp)-bounded. Moreover, D(g, o) =
K(g,«). Hence, for p € [2,00] U b, the result follows from Theorem 4.5.

For 1 < p < 2, g is Cy-Lipschitzian if and only if it is Cg-Lipschitzian for
q= pfl, if p# 1, and for ¢ = o0, if p = 1 (see [KS3]). Moreover, the corresponding
constants D(g, ) are the same in both cases. Combining this with the case p > 2,
we complete the proof. O
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5. Operator Lipschitz functions with discontinuous derivative

In this section we consider only the case X = B(H) and show that Theorem
4.5 allows us to construct a large variety of operator Lipschitz functions with dis-
continuous derivatives. We will call commutator (B(H), B(H))-bounded functions
just commutator bounded.
Let ¢ be an infinitely differentiable, non-negative function on R such that
1 1

supp(p) = [~1,1], max(p(t)) =1, Pl=y) =1 ¢(,) = -1

Let {0,,} be such that 0 < 0,41 < 0y < § and > o | 02 < 00. Set

3 On t— dn
d”:2n+1’ an =, andgpn(t):amp( o )
Set supp(¢n) = Ay,. Then

sup |on ()] = an,  An = [dn — an, dn +an] C 277,27
teR

and A, NAr =0, if n # k. The function
gt) =>  en(t) (5.1)
n=1

is infinitely differentiable on R — {0} and supp(g) = {0} U (US>, A,) C [0,1]. Tt is
differentiable but not continuously differentiable at ¢ = 0. Indeed,
t) — t
=90 _a®) _ e oo
t t dy — an

Since , ", — 0, as n — oo, we have that g is differentiable at ¢ = 0 and g'(0) =0.
On the other hand, the points d,, & ' lie in A, tend to 0 and
(7% (07 1
g ) = ) = /() = F1.

Theorem 5.1. The function g in (5.1) is commutator bounded on R.

Proof. Since ¢ is infinitely differentiable and has compact support, it is commu-
tator bounded on R (see Proposition 2.5), that is, there exists K > 0 such that
lle(A), X]|| < K||[A, X]]|, for all X € B(H) and A = A*. Therefore

lion(A), X = ||[anso( Y- dn1>) X]|

SKH[aln(A—dnl),anX]H = K|[[A, X]]- (5:2)

Hence ¢, are commutator bounded on R and K(¢,,7) < K for each compact
subset v of R.
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For some ¢ > 1, set \g = ¢, A, = 27 "L for n > 1, and v, = [\, Ap_2], for
n > 2. Since supp(¢y,) = [dn — an, dn + a,] C 277,27 we have gla, = ©1]an
and ¢la,, = (¢n + Pn-1)|a,, for n > 3. Therefore g is commutator bounded on
each ay,, K(g,a2) = K(p1,a0) < K and

K(gaan) = K(@n + @n—laan) < K(‘Pnaan) + K(@n—laan) < 2K.

Finally, let us show that condition (4.5) holds. We have g; = g2 = % and
On—1
= s a0l = sw (swploro]) = swp o= 771
t€[0,An 1] k>n—1 \teR k>n—1

for n > 1. Therefore

oo 2 oo
Z (/\ gn > =01+ ;::2(20n,1)2 < 0.

n=1 n )\n+1

Thus, by Theorem 4.5, g is commutator bounded on [0, ¢]. Since ¢ is arbitrary, g
is commutator bounded on [0, c0). Since g is square-summable at t = 0 from the
right and g|(_o,0) = 0, we have from Theorem 3.3 that g is commutator bounded
on R. (]

Combining Theorems 1.4 and 5.1 yields
Corollary 5.2. The function g in (5.1) is operator Lipschitzian on R.
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On the Kernel of Some One-dimensional
Singular Integral Operators with Shift

Viktor G. Kravchenko and Rui C. Marreiros

Abstract. An estimate for the dimension of the kernel of the singular integral

operator with shift (I + Z a; (t)Uj> Py + P_: Ly(R) — L2(R) is obtained,
J

j=1
where Py are the Cauchy projectors, (Ug)(t) = ¢(t+h), h € R, is the shift
operator and a;(t) are continuous functions on the one point compactification

of R. The roots of the polynomial 1+ Z a;j(c0)n’ are assumed to belong all
j=1

simultaneously either to the interior of the unit circle or to its exterior.

Mathematics Subject Classification (2000). Primary 47G10, Secondary 45P05.

Keywords. Singular integral operators, shift operators.

1. Introduction

We consider the singular integral operator with shift, on the real line R,

T:AP++P, Lg(R)—)LQ(R), (1)
where
A=T+> a;(t)U7, (2)
=1

o
I is the identity operator, a; € C(R), j = 1, n are continuous functions,

I& = R U {co} is the one point compactification of R,
Up)(t) = ¢(t+h), heRT,

This research was supported by Fundagdo para a Ciéncia e Tecnologia (Portugal) through Centro
de Matematica e Aplicagoes of Instituto Superior Técnico.



246 V.G. Kravchenko and R.C. Marreiros

is an isometric shift operator, and
P — ; (I+5)
are mutually complementary projection operators, where
(500 = (mi) " [ o(r)r =0 ar

is the operator of singular integration.
We note that for the singular integral operator with shift in L (R)

T(A1,Az) = Ay Py + AsP_,

where
Ay =ail +b.U, Ay =asl+bU

and aq,ag, by, be € C"*"(R), the Fredholmness conditions and the index formulas

are known [6]. The Fredholm criterion can be formulated as follows: the operator
T(A1, Az) is Fredholm in L% (R) if and only if the functional operators A; and
As are continuously invertible in L% (R). The spectral properties of the operator
T(Ai, As) have been less studied (see [7], [8]), even for the case of a so-called
Carleman shift, i.e., a diffeomorphism of a curve onto itself which, after a finite
number of iterations, will coincide with the identity transform. For the case of a
non-Carleman shift (such as ¢+ h on R), the only works known to the authors are
[1] and [9].
In [1] an estimate for dim ker T" was obtained, with

T = (I — cU)Py + P_ : Ly(T) — Ly(T),
where (Up)(t) = |o/(t)|é (a(t)) and o a non-Carleman shift on the unit circle T.
In particular, it was shown that:
For any continuous function ¢ € C(T) such that

le(rj)| <1, j=1,s,

where {71,...,7s} are the fixed points of the shift «, there exists a polynomial
m
r(t) = H(t —Xe), |M|>1, k=1,m
k=1

such that the condition

holds.
Furthermore, using some auxiliary results, it was shown that

dimkerT < m.
In [9] an analogous estimate for dimker 7" was obtained for the operator

T = (I — cU)Py + P_: L}(T) — L(T),
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with matrix coefficients, satisfying one of the conditions:

1. ole(ry)] C T4, j =1,s,

2. ole(ry)] c T—, j=1,s, and detc(t) #0,Vt € T,
where T (T_) denotes the interior (exterior, respectively) of the unit disk and
o(g) is the spectrum of a matrix g € C**™,

In the present paper, an estimate for the dimension of the kernel of the
operator (1) is obtained under conditions corresponding to 1 and 2 in the matrix
case above. Then we consider two subtypes of the operator (1) and examples which
show that our estimate, in a certain sense, is sharp.

2. The main proposition

From now on, the Cauchy index of a continuous function f € C(T), on T, for
I' =T, R, will be denoted by ind f, i.e.,

ind f = {arg f(0)}er-

We define the polynomial

Ass(n) =14 aj(c0)n’, neT, (3)
j=1
The invertibility of the operator (2) implies (see, for instance, p. 142-145 in [6])
Aso(n) #0, neT. (4)
Therefore for the index k(A) of the polynomial A () we have
0 <k(A) <n.

Consider now the matrix operator (see [6], [10])
T = AP, + P_ : L}(R) — L}(R),
with
A=1I+al, (5)
where
ay(t) aq(t) e an—1(t) an(t)
a(t) =
—Ln-1 O(n—l)xl
and F,, is the unit matrix.
Our main result in this section is the following:

Proposition 2.1. The operator T is a Fredholm operator in Lo(R) if and only if the
operator T is a Fredholm operator in LY (R). In this case, dimker T = dimker T’
and dim coker T' = dim coker 7.
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Proof. As we know, the Fredholmness of a bounded linear operator T is preserved
under multiplication by invertible operators, as are the numbers dimkerT and
dim coker T'. B

We multiply T" on the right by the invertible operator

0 0 0 1
0 0 I UP,
N=|] -
0 I .. U"3p, U 2P,
I UP, --- U"2P, U"'P,
Using U P, = P, U, we obtain
Dy Dy -+ D, 1 T
B o o - I 0
TN =] -.. ,
o I -- 0 0
I 0 - 0 0

where D1 = a,UPy, Dy = (ay_1U + a,U?)Py, ..., Dyp_1 = (a2U + azU? + ... +
a, U 1) Py.

The operator TN is Fredholm if and only if the operator T' is Fredholm.
Moreover, the defect numbers of TN and T coincide. O

We define
Dy (n) = Ep +a(co)n, neT.
If the necessary condition for the invertibility of the matrix operator (5) (see
p. 118-120 in [6])
det Dao(n) #0, neT,

is satisfied, then for the index k(A) of the polynomial det Do, (n) we have
0 < k(A) <n.

We note that
det Dos (1) = Aco (1) (6)
Then
k(A) = k(A) = ind A

Furthermore, denoting by A;(a, c0), the eigenvalues of the matrix a(co), and by »;
the roots of the polynomial A (1), we have \; ' (a,00) = —n;, i = 1,n, taking into
account equality (6). Therefore we note that ind A coincides with the number
of the roots of the polynomial A (n) that are situated inside the unit disk, or,
equivalently, with the eigenvalues of the matrix a(co) that are situated outside the
unit disk.

In general, the necessary and sufficient conditions of invertibility for the
operator (2), and so the Fredholmness conditions for the operator (1), can not be
expressed in an explicit form. Instead the conditions are expressed by a particular
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choice of a solution of the homogeneous functional equation associated with the
operator A. In the two extreme cases, the invertibility conditions for the operator
(2) and also Fredholmness conditions for the operator (1), can be written in a
simple form:

Proposition 2.2. [6] Let T be the operator defined by (1) with coefficients a; € C(Ié),
j=1n, Ax(n) be defined by (3) and let (4) be fulfilled. The following assertions
hold:

1. Ifind Ao, = 0, then the operator T is Fredholm and
IndT = 0.

2. Ifind Ao = n and a,(t) #0,Vt € I?K, then the operator T is Fredholm and
IndT = inda,*.

Remark. If n = 1, then the conditions 1 and 2 of Proposition 2.2 are not only
sufficient but also necessary for the Fredholmness of the operator T'. Both cases
mentioned in the proposition are considered in this paper.

We will need the following result.

o
Proposition 2.3. [9] For any continuous matriz function d € C™"*™(R) such that
old(c0)] C Ty,

there exist an induced matriz norm ||-||, and a rational matriz v satisfying the
conditions
max Hr(t)d(t)r_l(t + h)||0 <1 (7)
teR
and
PorEip, =rEp,. (8)

Let R4 be the set of all rational matrices r satisfying the conditions (7), (8),

n
ll(T) = Z max li’j,

=1 J=bn

where [; ; is the degree of the element 7; ;(t) = p; ; (;2) (ps.; is a polynomial) of

the rational matrix r, and

I(d) = min {l;(r)}. 9)

r€Rg
Proposition 2.4. Ifind A, =0 and
ay(t) aa(t) e an—1(t) an(t)
a(t) = )
—Lip—1 O(n—l)xl

then the estimate
dimker T < I(a), (10)
holds.
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Proof. Since ind Ay, = 0, i.e., o[a(c0)] C T4, we can apply the Proposition 2.3
to the matrix function a so that there exists a rational matrix r satisfying the
conditions (7) and (8). For the matrix a, let I(a) be defined by (9). Then, from
Propositions 2.2 and 2.3 in [9], we obtain the estimate (10). O

o
It is known that (see, for instance, [11]; see also [2], [3], [4]) if @ € C"*™(R)
satisfies

o
deta(t) #0, VteR,
then the continuous matrix function a admits the factorization in L5*"(R)

a=a_Aay, (11)

where

b

(t-iteF e [z ®)] T, (+i) e e [LE®)

A:diag{(i_?_l) },
)

»; are the partial indices of the factorization with s > 360 > -+ > 3¢, Ezi are
the spaces of the Fourier transforms of the functions of LQi, respectively, and, as
usual, Ly = Py Ly, Ly = P_Ly ®C.

:|TL><TL :|n><n

Proposition 2.5. If the conditions ind As, =n, a,(t) # 0,Vt € ]1%, (11) with
(t—i) " ta®, (t+4)7! il € L™M(R),
are fulfilled, then the estimate
dimker T < l(a Z |25, (12)

;<0
holds.

Proof. From (11), according to Proposition 2.4 in [9], the estimate

dimker T < dimker(I —a U "'Py) + Z |25, (13)
;<0
holds. Furthermore, as ind A, = n, i.e., ofa(co)] C T_, we can see that a=!

satisfies the conditions of Proposition 2.3, i.e., for a~! there exists a rational matrix
7 satisfying the conditions (7) and (8). For this matrix a=!, let I(a=!) be defined
by (9). Then Proposition 2.4 yields

dimker(I —a 'U'Py) <l(a™).
Together with (13) we get (12). O

If n = 2 the estimate (12) can be written in a simpler form.
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Corollary 2.1. Let n = 2. Under the conditions of Proposition 2.5, the estimate
dimker T < I(a~') — min{0, ind ay}, (14)
holds.

Proof. If n = 2 the matrix a has the form

a:(fll ‘?) (15)

0 1 A 0
1 0 “\Na -1/
The partial indices »r; o of the factorization

al =b Ab_,

are equal to indag and 0 if indas < 1 (see p. 147-148 in [11]). Obviously the
partial indices of the factorization

We compute

a=a_Aay,

are the same. Therefore negative partial indices are possible only if indas < 0
which implies (14). O

3. Some particular cases and examples

Having the estimate (14) in mind, we will consider two subtypes of the operator
(1) with n = 2. The first one is an operator T, such that dimkerT = —ind as;
the number /(a~!) will not play any role in this case. For the second subtype we
will consider examples of operators T with dimkerT = I(a~!) and dimker T =
I(a~!) — ind as.

D, (D_) will denote the upper (lower, respectively) half plane (D4 (D_) =
{z € C:Imz>0(<0)}).

We consider the singular integral operator with shift

Ty = [I+a\U + axU?] Py + P : Ly(R) — Ly(R), (16)

where a1 2 € C(Ié) have analytic continuation into D_.
As we noted in Section 1, the operator T is Fredholm in Ls(R) if and only
if the operator
A = I—|—a1U+a2U2
is continuously invertible in Lo(R). Under the conditions on a2, the operator A;
satisfies the equalities

P_AP_ = A P_, P AP =0.
From this, it follows that
T{Y = (Py + A PO)AT?
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is a right inverse operator to T;. Therefore, if the operator T; is Fredholm, then
Ind 7T = dimker T;.
Let
At (n) = 1+ ar(o00)n + az(c0)y?, n €T, (17)
and
Apo(m) #0, neT. (18)
Taking into account Proposition 2.2, we can write

Proposition 3.1. Let T be the operator defined by (16) with coefficients a1 o € C(Ié)
having analytic continuation into D_, A1 ..(n) be defined by (17) and let (18) be
fulfilled. The following assertions hold:

1. Ifind A; o = 0, then the operator Ty is invertible.

2. Ifind Ay oo = 2 and ax(t) # 0,Vt € R, then the operator Ty is right invertible
and
dimker 77 = ind a2_1.

Let us consider again the case ind A1 o = 2. From the Proof of the Corollary
2.1, since indagy < 0, the partial indices of the matrix (15) are s = indaz and
oy = 0.

It is not difficult to construct an example of an operator 77, satisfying the
conditions of assertion 2 of Proposition 3.1, such that I[(a~!) = 0, and we would
have equality in estimate (14).

Now we consider the operator
Ty = [I 4+ a\U + axU?] Py + P_ : Ly(R) — Ly(R), (19)

o
where a12 € C(R), a1(t) = a—(t)+ay (1), az(t) = a—(t)as (t+h), ax have analytic
continuation into D4, respectively.

Let
Ay =T+ (a_(t) +ar(t)U +a_(t)ay (t + h)U?
and
Az o(n) =1+ (11 + o)y +1112n°, neT, (20)
where 11 = a_(0), v = a4 (00). The invertibility of the operator A implies
Azoo(n) #0, neT. (21)
Then |n1,2| # 1, where 7; 2 are the roots of the polynomial Az o (7). We note that
1
=— . 22
m2=-, (22)
The operator T> can be written as the product
Ty =Ty - Ty, (23)
where

Ty =As 1Py + P, Tho=As2P, +P_,
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and
A271 :I+G_U, A272:I+CL+U.

Taking into account the remark after Proposition 2.2, and the equalities (23), (22),
under conditions on the coefficients a+ similar to those on ay for the operator T’
with n = 1, depending on the value of indA; o, it follows that the operator T3 is
Fredholm if and only if ind Ay oo =k, 0 <k < 2.

Making use of equality (23) we analyze the operator T3 in more detail.
The operator Ts ; is invertible when |v;| < 1, and is right invertible when |v4] > 1.
The operator Ts 2 is invertible when |v,| < 1, and is left invertible when || > 1.
We have

IndT5 =IndT5; +IndT5 9 = dimkerT5 ; — dim coker T5 5.
Denoting
inda_ = -y, inday =72, 71,220,
we can write
Ind T, =0, when |2 <1, (ind Az o = 0),
Ind Ty = —v2, when || <1, |ro] > 1, (ind Az o = 1),
IndT5 =71, when |vi| > 1, |1g| <1, (ind A2 0 = 1),
IndTs =1 — 2, when |v1 2| > 1, (ind Ag o = 2).
Moreover, we can show that the following equalities hold:
dimkerT, =0, when |12 <lor || <1, |rg| >1. (24)
dimker Ty = 71, when |v1| > 1, |vo| <1or |vo > 1. (25)
The equality (24) is obvious. To show the equality (25), we take into account that:

e The operator T3 ; is right invertible and Tz(fll) = (Py +A2,1P_)A2*& is a right
inverse operator to 75 1, and
e Since the operator 757 is left invertible, dimker 75 5 = 0.

We consider the projector onto the kernel of the operator 75 1,
M=1-Ty," Ty =—(I - Az1)Pe A7 1P

We verify that
7, =11

Therefore I is also a projector onto the kernel of the operator T5. Thus
dimker T, = dimker T3 1 = 71.

We collect the results on the operator T in the following proposition:

Proposition 3.2. Let Ts be the operator defined by (19) with coefficients

a1 € C(I&), a1(t) = a—(t) +as(t), a2(t) =a_(t)ayr(t+h), ax

having analytic continuation into D4, respectively, As (1) be defined by (20) and
let (21) be fulfilled.
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The operator Ty is Fredholm if and only if one of the following conditions is
fulfilled:

1. ind A3 o = 0. Moreover, the operator T5 is invertible.
2. ind Ay oo =1 with

o
(a) la—(o0)] <1, |ay(c0)| > 1 and ay(t) # 0,Vt € R. Moreover, the opera-
tor Ty is left invertible and

dim coker 75 = ind a .

o
(b) Ja—(00)| > 1, |at(o0)] < 1 and a—_(t) # 0,Vt € R. Moreover, the opera-
tor Ts 1is right invertible and

dimker7y = —inda_.

3. ind As oo =2 and ax(t) # 0,Vt € R. Moreover,

dimkerTs = —inda_  and dimcokerT, = inday.

Let us consider two particular operators of the type of T5.

Ezxample 1. Let

t+1 t—1
_(t)=2 t) =2 Up)(t) =t +1).
=2, at)=2, [ UoW=¢t+1)
In this case
dimker7s = 1.

The partial indices »r; o of the factorization of the matrix
alt) = ( a7<t>_+1a+<t> a7<t>a6<t+ 1) ) ’

are 71 = s = 0 (see p. 147-148 in [11]). Now we apply the estimate (14) to the
operator T5:
dimker Ty < I(a™t).
We have
0 -1

o'ty = | Vt—it+ldd L0 (b N t+1+i
4t+it+1—-4 2 t+1 t+1—1
It is easily seen that

pla=(o0)] < 1, but, maxpla~ ()] > 1,
teR

where p(g) denotes the spectral radius of the matrix g. According to the proof of

the Proposition 2.5, let
L2430
Nﬂ=< t+i >.
1

0
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Then we have

maoxp[r(t)afl(t)rfl(t—l-l)] =
teR
t+24 3¢
t+1
= maxp _ . . o _ <1
et lt—it+1+it+1+i 1<1+<pw)>t+1+z
4t+it+1—2t+3+3: 2 t+1 t+1—1

0

Thus I(a=1) = 1. We get
1 =dimkerTs < 1.

Ezample 2. Now let

a_(t>:2(ifj), a()=2, | U0 =+ 1)

In this case
dim ker Ty = 2.

The partial indices »r; 5 of the factorization of the matrix

a_(t)+asr(t) a—(t)ar(t+1
a@):( )+ ax) o (B >>7

are 3 = —1 and s, = 0. Applying estimate (14) to the operator T» yields
dimkerTy <1+ l(ail).

We have
0 —1

a ') =| 1 /t—i\ t+14+i 1 - t—i\*\ t+1+i
4\t+1) t+1—1 2 t+1 t+1—1
It is easy to check that

pla™t(00)] < 1, but, maxpla'(t)] > 1.
teR

As in the previous example, let
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Then we have

max p[r(t)at (t)r 1 (t +1)]
teR
t+24 3¢
t+1
= maxp <1

ek L/t—i\?t+1+it+1+4i 1 Lt B\ t4+1+i
AN\t+i) t+1—it+3+3i 2 t+i) ) t+1—i

Thus [(a=1) = 1. We obtain

0

2 =dimkerTy < 2.
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The Fredholm Property of Pseudodifferential
Operators with Non-smooth Symbols on
Modulation Spaces

Vladimir S. Rabinovich and Steffen Roch

Abstract. The aim of the paper is to study the Fredholm property of pseu-
dodifferential operators in the Sjostrand class OPS,, where we consider these
operators as acting on the modulation spaces M2’p(RN). These spaces are
introduced by means of a time-frequency partition of unity. The symbol class
Sw does not involve any assumptions on the smoothness of its elements.

In terms of their limit operators, we will derive necessary and sufficient
conditions for operators in OPS,, to be Fredholm. In particular, it will be
shown that the Fredholm property and, thus, the essential spectra of operators
in this class are independent of the modulation space parameter p € (1, 00).

Mathematics Subject Classification (2000). Primary 47G30; Secondary 35S05,
47L80.

Keywords. Pseudodifferential operators, modulation spaces, Fredholm prop-
erty, limit operators.

1. Introduction

This paper is devoted to the study of the Fredholm property of pseudodifferential
operators in the Sjostrand class OPS,,. The class S, of Sjostrand symbols and the
corresponding class OPS,, of pseudodifferential operators were introduced in [8, 9].
This class contains the Hormander class OPS(()J o and other interesting classes of
pseudodifferential operators. One feature of the class Sw is that no assumptions
on the smoothness of its elements are made.

Sjostrand [8, 9] considers operators in OPS,, as acting on L2(RY). He proves
the boundedness of these operators and shows that OPS,, is an inverse closed
Banach subalgebra of the algebra L(L?(R™)) of all bounded linear operators on
L2(RN).

Supported by CONACYT project 43432.
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Applications in time-frequency analysis had lead to an increasing interest in
pseudodifferential operators in classes similar to OP.S,, but acting on several kinds
of modulation spaces (see, for instance [1, 3, 2, 11]). These spaces are defined by
means of a so-called time-frequency partition of unity (i.e., a partition of unity on
the phase space).

Whereas the main emphasis in [1, 3, 2, 11] is on boundedness results, we
are going to examine the Fredholm property of pseudodifferential operators in
OPS,, on modulation spaces which seems to have not been considered earlier.
Our approach is based on the limit operators method. An introduction to this
method as well as several applications of limit operators to other quite general
operator classes can be found in the monograph [6] (see also the references therein).
For several of these operator classes (including OPS,, and the Hérmander class
OPS{ ), the limit operators approach seems to be the only available method to
treat the Fredholm property.

The present paper is organized as follows. In Section 2 we recall some auxiliary
material from [5] and [6]. In particular, we introduce the Wiener algebra W(Z", X)
of band-dominated operators with operator-valued coefficients acting on the spaces
IP(ZN, X) where X is a Banach space. For operators belonging to the so-called
rich subalgebra W$(ZN, X) of W(ZV, X) we formulate necessary and sufficient
conditions for their Fredholmness. It will turn out that the Fredholm property
and, thus, the essential spectrum of an operator A € W* (ZN, X) are independent
of p € (1, ).

Section 3 is devoted to modulation spaces and their discretizations. Given a
time-frequency partition of unity by pseudodifferential operators

Y Lo, =1
a€eZ2N

the modulation space M2 P(RY) is defined as the space of all distributions u €
S'(RN) with

1/p
el age.n ey o= ( > ||¢>au§2(RN)> < o0

a€Z2N

if p € [1, c0) and with
||U||M2,00(RN) = sup ||(I)au||L2(RN) < 00
a€Z?N
in case p = oo. In Section 4, we introduce the continuous analogue W(RY) of the

discrete Wiener algebra W(Z", X) by imposing conditions on the decay of the
operators ®,A®7,__ . More precisely, an operator A belongs to W(RYN) if

Ay = > sup [PaAdh_ [|lLr2@y)) < oo
,yeZQNanQN

We prove that the operators in W(RY) act boundedly on M?P(RY) for every
p € [1, 0] and that W(RY) is an inverse closed subalgebra of L(M?P(RY)).
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Via discretization, the results recalled in Section 2 apply to yield necessary and
sufficient conditions for the Fredholmness on M%P?(RY) of operators in the so-
called rich subalgebra W#(RY) of W(RY). Moreover, the essential spectrum of
A € W3(RY) proves to be independent of p € (1, 00).

In the concluding fifth section, we apply the description of operators in OPS,,
derived in [1] to conclude that OPS,, € W$(RY). Thus, the results of the previous
sections specify to give Fredholm criteria for pseudodifferential operators in OP.S,,
acting on modulation spaces M?P(RY) in terms of limit operators. One conse-
quence is the independence of the essential spectrum of an operator A € OPS,, of
the modulation space parameter p.

Notice that a criterion for the Fredholmness of pseudodifferential operators
in OPS{ , acting on L*(RY) was obtained in [5] by similar techniques (see also
Chapter 4 in [6]).

2. Operators in the discrete Wiener algebra

2.1. Band-dominated operators and P-Fredholmness

Given a complex Banach space X, let L(X) and K(X) stand for the Banach
algebra of all bounded linear operators on X and for its closed ideal of all compact
operators, respectively. For each positive integer N, each real number p > 1,
and each complex Banach space X, let [P(Z", X) denote the Banach space of all
functions f : ZV — X with

1/p
Ifllipzn, xy = ( Z f($)||§(> < 0.

zeZN

Further, let (*°(Z", X) refer to the Banach space of all bounded functions f :
ZN — X with norm

[ fllie @z, x) = sup [[f(z)]x,
zeZN

and write co(ZY, X) for the closed subspace of [*°(Z", X) which consists of all
functions f with

Tim |7 (@)]x =0.

For 1 < p < oo, the Banach dual space of IP(Z", X) can be identified in a
standard way with 19(Z", X*) where 1/p + 1/q = 1, and the dual of c¢o(Z", X)
is isomorphic to I1(ZY, X*). Moreover, if X is a reflexive Banach space, then the
spaces [P(Z", X) are reflexive for 1 < p < oo. If X = H is a Hilbert space with
inner product (., .) g, then [2(Z", H) becomes a Hilbert space on defining an inner
product by

(fo9):= D (f@), g(@))n-

zeZN
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In what follows, we agree upon using the notation E(X) to refer to one of the
spaces [P(ZN, X) with 1 < p < o0 or ¢o(ZY, X), whereas we will write F>°(X) if
one of the spaces E(X), I1(ZY, X) or [*(ZN, X) is taken into consideration.
For n € N, we denote the operator of multiplication by the characteristic
function of the discrete cube I, := {z € ZV : |z|o := maxi<j<n |z;| < n} by
P,. This operator acts boundedly on each of the spaces E*(X). We let P refer
to the set of all operators P, with n € N and set @, := I — P,. Following the
terminology introduced in [6], an operator K € L(E*(X)) is called P-compact if

lim [|[KQn|lpex) = lim [[Qn K| pe(x) = 0.
n—od n—od

We write K (E>(X), P) for the set of all P-compact operators and L(E>*(X), P)
for the set of all operators A € L(E*°(X)) for which both AK and KA are P-
compact whenever K is P-compact. Then L(E*(X), P) is a closed subalgebra of
L(E*>(X)) which contains K(E>(X), P) as a closed ideal.

Definition 2.1. An operator A € L(E>*(X), P) is called a P-Fredholm operator if
the coset A+ K(E*(X), P) is invertible in the quotient algebra

L(E=(X), P)/K(E*(X), P),

i.e., if there exist operators B, C € L(E*®(X), P) and K, L € K(E*(X), P) such
that BA=1+ K and AC=1+ L.

This definition is equivalent to the following one.

Definition 2.2. An operator A € L(E>*(X), P) is P-Fredholm if and only if there
exist an m € N and operators Ly, Ry, € L(E>(X), P) such that

LmAQm = QmARm = Qm

P-Fredholmness is often referred to as local invertibility at infinity. If X has
finite dimension, then these definitions become equivalent to the usual definition
of Fredholmness, which says that an operator is Fredholm if both its kernel and
its cokernel have finite dimension.

For k € ZV, let V}, stand for the operator of shift by k,

(Vku)(aj) =flzx—k), =z€ AR
Clearly, Vi, € L(E=(X)) and || Vi|| (g (x)) = 1.

Definition 2.3. A band operator on E*(X) is a finite sum of the form Y aaVa
where o € ZN and a, € 1°(ZN, L(X)). An operator is band-dominated if it is
the uniform limit in L(E> (X)) of a sequence of band operators.

In case X = C and N = 1, and with respect to the standard basis of E*(X),
band operators are given by matrices with finite band width, which justifies this
notion. Observe also that the class of band operators is independent of the concrete
space E°°(X) whereas the class of band-dominated operators, which we denote by
A(E*(X)), depends heavily on E*(X). It is easy to see that A(E*(X)) is a
closed subalgebra both of L(E*(X)) and of L(E*(X), P).
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Definition 2.4. Let A € L(E>®(X)), and let h : N — Z be a sequence which
tends to infinity. An operator A, € L(E* (X)) is called a limit operator of A with
respect to the sequence h if

nan;O ||Pk(V,h(n)AVh(n) — Al x))
= 1im [|(Vonu)AVin) — An) Pill e x)) = 0 (1)

for every k € N. The set of all limit operators of A will be denoted by o,p(A) and is
called the operator spectrum of A. Let further H stand for the set of all sequences
h : N — ZN which tend to infinity, and let AS(E>(X)) refer to the set of all
operators A € A(E* (X)) enjoying the following property: Every sequence h € H
possesses a subsequence g for which the limit operator A, exists. We refer to the
operators in AS(E>(X)) as rich band-dominated operators.

Obviously, richness is a compactness condition with respect to the conver-
gence defined by (1).

The following is our main result on P-Fredholmness of rich band-dominated
operators. For its proof see [6], Theorem 2.2.1.

Theorem 2.5. An operator A € A%(E>(X)) is P-Fredholm if and only if each of
its limit operators is invertible and if the norms of their inverses are uniformly
bounded, i.e.,

sup {[|(An) Lz (x)) : An € dop(A)} < 0.
2.2. The discrete Wiener algebra

The statement of Theorem 2.5 has a more satisfactory form for band-dominated

operators which belongs to the discrete Wiener algebra, in which case the uniform

boundedness of the inverses of the limit operators follows from their invertibility.
Let W(Z", X) denote the set of all band-dominated operators of the form

A=Y al
aeZN
where the coefficients a, € [°°(Z", L(X)) are subject to the condition
”A”W(ZN,X) = Z ||GaHloo(zN,L(X)) < Q. (2)
acZN
Provided with usual operations and with the norm (2), the set W(Z", X) becomes
a Banach algebra, the so-called discrete Wiener algebra. The estimate
[AllLe=x) < |Allwey, x)

shows that W(Z", X) is a non-closed subalgebra of A(E>(X)).
One of the remarkable properties of the discrete Wiener algebra is its inverse
closedness.

Proposition 2.6. The Wiener algebra W(ZN , X) is inverse closed in every algebra
L(E>*(X)).
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Otherwise stated: If an operator A € W(ZY, X) acts on E*(X) and is
invertible there, then A=! € W(Z", X) again. A proof is in [6], Theorem 2.5.2.
An immediate consequence of the inverse closedness is the independence of the
spectrum of an operator A € W(ZY, X), thought of as acting on one of the spaces
E>(X), on the concrete choice of that space.

Set WH(ZN, X) = W(ZN, X) N A3(E>(X)), and let A € W¥(ZN, X).
We consider this operator on one of the spaces E°°(X) and determine its limit
operators with respect to this space. It turns out that the operator spectrum of A
does not depend on the choice of that space and that all limit operators of A belong
to the Wiener algebra W(ZY, X) again. The following is Theorem 2.5.7 in [6].

Theorem 2.7. Let X be a reflerive Banach space. The following assertions are
equivalent for an operator A € W3(ZN, X):
(a) there is a space E(X) on which A is P-Fredholm;
(b) there is a space E(X) such that all limit operators of A are invertible
on that space;
(c) all limit operators of A are invertible on 1=(ZN, X);
(d) all limit operators of A are invertible on [°(ZN, X) and the
norms of their inverses are uniformly bounded;
(e) all limit operators of A are invertible on all spaces E*°(X) and the
L(E>(X))-norms of their inverses are uniformly bounded;
(f) A is P-Fredholm operator on each of the spaces E(X).

Let A € L(E>~(X), P)). We say that the complex number A belongs to the
P-spectrum of A if the operator A — AI is not P-Fredholm on E*(X). We denote
the P-spectrum of A by op(A|E> (X)) or op(A) for short. The common spectrum
of A will be denoted by o(A|E> (X)) or simply by o(A).

Theorem 2.8. Let X be a reflexive Banach space and A € W3(ZN, X). Then the
P-spectrum of A, considered as an operator on E(X), is equal to

op(AE(X)) = |J oAl EX)). (3)

Ap€oop(A)

Moreover, neither the operator spectrum of A, nor the P-spectrum of A, nor the
spectra of the limit operators of A on the right-hand side of (3) depend on the
choice of E(X).

If the space X has finite dimension, then the P-spectrum of A is the com-
mon essential spectrum of that operator; that is, the spectrum of the coset A +
K(E*(X)) in the Calkin algebra L(E*°(X))/K(E*°(X)). In this setting, the rich
Wiener algebra coincides with the full Wiener algebra. Hence, Theorem 2.8 has
the following corollary.

Theorem 2.9. Let X be a finite-dimensional space. Then the essential spectrum of
A e W(ZN, X) does not depend on the choice of E(X), and is given by (3).
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3. Operators on modulation spaces

In the following two sections we define the modulation spaces and consider the
continuous counterparts of the band-dominated operators and the Wiener alge-
bra. The discrete and the continuous world are linked by a certain discretization
operation which we are going to introduce first.

3.1. Time-frequency discretization
Recall that a function a € C*° (]RN x RN ) belongs to the Hormander class 5’87 o if,
forallr,t € N,
lalp = Y sup |9 0ga(x, €)| < oo (4)
lal<r, |B|<t (@ ) ERTXRY

Let a € 5’870. The associated pseudodifferential operator Op(a) (also written as
a(x, D)) is defined at u € S(RY) by

©Opaya) = [ a9t Sumayae )

The function a is called the symbol of Op(a), and the class of all pseudodifferential
operators with symbols in S§ ; is denoted by OPS{ . Standard references on
pseudodifferential operators are [12, 7, 10], to mention only a few.

It is well known that OPSj ; forms an algebra with respect to the usual
sum and composition of operators. Further, the operators Op(a) € OPSS’O are
bounded both on the Schwartz space S(RY) and on the Lebesgue space L2(RY),
and

||Op(a)HL(L2(RN)) < C'|(L|2]c7 21 if 2k > N, 2l > N. (6)
The latter fact is known as the Calderén-Vaillancourt theorem.

Let A : S(RY) — S(RY) be a bounded linear operator. An operator A* is

called the formal adjoint of A if

(Au, v) = (u, A'v) for all u, v € S(RY). (7)
If Ae OPS&07 then its formal adjoint A! is again a pseudodifferential operator
in OPS{ . Furthermore, if A € OPSJ ; acts on L*(RY), then its Hilbert space
adjoint A* also belongs to OPS& o- Hence, (7) can be used to define the action of
A € OPSj , on the space of tempered distributions S'(RY).

Our next goal is to introduce the time-frequency discretization (which is
called bi-discretization in [6]). For v = (y1, 72) € ZN x ZV, set U, := V., E.,,
where

(Vau)(z) == u(z —a) and (Egu)(z) = e u(z)
for o, 3 € ZN. The operators U, are unitary on L*(RY), and U = E_,,V_,, =
Uy L. Note that these operators, together with the scalar unitary operators e I
with r € Z form a noncommutative group, the so-called discrete Heisenberg group.
In particular, one has

Ur=elorly_,,  UuUs=e"*2PU, 4 (8)
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and
U;Ug _ ei(O&27O¢1*ﬁl>Uﬁ_a _ ei<ﬁ27a17ﬁ1>U:(_ﬁ
where a = (a1, az), B = (b1, f2) € ZN x ZN.

Let f € C$°(RY) be a non-negative function such that f(z) = f(—z) for
all © and such that f(zx) = 1if |z;] < 2/3foralli=1,..., N and f(z) = 0 if
|z;| > 3/4 for at least one i. Define a non-negative function » on RY by

2 f(x)
¢ (2) =
Z,BQZN f(l‘ - 6)

and set p,(7) := ¢(z — a) for a € ZN. The family (pq)qczny forms a partition of
unity on RY in sense that

Z 02 (z) =1 for each z € RV,
aeZN

For v = (a, B) € ZN x ZV, define ¢~ on RY x RN by

(b«/(l"a 5) = <,0a($)805(f),
and write @, for the pseudodifferential operator Op(¢~). It is evident that

Pu = paps(D)u = 0 Op(pp)u

at u € S'(RY), and the formal adjoint of the operator ®., acts as
Plu = p(D)pau = Op(pp)pau

at u € S'(RV).
The operators @, induce a partition of unity on the phase space RY x RN
in the sense that

Z IO u = Z &, ®*u=u  for cachu € S'(RV) 9)

yEZ2N yEZ2N

where the series converge in S’(R”). With these notations, we define the operator
G of time-frequency discretization by

(Gu)y = ®Ulu  wherey € Z* and u € S'(RY),

that is, we consider Gu as a vector-valued function on Z?V with values in S’ (RY).

Now we are in a position to define the announced modulation spaces
M?%P(RYN) which will provide the framework for a localization of functions in
the time-frequency domain. The modulation spaces under consideration were in-
troduced in [4] where they are used to study the Fredholm property of pseudo-
differential operators in OPS{ . Similar (but different) modulation spaces are
considered in [3] (see also Chapter 11 of [2]).
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Definition 3.1. For p € [1, o), let M*P(RY) denote the space of all distributions
u € S'(RY) such that (Gu), € L2RYN) for every v € Z*N and

1/p

||U||M21P(RN) = Z ||(Gu)7HZ£2(RN) < o0, (10)

YEZEN

and let L*°°(RN) stand for the space of all distributions u € S'(RN) with (Gu)., €
L2(RYN) for every v € Z*N and
HUHM2’°°(RN) = sup H(Gu),yHLz(RN) < 0. (11)
yEZ2N
Since U, is a unitary operator on L*(R"), one can replace (Gu)y, = ®Uxu
by ®,u = U,®oU u in the definitions (10) and (11) of the norms.
The following proposition is taken from [4]. It summarizes basic properties
of modulation spaces.
Proposition 3.2.
(a) Under the norms (10) and (11), M*P?(RY) is a Banach space for each p €
[1,00], and M?2(RYN) coincides with L*(RY).
(b) For p € [1,00), every linear continuous functional on M?>P(RN) is of the
form
v u(z)v(z) dz, (12)
RN
with some distribution u € M?%9(RN) where 1/p + 1/q = 1. Hence, the
Banach dual M*P(RN)* can be identified with M* 1(RN), and M*P(RYN) is
reflexive for p € (1, 00).
(¢) The Schwartz space S(RYN) is contained in M*P(RYN) for each p € [1, )],
and it is dense in M>P(RYN) for each p € [1,00).
(d) M?P(RYN) is contained in S'(RN) in the sense that u € M*P(RY) defines a
linear functional on S(R™) acting at ¢ via

u(g)i= [ ulwhpla)da.

Moreover, if u, — 0 in M*>4(RYN), then u,(¢) — 0 for each function ¢ €

S(RY).

Notice that the operators U, = VgE, are bijective isometries on each of the
spaces M*P(RN) with p € [1, oo] and that U ' = E_,V_p.
Proposition 3.3. The operator G : M?P(RYN) — [P(Z*N | L2(RY)) is an isometry,
and the operator Gy ' defined at f € IP(Z?N, L>(RN)) by

Gl f= Y U®5f(7) (13)

yEZ2N

is a left inverse for G.
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Proof. That G is an isometry is evident, and the equality G;lG = [ follows from
G 'Gu= > U 0pdUiu= Y &:0u=u,
yEZ2N yEZ2N
which holds for every u € M?P(R™) due to (9) and Proposition 3.2 (d). O

Thus, the operator @ := GG; ' : IP(Z*N, L2(RN)) — 1?(Z*N, L*(RV)) is a
projection for all p € [1, oo]. We denote its range by R,(Q). Then

G: Mz’p(RN) — Rp(Q)

becomes an isometric bijection, and an operator A € L(M?P?(RY)) is similar to
the operator

Aa = GAG ry@) 0 Rp(@) = Ry(Q).
We extend Ag to an operator I'(A) acting on all of [P(Z*N, L2(RY)) by setting
[(A):=AcQ+1-Q=GAG ' +1-Q
and call T'(A) the time-frequency discretization of A. Clearly,
Gy 'T(A)G = G (GAG] ' +1 - GGG = A
Proposition 3.4. Q € W(Z?V, L*(RY)).

Proof. The definitions of G and G; ! imply that Q acts at f € IP(Z?N, L2(R"))
by
@QNE) = D ®UsUs @50 =7 = > By(0)(V5£)(9)

YEZ2N ~EZ2N

where R, (6) := ®oU;Us_ D and where ‘AQ denotes again the discrete shift oper-
ator (V. f)(0) == f(6 —~) on IP(Z?N | L*(RN)). Choose 2k > N. In [6], Proposition
4.3.2, it is shown that then

IRy O)llzz@yyy = [1PoUsUs— @5l Liz2mny)
”U!S(I)OUgU!S*’Y(I)SUg—fyHL(Lz(RN))
||(I)5(I)§77HL(L2(RN))

C(L+a)) 2 (1 + (8~ (14)

IN

with a constant C' independent of v = («, ). Consequently,

Do AROpeany <C Y (e H[B) 7 < oo

yEeZ2N (o, B)EZN xZN

showing that HQHW(ZzN,L2(RN)) < o0. (]
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3.2. Fredholmness and time-frequency discretization

Our next goal is to point out the relation between the Fredholmness of an operator
acting on a modulation space M?P(RY) and the P-Fredholmness of its time-
frequency discretization. Beginning with this subsection, we assume p € (1, 00)
unless otherwise stated.

Proposition 3.5.

(a) For every n € N, the operators P,Q and QP,, are compact
on IP(Z2N | L2(RN)).
(b) The projection Q belongs to L(IP(Z*N, L2(RN)), P).
(c) For A€ L(M?*P(RN)), one has T'(A) € L(IP(Z*N, L3(RY)), P).
(d) If K € L(IP(Z*N, L3(RY))) is a P-compact operator of the form
K =QKQ, then Gl_lKG is compact on M*P(RN).
(e) The operator A € L(M?P(RYN)) is invertible if and only if
the operator T'(A) € L(IP(Z*N, L2(RYN))) is invertible.

(f) The operator A € L(M*P?(RY)) is Fredholm if and only if
the operator T'(A) € L(IP(Z*N, L2(RYN))) is P-Fredholm.

This proposition is proved in [5] for p = 2, see also Proposition 4.2.2 in [6].
The proof for general p € (1, co) runs similarly.

Definition 3.6. Let A € L(M%*P(RY)), and let h : N — Z2N be a sequence tending
to infinity. We say that the operator A, € L(M*P?(R™N)) is a limit operator of A
with respect to the sequence h if

—1 —1 * *
Uh(m)AUh(m) — Ah and Uh(m)A Uh(m) — Ah

strongly as m — o0o. The set o,,(A) of all limit operators of A is called the operator
spectrum of A.

The following proposition describes the relation between the time-frequency
discretization of the limit operators of A and the limit operators of the time-
frequency discretization of A. Its proof for p = 2 is in [5] and Proposition 4.2.5 in
[6]. The case of general p € (1, co) can be treated analogously.

Proposition 3.7. Let A € L(M?*P(RY)), and let h : N — Z*N be a sequence tending
to infinity such that the limit operator Ay of A with respect to h exists. Then there
is a subsequence g of h such that the limit operator I'(A), of I'(A) with respect
to g exists, and there is an isometric isomorphism T, mapping IP(Z*N, L?(RY))
onto itself such that

L(A)y = T, 'T(An)T,.

We still need the counterparts of the notions of band and band-dominated
operators for operators on modulation spaces.
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Definition 3.8. An operator A € L(S’(RY)) is called a band operator if there exists
an R > 0 such that <I>O¢A(I>[*3 =0 for all subscripts o, 3 € Z2N with

o = Bl = max lei—f5i| > R.
An operator A € L(M?P(RY)) is called band-dominated if it is the limit of a
sequence of band operators converging to A in the norm of L(M?P(RY)).

It is easy to check that the class of all band-dominated operators on M2 P(RY)
is a closed subalgebra of L(M?%*P?(RY)). We denote this algebra by A(M?%P(RYN)).
Further we call A € A(M?*P?(RN)) a rich operator if every sequence h : N — Z2N
which tends to infinity possesses a subsequence g for which the limit operator A,
exists. The set of all rich operators forms a closed subalgebra of A(M?% P(RY))
which we denote by A%(M?P(RYN)).

Proposition 3.9.
(a) If A€ A(M?>P(RN)), then T'(A) € A(IP(Z*N, LA(RY)).
(b) If A e A3(M?>P(RN)), then T(A) € A3(1P(Z*N, L*(RVN)).
Proof. We prove assertion (a) only. The second statement follows from (a) and

Proposition 3.7. First let A be a band operator on M?%P?(R™). Then, for u €
P(Z2N | L2(RN)),

(Agu)(8) = Y Us AUpDpu(d) = Y oUs AUs Ppu(s —7)
0e72N ~yeZ2N
= > A)V5u)o) (15)
~€EZ2N

where A, (0) := ®oU; AUs_,®§. Since A is a band operator, all series in (15) have
a finite number of non-vanishing items only. Indeed,

[ A5 (D) L(z2@yy) = [[PsARS_ L (r2®y)) =0

if |y] > R with R > 0 being large enough. Hence, A¢ is a band operator. That the
operator Ag is band-dominated whenever A is follows by an evident approximation
argument (take into account that G : M>P(RY) — R,(Q) and G; ' : R,(Q) —
M?%P(RYN) are isometries). Finally, since the projection ) belongs to the discrete
Wiener algebra due to Proposition 3.4 (and is, thus, band-dominated), the operator
I'(A)=AcQ+ (I — Q) is band-dominated for each band-dominated operator A.

O

Combining Propositions 3.5, 3.7 and Theorem 2.5 we arrive at the following
Fredholm criterion for rich band-dominated operators on modulation spaces.

Theorem 3.10. An operator A € AS(M*P(RN)) is Fredholm if and only if all limit
operators Ay, of A are invertible and if the norms of their inverses are uniformly
bounded, i.e.,

sup ||A;_LlHL(M2,p(RN)) < 00.
Ap€oop(A)
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4. The Wiener algebra on RV

We define the continuous analogue of the discrete Wiener algebra by imposing
conditions on the decay of the norms || @, AP}, . || (z2rn)) as v tends to infinity.

Definition 4.1. A linear operator A : S'(RY) — S'(RN) belongs to the Wiener
algebra W(RY) if

”A”W(]RN) = Z sup H(I)OLA(I)foy”L(L?(RN)) < 0. (16)

~EZ2N a€eZ2N

The Wiener algebra W(R?) contains many interesting operators. Indeed, we
will see in the next section that W(RY) contains the pseudodifferential opera-
tors with non-smooth symbols in the Sjostrand class OPS,, and, thus, also the
Hérmander class OPSY ;. Here are some basic properties of W(RN).

Proposition 4.2.
(a) W(RYN) c L(M?*P(RY)), and
[All Lz o @y < 1Al

for each p € [1, 0] and A € W(RYN).

(b) Provided with the norm (16), the set W(RY) becomes a unital Banach algebra.
(c) The Banach dual operator A* of an operator A € W(RY) considered as acting
on M?P(RN) belongs W(RYN), too.

Proof. (a) First let p € [1, 00). Then

HAUHIJ)W,p(RN): Z H(I)WAUHE(RN)

,Y€Z2N
p
= > (24D ®5dsu
YEZ2N 5€72N L2(RN)
P
<> (Z |27 ART [l (z2®n)) ‘I’waullp(n@w))
yEZ2N \aez2N
p
< > (Z /fA(Oé)‘I’v—aum(RN))
yEZ2N \a€Z2N
p
< 3 (3 s ot
EZ2N \aez2N

where k4 (a) 1= sup,egn [|[P4AR || L(2®N))- Since k4 is a sequence in 1Nz,
Corollary 4.1.14 in [6] implies that

1/p
[ Aul e oy <Y kA(7)< > ‘I>aUI|’£2(RN)> = [[Allw@~y lullarz. o @y

~yEZ2N a€Z2N
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In the same way, one gets the estimate
”Au”]\/IszO(RN) < Z ka(y) sup H‘I’aUHL?(RN) = HAHW(RN) ”u”Mz»OO(RN)'
~EZAN a€eZ2N

(b) It is easy to verify that
IAB[lwe~yy < [[Alweyy | Blweyy,

and estimate (14) shows that the identity operator I belongs to W(R). Hence,
W(RY) is a unital algebra, and its completeness with respect to the norm (16)
follows straightforwardly.

(c) Let A* be the Banach adjoint operator of A acting on M2 P(RY), that is
Auvdr = / uA*v dz, (17)
RN RN

where u € M?P(RY) and v € M2 4(R"Y) with 1/p + 1/q = 1. The operator A is
bounded on L2(R¥Y) since A € W(RY) (Proposition 4.3.4 in [6]). Since (17) holds
for arbitrary u, v € S(RY), this identity states that A* is the adjoint operator to
A considered as acting on L2(RY). Hence,
[@aA"PL_ [lLz2@yy) = [Pa-r APl L(L2@NY)s
which implies that
> sup [[@aATRL lpre@yy = Y, sup [ParADL | L@y

~EZ2N a€Z2N ~EZAN a€Z2N

Replacing on the right-hand side a by a4+ and then v by —v yields A* € W(RY)
and [|A*[[wey) = [[Allwew)- O
Proposition 4.3.

(a) If A € W(RY), then the operators GAG; " and T'(A) belong to the discrete
Wiener algebra W(Z2N | L2(RY)).

(b) Conversely, if B € W(Z*N, L2(RY)), then G ' AG lies in W(RY).
The proof runs as that of Proposition 3.9; compare also [5] and Proposition
4.3.5 in [6].
Proposition 4.4. W(RY) is inverse closed on each of the spaces M?P(RN) with
p €1, 00], i.e., if A € W(RYN) is invertible in L(M?>P(RY)), then A=t € W(RYN).

Proof. Let the operator A € W(RY) be invertible on M2 ?(RY). Then T'(4) be-
longs to W(Z2Y, L?(RY)) by Proposition 4.3, and T'(A) is invertible on {P(Z2",
L?(RY)) by Proposition 3.5 (e). From Proposition 2.6 we infer that I'(A4)~! lies in
the discrete Wiener algebra W(Z2V, L?(R")), and since

G 'T(A)'GA = G 'T(A)T'GAG;'G = G, 'T(A)'T(A)QG =1,

one has G; 'T(A)7'G = A~ € W(RY) due to Proposition 4.3 (b). O
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We fix a p € [1, co] and define the rich Wiener algebra by
WERY) := WRN) n A% (M2 P(RY)).
Thus, an operator A belongs to W* (RY) if every sequence h : N — Z2N possesses
a subsequence g for which the limit operator A, of A with respect to strong
convergence on M%P(RY) exists. It is easy to see that the limit operators A,

belong to W(RY) again. Thus, the definition of W¥(RY) does not depend on the
concrete choice of the parameter p € [1, oo].

Theorem 4.5. The following conditions are equivalent for A € WS(RN):
(a) A is a Fredholm operator on M?P(R™N) for a certain p € (1, 00);
(b) A is a Fredholm operator on M*P(RY) for each p € (1, c0);

(c) there exists a p € [1, 0o] for which all limit operators of A are
invertible on M2 P(RN);

(d) all limit operators of A are invertible on every space
M2%P(RN) with p € [1, oo];

(e) all limit operators of A are uniformly invertible on each of the
spaces M?P(RN) with p € [1, o).

This is an immediate consequence of Theorem 2.7 and Proposition 3.5 (e)
and (f). The preceding theorem has the following corollary for the essential spec-
trum of an operator A in the rich Wiener algebra when considered on M2 P(RY),
i.e., for the spectrum of the coset A + K(M%*P(RY)) in the corresponding Calkin
algebra.

Theorem 4.6. Let A € W$(RN). Then the essential spectrum oess A of A considered
on M*P(RN) is equal to

Tess(AM>PRN)) = | o(An|M>P(RY)).
Ap€aop(A)

Moreover, the operator spectrum of A, the essential spectrum of A, and the common
spectra of the limit operators of A are independent of p € (1, 00).

5. Fredholm properties of pseudodifferential operators
in the Sjostrand class

We start with recalling the definition of the class of symbols of pseudodifferential
operators introduced by Sjostrand [8] in 1994; see also [9]. We introduce this class
for R™ with arbitrary n € N. Later, we let n = 2V.

Let x € S(R™) be a function with [5, x(z)dz = 1. A function a : R" — C
belongs to the Sjostrand class S, (R™) if

lalls, ®m) ::/ sup
Rn kEZn

/’ e O q(x)x(z — k) dx| dé < co. (18)
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Provided with the norm (18), S, (R"™) becomes a Banach space. Notice that a
change of the function x gives rise to an equivalent norm on S, (R™) and leads,
thus, to the same class of symbols.

There is another description of the Sjostrand class Sy, (R™). In 1997, Boulkhe-
mair [1] introduced the class B(R™) of all functions a : R” — C which have the

property

lalls@n = / sup / B O4(6)x (€ — n)de| dn < oo (19)
n peZn n

where a refers to the Fourier transform of a in the sense of distributions. The norm
(19) can be also written as

Jollagen = [ IX(D =) alqaed
and is further equivalent to the norm

lalls@ny = D IX(D = 1) all o= (zn)- (20)
lezn

Moreover, Boulkhemair proved that the Sjostrand class Sy, (R™) and his class B(R"™)
coincide. As a consequence of this fact, he derived the following very convenient
constructive characterization of S, (R™).

Proposition 5.1 ([1]). A distribution a € S'(R™) belongs to S, (R™) if and only
if there exist a compact subset @ of R™ and a sequence of functions (ag)gezn in
L>°(R™) with supp (ax) C Q and

Z llak| oo mn) < 00,

kezn

such that
a(z) = Z TR ay ()
kezn
almost everywhere.

Now let n = 2N and a € S, (R?"). As usual, we write the independent
variable in RV as (z, £) € RY x RY. Then the pseudodifferential operator with
symbol «a is defined by

Opfaa) = my Y [ ] daa, uiy) dya

where u € S(RY). Let OPS,, = OPS,,(R?Y) stand for the class of all pseudo-
differential operators with symbols in S, (R?Y). It has been shown in [8] that
the operators in OPS,, are bounded on L?(R™) and that OPS,, is an inverse
closed subalgebra of L(L?*(RY)), i.e., if A € OPS,, is invertible on L?(R"), then
A=l € OPS,, again.
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The Sjostrand class S, contains several interesting classes of pseudodiffer-
ential operators. For instance, the Hormander class 58,0 is contained in S, (R™)
which can be checked as follows. Let a be in C;°(R"), i.e., let

|a|m == Z sup |0%a(z)| < o0

reR”

for all m € N (note that S, = Cg°(RY x RY)). Then x(D)a = ko * a where
ko € S(R™) is given by

o(z) = (2m) " / e (¢) de.

n

Consequently, for m € N and all multi-indices [,
(D=Da)w) = [ TP ho(a ~ yaly) dy

= @ [ D, o — aly) dy
with the standard notations
(I) == (1+I[3)"2 and (D,)?:=1-A,
The latter estimate implies
IX(D = Dallpoo@ny < Con (1) ™™ [al2m

since 0%k € S(R™) for all multi-indices a. O
Similar classes of pseudodifferential operators have been considered in [2], see
also [6].

To prove the inclusion of OPS,, into the Wiener algebra in Proposition 5.3
below we need the following estimates.

Proposition 5.2. Let Q be a compact subset of R™, and let f € S'(R™) be a distri-
bution with supp f C Q. Then f € C*, and for every multi-indez «,
10% fll oo ny < Call fll Lo mrn)
where the constant C,, depends on a only.
Proof. Let ¢ € C§°(R™) be such that fé = f. Since f € E'(R™), the compactly
supported distributions, one has
@) = 2m) " f(dea)
where e_,(€) := e~%® € Consequently,
O“f)(@) = 27) " f(Ya,a) = @m) " | f(y)ey(Va,2) dy
Rﬂ.
where ¢, € Cg°(R") is given by

Vo, 2(€) = (—i€)*p(E)e 42,
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The linear functional ey is continuous on C§°(R™). Hence,

(20) ey lta.a) = @) " [ (i d(e O = hala — ).
Integrating by parts one finds h, € L'(R"). Thus,
@ 1)) = [ hale =) f ) dy,
whence
10% fll oo ey < Nhallr @)l £l oo @ey
for every multi-index «. O
Proposition 5.3. OPS,,(R2Y) c W(RY).

Proof. Let a € S,,(RY x RY). By Proposition 5.1, a can be represented as
a(z, &) = Z il ) FilE B g o(x, €) (21)
(o, B)EZN xZN
where supp G, is contained in a compact subset Q of R?Y and
> |@asl| poe (meny < 0.
(e, B)EZN xXZN

Then

Op(a) = Z E,Op(aqs)Vs (22)
(o, B)EZN xXZN
and

||(I)('Yh Vz)Op(a)(I)z(zh, d2) ”
= 20U, 1, Op(a)Us,  5,) 5l

< > 0B o, Vo, 0p(a6s) Vs, Bs, ®)
(o, B)EZN xZN
< Z |20 Ea—r, Vory Op(aas)Vots, Es, P5 -

(o, B)ELZN XZN
By Proposition 5.2,
10208 a0l o) < Crsllaapll e om. (23)
Hence (see, for instance, [6], Proposition 4.1.16),
[P0 Ea—r, Vor, Op(aas)Va+s, Es, B5 |
< Claaglan, 2k, (14 o =31 4+ 81 )72 (1 + 8+ 6o — y2]) 722,

where 2k; > N and 2k, > N, and where the constant C' is independent of aqg.
From (23) one concludes that

|aagl2k, 2k, < C llaagll Lo @)
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with a constant C' independent of a3 again. So one finally has
1P (11,72)OP(@) (5, 5l
<C Y aallie@yy (L4 la =3 = 8i)) 72 (14 (8 + 62 — y2|) 7>

(e, B)EZN xZN
=t h(m — 61, 72 — 02)
with a sequence h € I1(ZN x Z"). Consequently, Op(a) € W(RY). O

The following corollary follows immediately from the preceding proposition
in combination with Proposition 4.2 (a).

Corollary 5.4. Let a € S,,(R?N) be represented as in (21), and let p € [1, oo]. Then
10p(a)l (a2 p @y < C Z laasll Lo @)
(e, B)EZN xZN

with a constant C' independent of aqg.

We say that the symbol a belongs to the class R(R?Y) if there are integers
k1, ko with 2k; > N and 2ky > N such that a can be represented as

a(y) = > €T Va,(y)

YEZEN

where y = (z, §) € RN x RN, and where the functions a, € S§ , satisfy

> aqlaks, 2k, < 0. (24)

yEZ2N
Proposition 5.5. The classes R(R?*N) and S, (R?Y) coincide.
Proof. Let a € R(R?Y). Then

Z [x(D —Z)GHLOO(RW)

172N
< Z Z HX(D_Z_’-Y)G’Y”LOO(R2N)
1€Z2N ~e72N
S C Z |a7|2k1,2k2 Z (1—|—|l1|)_2k1(1+|l2|)_2k2 <OO,

yez2N lezZ2N

whence the inclusion R(R?Y) c S, (R?Y). The reverse inclusion follows from
Proposition 5.1. (]

The following observation will be needed to prove the richness of the operators
in OPS,,(R?N).

Lemma 5.6. Let (A;)jen be a sequence of bounded linear operators on a Hilbert
space H with

D 1145 < oo, (25)

JEN
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and let A .= ZjeN A;. Furthermore, let (Up)men be a sequence of unitary oper-
ators on H such that the sequences (U}, AjUp)men converge strongly as m — oo
to certain operators A for every j. Then the sequence (U}, AUp)men converges

strongly to A := > jen Aj

Proof. Let uw € H and € > 0. By condition (25), there is an ny € N such that
€
3 Azl < 5, (26)
j>no
and due to strong convergence, there is an mgy € N such that, for m > my,

 fax 1(Aj = Up, AU ul| < 30

Hence, given arbitrary u € H and ¢ > 0, one finds an mg € N such that

ng
(A = Upp AU Yull <Y (A = U AUn)ull +2 > [[Ajull <
j=1 Jj>no
for m > my. O

Proposition 5.7. OPS,,(R?>N) c WH(RY).

Proof. Let A := Op(a) € OPS,(RY x RY). By Proposition 5.5, the operator A
can be written as
A= > E.Op(aas)Vs
(o, B)EZN xZN
where

S [0plass)l < oc.
(o, B)EZN xXZN
Let h:m +— hpy, = (R, hll) € ZN x ZV be a sequence which tends to infinity.
Then, evidently,

Up AUn, = > (U; EaUs,) (Us, Op(aas)Us,,) (Ui, VaUn,,).
(o, B)EZN XZN

Since Uy = VgEq, and UJ = E_,V_g, one has
Uh EU, = e—i(a, m)E‘ and U}tmvﬁUh _ ez(ﬁ, ’”>Vg.

In [6], Lemma 4.2.4, it is verified that there is a subsequence g of h such that the
functions ‘
Om o e HNIm)and 4y, B e W0 0m)
converge uniformly with respect to o, 3 € Z" to certain limit functions ¢ and ~y
as m — oo. Clearly, |p(a)| = |y(8)| = 1 for each a, 8 € ZN. It is also easy to see
that
Uy, Op(aap)Uy,, = Oplagy)
where
als (@, €) = aap(® + gps €+ grn)-
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According to the Arzéla-Ascoli Theorem, one further finds a subsequence k of g
such that the functions a];’g converge to a limit function afw in the topology of

C*°(R?"). This implies (compare [6], Theorem 4.3.15) that a’;B € 5§ o and that
U, Op(aap)Uy,, — Op(afﬁ) strongly as m — oo.

Applying the standard Cantor diagonal process, we finally obtain that every se-
quence h has a subsequence [ such that

Ultn (EaOp(aaﬁ)Vﬁ)Ulm - QD(O‘)’Y(ﬁ)Ea Op(alaﬁ)vﬁ
strongly as m — oo. Hence, the strong convergence
UL, AU, = A= Y p(@)1(B)EaOplags)Vs (27)
(o, B)EZN xZN

as m — oo follows from Lemma 5.6, and the strong convergence of the adjoint
sequences

Up AU, — Af = Y @(a)7(B)Vop [Oplal)]” E-o
(a,ﬁ)EZNXZN

can be checked in the same way. O

Now Theorem 17 implies the following final results on the Fredholmness of
pseudodifferential operators in the Sjostrand class acting on modulation spaces.

Theorem 5.8. The following conditions are equivalent for A € OPS,,:
(a) A is a Fredholm operator on M?*P(RYN) for a certain p € (1, 00);
(b) A is a Fredholm operator on M*P(RY) for each p € (1, c0);

(c) there exists a p € [1, co| for which all limit operators of A are invertible on
M2’ p(RN),'

(d) all limit operators of A are invertible on every space M?P(RN) with p €
[1, oo];

(e) all limit operators are uniformly invertible on each of the spaces M2 P(R™N)
with p € [1, c0].

Corollary 5.9. Let A € OPS,,. Then the essential spectrum cess(A) of A considered
as an operator on M?*P(RY) does not depend on p € (1,0), and

Uess(A|M2’p(RN)) = U U(Ah|L2(RN))'
Ap€aop(A)
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On Indefinite Cases of Operator Identities
Which Arise in Interpolation Theory

James Rovnyak and Lev A. Sakhnovich

Abstract. Operator identities involving nonnegative selfadjoint operators play
a fundamental role in interpolation theory and its applications. The theory
is generalized here to selfadjoint operators whose negative spectra consist
of a finite number of eigenvalues of finite total multiplicity. It is shown that
such identities are closely associated with generalized Nevanlinna functions by
means of the Krein-Langer integral representation. The Potapov fundamental
matrix inequality is generalized to this situation, and it is used to formulate
and solve an operator interpolation problem analogous to the definite case.
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30E05, 47B50, 46C20.

Keywords. Interpolation, operator identity, indefinite, negative squares, gen-
eralized Nevanlinna function, Krein-Langer representation, Potapov, funda-
mental matrix inequality.

1. Introduction

One approach to interpolation theory and spectral problems for canonical differ-
ential equations is based on operator identities of the form
AS — SA* =i [0,85 + $,87] (1)
A S € £(9), 1,00 € £(6,9), .
where §) and & are Hilbert spaces, dim & < oo, and S = S*. A well-known matrix
example is A = diag{z1, z2,..., 2n},

w1 1
— n
i wa 1
o v .
S = |: P :| ) (bl =1 ) ¢2 - )
® ENTRZ
Wn, 1

J. Rovnyak was supported by the National Science Foundation Grant DMS-0100437.
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where 21, ..., 2, are points in the upper half-plane and w1, ..., w, are any complex
numbers. In the definite case, that is, when
S >0, (1.2)

a systematic treatment of identities (1.1) and their applications is given in [12, 13].
A large class of operator identities (1.1) satisfying (1.2) is obtained by first choosing
operators A € £(9) and &, € £(8, ) for some Hilbert space $ and & = C™, and
an m x m matrix-valued Nevanlinna function v(z). The Nevanlinna representation
of v(z) has the form

v(z):oz—l-ﬁz—i—/oo [ bt }dT(t) (1.3)
o T2 1+ ’
depending on data

7 = {r(t),a, B}, (1.4)
where « and [ are selfadjoint matrices, 8 > 0, and 7(¢) is a nondecreasing matrix-

valued function such that the integral [ dr(t)/(1+ t*) is convergent. We define
operators

So= [ - a0 e laro) s - a0+ FE (15)
By, = —i /OO [A(I — AT tzti || 2 dr()] +i(®20+ FBY2), - (16)

where ' = A~1®, 3/2 if A is invertible and F = 0 otherwise. Conditions for
convergence of the integrals are given in [12, p. 2], and whenever the integrals
converge the operators S = S, ®; = ®;,, A, and P, satisfy (1.1) and (1.2).
Conversely, given an operator identity (1.1) satisfying (1.2), the abstract interpo-
lation problem is to determine all representations of S and ®; in the form S = 5,
and ®; = ®q,. Solutions are obtained in [12] with the aid of an operator analog
of Potapov’s fundamental matrix inequality. These results are applied in [12, 13]
to concrete interpolation problems and spectral problems for canonical differen-
tial systems. The theory is simplest in the nondegenerate case, that is, when S is
invertible.

In this paper, in place of (1.2) we assume that the negative spectrum of S
consists of eigenvalues of finite total multiplicity. We replace (1.3) and (1.4) by
the Krein-Langer representation (2.1) of a generalized Nevanlinna function and
corresponding data (2.2) and extend the definite theory. Such a generalization was
initiated by A.L. Sakhnovich [10] in the scalar case. Other special cases are treated
by the authors [9, 7]. We now take up the general case.

We state the Krein-Langer representation of a generalized Nevanlinna func-
tion in Section 2. Our main results are formulated in Sections 3-5, with proofs
deferred to Section 6. Section 3 is devoted to the construction of operators S,
and @4, generalizing (1.5) and (1.6). The constructions of S, and ®q , differ de-
pending whether 0 & o(A) or 0 € 0(A), and these are referred to as Case 1 and
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Case 2 throughout the paper. The abstract interpolation problem is formulated in
Definition 3.6.

Section 4 derives an indefinite generalization of Potapov’s fundamental ma-
trix inequality. The generalization takes the form of a condition on the number
of negative squares of a two-variable kernel. The results of Section 4 are used in
Section 5 to characterize solutions of the abstract interpolation problem in the
nondegenerate case.

Notation and preliminaries. Let C,Cy. be the complex plane and open upper
and lower half-planes. Throughout, we use a finite-dimensional Hilbert space &,
which we take to be & = C™ for a fixed positive integer m. Operators on &
are represented as m x m matrices. The generalized Nevanlinna class N,,, » =
0,1,2,...,is the set of m x m matrix-valued functions v(z) which are meromorphic
on C; UC_ such that v(z) = v(2)* and the kernel [v(2) —v(¢)*]/(z—() has s = 3,
negative squares (for example, see [1, 2, 5]). We also write s for the number of
negative squares of any Hermitian kernel K (z, (). If S is a selfadjoint operator on
a Hilbert space, »s denotes the dimension of the eigenspace for (0, 00).

We assume familiarity with Stieltjes integrals [, f(t) [d7(t)] g(t), where 7(t)
is an m X m matrix-valued function and f(t) and g(t) are matrix-valued functions
of orders p x m and m X ¢. In our applications, A is either an interval or a finite
union of intervals and 7(¢) is nondecreasing on each interval in A. By L?(dr) we
mean a completion of the space of continuous &-valued functions g(t) on A such
that [|g]|> = [ 9(t)* [d7(t)] g(t) < co. We also use integrals of the form

/A G(t)* [dr(t)] F(1), (17)

where F'(t) and G(t) are continuous functions with values in £($, ®) and £(R, &)
for some Hilbert spaces $ and & If F(t)h and G(t)k belong to L%(dr) for all
vectors h in § and k in R, we define (1.7) as the unique operator in £(£, R) such

that
((Leorwmro)ne) = [comoron.

for all h € $ and k € K. Integrals of the type (1.7) also appear in the form
Fi(t)

[ Seweamn = [[60 - e 5

In practice, to prove convergence of such an integral we show that
> GO ldr(OIF; (1) = Y Gi(t) [dr (1) Fi (1),
j=1 k=1

where the integrals [, éj (t)* [dr(t)] ﬁj (t), j=1,...,s, exist separately.
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2. Krein-Langer integral representation

The Krein-Langer integral representation of a generalized Nevanlinna function is
given in [5] in the scalar case. The matrix case of the representation is due to Daho
and Langer [2], and we use this case in a form given in [8].

Theorem 2.1. Let v(z) be an m X m matriz-valued meromorphic function such that
v(2)* = v(z) on C4 UC_. A necessary and sufficient condition that v(z) belong
to some class N,,, 3 > 0, is that it can be written in the form

o(z) = /0o [t ! - ;Sj(t,z)] dr(t) (2.1)

—0o0

—I—Ro(z)—gRj (Z_laj)
_,; {M’f (z—lﬂk) A (z—lﬂk)*} ’

where aq, ..., ap € (—00,00) and (1,...,0s € Ci are distinct numbers, and
(1°) the real line is a union of sets Ng,Aq,..., A, such that Aq,..., A, are
bounded open intervals containing aq,...,«, and having disjoint closures,

Ag is their complement, and

1 1 (t—a;
—S;(t,z) = ( aj) onA;, j=1,...,r,

t—=z t—z \z—qj
1 L+tz (14 22%)r0
—So(t,z) = on Ag,
o, SR = (1 + t2)po+1 0
for some positive integers p1,...,pr and some nonnegative integer pg, and

Si(t,z) =0 off Aj for each j =0,1,...,7;

(2°) 7(t) is an m x m matriz-valued function which is nondecreasing on each of
the v + 1 open intervals of the real line determined by the points aq, ...,
such that the integral

/°° (t— 1) (t — a,)?r dr(t)

(1 +t2)p1+~~~+pw~ (1 +t2)ﬂo+1

—0o0
converges;

(3°) for each j = 0,1,...,r, R;j(2z) is a polynomial of degree at most 2p; + 1,
having selfadjoint m x m matrix coefficients, such that if a term of mazximum
degree C;2%Pit1 is present then C; >0, and R1(0) = --- = R,(0) = 0;

(4°) for each k =1,...,s, My(2) is a polynomial £ 0 with m x m matriz coeffi-
cients such that My (0) = 0.

The sets Ag, Aq,..., A, in (2.1) can be chosen arbitrarily subject to the
conditions in (1°).
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Definition 2.2. By Krein-Langer data we mean a collection of quantities

T = {T(t)7 Qpyenn, Qg 617"'aﬁs; P05 -+ -5 Prs AOa"'aAT; (22)
Ro(2),..., R (2); M1(2),...,Ms(2)}

having the properties listed in Theorem 2.1. Given data 7, we write v,(z) for the
associated function (2.1).

The identities

2p 2p—1 .
1 t—« 1 (t—a)
= i 2.3
t—z(z—a) t—z+j:§;)(z—a)1+1 (2:3)
(14227 14tz 1 (14 22y
(2Pt t—z  t—z (t+2) (1+12)i+1 @4)
§=0
(1422
(1 +¢2)ptt
show that the convergence terms in (2.1) are given by
2p7‘—1
' (t—ay)P .
Silt,z)=— Y » _aj;pH Xa, () G=1..m (2.5)
p=0

(14 ¢2)pt+l (14 ¢2)pot1

So(t,z):{(t—i—z)i: (L+ 22, (425 }on(t)~ (2.6)

p=0

3. Interpolation problem for operator identities

Throughout this section we understand that $ is some Hilbert space, and, as
usual, & = C™. Our first task is to construct operators S, and ®; , corresponding
to a given generalized Nevanlinna function v(z). These operators appear in the
statement of the abstract interpolation problem in Definition 3.6.

Assumptions 3.1. Let A € £(9) and P2 € £(8, 9H) be given operators, and let v(z)
be a generalized Nevanlinna function which is represented in the form (2.1) for
some Krein-Langer data (2.2). Assume that o(A) is a finite set that contains no
point 1/Bk,1/Bk, k=1,...,s, and no real point except perhaps 0.

Case 1: 0 & 0(A). There are no additional assumptions in this case.

Case 2: 0 € o(A). Here we assume further that (2.1) can be chosen such that
po =0, Ro(z) is constant, and

/<dr(t)<1>;(1—A*t)—lh,Q;(I—A*t)—lm<oo, he$. (3.1)
Ao

By [8, Theorem 4.1], the condition that v(iy)/y — 0 as y — oo is necessary
and sufficient that a representation (2.1) can be chosen such that pg = 0 and Ry(z)
is constant.
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Under the Assumptions 3.1, in both Case 1 and Case 2, we shall define
operators

S, / {1 At) "I ®y[dr (1)) D5 (I — A*t) ZdTJtAQ)Q)} (3.2)

7=0

+Z£R +Z m1k+m2k]

§=0 k=1
q>1,v:—1;/_o; {A(I At)~ Z S,(t; A)}Cbg [dr(t)] (3.3)

7=0

—i( S)A%j—k [ﬁ1k+ﬁ2k])»
=0 k=1

which generalize (1.5) and (1.6) to the indefinite case. The terms in (3.2) and (3.3)
are associated with the parts in the Krein-Langer representation (2.1) of v(z). The

definitions differ slightly in Case 1 and Case 2 of the Assumptions 3.1, that is,
according as 0 € o(A) or 0 € o(A).

Definition of S, and ®; , in Case 1. In Case 1, 0 € o(A) and so o(A) contains no
real point. We first define the convergence terms dr;(t; A, ®2) and &(t; A) in the
integral parts of (3.2) and (3.3), j = 0,...,r. These terms are defined to be zero
off Aj,7=0,...,r. For j =1,...,r, we expand

(I —tA) ' Dyldr ()] @51 —tA*)™  and  A(I —tA)™? (3.4)

in powers of ¢t — «; using the series
—tA)” ZA )t —ag)P,  Ap(ay) = AP(I — oz AP, (35)

and we define d7;(¢; A, ®2) and &,(t; A) on A, to be the expressions that remain
after discarding all terms that are O((t — o;)?7) as t — a.

To define dry(t; A, ®2) and S (t; A) on Ag, we expand (3.4) in a neighborhood
of infinity using

—1
(I —tA)™' = (I +tA) (1 FA2 (14 t2)A2) (3.6)
(A72 +tA7Y I+ A2\~
= I —
1+t 141¢2
(A2 +tA= (I + A72)P
B _Z (1+¢2)pt! ’

and collect into terms 1/(1 +t2)¢ and /(1 +2)*, £ > 1. After discarding all terms
that are O(1/(1+¢2)?1) as |t| — oo, the expressions that remain are defined to
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be dro(t; A, o) and Sg(t; A) on Ag. These definitions assure that the integrals in
(3.2) and (3.3) converge weakly.
In the discrete parts of (3.2) and (3.3), we define

R = Res {(A — A" By Ry(A) @3 (AT — AI)*} ,

Fo = — Res [A(A_ /\I)‘1<I>2R0()\‘1)/\‘1} . 30
For j=1,...,r, set
R, = Res [(I—)\A)’ltbgRj()\ 1@})@;(1-&4*)*1],
e - (3.8)
R, = Res At - )\A)_1<I>2Rj(/\ _1%)} .
For k=1,...,s, set
_ 1oy, o
flk = hes [(I—)\A) 1<I>2Mk(/\_fk)<1>2(I—AA )1 -
—1
Wi = Res [A(I—AA) @sz(A_ﬂkﬂ,
and
_ 1 o\* o
?%: Res (7= 24) 1<I>2Mk(A_€k) <I:2<I—AA> 1. -
Wy = Res [A(I—)\A)*ltI)ng(;\_Bk) }

Definition of S, and @, , in Case 2. Now 0 € o(A), po = 0, Ro(z) = Cp is constant,
and (3.1) holds. In this case we define
- t1

1+1¢27 (3.11)
Ro =0, Ry=—0Cp.

dTQ(t;A,(I)Q) = 0, GQ(t;A) =

All other terms are defined as in Case 1. The integral in (3.2) converges weakly
by construction. The proof that the integral in (3.3) converges weakly in Case 2 is
similar to an argument in [12, p. 2].

Theorem 3.2. Under the Assumptions 3.1, on A;, j=1,...,r,

2pj71
drj(t; A, @) = Y (t—ay)" Y Ap(ay) @o[dr(1)]®5 Ag(ay)”
£=0 ptq=¢L

P,q>0
= = Res [(1 = A)7'Sj(t, \) ®a[dr(t)] 5(1 — AA")7],

A=O¢j
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2p;—1
G;(t;A) = > (t— ;)P Ap(ay)A
p=0
= Res [A (I = AA)71S;(¢,\) } .

If0 € 0(A), then also on Ao,

po—1

dro(t; A, @2) = Z 1+t2 041 Z( ) Z AT By[dr(t)] ®5A*F

Jj+k=2p+2
J k=1

po—1 £+1 (41
—9 * gx—k
+Z 1+t2 042 Z( ) Z AT Dy[dr(t)] @3 A

£=0 p j+k=2p+1
Jk>1

= Res [(A = A1) So(1, A1) ol (1)) #5(4" — AD)
So(t; A) = =So(t, A7)
- ~1 a1l —1
~ —Res [)\ A(A =AD" So(t, A )} .
In the case 0 € o(A), the identity
&;(t;4) = —S;(t, A7) (3.12)
holds for all j =0,...,r

Theorem 3.3. Under the Assumptions 3.1, if

2po+1 2p;+1

Ok
= Y Rop#’, Rj(2)= Y Rypa¥, My(z) =) Mi,2",
p=0 p=1 p=1

are the polynomials in the representation (2.1) of v(z), then

2p;+1
Ri= > > Aua() PR @54, 1(eg),
p=1 ptv=p+1
H,v>1
2p;+1
Rj= Y Adyi(a))®2Rjy,
p=1

mlk = Z Z A;L—l(ﬁk)¢)2Mkp(I)§Av—l(Bk)* )

p=1 p+v=p+1
M, v 21

Ok
Mk = Z AA,_1(Br)P2Mpy ,

p=1



Indefinite Cases of Operator Identities in Interpolation Theory 289

Moy = Z Z AIL_l(Bk)q)zMgp(b;Ay—l(ﬁk)* )

p=1p+v=p+1
M, v 21

Ok
Mo = > AAp1(Br) P2 My,

p=1
j=1,...,randk=1,...,s. If 0 & o(A), then also

2p0+1

Ro = Z Z ATH®y Ry, P35 A",

p=1 p+v=p+1
p,v2>1

2po+1
Ro=— > A PByRy,.

p=0

When 3¢ = 0, the Krein-Langer representation (2.1) reduces to the Nevanlinna
representation (1.3); the Nevanlinna representation is unique, and the definitions
of S, and @4 , given above reduce to the known forms (1.5) and (1.6). In contrast,
the Krein-Langer representation (2.1) in general is not unique. We show that the
definitions of S, and ®1, do not depend on the choice of representation (2.1)
for v(z).

Theorem 3.4. So long as the Assumptions 3.1 are met, the definitions of S, and
@, do not depend on the choice of Krein-Langer data (2.2) in the representa-
tion (2.1).

We obtain a large class of examples of the operator identity (1.1).

Theorem 3.5. Under the Assumptions 3.1, in both Case 1 and Case 2, the operator
Sy is selfadjoint, »s, < oo, and the operators S = S, and &1 = ®1, together with
the given operators A and ®o satisfy (1.1).

Definition 3.6. The abstract interpolation problem for a given operator identity
(1.1) is to find all generalized Nevanlinna functions v(z) such that

S = Sv and (131 = (I)l,v . (313)

The motivating example is classical Pick-Nevanlinna interpolation, where we
choose H =C"™ @ -.- @ C™ with n summands.

Theorem 3.7. Let z1,..., 2z, be distinct points in C, and set
a=| 0 @m0 T (3.14)

0 0 - 2uln I
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Let v(z) be a generalized Nevanlinna function. Set w(z) = —v(1/2)*, and assume
that the poles of w(z) are disjoint from z1,...,z,. Then the operators (3.2) and
(3.3) are given by

w(z1)
= w(zn)

For the same A and ®, the operator identity (1.1) is satisfied with

w1
x TN w
w, —w 2
“w .
S:|: V:| y (I)lz_Z . )

Wn

where wy, ..., w, are given matrices. Solutions of the abstract interpolation prob-
lem in this case correspond to solutions of the classical Pick-Nevanlinna interpo-
lation problem w(z,) = wu, p=1,...,n.

4. Generalization of the fundamental matrix inequality

In this section we introduce and study two kernels, L,(z,() and L, r(z,() de-
fined by (4.2) and (4.4)—(4.5) below, which are associated with any given operator
identity (1.1) and generalized Nevanlinna function v(z). These kernels are related
to linear fractional transformations and the fundamental matrix inequality. The
fundamental matrix inequality is used to solve classical interpolation problems by
Kovalishina and Potapov [4] and Katsnelson [3], for example. In the definite case,
the fundamental matrix inequality is adapted to the abstract interpolation prob-
lem in [12, Theorem 1.2.1]; it asserts that the kernel L,(z, () defined by (4.2) is
nonnegative on the diagonal z = ¢ for any solution v(z). Our generalization, The-
orem 4.5, asserts that in the indefinite case the two-variable kernel L, (z, () has a
finite number of negative squares for any solution v(z) of an abstract interpolation
problem.
If A, S, ®,, Py are operators which satisfy (1.1), we shall also write

AS — SA* =iIJII*, II=[®; @y, J:B. é] (4.1)

For any generalized Nevanlinna function v(z), we define a kernel

S B,(2)

LHO=15 0 a0

, (4.2)
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where
By(z) = (I — 2A)7'[®@1 — i®ov(2)],
ey =" 4
z=C
We also use the transformed kernel
_ S —iBy 1(2)
LU,T(Za C) - [ti,T (C)* Cv,T (:’ C):| (4'4)
defined by
_ I 0 S B,(z) | |[I Lo(2)*
Loz 0) = [Lom Lz(o] [Bv@)* a,(z,c)} [o sz} @5
where
Lo(z) =iA(I — zA)~! and Ly(2) = (I — 2A) "1y, (4.6)
as in [12, p. 6]. By direct calculation,
Bv,T(Z) - Bv,T(C)* = (Z - E)CU,T(ZDC)?
and hence
Byr(z) = Byr(2)*,  Cor(z,¢) = Buz(2) = Bur ()" : (4.7)

z=¢
at all points z and ¢ in C; U C_ where the functions are defined.
The nondegenerate case (S invertible) is assumed in Theorems 4.1, 4.2, 4.4
and Definition 4.3.

Theorem 4.1. Let A, S, ®1, P2 be operators which satisfy (1.1) such that S is in-
vertible. Define

A(z) =T —izlT*(I — zA*) 1SS (4.8)
on the set Qg of all z € C such that the inverse exists. For all Z,{ € Qg

J —2A(C)JA(2)*
i(C — 2)
If 2,z € Qq, A(2) is invertible and A(z)~! = JA(2)*J.

=I*(I — CA*) ' S™HI — zA) 'L (4.9)

In particular, 2(z) has invertible values except at isolated points of its do-
main.

Theorem 4.2. Let A, S, ®1,Po be operators which satisfy (1.1) such that S is in-
vertible. Given any generalized Nevanlinna function v(2), set

sil-w [

Then P(2)*Q(z) + Q(2)*P(z) =0 and

I 0} [S 0 } B SlJ}B’U(Z)} ) (4.11)
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where
Dy(2,¢) = “(Z)Z__”go* — By(¢O)*S™1B,(2) (4.12)
_ PO + Q) P2)
z—C

at all points where the functions are defined.

The block entries a(z),b(z),c(z),d(z) of 2A(z) are used as coefficients of a
class of linear fractional transformations.

Definition 4.3. Let A, S, @1, 2 be operators which satisfy (1.1) such that o(A) is
a finite set, S is invertible, and g < co. Write

_ [a(z) b()
A(z) = L(z) d(z)] , (4.13)

where a(z),b(2), c(z),d(z) are m x m matrix-valued functions. By N(2() we mean
the set of functions

v(z) =i [a(2)P(2) + b(2)Q(2)] [e(z) P(2) + d(2)Q(2)] ", (4.14)
where P(z) and Q(z) are m x m matrix-valued functions which are analytic on
C. U C_ except at isolated points, such that

(i) P(2)"Q(z) + Q(2)"P(z) = 0;
(ii) ¢(z)P(z) + d(z)Q(z) is invertible except at isolated points;
(iii) the kernel
PO)*Q(z) + *P(z
Dr(e.c) i PEOMQE+QO PG
z—=¢
has a finite number »p g of negative squares.

Theorem 4.4. Let A, S, &1, Py be operators which satisfy (1.1) such that o(A) is a
finite set, S is invertible, and s < co. If v(z) € N(2) and has the representation
(4.14), then v(z) = v(2)* at all points where the functions are defined, and v(z) €
N,., where

ny < »xpqQ + xs = xL,,- (415)

In particular, sy, = »xp g + x5 < co. Moreover,

V) T () Dz, R () 4 Bu(Q) S Bu2), (4.16)

z—=¢
and
= Lo(OK(Q)" ' Dpa(z, QK (2) ' La(2)"
+ Bv,T(C)*Sile,T(Z)v (417)
where K (z) = [c(2)P(2) + d(2)Q(2)] ™! except at isolated points.
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A consequence of Theorem 4.4 is that the kernel L,(z, () has a finite number

of negative squares in a particular case in which .S is invertible. Theorems 4.5, 4.6,
and 4.7 below do not presume that S is invertible. Theorem 4.5 describes another
case in which L,(z, () has a finite number of negative squares, but its proof does
not give a simple description of the exact value of s, as in Theorem 4.4. Theorem
4.5 can be viewed as a generalization of the fundamental matrix inequality to the
indefinite setting.
Theorem 4.5. Let A, S, &1, Do be operators which satisfy (1.1), where S =S, and
&y = &y, are defined by (3.2) and (3.3) for some generalized Schur function v(z).
Then in both Case 1 and Case 2 of the Assumptions 3.1, the kernel L,(z, () defined
by (4.2) has a finite number of negative squares.

The next two results establish companions to Theorem 4.5 that provide ad-
ditional necessary conditions on solutions of the abstract interpolation problem
particular to Case 1 and Case 2.

Theorem 4.6. In Theorem 4.5, Case 1, the function B,(z) in (4.2) is analytic on
C, UC_ except perhaps for poles at the poles B, Br, k =1,...,s, of v(z). Hence
By(z) is analytic at every point X such that 1/X € o(A).
Theorem 4.7. In Theorem 4.5, Case 2, the functions B,(z) and By r(z) in (4.2)
and (4.4) satisfy

1By (2)|| = O(1) (4.18)

and

1Brl=0( ) (4.19)

2|
as |z] — oo in any set D5 = {z: 0 < |argz| < m— §} where 0 < § < 7.

5. Interpolation theorems

We now begin with an operator identity AS — SA* =1 [<I>1(I>§ + (I>2(I>ﬂ such that
o(A) is a finite set, S is invertible, and »g < oo. The abstract interpolation problem
(3.13) is to characterize all generalized Nevanlinna functions v(z) such that S = S,
and ®; = ®,,. We shall see that such a function v(z) belongs to the class N ()
introduced in Definition 4.3. We give necessary and sufficient conditions on a
function v(z) in N(2) that it is a solution of the abstract interpolation problem.
They assert, roughly, that the necessary conditions on the functions
By(2) = (I — 2zA) ' [®@1 — i®v(2)]
and

Byr(z) = [SA* + iBy(z)QJS} (I — zA%)"L
= (I —zA)"! [AS - z’@sz(z)*] ,

defined as in Section 4 are sufficient in the nondegenerate case, that is, when S is
invertible.
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Theorem 5.1 (Interpolation in Case 1). Let A, S, &1, ®o be operators which satisfy
(1.1) such that

o S is invertible, and »xg < 00;
o o(A) is a finite set and o(A) No(A*) = 0.
(1) Suppose that v(z) € N(21), and that

(i) v(z) has at most a removable singularity at every nonreal number A such that
1/X e o(4);

(ii) By(2) has at most a removable singularity at every nonreal number A such
that 1/X € o(A).

Then v(z) is a generalized Nevanlinna function, the conditions of Assumptions
3.1, Case 1, are met, and S =5, and ®; = ®1,.

(2) Conversely, if S = S, and ®1 = @1, for some generalized Nevanlinna function
v(z) having a representation (2.1) which satisfies Assumptions 3.1, Case 1, then
v(z) belongs to N() and satisfies conditions (1) and (ii) in (1).

We note a sufficient condition that the technical conditions (i) and (ii) in
Theorem 5.1(1) are satisfied.

Theorem 5.2. Conditions (i) and (ii) in Theorem 5.1(1) hold if v(z) has a rep-
resentation (4.14) such that every point A satisfying 1/A € o(A) belongs to the
domain of holomorphy of P(z) and Q(2) and c(X\)P(\) + d(A)Q(X) is invertible.

Theorem 5.3 (Interpolation in Case 2). Let A, S, ®1, ®y be operators which satisfy
(1.1) such that

e S is invertible, and s < 00;
o o(A) = {0}, and |(I —iyA)~Lf| # O(1) as |y| — oo for every f # 0 in $.
(1) Let v(z) belong to N(A), and suppose that
(i) v(iy)/y — 0 as |y| — oo;
(ii) for all h in $ and g in C™, (B,(iy)g,h) = O(1) as |y| — oo;
(iii) for all h and k in 9, (B, r(iy)h, k) = O(1/]y|) as |y| — oc.

Then v(z) is a generalized Nevanlinna function, the conditions of Assumptions
3.1, Case 2, are met, and S = S, and ®; = &4,

(2) Conversely, if S = Sy, and &1 = &4, for some generalized Nevanlinna function
v(z) having a representation (2.1) which satisfies Assumptions 3.1, Case 2, then
v(z) belongs to N() and satisfies conditions (1)—(iii) in (1).

It can be shown that the conditions on A required in Theorem 5.3 are met,
for example, for

0o 0 --- 0 0
10 --- 0 0
A=10 1 --- 0 O on cn,
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and for
(Af)(x):i/o Fdt on  I2(0,0), (5.1)

for any positive integers m and n.
The hypotheses in Theorem 5.3 can be weakened when ker A = {0}.

Theorem 5.4. Theorem 5.3 remains true if the hypothesis on A is changed to read:
o o(A) = {0}, ker A = {0}, and y[|(I—iyA)~ f]| # O(1) as ly| — oo for every
f#0in 9.

Example 5.5. In Theorem 5.3(1), the conditions (i)—(iii) are satisfied in an impor-
tant concrete situation. Let $ = L2 (0,¢) and = C™ for some positive integer m
and positive number ¢. Let A be given by (5.1), and assume that S has the form
(see [11])

1
SH@ = g | ste =0

where s(z) is a matrix-valued function such that s(z) = —s(—z)* on (—¢,¢) and
s(z)g € L2,(—¢,¢) for every g € . A particular case of such an operator is an
integral operator of the form

l
(SF)(x) = f(z) + / K(z — 6)f(t) dt,

where k(z) = k(—x)* is a bounded continuous matrix-valued function on (—¢, ).
The operator identity (1.1) is satisfied with natural choices of operators ®; and P,.
If the integro-differential operator S is bounded, invertible, and »g < oo, then
the conditions (i)—(iii) in part (1) of Theorem 5.3 are satisfied for every function
v(z) in N(2) given by (4.14) such that the kernel Dp g(z,() is nonnegative. This
generalizes a result of A. L. Sakhnovich [10]. The method of proof is interesting
and applicable in other examples. Details will appear elsewhere.

6. Proofs of the theorems

We state some elementary lemmas that will be used in what follows. The proofs
of the lemmas are straightforward, and details are omitted.

Lemma 6.1. Define (Y) for p,k >0 by (1+z)? =32 (F)a*. If p,k > 1,
(Z) - (p ; 1) * <i . D (6.1)
> (0 -85 o2

p+r=q
p=>0, r>0

For q,s,u >0,
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The residue formulas in Lemmas 6.2, 6.3, and 6.4 are deduced from elemen-
tary expansions, such as

(A=XI)"t = i AP\ (T = NA) ! = i Ap(Mo) (X = Xo)P,
n=0 p=0

where A,(\) = AP(I — AA)"P~1. We assume here that A and C are bounded
operators on appropriate spaces for which the expressions are meaningful, Ay and
z are complex numbers, and p is a nonnegative integer.

Lemma 6.2. If0 & o(A), then

APCA, > 1,
(A= \)~1C(A* — AI)! 2 P

y — +v=p+1
s AP =9 Dz
07 p:O’
-1 _ —1
Res)\ A(A = XI) C:A’pC,
A=0 AP
—jr k=1
o 1Az A ) gkt
0, p=0.

Lemma 6.3. (1) If I — Ao A and I — A\gA™ are invertible, then
(I - A)IC(T —2A")~1

APS% (A — Ao)Ptl - Z Au(X0)C Ay (R0)” -
wtv=p
w,v>0

(2) If T — Mo A is invertible and z # Ao, then

(I-M)"'C
/\fi(?\s:) (A= Ao)PH! Ap(Xo)C,
(I-x~t ¢ A,(00) C
S S H;:p (2 = Ag)itt”

Lemma 6.4. (1) If P(z) is a polynomial with P(0) =0 and z # Ao, then

1 1 1
Res z—)\P</\—/\o)_P<z—)\0>'

(2) If P(z) is a polynomial, then

1 1 1
Res | AP(Q = P().
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Proof of Theorem 3.2. In each case we prove the first of the two formulas; the
residue versions then follow from Lemmas 6.2 and 6.3. Writing dT' = ®3[d7(¢)] D5
and using (3.5), we obtain

oo o0

(I —tA)"HT(I —tA) 7 = (0P Apag) dT Y (t — 0) Ay ()"
p=0 q=0
2p_7‘—1
~ Y t—ay)" D Ap(ay) dT Ag(ay)*,
£=0 p+q=¢{
P,q>0

where “~” indicates that we have dropped terms that are O((t—aj)zpf) ast — ;.
This yields the formula for dr;(t; A, ®2) on Aj, j = 1,...,r. The formula for
S;(t;A), j=1,...,r, is immediate from the definition.

Now assume that 0 ¢ o(A). To derive the formula for dmy(t; A, ), we use
(3.6) in the form

o0
AT2BP +tAIBP
-1 _ _ -2
(I—tA) == Lgepn o BEIvAT
p=0
Let “~” now indicate that we are dropping terms that are O(1/(1 + t2)7°*!) as
|t| — oco. Then on Ay,

po—l 1—2pp -1pp po—1 4 2pq -1Rq
(I—tA)_ldT(I—tA*)_lmzA BP+tA™' B ZA Bi4+tA™'B

o arepn = ()
po—1 po—1
t 1
~ Py + Qe -
;) (14¢2)t+2 éz:(:) (14 ¢2)t+1

For ¢ > 0, by Lemma 6.1,

Pr= ) (A*ZE”’dTB*“A*‘1 + A’lB”dTB*qA*‘2>
p+q={

2 E Qe

p+q=~ p,v=0
J P\ (4
W R
"2 200
pt+q=~£ p,v=0
=2 ( el )A_Q“_QdTA*_Q”_l
p+q=¢ pv+l

{+1
+ Z < + 1) A72u71dTA*72V72
ptq=t prvs
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{41
—Z(“l) S Aiarah,

P/ jik=api
g k>1

For £ > 1, by (6.1) and Lemma 6.1,

> ATBPATB*MA* T+ Y AT'BrdTBTATT
p+q=~£—1 p+q=~

> AT'BrdTBrATT!
pt+q=£—1

- E B

p+q=£0—1 p,v=0

LR E Qe

p+q=£ p,v=0

¢
Z Z ( )( ) 2u—1dTA*72V71
p+q=~(—1 p,v=0
= ( ! >A2“2dTA*_2"_2
pw+v+1
: (+1
+ A2l sl
Z <M+V+1)
14 — 22— —2v—1
- ( )A g7 A
p+v+1

: ¢
— Z ( >A2u2dTA*2V2
o \H TV F 1

¢
+ Z ( ) 2u—1dTA*72V71

w,v=0
4
:Z(€> S Aiarat,
p=0 p j+k=2p+2
G, k>1

The last expression agrees with Qo = A~'dTA*~! when ¢ = 0, and so we obtain
the formula for dry(t; A, ®2). Finally, by (3.6),

oo

(I+A2 (I +A72
A(I At _tz ]__|_t2 p+1_14 Z 1_|_t2 p+1
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po—1
_tz i::__:;p-‘rl_ Z {Igpﬂ
= —So(t, AT,
on Ay, which gives the formula for S (¢; A). O
Proof of Theorem 3.3. Calculate the residues using Lemmas 6.2 and 6.3. (]

Proof of Theorem 3.4. Suppose that we have two representations v(z) = v+(z) =
vz(z). Write S;, Sz, @1 -, P15 for the operators (3.2) and (3.3) in the two repre-
sentations. We show that

S.,- = S;. and (131,7- = (I)l T (6.3)

The parts of 7 and 7 coming from the nonreal poles of v(z) are the same, and so
we can assume that there are no nonreal poles. Then by (2.2),
(
(2

T={7(t); A1, s Q=5 POy -y Pr; Doy s A Ro(2),..., Rr(2); -1,
), Ri(2); =}

By [8, Corollary 3.3], we can assume that 7(¢) = 7(¢) in the open intervals de-
termined by the union of the points aq,...,a, and &y, ..., az. We check (6.3) in
three special cases.

?:{?(t)’ al»"'vaF;_;ﬁOM"aﬁF; 507"'78‘7:; RO

Special Case A: T is obtained from 7 by replacing one of the intervals Ay, ..., A,
by a smaller interval.

For example, suppose a; € &1 C A;. Write AO = AgUFE, where 81 =A;\E.
Ignoring terms in (2.1) that do not change, we may take

v.,-(z):/Ao Li Sl z)] ot / Li —Sl(t,z)] dr(t)

where because vr(z) = vz(2),

Ro(2) = Ro(z) + / So(t, z) dr(t)

~ 1
R1< ):Rl( ) /SltZdT
zZ— 01 zZ —

Theorems 3.2 and 3.3 allow us to explicitly calculate the operators in (6.3) and
verify the equalities. We omit the routine calculations.
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Special Case B: T is obtained from 7 by adding a new point a.1.

By Special Case A, it can be presumed that the new point a1 lies in Ayg.
Choose any order p,4; and any open interval 81 which contains «,; and is
contained in the interior of Ag. Take

ve(2) = /A Liz —So(t,z)] dr(t) + Ro(2),
v;(z):/N [ 1 _So(t,z)] dr(t)+/Ar+l [tiZ—SrH(t,z) dr(t)

Ao t— =z
+ Ro(z) + R !
0\% r+1 Z— Qi1 3
where ﬁo =Ap\ 81 and
Rol2) = Ro(2) — / So(t, 2) dr(t),

JAEEY

~ 1
R, = — Sri1(t, z) dr(t).
+1(Z_OM) /A (t,2) dr(t)

The identities (6.3) are again verified using Theorems 3.2 and 3.3.
From the first two special cases, it may be presumed that
T={7(t); a1, yQr;—; P0y---sPr; Doyeeny Ay Eg(z), ... ,E;(z); -}

To complete the proof, it remains to bring the orders p; and p;, j =0, ..., r, to the
same values; it then follows that Ro(z) = Ro(2),...,Rr(2) = Ry(z) and 7 = T.
Thus the proof is completed with one more special case.

Special Case C: T is obtained from 7 by replacing one of the integers po, ..., p,
by a larger value.
For example, suppose that p; > p; and

vf(z):/Al [ ! —Sl(t,z)] dr(t),

t—z

v (2) :/Al sz —§1(t,z)] ar(t) — R (me),

where S (¢, z) is given by (2.5) with p; replaced by p1 and

Bl V== [8it2)-si(t2)] are).
o) }

We verify (6.3) as before using Theorems 3.2 and 3.3. It remains to treat the
possibility pp > po in Case 1 of Assumptions 3.1 (necessarily pp = 0 in Case 2).
This is handled similarly. O

Proof of Theorem 3.5. We assume Case 1 in the proof. Case 2 is handled with mi-
nor modifications. The selfadjointness of S = S, follows from the explicit formulas
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in Theorems 3.2 and 3.3. The main problem is to verify (1.1) when S and ®; are
corresponding parts of (3.2) and (3.3). Suppose first that

S = / {(1= A afar(t)]@5 (1 - ) —dry(64,92) ), (6.4)
A

3

o, = _7;/ {A(I — At~ - Gj(t;A)} Oy [dr(1)], (6.5)
Aj
j=0,...,r. Writing dT = ®5[d7(t)]P3, we obtain

AS—SA*:/

{ [A(I — At)~YdT — dT(I - A*t)—lA*}
Aj

B [A dry(t; A, @2) — drj(t; A, @2) A*} } ’

i [@,03 + By ®7] = / { [A(I — At)~YdT — dT(I - A*t)*lA*}

Aj
~ [&5(t, A)ar — are;(t, 4)] }.
We show that for all j =0,1,...,7,
Ade (t; A, (I)Q) - de (t; A, (I)Q) A* = 6]‘ (t, A)dT - dTG;(t, A) (66)

First assume j = 1,...,r and a; # 0. Set B = I+a;A(I—a;A)~!. By Theorem 3.2
and the operator identity > (LI XRF — LIXRF) = LnH1X — X R
which holds for all n > 0,

Jj+k=n

Ade(t; A, (I)Q) — de (t; A, (I)Q) A*

2p_7‘ —1

B —I)rt! B*—I)q .
= > (t—ap)' > ( o/’+)1 dT( o ) [(B* —1I)+1
£=0 1;:;2:0[ J J
! (B—1)P _(B* - I)7+!
- Z(t_aj)e Z [(B_I)+I] P dT q+1
£=0 pt+q=~ J J
p,q>0
2p_7‘—1 Vi
t—« N
= > ( awf) > [(B — NPT dT (B* — 1)1
£=0 p+q>=0€
= ~(B-1DdT (B* ~ )"
2p_7‘—1 Vi
t— o «
=y ( a“‘l]) [(B — DT — dT(B* — I)“l}
£=0

&;(t, A)dT — dT&(t, A).
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The case o; = 0 follows by continuity. Thus (6.6) holds for j =1,...,r. A similar
argument verifies (6.6) for j = 0. Hence (1.1) holds when S and ®; are defined by
(6.4) and (6.5).
The discrete parts in (3.2) and (3.3) come in two types by Theorem 3.3. One
type is
S= Y AT XPATY, Py =i AP X,

utv=p+1
M, v 21

where p > 0 and X = X*. If p =0, then S =0 and ®; = i®2X and both sides of
(1.1) reduce to zero. For p > 1,

AS—sA = % (A—HH%X@;A**” - A—%QX(I);A**”“)
utv=p+1
H,v>1
=P XP3A P — ATPPX D5 =i [91D5 + D07,

which verifies (1.1). The other type has the form

S= > [A"l(l — M) DX DI — AA*) VA T!

ptv=p+1
p,v2>1

+ APTHT = NA) RO, X5 (T — XA*)"A*H] ,
&) = [AP(I CNA)TPBLX + AP(] — NA)PDL X

where p > 1 and X is not necessarily selfadjoint. We verify (1.1) in this case in a
similar way.

We omit a proof that sg, < oo here because a more general result will be
proved later (independently) in Theorem 4.5. O

Proof of Theorem 3.7. The Assumptions 3.1, Case 1, are met. It is sufficient to
prove the formula for @, ,. For if this is known and

g [l —uter]’

Zy— Zy ’

p,v=1

then AS — SA* = i [<I>1,U<I>§ + (I>2(I>T,U] = AS, — Sy, A* by Theorem 3.5. Hence
A(S — 8,) — (S — S,)A* = 0. Since A and A* have disjoint spectra, S — S, = 0,
and the formula for S, follows. We prove the formula for ®; , for corresponding
parts of (3.3) and

w3 [ L ARG >] ar(t) ~ Ro(=")

T - s B " B
2 () Bl () o ()]
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Suppose first that

i®y, = / {A(I — At -
oo =

w(z) :/Oo {1 _Zzt +i5j(t,z_1)}d7'(t).

— 0 =0

T

&5t A>} @ [dr (1),

For each pn = 1,...,n let P, be the projection of § = C™ @& --- @& C™ onto the
u-th component. Then by (3.12),

A= [ s b = uta),
SR ERADD

yielding the formula for ®; ,. Next let
i@, =R, w(z)=—Ro(z71).
If Ro(2) = Z2p°+1 CpzP, then by (3.7),
P, (i®1,) = — Res P, A(A = AI)” LdyRy(A AT

2po+1 2po+1

:—Res Zz AT Z Co AP = Z Cpz,” = w(zu),
p=0

as required. The remaining cases

1Py, = ﬁj, w(z) = R, ( : ) , and

1—-ajz

P P z * z
Py = ’ =M = M ’
P = e M v k<1—ﬁk ) i k<1—ﬂkz>

Z
are handled similarly. O
Proof of Theorem 4.1. We prove (3.11) as in the definite case [12]:
A(Q)JA(2)* — J
= [I —i{II*(I = CA*) ' ST J[I 4 izJI* S~ (1 — zA) '] — J
= izJI*S™HI — zA) M — T (I — A*) "t ST
+ C2IT*(I — EA*)*lsflAS _Z SA” STHI — zA)™!
= izJI*S™HI — zA) 7T — T (I — CA*) 1S~ I
— il (I — CA*) 'S Y zA - T+ 1) (I — zA)~!
izl (1 — CA*) N (CA* — T+ DS (I — zA)~'
= —i(C — 2)IT*(I — CA*) LS (I — zA)™!
To obtain the last statement, apply (3.11) with ¢ = z. O
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—iv(z)

Proof of Theorem 4.2. Setting ®,(z) = [ 7

’U(Z) - /U(C)* - (I)v(C)*J({)v(Z)’

] , we obtain

By(2) = (I — zA)7'TLI®,(2),

z—C z—C
by (4.3). Hence by Theorem 4.1,
(0T (2)
z=¢
=, MO g o)
i(C —2)
AU AR)
i(C—2)
P(Q)"Q(2) + Q(()"P(z)
2=¢
which is (4.12). Again by Theorem 4.1,

PG+ Q7 PE) = [P QG o)

D,(z,¢) = O, () JI*(I—CA*) LS I —2A) " 1T ®, (2)

= ®,(¢) D, (2)

= ’L s

= [z 1) A(z) " A=) [_“’(2)} = [z 1]J {_"“(Z)] 0,
and the result follows. -

Proof of Theorem 4.4. The function v(z) is defined and analytic on C4 U C_ ex-
cept at isolated points. Set

[H(Z)} — () [P(Z)} _ [G(Z)P(Z)er(Z)Q(Z)]

K(2) 71| T () P(2) + d(2)Q(2)]
Then v(z) = iH(2)K(2)~},
P(z)|  [—iv(z)
Q[(Z) [Q(Z)] - [ I :| K(Z)v (6'7)

and so . .
P(z _ _1 |—iv(z ok I
[Q(z)} K(z)7' =2(2)™! [ I ] = JA(2) {—w(z)]
on C; U C_ except at isolated points. We obtain

[T iw(Q)*] A(C) T TA(Z)" [_m{(z)]
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On the other hand, by (4.9

I (¢ [_w }

SURUGUETGEETON AN

—iv(z)
+i((—2)[I w(Q)*]I*( —C(A") 'S I —2A) ' {_“{(Z)] :
It follows that
U(Z)Z—_UE(C)* :K(C) ; Z_C_ K(Z)_l"FA(C)*S_lA(Z)a
where

A(z):(f—zA)—ln[ 1 ]

—iv(z)
To see that v(z) = v(Z)*, multiply the last identity by z — ¢, then take ( = 2
and use the condition (i) in Definition 4.3. By our assumption that »xg < oo and
condition (iii) in Definition 4.3, we deduce that v(z) € N, , where s, < 3¢p g+ ¢g.
The equality »p g + 35 = s, follows from (4.11).
By (4.3), A(z) = By(z) and (4.16) follows. The identity (4.17) is proved by a
straightforward algebraic calculation, which we omit. O

Proof of Theorem 4.5. First assume Case 1: 0 € o(A). In the proof, for brevity we
drop the subscript v and write (4.2) more simply as
_| S B
Ue0= iy cd)
It is sufficient to show that >, < co when L(z, () is calculated from corresponding
parts of (2.1). We distinguish five subcases (a)—(e).
Case 1: (a) Fix j =1,...,r, and let

1
dr(t
Y R
S = / { (I — At) ' Do[dr(t))®3 (I — A*t)~" — drj(t; A, (IJQ)},
A./
—i { (I—At)" -6t A)} Oy [dT(t)] .
To calculate L(z, () in this subcase, first use Theorem 3.2 to obtain

sz/ {(I—At)_ltbg[dr(t)]@; (I—A*t)!
Ay
2p;—1
- Z (t—a;)" Y Ap(ay)@sdr(t )]@;Aq(aj)*}.

pt+q=¢
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Using Lemmas 6.4 and 6.3, we get
B(z) = (I —zA)7! [(I)l,v — i@gv(z)]

= —i/A (I— zA)—l{A(I — At 4+

3

I

t—z
-6t A) — S;(t, z)I} Dy [dT7(t)]
_ —i/ {(I— At)~t — (I — Az)~1 n (I —Az)~t
A

; t—2z t—2z
_ -1 _ (7 _ -1
+ Res [(I AN (1= 42) S(t, )\)]
)\:ozj )\ —Z

— (I —Az)7's;(t, z)} Dy [dr (1))

_ -1 _ 1
-, {(I RIS T N T }@2 [dr(t)
:—i/ {(1 ;fi)‘l + Z (t—aj)f > (Zf(’f.‘;'2+1}‘1’2 [dr(t)].
Ay £=0 pt+aq=¢ J

We obtain

Y t—a)t S L }dw)

) e (o) e
by means of the identity
2pj—1

Sj(t,2) = 8;(t, ) _ 3 (t—ay) (2 =) = (= ay)!
2= o o) (C—a) (-0 = (- ay)
:2pj—1t_aj£ 1_ |
éz:% ( ) pg::e (2 = ay)at(( — )Pt
Thus
(I — At)_lq)g )
L(z,¢) =/ { { —il ] dr(t) [@;(I—A*t)l i ]
A ~ z—1
J C_ ¢
2pj—1 Ap(aj) P2 i
— Z (t—aj)e Z —il dr(t) |:(I)2Aq(aj)* (2 ,)q+1:| }
=0 pra=t | (( — a;)p+! S
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To see that s < oo, approximate 7(¢) by functions 7.(¢) that are constant in
intervals (a; — €, ;) and (o, + ¢€) and define L.(z,¢) by the same expression

with 7(¢) replaced by 7-(¢). Then

lsiﬁ)lLs(Z»C) = L(z,Q)

pointwise. Since 7.(¢) is constant to the left and right of «;, the integrations in
L.(z,{) can be carried out term by term. Then the first summand in L.(z,()
is nonnegative, and the number of negative squares in what remains has a finite

bound independent of ¢ by the matrix identity

X1 * Hl H2 Hu—l Hu ?
il 2
SO xpHy,= || | e e 0
=0 p;?q:;fl X, H, 0 - 0 0 }}V

Therefore 27, < .

Case 1: (b) Next assume that

v(z) :/AO {tiz —So(t,z)} dr(t),

S = {(I — At) T Dy [dr (1)]®5 (I — A*t) ™1 — dro(t; A, @z)} ,
AN

By = —i/AO {A(I _ At 60(t;A)} B, [dr(2)] .

By Theorem 3.2,

S = {(I—At)_1<I>2[d7-(t)M>§(I—A*t)_l
AN
po—1 4+1
t ‘€+1 —9 * *—k
- ;_% (14 12)¢+2 Z;( D > ‘ Z AT Do[dr(1)] 5 A
= p= Jj+k=2p+1
3k>1
po—1 1 0 /
—7 * Ax—k
- " 12( > > ATI,[dr(t) D5 A }
i G i AV J+h=2pt2
3k>1

Calculating as above, we get by (2.6) and Lemma 6.4,
B(z) = (I —zA)7! [<I>1ﬂ, — i@gv(z)]

_ —i/ {(I —tAT | Res [ (A=ADT e A ] } ®, [dr(1)]
Ao

t—z A=0 1— Xz
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po—1 £+1

S [ e (D) B ae

J+k=2p+1
G k>1

(e e .
+ (1+ 12)6+1 > <p> > Ajzkl} P, [dr(t)] .

=0 p=0 j+k=2p+2
J,k>1

For C(,¢) = [(2) — v(¢)*]/(z — ), we get

B - 1 _l)o—l ¢ 41 €+1 1
“ ’O_/AO{(t—z)(t—g) ;% (1+82)2 & < p > 2 A

j+k=2p+1
jk>1
S 2 () x e
k—17-1
- . A }dT(t)
=0 (1+e2)t =0 P/ i kopte
Jik21
from the identity
So(t,2) = So(t,¢) _ i t 1+ -1+
2 _CT pos (1 +t2)€+1 . _5
A St ()
e (1 + t2)6+1 2—¢

PO Czp
St ()7
po—1 S20+1 _ F2ptl
P CP
+Z 1+t”+1 Z()

-¢
_po_l t < t+1 k—17j—1
_Z(1+t2“2 > A
=0 j+k=2p+1
j,k>1
po—1
k—177—1
DY HWZ() > e,
j+k=2p+2
Jk>1

L(Z,C)z/AO{ [(1_[—42_1%] dr(t) {‘P;(I—A*t)l I }

_ z—1t
(—t
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po—1 {41 —j
€+1> A J(I)2 * Ax—k - k—1
S ONIED o (A D I e EUCIC Tou
=0 1 +t p j+k=2p+1 ZC]
J,k>1
po—l A_j(I)Q
* Ax—k k—1
ST S G ID sl Wi EUICY SRR
£=0 J+k=2p+2
Jk>1

As above, we deduce that s, < oco.
Case 1: (¢) In the case v(z) = Ry(z), S = Ro, &1 = —i,‘y{o, the polynomial
Ro(z) = ?i %H Rye2" has selfadjoint matrix coefficients, and

2po+1

S=>" > ARy ®sA "

(=1 j+k=(+1
J,k>1

by Theorem 3.3. By (3.7) and Lemma 6.4,
B(z) = (I — zA)"'[®1 — i®av(2)]
=i Res [(1 — 2A)TAA - )\I)*1<I>2R0()F1))F1}
—1 (I — ZA)_l(I)QRo(Z)
I—zA)"P— (I - 1At
1—- Az
—i(I — zA) ' PRy (2)

=i Res {( <I>2R0()\1))\1]

. (I—-Xx"tA)~! T
= —1 E{zeg |: 1— s (I)QR()(/\ ))\

2po+1

) Z Z A7j¢2Rong71

(=1 j+k=(+1
Jk>1

A straightforward calculation of C(z, () yields

2po+1

=2 >

(=1 j+k=0+1
Jk>1

and sy, < oo by (6.8).
Case 1: (d) Let j =1,...,r, and suppose that

v(z):—Rj( ! ), S =R, Oy = —i%,

Z—Oéj
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where R;(z) = ?p 71+1 Rje2" has selfadjoint matrix coefficients and constant term

Z€ro. By Theorem 3.3,

2p;+1

S=> D Apa(ag)PR®5 A1 ()"

=1 p+g=£+1
p,q=>1

By (3.8) and Lemmas 6.4 and 6.3,
B(z) = (I — zA)" " [®1 — i®ov(2)]

— —i Res [(I —zA)TTA(I - AA)’I%RJ( : ﬂ

/\:a]' A_a]
+i(I — zA) " DR, !
25 Z— 0y
Iy (I=AA) (I —zA)" 1
N zf{:esj{ A—z (I)zRJ(A—aj)
+i(I — zA) DR, !
2t Z—Qy
. (I—MA)™! 1
_’f{_ej.[ 2\ %RJ(A—%.)
2PJ+1
Oéj (I)QRjg
=1 Z Z Z_Oé p+1
=1 p+q=0(—1
p,q20

2pj+1
— q 1 aj (I)2Rj€
Z Z (z — '
{=1 p+q=~F+1 )
p,q>1

A short calculation of C(z, () yields

2p;+1 Ap-1(a;) P2 )
il

= Z Z —il Rjq {‘I’SAql(O‘j)* (z — a.)q:| ’
_ - _ j
e [ (G

and we again obtain sy, < oo by (6.8).

Case 1: (e) Let k=1,...,s, and assume that

=)l L)
S = My + Moy,

D =—1 [ﬁlk + ﬁ%] )
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where My(2) = Y%, My,2" is a polynomial with matrix coefficients and constant
term zero. Calculations similar to those above yield

S:Z Z [Ap_l(ﬁk)%Mkz‘I’;Aq—l(Bk)*

=1 p+q=L(+1 B
+ Ap1 (B P2 M @3 A0 1 (B)"]
B(z) =i i Z [Ap—1(ﬁk)¢’2Mkz . Ap—l(ﬁk)¢’2Mgl:|
=1 ptq=L+1 (2 = Bi) (z = B)e
p,q>1

C(z,() = | C
<) ;pﬂz::éﬂ[(z—ﬂk)q(c_ﬁk)

p,q>1

Mt + M ] .
P (2= Br)1(C — Br)P

We again obtain a kernel,

ok Apfl(ﬂk)q)Z Apfl(Bk)(I)Z 0 Mke
L(z0=> > —il —il e o ]
et -y (=B UM
D5A,_1(Bk)* (z L; v
— B
®3A.-1(Br)" (2 Z; Ja
— B

which has a finite number of negative squares. This verifies the conclusion in each
of the subcases (a)—(e), and so Theorem 4.5 follows in Case 1.

Assume Case 2: 0 ¢ o(A). We show that 3 < oo in the same subcases
(a)—(e). Recall that in Case 2, pg = 0 and Ro(z) = Cp is constant.
Case 2: (a), (d), () There is no change here from Case 1.
Case 2: (b) By (3.11), we now have

o= [ P 0

S= [ (I—At)'®ydr(t)|®5(I — A*t)™!,
Ao
) = —i/A [A(I — At 4 ) —ti—It2] Dy [dr(t)].

A short calculation gives

B =i [ Tt g ar o),

t—2z

B dr(t)
c0= /A (t—2)(t-0)
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The kernel
(I — ZA)_l(I)Q T
veo=[ | | ey -aan
Ao _ t—=z
t—¢
is nonnegative in this subcase.
Case 2: (c) Here v(z) = Ro(z) = Cp is constant, S = Ry = 0, and ¢, = —iRo =
i®2Cp by (3.11). Thus L(z,() = 0 is a nonegative kernel.
So 71, < 00 in all subcases (a)—(e) in Case 2, and the result follows. O

Proof of Theorem 4.6. We use the notation in the proof of Theorem 4.5 and verify
the conclusion in the same subcases (a)—(e).

Case 1: (a) In this subcase, our previous formula for B(z) can be written

_ / F(t, 2) dr(t), (6.9)
Aj

where
_ 2p;—1
F(t,2) :—il(I;tA) 1 + ) (t—a)t ) A (O‘J)H Dy (6.10)
—z — eyl (z —aj)P
=i Y (t-ap)t Y (Z/_li );Ll Dy
€=2p; p+q=¢

The last series converges uniformly for ¢ in a neighborhood of «; for z in any
compact subset of C; U C_. It follows that B(z) is analytic on C; UC_.

Case 1: (b) We now obtain a representation (6.9) with j = 0 and
(I —tA)~!

F(t, z) = —i 6.11
(t,2) [ L (6.11)
po—1 +1
(+1 e
3 () D47
J+.;€,;§q+1
po—1 )
-7 k—1
+21WHZ() > A
p j+k=2p+2
J,k>1
%) +1
t (+1 o1
| e () £
Jj+k=2p+1
j,k>1
[eS) 4
—j k=1
b X)) 3 e
£=po p= J+k=2p+2

J,k>1
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The two series in the last expression converge in a neighborhood of infinity for z
in any compact subset of Cy U C_. Again B(z) is analytic on C; UC_.

Case 1: (c), (d), (e) Our previous expressions for B(z) here are rational functions
whose only nonreal poles are at the points Gy, B, k=1,...,s.
The conclusion holds in all subcases, and the result follows. O

Proof of Theorem 4.7. Notation is as in the proof of Theorem 4.5. We check (4.18)
and (4.19) in each of the subcases (a)—(e).

We first prove (4.18).
Case 2: (a), (c), (d), (e) Here, in fact, |B(2)|| = O(1/|#|) as |z| — oo. For (a)
this follows from (6.9) and (6.10). In (c¢), B(z) = 0. The assertion is clear for (d)
and (e).

Case 2: (b) By the proof of Theorem 4.5, Case 2,

-1
B(z) = —i /A =t o e (). (6.12)

t—=z
Define L?(dr) = L?(Ag,dr) as in Appendix 1. If g € C™ and h € §, then

VE2+1 g

<B(Z)g>h>:_i< t— 2 \/t2+1

,®5(1 — tA*)—1h> . (6.13)
L2(dT)

Here g/v/t2 + 1 € L?(dr) by Theorem 2.1(2°), and ®5(I — tA*)~'h € L?(dr) by
(3.1). For z = z + iy € Ds, 2% < cy? for some ¢ > 0 and

5 22 + o2
t—z|  (t—z)24y2
1 2
g(c+2)y <c+1. (6.14)
)
If also |y| > 1, then
VE+1] Jt|+1  [t—z+2z|+1
t—z | T |t—z2 [t — 2|
<i4] F o+t
- t—z| |t—2z|

<14++Ve+1+41.

To deduce that || B(z)|| = O(1) as |z] — oo in Dy, we apply the Schwarz inequality
in (6.13) for fixed g and h and then appeal to the principle of uniform boundedness.
This completes the proof of (4.18).
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We next prove (4.19). Set Br(z) = B, 7(2).
Case 2: (a) By the formulas for S and B(z) in the proof of Theorem 4.5,

Br(z) = SA*(I — 2A*) ™' +iB(2)®3(I — zA*) !

-,

{(I —At)7HdT (I — A*t)PA* (I — zA*) 7!

J

- Z (t—a;)" > Aplay) dT Ag(ay)* A*(I - ZA*)_l}
£=0 ptq=~

(I_tA)_l *\—1
+/Aj{ dT (I — 2A%)

t—2z

gy 4 Aq(aj) *\—1
+Z(t_0‘i) Z (Z_a‘)pHdT(I—zA) )
£=0 ptq=~ J

where dT' = @4 [d7(t)] ®5. Using the identities

O Ax\—1 _ *\—1
(T = A 1A(T — zany-1 = T=AD) t (I —247)
—Z

-1 _ (- Z:A*)il _ Aq()‘z* (6.16)
(z = \)atl z—A

AL ALY

(z = M)? (z — Ayatt’

, (6.15)

AN A (I — zAY)

and

I—A)~YdT (I — A*t)~! > Ap(ay)dT Ag(aj)*
AU A0 Sy 3 M)

£=0 pHat+p=t
we obtain
Br(:) = [ dG(e,2)
Aj
where
- A (o) dT Ag(ai)*
dG(t,z) = - Z (t— o) Z p((zj)—ozv)ﬂq—ir(lj)
£=2p; pta+p=¢ J

in a neighborhood of «;. Straightforward estimates show that || Br(z2)|| = O(1/]z|)
as |z| — oo.

Case 2: (b) By (6.12),
Br(z) = SA*(I — zA*) "' +iB(2)®3(I — zA*) ™!

:/ (I —tA) ™ @y [dr(t)] 5T — tA*) L
Ao
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Define L?(dr) = L?*(Ao,dr) as in Appendix 1. By (3.1) and the closed graph
theorem, the mapping h — ®3(I — tA*)~1h is a bounded operator from § into
L?(dr), and hence

[ @5(1 = tA*) " h|| oy < KllB]s, he9, (6.17)

(dr)
for some positive constant K. Thus for any hi, hy € $ and z € Dy,

<BT(z)hl,hz>ﬁ _ <(I —;é*i_liu

(I — tA*)‘1h2> .
L2(dT)

By (6.14), 1/|t—z| < n/|z|, z € Ds, for some positive constant 7. Hence for z € Ds,
by (6.17) and the Schwarz inequality,
’ (I)Q(I — tA*)_lhl

|(Br(2)h1, ha) g | P,

IA

||(I)2(I_tA*)_1h2HL2(dr)
L2(dT)

nK
||

By the arbitrariness of hy and he, ||Br(2)|| = O(1/|z|) as z — oo inside Dj.

Case 2: (c) Here by (3.11), S = 0 and B(z) = 0. Hence Br(z) = 0.

Case 2: (d) Let R;(z) = Zzijrl Rj,zP. We use the formula for S = R, in Theo-

p=1
rem 3.3 and the formula for B(z) in the proof of Theorem 4.5 to obtain
Br(z) = SA*(I — 2A*) ™! +iB(2)®5(I — 2A*)~!
2pj+1
= > > Au(ag) PR ®3A, 1 (ay) AT - A7)

p=1 p+v=p+1
Hv>1

2pj+1
A, 1(a;)PoR;
o Z Z I 1( J) 245p (I);(I—ZA*)71

p=1 ptv=p+l1 (= - aj)”
M, v 21

2
1Pallss 2]l -

With the aid of (6.16) we bring this to the form
2p;+1
N Ap(oy) P2 Rjp®5 A (aj)”
Br(z)=— ) > (2 — aj)m+! v
p=1 p+m+n=p—1
puym,n>0
which obviously is O(1/|z]) as |z| — oo.
Case 2: (e) This is similar to (d). Let My(z) = Y 7%, My,2P. The formula for
S = My, + Moy obtained from Theorem 3.3, together with the formula for B(z)
in the proof of Theorem 4.5, now yield

Bz =- | % Auwk)izygzisﬁm(ﬁk)*

p=1 L p+m+n=p—1
Hym,m >0
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pt+m+n=p—1 (Z - 5k)n+1
H,m,n>0

LY Ay (Br) @2 My, @5 A (Br)*

Again clearly this is O(1/|z|) as |z| — oo. O

Proof of Theorem 5.1. (1) Suppose v(z) € N(2) and satisfies conditions (i) and
(ii). By Theorem 4.4, v(z) is a generalized Nevanlinna function. We verify As-
sumptions 3.1, Case 1, for any representation (2.1). By assumption, o(A) is a
finite set, and o(A) contains no real point because o(A) No(A*) = . We claim
that o(A) contains no point 1/8k, 1/8k, k =1,...,s. In fact, if 1/8) € o(A) (resp.
1/Bx € o(A)), then by (i), v(z) has at most a removable singularity at By (resp.
Br). But B and G, are poles of v(z) by condition (4°) in Theorem 2.1, which
is impossible. The claim follows, and therefore operators S, and ®; , are defined
under Case 1 of Assumptions 3.1.

We show that S = S, and ®; = ®;,. By Theorem 3.5, in addition to the
given identity (1.1), we also have

AS, — S, A" =i [B1,, D5 + P2®7 ] - (6.18)

Define Ly(z,¢) and B,(z) by (4.2) and (4.3) but with S and ®; replaced by S,
and P ,. Since

By(z) = (I —zA)7! [®1 — i®av(2)],

By(z) = (I — 2A)7 ' [®1,, — i®av(2)] ,
the function
F(2) ¥ B,(2) = By(z) = (I — 2zA) " [®, — @, ,] (6.19)

is analytic in the complex plane except perhaps at a finite number of nonreal points
A such that 1/A € 0(A), and it vanishes at infinity because A is invertible. By (ii),
B,(z) has at most a removable singularity at any point A such that 1/X € o(A),
and by Theorem 4.6, B,(z) is analytic at any point A such that 1/A € o(A).
It follows that F'(z) is entire and therefore F'(z) = 0. This is only possible if
®; = @, ,. Finally, by (1.1) and (6.18),

A(S = Sy) = (S = 5,)A* = (D105 + ©2®@7) — i(P1,, D5 + <I>2<I>{ﬂ,) =0.

Since o(A) No(A*) =0, by [6] the operator equation AX — X A* = 0 has only the
trivial solution, and hence S — S, = 0.

(2) Conversely, let S = S, and ®; = ®q, for some generalized Nevanlinna
function v(z) having a representation (2.1) which satisfies Assumptions 3.1, Case 1.
We show that v(z) belongs to N(2) and satisfies conditions (i) and (ii) in (1).
Define P(z) and Q(z) for v(z) as in Theorem 4.2. Then P(2)*Q(z) + Q(2)*P(z) =
0. By (4.10), v(z) has the representation (4.14) with ¢(2)P(z) + d(2)Q(z) = I.
Conditions (i) and (ii) in Definition 4.3 thus hold. To see that condition (iii) in
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Definition 4.3 is satisfied, we use (4.11) and Theorem 4.5 to obtain

POQRHQOPE) _ T
2 _5 — v ) )

where sq_ denotes the number of negative squares of the kernel. Therefore v(z) €
N (2l). Since the only poles of v(z) in C; UC_ are at the points B¢, Bk, k= 1,...,s,
and according to Assumptions 3.1, o(A) contains no point 1/8x,1/8k, k= 1,...,s,
we conclude that v(z) satisfies condition (i) in (1). By Theorem 4.6, v(z) satisfies
condition (ii) in (1) as well. O

Proof of Theorem 5.2. Suppose that v(z) has the form (4.14), and that every point
A satisfying 1/\ € o(A) belongs to the domain of holomorphy of P(z) and Q(z)
and ¢(A)P(X) +d(A)Q(A) is invertible. Then v(z) is defined and analytic at every
point A such that 1/\ € o(A). Thus (i) holds.

To verify (ii), write B,(z) in the form

Bu(2) = (I — 2A)"'TLJ {_“’(Z)] ,

v (
Bu(z) = (I — zA) LI (= [g

By (4.8) and (1.1),
(I — 2zA)'IJA(2) = (I — zA) LT [I — izIT* (I — zA*) " ST
=(I—-2z24)"'T1J

AS — SA*
—iz(I —zA)™? o iS (I —zA")"1s~1Lg

= (I —zA)"'1J

—(I—zA)"(zA-1+1)S
— S(zA* =TI+ D)|(I — zA*)"'S7'ILT

=(I—2A)"'LJ + S(I — zA*)"ts~ g
—(I—2zA)"1Sss L

=S(I —2A*)"1S L.

Therefore
By(z) = S(I — zA*)"'S7LJ {ggzg] [e(2)P(2) + d(2)Q(2)] .

Since o(A) No(A*) = (), the last formula and our assumptions on P(z) and Q(z)
show that B,(z) is analytic at every point A such that 1/A € o(A). This verifies (ii).
U
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Lemma 6.5. Let (1.1) be an operator identity such that o(A) = {0}, and let v(z) be
an m X m matriz-valued function in N,, which has the Krein-Langer representation
(2.1). Define By 1(z) using the operators in (1.1) as in (4.4)—(4.5). If z = x + iy,
then

BU,T(Z) — BW’T(Z)*

29

where G(z) is continuous in Cy and for any interval [a, b] which contains no point
at,. .., 0, Gz +1iy) is bounded fora <x <band 0 <y <1, and G(x +i0) =0
strongly a.e. with respect to Lebesgue measure on (—o00, 00).

Proof of Lemma 6.5. Since By, r(z) = i[SLo(2)* + By (2)L3(2)],

BU,T(Z) — BU7T(Z’)*
21

(T —2A) 13, ) ;Z,”(Z)* (1 — zA") " + G(2),

, [T + Bu)La(2)" + Lo(2)S + La(2)Bu(2)°
_ ; [S(-i)(1 247140
+ (I — 2zA) 7@ — i®ou(2)] P5(I — zA*)
+iA(I — 2A)71S
+ (I — 2A) 7 0y [@F +iv(2)* @3] (1 — 2A%) !
= G1(z) + Ga(2),
where
Gi(2) = ; { —GSA*(I — 2AY)" (I — 2A)"LAS
+ (I —2A)7 1, 05(1 — 24%) 7!
(I — 2A) 1By ®3 (T — zA*)*l} :
Ga(z) = 211 (I — 2A) Byu(2)B5(1 — zA")
— 212 (I — 2A) 1 ®yu(2)* @5 (I — 2A*) L.

Since o(A) = {0}, G1(#) is continuous in the complex plane, and G1(z) = 0 for
all real z by (1.1). For the other part, we have

Go(z) = 212 [(I A (- xA)_l}(ﬁgv(z)@;(I — At

by (= 2A) Byu(2)23[(T — 2A4) " — (1 - 2A%) ]

4 211 (I 24) " B [u(z) — ()] @51 — 2a)"!
by (= 2A) Byu(a) @5 (1 — eA") ™ — (1 - 247) ]
+ 211 (I —zA)™ "t —(I— zA)—l} Pov(2)*®5(I — 2A*) !
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= G3(2) + ;Z (I — 2A)~1d, [v(z) - v(z)*} D3I — zA*)"?

Using [8, Proposition 3.4], we see that G3(z) is bounded for ¢ < z < b and
0 < y < 1. Since also G3(x 4 i0) = 0 strongly a.e. on (—00, 00), the result follows
with G(Z) = Gl(z) + G3(Z) O
Proof of Theorem 5.3. (1) Assume that v(z) € N(2() and conditions (i)—(iii) hold.
By Theorem 4.4, v(z) is a generalized Nevanlinna function. We show that a repre-
sentation (2.1) can be chosen such that the conditions of Assumptions 3.1, Case 2,
are satisfied.

By [8, Theorem 4.1], (i) allows us to choose a representation (2.1) such that
po = 0 and Ry(z) is constant. We verify (3.1). Define L,(z,() and L, r(z,() by
(4.2) and (4.4). Fix h in 9, and set

vp(2) = (By,r(2)h, h) .

We show that vy, (z) belongs to N, for some s > 0. Since v(z) € N(2), it has a
representation (4.14), and hence

(2)] g — o1 | ()
o) Ko =ue [T
where K (z) = ¢(2)P(z) + d(z)Q(z). Therefore by Theorem 4.2,

wie9=[achs U miol ) 5.

where
Dol Q) = k()i T Q‘if?@ P ko).
Hence s, = 35 + »xp . By (4.7), if
Cv,T(ng) - ( )Z B;—LU,T( ) )

then

S —iBy1(z)]
ti,T(C)* Cv,T(Z, C):| - Lv,T(Za C)

. I 0 I Lo(2)*
S Rl A R
where Lo(z) and La(z) are defined by (4.6). It then follows from (4.15) that

HCyp S AL, S L, S 5+ xp g < 00.

In particular, vy, (z) belongs to N, for some s > 0.
By condition (iii) and [8, Theorem 4.2], the Krein-Langer representation of
vp(z) can be reduced to the form

{Z/ [t—z (}d” iR”( —1aj>
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s 1 1 * dO'h(t)
L INARNER | W™

k—
:ﬁh(z)-i-/A dgh(t),

t—=z

where 95,(z) is analytic across the interior of Ag j and real on this set, and oy, (t)
is a nondecreasing function satisfying

/ don(t) < oo. (6.20)
Ao,n

Suppose that [a,b] € Agp N Ag and @ and b are points of continuity of o (¢) and
7(t). By the Stieltjes inversion formula and Lemma 6.5,

b b
.1 .
/a dop(t) = lylﬂr)l 7T/a Im vy (t + dy) dt

b N N
—lim ! <B”’T(t+7’y) 2,B”’T(t+7’y) h,h> dt
1

ylo T Jq

t+iy)—v(t+ iy)*

1 b
:hm <(I—tA)1(I)QU( (I);(I—tA*)71 h,h> dt

ylo ™ J, 21
Hence by [8, Theorem 3.1],
/ (dr(t) @5 — A1) h, B3I — A*t)"'h) = / don(t) < o,
Aoyhr‘le AO,hmAO

and therefore

/ (dr(t) @5(1 — A*t)"'h, ®3(1 — A*t)"'h) < co.
AN

This verifies (3.1), and therefore operators S, and ®1,, are defined.

It remains to show that ®; = ®; , and S = S,.. Recall that B, (z) and B, (%)
are defined using the operators A, S, &1, @2 from the given operator identity (1.1).
By Theorem 3.5, we have a second operator identity,

AS, — S, A" =i [By,, D5 4 2PF ] . (6.21)

Define L,(z,¢) and B,(z) by (4.2) and (4.3) but with S and ®; replaced by S,
and @1 ,. Analogously, define L, 7(z,() and B, r(z) using the transformed kernel
(4.4) with S and ®; replaced by S, and ®; . Thus

By(2) = (I — 2A) 7 [®1,, — i®av(2)] ,
Byr(2) = i[SuLo(2)" + Bu(2)La(2)"] ,
where Lo(z) and Lg(z) are given by (4.6). In particular,
By(2) — By(2) = (I — 2A) 7 [ — @1, ] .
Hence for any g € C™, by (ii) and Theorem 4.7,
(I —iyA)~' @1 — ®1,]g = O(1), ly| — oo.
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Since we assume that the only f in § such that (I —iyA)~'f|| = O(1) as |y| —
is f =0, we deduce that [®; — ®;,]g =0, and so ®; = Py ,.

By what we have shown so far, B,(z) = B,(z). Therefore

By1(2) — Byr(2) = i(S — Sy)Lo(2)* = (S — S,)A*(I — zA*)7?
Hence for any h € $, by (iii) and Theorem 4.7,
Al —iyA)~H (S = S)h = O(1/ly), |yl — oo.
By the identity (I —iyA)~! =iyA(I —iyA)~! + I, we get
(I - ZyA)_l(S - Sv)h = 0(1)7 |y| — 0.

As above, our assumptions on A imply that (S — S, )h = 0, and therefore S = S,.

(2) Conversely, assume that S = S, and ®; = &1, where v(z) is a gener-

alized Nevanlinna function having a representation (2.1) satisfying Assumptions
3.1, Case 2. To see that v(z) belongs to N(2(), set

P(z)| _1 |—iv(z)
o] = [
Then P(z) and Q(z) are meromorphic on C; U C_ and by (4.13),

v(z) = ifa(2)P(2) + b(2)Q(2)],
1= e(2)P(2) + d(2)Q(2),
and hence (4.14) holds. By Theorem 4.2, P(2)*Q(z)+Q(2)*P(z) =00on CLUC_.

Since S = S, and ®; = P4, by assumption, the kernel L, (z, {) has a finite number
of negative squares by Theorem 4.5. Hence by (4.11) and (4.12), the kernel

POQ() +QOP()
z=(
has a finite number of negative squares. It follows that v(z) belongs to N(2).

We obtain (i) by the converse part of [8, Theorem 4.1]. Conditions (ii) and
(iii) follow from Theorem 4.7. d

Proof of Theorem 5.4. The only change in the proof of Theorem 5.3 is in the proofs
that ®; = ®;, and S = 5, in part (1) of the theorem. As before, for any g € C™,
(I —iyA)~1 @1 — ®1,]g = O(1) as |y| — oco. By the identity (I — iyA)~! =
iyA(I —iyA)~—1

y (I —iyA)"A[®y — @1,]g=0O(1),  |y| — oo.

Our assumptions on A imply that A [<I>1 —<I>1,U] g = 0. Since ker A = {0}, we deduce
that ®; = ®; ,. Again as before, for any h € 9, A(I —iyA)~1(S—S,)h = O(1/]y|)
as |y — oo. By our assumptions on A, A(S — S,)h = 0. Since ker A = {0},
S =35,. O
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Weighted Spaces of Continuous Functions
with Oscillating Continuity Moduli

and Oscillating Weights

Natasha Samko

Abstract. We present a survey of some results on the theory of singular inte-
gral operators with piece-wise continuous coefficients in the weighted spaces
of continuous functions with a prescribed continuity modulus (generalized
Holder spaces H* (T, p)) together with some new results related to oscillating
(non-equilibrated) characteristics and oscillating weights.
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1. Introduction

The characterization of Fredholmness of the singular integral operators

Nf:=ADPLf)(E) + B)(P-f)(t), (1.1)

with piecewise continuous coefficients, where Py = ;(I + S) are the projection
operators generated by the singular operator

1 T

si=" [T

m JrT—1
is well known in various spaces of integrable functions; for example in weighted
Lebesgue or Orlicz spaces, or even in more general Banach function spaces. We refer
to [14], [15], ([3], Subsection 9.6), as well as [19], [20], and [21]. In particular, the
phenomenon of “massiveness” of the essential spectra of singular integral operators
for some choices of weights or curves, is noteworthy.
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The corresponding theory of singular integral operators in weighted spaces
of continuous functions is much less well developed. In Hélder spaces Hy (T, p)
with power weights, results on Fredholmness of singular integral operators on
Lyapunov curves were obtained in the papers of R.Duduchava [7], [8], [9] (see also
[15]). Algebras of singular operators in the spaces H*(T', p) were considered in [10]
and [43]. The papers [4], [5], looked at Fredholmness of singular operators in the
weighted Holder-Zygmund spaces of the type Z* (T, p), even allowing for terms with
the complex conjugation operator. Results on Fredholmness of singular operator
in Holder spaces may be also found in [44].

In this paper we survey some results obtained for singular integral operators
in the generalized Hoélder spaces Hf (T, p), drawing primarily on work in [37], [38],
[42]. There characteristics w and weights p more general than simple powers were
considered. A number of results from [37], [38], [42] are obtained here in a more
general setting and we also simplify some proofs. In [37] and [38], statements on
Fredholmness, together with an index formula, are given for singular integral oper-
ators on Lyapunov type curves in such spaces when neither the characteristic nor
the weight oscillate. In this case the Boyd-type indices m, and M, of the char-
acteristic w(h) coincide, and no massive spectra appear. Consequently, the results
on Fredholmness in [37] and [38] are in a certain sense similar to the Gohberg-
Krupnik result on Fredholmness of singular integral operators in Lebesgue spaces
with power weights.

The appearance of “lunes” (i.e, regions bounded by circular arcs) due to the
presence of oscillations of either the characteristic or weight, makes one speculate
that massive spectra will appear in Holder type spaces even in non-weighted cases
and on nice curves, as in Orlicz spaces (see [3], Subsection 10.5). The possibility
of oscillation of the weights was investigated in [42], and is looked at here as well.

The coefficients A(t) and B(¢) are taken to be multipliers in H§ (T, p) with a
finite number of discontinuity points, and the weight p(t) is assumed to be “fixed”
to the discontinuity points of the coefficients, oscillating in general, near those
points. We give sufficient conditions for the operator (1.1) to be Fredholm in the
space HY (T, p). These conditions are in the terms of the upper and lower indices
of the characteristic and the weight functions. They are natural, and though it is
not proved, they are expected to be necessary as well. It is felt that new techniques
will be required to prove necessity.

The following are the main topics of the paper:

1. The Zygmund-Bari-Stechkin class ® of continuity moduli and generalized
Holder spaces.

2. Boundedness of the singular operator with oscillating characteristic w and

oscillating weight p in generalized Holder spaces.

Compactness theorems.

Fredholmness of singular integral operators in generalized Holder spaces.

5. Fredholmness of such operators with a Carleman shift in generalized Holder
spaces.

>
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We use the following notation:
I'={t:t=1t(s),0 <s </} isa curve on the complex plane;
IT = {t1,t0,...,t,} is a finite set of points on T’
PC(T") is the space of piecewise continuous functions on I' with jumps at a
finite number of points;

PH%“(T) is the subspace in PC(T") of functions which belong to the class H*
on any closed arc between two consecutive points of discontinuity;

M,, and m,, are the index numbers of a function w (see Definition 2.12);

a.i. stands for “almost increasing” and a.d. for “almost decreasing” (see Sub-
section 2.1.1).

2. The Zygmund-Bari-Stechkin class ¢ of continuity moduli and
generalized Hélder spaces HY (I, p) with characteristic w € ¢

2.1. Definitions and preliminaries

2.1.1. The Zygmund-Bari-Stechkin class ®. First we recall that a non-negative
function ¢ on [0, £] is said to be almost increasing (or almost decreasing) — abbre-
viated a.i. and a.d. — if there exists a constant C' > 1 such that ¢(x) < Cyp(y) for
all x <y (or z > y, respectively). Let

W ={peC(0,€]) : p(0) =0, p(z) >0 for = >0, (x) is almost increasing}.

Definition 2.1. A function ¢ € W is called a continuity modulus, if it is nonde-
creasing and subadditive: p(x1 + x2) < p(x1) + @(x2).

Definition 2.2. ([2], [16]) We define the Zygmund-Bari-Stechkin class ®5 as the
class of functions ¢ € W satisfying the Zygmund conditions

/ "0 gy < ol 2)
0

X

and ,
p(x) p(h) _
/h $1+Sdac§chs , s=1,2... (Zs)
By Z we denote the subclass of functions in W, which satisfy condition (Z) and
similarly Z consists of functions in W, which satisfy condition (Zs), so that ®5 =
ZN Z;. We write &1 = ® in the case s = 1.

The class @, can also be characterized in other terms. Namely, consider the
following conditions (B), (Bs), (L), (Ls) and (S), (Ss):

> o) = (0) ®

k=n-+1

h
there exists a & > 1 such that limhéO(p(5 )

o(h) ~ b (&)
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there exists a §; > 0 such that u;(fl ) is almost increasing, (S)
- 1 1
() oo (2)
k n
k=1
h
there exists a £ > 1 such that limhéoﬁp £h) < &, (Ls)
(h)
: w(w) . :
there exists a d2 € (0, s) such that is almost decreasing, (Ss)

292

known as the Bari, Lozinskii and Stechkin conditions (see [2]).

Lemma 2.3. Let p(x) € W. Conditions (B), (L), (S) and (Z) are all equivalent.
Similarly, conditions (Bs), (Ls), (Ss) and (Zs) are also equivalent.

This lemma was proved in [2] in the case when in the definition of the class W
functions ¢(t) are increasing, not almost increasing. However, the lemma remains
true in this more general case (see the proof for almost monotonous ¢ in [34], p.
5, [36] and [17]).

Observe that functions ¢ € @, in general oscillate between two power func-
tions whose exponents are defined by the Boyd-type indices of ¢. In particular, we
give a characterization of the class @5 in such terms in Theorem 2.14.

2.1.2. Holder type spaces Hy (', p). Many of the results from this section appear
in [42]. We repeat some of the proofs for completeness.

Let T' = {t =1(s),0 < s </}, s the arc length, be a rectifiable curve in the
complex plane and let

H*(T) = {f(t) - max [f(t) ~ f(r)] < cw(h), 0<h< 6}
[t—7|<h

and
Hy(T) ={f(t): f € H(), [(to) =0, to €I}

where IT is a given finite set of points on I'. The function w(h), is referred to in
the sequel as the characteristic function of the space, or simply, characteristic, and
will be supposed to belong to ®.

Whenever necessary, we define w(x) for x > £ by w(z) = w(¥).

We will use some examples of functions in H*(T") provided by the following
in Section 3.

Lemma 2.4. Let a function w € W satisfy the condition |w(z) —w(y)| < Aw(|lz—y])
with A > 0 not depending on x and y, and let z; € C, j =1,2,...,n. Then

() =w | J]It= 2| € H(D).

Jj=1
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Proof. We have

() —(r)| < Aw [ [T 1t -2 - H 7=zl | < Aww(elt—r]) < Ay cro(ft—r]),
P B

where the property w(cz) < ciw(z) follows from the assumption |w(z) — w(y)| <
Aw(|z — y]). Indeed, we have w(2"z) < cow(z) and then w(cx) < cuw(x), ¢ =
c1(c). O
For a given w € W we define the following Zygmund type function
x £ T
t

w'(z) = / wls(S) ds—i—m/ w;(zs) ds, where  wy(z) = / wi) dt  (2.1)

0 T 0

The following theorem is known ([16], Theorem 1 on p. 55).

Theorem 2.5. For w € ® the functions w and w* are equivalent: ciw(z) < w*(x) <
cow(x), 1 > 0,c2 > 0, and w*(x) is a continuity modulus, so that it is subadditive.

Corollary 2.6. Let w € ® and w* be defined by (2.1). Then w* (H [t — z]|> €
j=1
Hy(T).

Indeed, the statement of the corollary follows from Lemma 2.4 because w™* is
continuity modulus by Theorem 2.5 and then according to Definition 2.1 it satisfies
the assumption of Lemma 2.4.

Recall that a curve T is said to satisfy the chord-arc condition if there exists
a constant k > 0 such that |s; — sa| < klt1 — 2] for all ¢; = #(s1) € T’ and
to = t(s2) € T with k£ > 0 not depending on ¢; and ts.

Lemma 2.7. Let ' be a closed curve satisfying the chord-arc condition. Let 'y =
{telT: i St=xtaandTa={t €T :ta St <X t1} be two parts of T' between
arbitrary points t1 € T and to € T. If f(t) € H¥(T'1) and f(t) € H*(T'2) where
w e W and w(Ah) < Cw(h) for any A > 1, and f(ty —0) = f(tx +0),k = 1,2,
then f(t) € H(T).

Proof. Estimation of the difference f(t) — f(7) is obvious when ¢,7 € I'y or ¢,7 €
Iy. Let t € T'; and 7 € T'p. It suffices to estimate |f(¢) — f(7)| in a neighborhood of
the point ¢ or the point to. We have | f(t)— f(7)| < |f(t)— f(t1—0)|+|f(7)— f(t1+
0)] < clw(|t—1t1]) +w(|T —t1])]. Since w is an almost increasing function, we obtain
[f(t) — f(7)] < cJw(s) +w(0o)] < ciw(s + o), where s and o are the arc lengths of
the points ¢ and 7 counted from ¢; (in the opposite direction). Since I" satisfies the
chord-arc condition and w(Ah) < Cw(h), we get |f(t) — f(7)| < cw(|t — 7). O

Remark 2.8. Lemma 2.7 is obviously valid also for an open curve with two subarcs
Fl and FQ.
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We need also the following lemma on multipliers in the space H§ (', p) which
was proved in [35]. We say that a point ¢y € T' is not a whirling point of T, if
sup rer |arg(t — to)| < oo.

t#£tg

Lemma 2.9. Let ' be a curve satisfying the arc-cord condition, o € R, v € C, and

Hg (T) be the space related to the point tg € T'. The functions e*®28(t=to) [t o[

(t=to)? (10" here s = s(t) is the arc length of the arc {to,t}, are multipliers in

[(t—to)7]” s
Hg(T). If to is not a whirling point of T, then the functions e®*&(t=t0) é:;‘lﬂ%vw ,
(t—to)”

JReny  TE multipliers as well.

Let II = {t1,t2,...,t,} be any finite set of points on I' and p(¢) any non-
negative function on I' vanishing only at the points of the set II.

Definition 2.10. By HY' (T, p),w € W, we denote the space

HE(T.p) = {u(t)w(t)u(t)eﬂwm | Jim [p(Hu()) =0, teTy, k:l,...,n}

where t;, € T" are the points at which the non-negative weight function p(t) van-
ishes.

Equipped with the norm

- B w(pf,h)
1 fll g 0,y = lof e @y = lofllea + b wh)

this is a Banach space.
As in [34], [37] and [38], we restrict ourselves to the weights p(t) of the form

n
pt) =[] we(t —tx); itk €T, k=1,2,...,n, (2.2)
k=1

where ¢ (x) € 2N K, the class K defined in (2.6).

2.1.3. Weight functions. Let & > 0 and 5 > 0. We find it convenient to use the
following notation for some classes of weight functions:

we = {(p ew: ;po(fz is a.i. for any & > 0} , (2.3)
Wg = weW'¢(x) is a.d. for any ¢ >0 (2.4)
3= Lo g d. y .
In Theorem 2.14 and Corollary 2.17 we show that
o, = |J wenwp (2.5)
0<a<pB<s

We also denote

W = {@ cW: ‘px(f) is a.i.} CW®, Ws= {w cw: ‘px(”“") is a.d.} c Ws,
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Vg = {w eWw: f(x) is decreasing for any ¢ > O} C Wps

B+e
and
K ={eew:le@ e <ol (2 + UL )
Remark 2.11. It can be shown that V3 C K; when 0 < 8 < 1, the inequality in
(2.6) for ¢ € V3 is valid even in the form |p(z) — p(y)| < |z — y| min { “’f), “’;y)}

(see [31], p. 9).

2.1.4. Curves. We shall deal with curves of Lyapunov type. Since our consid-
eration is within the framework of the generalized Holder setting, it is natu-
ral to assume that the curve I' is also a generalized Lyapunov curve. We say
that a curve I' = {t = t(s),0 < s < £} is a generalized Lyapunov curve (GLC), if
t'(s) € H*([0, £]) with some p(h) € W. Everywhere below, in dealing with GLC’s,
we assume that

w(h) € W is subadditive and ,u(hh) is almost decreasing. (2.7)

2.2. Characterization of functions w € ®, in terms of their indices m,, and M,
2.2.1. Upper and lower indices of functions w € W.
Definition 2.12. Let w € W. The numbers

. w(zh
n [hm’HO w(<h>)} .
my, = sup , M, = inf
z>1 In = z>1 In x

In [limhﬁo u;(zvh};):|

will be referred to as the lower and upper indices of a function w(x) € W. We call
a characteristic w(z) equilibrated, if M,, = m,,. These indices were introduced for
functions w € W in such a form in [34], [37], where they are used to characterize
the validity of the Lozinski conditions [2]. In fact they are the Matuszewska-Orlicz
indices introduced earlier in [28] in a slightly different setting (see also [26], p. 20).

Note that the indices m,,, M, may be expressed in terms of the upper limit

Q(z) = lim “@h) o well (this fact was drawn to our attention by A. Karlovich).
h—o w(h)

Submultiplicativity of Q(z) (see [23], p. 75, or [3], p. 13), yields the following
representation of the index numbers m,, and M,:

In Q(x) . In Q(x)

Mo = 021;21 In x - :cli% In x
M, — inf In Q(z) ~ im an(x)'
z>1 In x z—oo In x

Note that 0 < m, < M, < oo for w € W (compare this with (2.9)).

Remark 2.13. Tt is easily seen that for wy(z) = “’w(f) one has

My, = My — A, M,, =M, — A\ (2.8)
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The following statement characterizes the class @ in terms of the indices m,,
and M. A proof may be found in ([37], p. 125; see also [34]) for s = 1 and [17]
fors=1,2,....

Theorem 2.14. A function w(x) € W([0,¥]) is in the Bari-Stechkin class ®5 if and
only if
0<my, <M, <s, (2.9)

and for w € ¥4 and any € > 0 there exist constants ¢y = c¢1(e) > 0 and ¢c2 =
ca(g) > 0 such that

crpMete < w(x) < cox™eF, 0<x </ (2.10)

Besides this, condition (Z) is equivalent to my, > 0 and yields the first inequality
in (2.10), while condition (Zs) is equivalent to M, < s and yields the second
inequality in (2.10).

A statement similar to (2.9) was known in another situation — for similarly de-
fined indices of increasing unbounded functions w defined on (0, o) in the context
of the Orlicz type spaces ([27], p. 90).

2.2.2. The indices m,, and M,, as bounds for (S) and (S;).

Lemma 2.15. ([37], p. 125, [34] for s = 1 and [17] for arbitrary s > 0). Letw € W.
If w € Z, then wx(f) is almost increasing for any o < my,. If w € Z;, then “Jx(;”) i
almost decreasing for any 8 > M,,.

S

The following lemma provides a converse to Lemma 2.15.

Lemma 2.16. Letw e W. Ifw € Z and ww(f) is almost increasing for some o > 0,

then m, > a. If w € Z5 and “’w(;”) is almost decreasing for some 0 < (3 < s, then
M, <pg.

Proof. Let w € Z. Suppose to the contrary that m, < «. Then the function

wi(z) = “® is also almost increasing and w;(0) = 0 since m,, < a. Therefore,

wy € W. But the function “’;5@ = “;(f), 01 = a — my, is almost increasing, that is,
the function wq(z) satisfies condition (S) of Subsection 2.1. Then, by Lemma 2.3,
the function wq(z) satisfies the (Z)-condition. Therefore, m,,, > 0 by Theorem
2.14, which is impossible since m,,, = m, —m, =0 by (2.8).

The statement M, < ( is similarly obtained. O

From Lemmas 2.15 and 2.16 the following important statement follows.

Corollary 2.17. ([17]) For any function w € Z the lower index m,, may be calculated
by the formula

w(x)
xa

my, = sup {a >0: is almost z'ncreasz'ng} , (2.11)
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while for any w € Z the upper index M, is calculated by the formula

M, = inf {ﬁ €(0,s): w(;c) is almost decreasing} .
x

2.3. Examples of oscillating (non-equilibrated) characteristics w € ®

Examples of equilibrated characteristics w are easy to find. Besides the trivial
examples w(z) = 2} w(z) = 2* (ln;)a, 2> (Inln ;)a, 0 < XA < 1, for which
m, = M, = A, one may also find others in [41]. Examples of monotonic non-
equilibrated characteristics belonging to ®, are less trivial [41], [42].

2.3.1. Examples of non-equilibrated characteristics w € W. It is easy to give suf-
ficient conditions for a function w € W to be non-equilibrated. For instance, if

ar’ <w(r) < ez, 0<a<fB<l, (2.12)
and there exist sequences a,, — 0, b,, — 0 such that
w(bp) = c1by,  w(an) = caay, (2.13)

then w is non-equilibrated. Indeed, under conditions (2.12)-(2.13) we have m,, < «
and M, > 3. However, conditions (2.12)—(2.13) do not guarantee yet that w € ®,,
because it may happen that m,, = 0 and/or M, > s.

An example of a function w € &, with different indices m,, and M, was
given in [1]; in the context of submultiplicative convex functions another example
of functions with different Matuszewska-Orlicz indices was given in [24], the latter
example may also be found in [26], p.93.

Below we briefly dwell on an explicit construction of a family of non-equili-
brated characteristics w € ® which generalize the example from [1]. This family is
studied in detail in [41].

2.3.2. On a class of functions oscillating between z° and z®. Let

el Ay <1 < r<a1<a=1 and lim a, =0

n—oo

Given 0 < a < 8 < s, we introduce a function

B if
Con+12", if x € [agnt2, G2n+1],

w(z) = . 2.14
(@) { Cop T, if € laant1,a0,], n=0,1,2,... ( )
where we take ¢y = 1 and subsequently choose c1, ca,. .. in such a way that w(x)

is continuous. Then

B—a B—a
apazGy - - - A2n apa2G4 - - - A2n
Con = y Cop41 = , n=20,1,2,3,...
a1a3 - A2n—1 aiag - - a2n41
(2.15)

and

Con = aby “Con—1, Con = ag;flchH, Cont2 < C2n, Cont1 > Con-1.  (2.16)
We call any function of form (2.14)—(2.16) an («, 8)-function.
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Observe that, conversely, given any decreasing sequence cs, > 0 and an

increasing sequence cg,11 > 0 with the property lim 6262"1 = 0, there exists the
n—oo €2n—
partition {...,an,an-1 ...,a1,a0}, a, — 0, for which the corresponding («a, 3)-

function has the given coefficients ca,, and cop41:

1 1
Con B-e Con B-e
a9n = ( ) y a2n41 = . (217)
Con—1 Con+1

It is easy to check (see [41]) that any (a, 8)-function w with 0 < a < 8 < s
belongs to @, and has the properties

a?fﬁxﬁgw(x)gx“, 0<z<1, and m,>a, M,<p8.
In [42] the following statement was proved.

Theorem 2.18. Let A > 1 and u,, and v, be arbitrary positive increasing sequences
with lim w, = lim v, = co such that

n—oo n—oo

lim (v, — up) = lim (Up — Vp—1) = 0.
n—oo n—oo

Set
con=e"", o=t
and the corresponding points a,, calculated by formulas (2.17) with0 < o < § < 1.

Then («, B)-functions w(x) functions may be constructed such that

My, = Q and M, = 0.

3. Boundedness of the singular operator S in the spaces Hy (T, p)

In [31], [32], [34], [37] the following two statements were proved, one given in terms
of Zygmund conditions (Z) and (Z1), another in terms of the indices m,, and M,,.
Let

W= {o € W :3a € (0,2) such that #le) is a.d.} (= Z2).
x()t

Theorem 3.1. ([33], Th. 2/, p. 8; [37], Th. 8.5). Let
(i) w(h) € B;
(ii) the curve I be a GLC satisfying assumptions (2.7) and the condition
p(h)(1+|Inhl]) <cw(h), 0<h<{;

(iii) the weight function p(t) have the form (2.2) where @i € WﬂK .
Then the operator S is bounded in H§ (I, p), if there exist functions a(x),b(z) € W
such that

(1) 4 €2, ) ez

(2) the functions ¢, and ﬂ’“('(w)

are almost increasing;
)

(3) the functions 5283 are almost decreasing, k=1,2,...,n.



Singular Integral Operators in Weighted Spaces 333

As a consequence of this theorem we have

Theorem 3.2. ([32], Th. 2/, p. 10; [37], Th. A, p. 111). Let conditions (i) and
(ii) of Theorem 3.1 be satisfied, and the weight function p(t) have the form (2.2)
with g, € W N Wa, NK,0 < ar < 2,k = 1,2,...,n. Then the operator S is
bounded in the space HY (T, p), if

M, <ap,<l4+m,, k=1,2,...,n.

Theorem 3.2 in the case of the usual Holder spaces with w(h) = h*, 0 < A <
1, and power weights ¢ (z) = £** is due to R. Duduchava [6] (where boundedness
of the singular operator was proved on smooth curves).

Now we wish to show that a statement more general than that given in
Theorem 3.2, follows from Theorem 3.1. Namely, the following reinforcement of
Theorem 3.2 admitting oscillating weights is valid.

In the sequel for ¢ € o = O4|,_, we denote

: ek (zh)
o - In [hmh—>0 Jk(h)} - { ) w(x) . . }
k i= My, = Sup =supqa>0: is a.i.
z>1 In z Jied
and
In [limhﬁo Apk(xh)}
P enh) | _ enl@)
Br = My, —;r;fl In o = inf {6>0. o8 is a.d.}
so that

O<ap <pPr<2,k=1,2,...,n.

Theorem 3.3. Let conditions (i) and (ii) of Theorem 3.1 be satisfied, and the weight
function p(t) have form (2.2) with ¢ € @2 K. Then the operator S is bounded
in the space HY (T, p), if

M, <ap<pBpr<l4+m,, k=1,2,....n. (3.1)

Proof. Obviously, i € W™ for any vx > Ok. Therefore, it suffices only to check
conditions (1)—(3) of Theorem 3.1.
To this end, we choose a(r) = z™~~¢ and b(z) = zM¢ with ¢ > 0
wx) w(z)
a(ﬁc)ac‘sl — pmw—etdy

under the choice §; < e by (2.11). Also “(@) ¢ Z by Lemma 2.3. Similarly,

a(x)

is almost decreasing under the choice J2 < &, implying

sufficiently small. Then the function is almost increasing

zw(x) _ w(x)
b(x)zl=d2 T gMw—dz+e

ww(@) oz by the same Lemma 2.3.

b(z)zl—92
Checking condition (2) of Theorem 3.1, we see that by = &

; ; : or(@) _ er(x) . . . a
viously increasing and b(z) = zMote 1S almost increasing since ¢ € W and

l=mute ig ob-

ar > M, + e (under the choice ¢ < ay — M,,). Similarly, for condition (3) we

observe that the function i{’;gg = xmfif,w is almost decreasing since ¢, € Wpg,

and By < 1+ m, — ¢ (under the choice € < my, +1 — ). O
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Remark 3.4. In connection with the assumption ¢ € ®o() K of Theorem 3.3,
observe that according to Remark 2.11 one need not check the condition ¢ € K
if one knows that “D’;(f) is decreasing for some b > 0, not just almost decreasing.

Theorem 3.6 below gives some indication as to whether the bounds for oy
given in (3.1) are also necessary for the operator S to be bounded in the space
Hg (T, p).

First we introduce some definitions. An open set £ C [0,¢] with 0 € E
will be called thick near the origin if [ gf = oo for any v > 1. Obviously, a set

E

E =U>_i(am,by), where b1 < am < bppy,m=1,2,3,.... and lim b,, =0, is
m—0o0
oo
thick in the above defined sense if and only if > (a}, — b,lj ) = oo for any p > 0.
= e 8

Let E,(g,¢) ={z € [0,{]: w(z) > cxm““; where ¢ > 0 may depend on ¢.

Definition 3.5. By ®* we denote the subset of functions w € ® such that for every
€ > 0 there exists ¢ = ¢(¢) such that the set E,, (g, ¢) is thick near the origin, while
by @, we denote the subset of functions w € ® such that for every e > 0 there
exists a sequence x,, — 0 with the property w(z,) < CzMe=¢ C = C(e).

Evidently, any equilibrated characteristics w € ® is in ®* N P,.

Theorem 3.6. ([42]) Let I' be a GLC with p(h) < cw(h) and let p be the weight
(2.2) with ¢ € ®o, k=1,2,...,n. For the operator S to be bounded in the space
Hy (T, p) with w € @, it is necessary that ar, < My, + 1 and B, > my,, k =
1,2,...,n.

In the case w € ®*, it is necessary that a, < my, + 1 and By > my, and in
the case w € ®,, it is necessary that a, < M, + 1, B > M, k=1,2,...,n. In
particular, when w € ®* N D, it is necessary that

ar <my+1, g >M,, k=1,2,...,n.

Proof. Case 1: a, < M, +1 or a, < my, + 1 when w € ®*.
Let

folt) = f((:)) with  (t) = w* (H It — tk|> , tel (3.2)

where w*(h) is the function defined in (2.1). The function fy(t) belongs to Hy (T, p)
according to Corollary 2.6. However, this function is not integrable when ayj >
M, +1 (or ap > my, + 1 and w € ®*). To show this, we observe that fo(t) ~

:Elij’;lg as t — t. Since fj,ff)e is almost increasing, we have g (x) < cx® ¢ and

then for ¢ in a neighborhood of the point ¢ we obtain
t—1t
) 3 ¢ St ¢

|t — tk|°‘k_€ - |t _ tk|°‘k_Mw_2€
according to the left-hand side inequality in (2.10). Therefore fy(¢) is not integrable
when ay, < M, + 1 (choose 0 < 2¢ < a, — M, — 1).

(3.3)
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Let now ap > my, + 1 and w € ®*. Then we have to modify the estimation
from below made in (3.3). Let Ex(T, ) be the portion of the curve I' defined by
Ey(Tye) ={t €T :|t—tx| € E,(e,c)} where ¢ = ¢(e) is chosen in accordance with
Definition 3.5. Obviously, |Ex(T',¢)| > |E, (T, ¢)|, where |E(T, )| stands for the
arc length of the set Ei(T',¢). Then by the definition of the class ®*, instead of
(3.3) we have

w(|t — tg]) / |dt|
> >
/|f0(t)| ldt| ZcC / |t _ tk|ak75 |dt| ZcC |t _ tk|ak7mw72s’
T

Er(Tye) Ey(Tye)

the last integral being divergent when ay > my, + 1 (take 2e < o, — my, — 1), by
the definition of the class ®*.

Therefore, Hy(T',p) € L1(T) if ays > M, + 1, or ap > my, + 1 and w € ®*
and consequently the operator S cannot be bounded in the space Hg (T', p) in these
cases.

Case 2: 0, > M,,, or Bx > m,m in the case w € ®,.
Suppose that B < M,. We choose

t—tg

FoO= 1~ oo s
where t(t) is the function from (3.2). The function fy(t) is in the space Hg (T, p).
Indeed, p(t)fo(t) = ‘i:ii‘ t,(ls)w(t), where both ﬁj’;l and t,(ls) are multipliers in
this space, the former by Lemma 2.9 and the latter by the fact that ¢'(s) # 0,
the property ¢'(s) € H*(T') following from the assumption that T" is a GLC with
u(h) < w(h).

However, Sfy is not in HY (T, p) when O, < M,,. To prove this, we observe
that

e(t)

(s = . | |t_if|)p(t) ds £0
T

since ¥ (t) > 0. Suppose now that Sfy € H§ (T, p). Then p(t)(Sfo)(t) = or(|t —
tel)pr(t) (S fo)(t) € Hg (T'), where py(t) = 1:[1 ©;([t—t;|). This implies px ([t—tx|) €

ik
Hg (T') since (S fo)(tx) # 0 and pg(tx) # 0. Then w(pg, h) < cw(h). But w(pg, h) =
sup |ok(x) — ¢r(y)| > sup |pk(z)| > ch?+° where the last inequality is a
|z—y|<h lz|<h
consequence of the fact that f[fk(fg is almost decreasing. Hence
hPHS < cw(h) (3.4)

which is impossible when 8 < m,, according to the right-hand side inequality in
(2.10). Similarly, it is also impossible when 8, < M, and w € ®, by the definition
of the class ®,. O
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4. On compactness of operators in Hg (T, p)

We dwell on compactness results — within the frameworks of the spaces H* (T, p)
— for the operators of the form

o0 - | KO =KD 2y ar, (4.1)

T—1
r

where the function K(t,7) has some “generalized” Holder behavior, this com-
pactness playing a key role in the investigation of Fredholm nature of singular
operators.

Observe that compactness of operators with a weak singularity has been
more thoroughly considered. We refer to the book [11] on compactness results for
various kinds of operators in weighted Lebesgue or Orlicz spaces. Compactness
of the operators of form (4.1) in the usual Hélder space H*(T) corresponding to
the case w(h) = h*, when the function K(¢,7) has the Holder behavior, is known
from [29], see also [30]. Compactness of operators of form (4.1) in H¥(I") in the
non-weighted case was considered in [46]-[47]. The general case of weighted spaces
H* (T, p) was considered in [33], [36], [39]. We give a formulation of the most
general result for the spaces H¥(T', p) as found in [39].

Let

HOE(T X T) ={f @t 1) [f(t,7) = f(u,0)] < Alpa ([t — u]) + pa(]7 —v])]} (4.2)
where gy € W, uo € W and A > 0 does not depend on ¢, 7, u,v € T

Theorem 4.1. ([39]). Letw € ® and p(t) be the weight (2.2) with v, € P2 (K, k =
1,2,...,n, and let K(t,7) € H"#2(T' x I'), where

h
p1(h)(1 + |In h]) < cw(h), M]g ) is almost decreasing and po(h) < cw(h).

(4.3)
Then the operator T is compact in the space H¥ (T, p).

Corollary 4.2. The commutator aS — Sa of the singular operator is compact in the
space HY (T, p), where a € HY, w € ® and p is the weight (2.2) with ¢, € P2 K,
k=1,2,...,n.

5. Fredholmness of the operator N = AP, + BP_

In this section we will prove a Fredholmness theorem when both the characteristic
w(z) and the weight functions ¢y (x) are allowed to oscillate (Theorem 5.5). The
curve I' is assumed to be closed.
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5.1. On (w, p)-non-singularity (w, p)-index

5.1.1. (w, p)-non-singularity. The result on Fredholmness in H§ (T, p) of the oper-
ator N with piecewise continuous coefficients will use the notion of the (w, p)-index,
which generalizes the p-index introduced in [9] for w(h) = h* when m, = M,, = p.
The (w, p)-index, introduced below, is determined by the index numbers m,, and
M, of the characteristicw € ® = @1, (0 < m,, < M, < 1) and the index numbers
ok, Br, k= 1,2,... n, of the weight functions ¢y € ®3, 0 < ar < G < 2, and
plays the same role for the spaces H§ (T, p) as the (p, p)-index ([15], p. 62) does
for the weighted Lebesgue LP (T, p).

Let a(t) € PC(T") with jumps at the points t1,t2,...,t, € I' and a(T") be its
range. Following the ideas ([15]), we add some circular arcs (or “lunes”) to the
range a(I') to obtain a closed set. This set in general includes lunes which turn
into arcs when m,, = M,,. For any 6 € (0,1) we define

270, ifo<f<!
6(0) = o1 2
2r(1—-0), if ; <0 <1

For every point t; of discontinuity of a(t) we introduce two circular arcs ay(6})
and ay(0?) connecting the points a(ty — 0) and a(t; + 0) which have the angles
§(0%) and 6(6%), respectively, where i = ay, — My, 02 = B — m,, and where it is
supposed that

M, <ap,<fBpr<m,+1, k=12,...,n.

We make the usual choice ([15], p. 62) of two such possible arcs: running from
z— = a(ty — 0) to z4 = a(ty + 0) along the arc, the straight line connecting z_
and z_ is located at the left-hand side if Hi < % and at the right-hand side if
6, > 1, J =1,2. As is known ([15], p.63), the parametric representation of the
arcs a(07) is, for j = 1,2,

X J .
2 = alty-0)[1— fu©) +alts 10 fu(©),  fiue) = T T imapien (51
sin(m — 67)
where 0 < £ < 1.
Let now L, be the closed lune having the arcs ag(ar — M,,) and ag (B — muw)
as boundaries, that is, the set of points of the form (5.1) with Hi replaced by 6
running over all the values in the interval [0, 07] = [ag — Mo, B — my].
By aw,,(I"), where the weight p has form (2.2) with ¢ (x) € W N Wpg, we
denote by Ly the closed set obtained from the range a(I") by adding the lunes.

Definition 5.1. A function a € PC(T') is called (w, p)-non-singular, if 0 ¢ a,, ,(I').
An equivalent reformulation of (w, p)-non-singularity of a is inlﬁ la(t)] > 0 and
te

pk =, arg € (Bk —my — 1,a, — M) (mod 1). (5.2)
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5.1.2. (w, p)-index of a non-singular function a € PC(I"). For every (w, p)-non-
singular function a, the winding number of the set a, ,(I') is naturally defined.
This winding number will be called (w, p)-index of the function a and denoted as
indy, , a.

Remark 5.2. Obviously, for an (w, p)-non-singular function a the winding number
of the set a,, ,(I") coincides with the winding number of the closed curve obtained
from a(I") by adding just one of the arcs a(ax — M) and ay(Br —m,,) instead of

the whole lune L. Therefore, ind,, , a in the case of the weight p(t) = [] pr(|t —
k=1
tk]), pr € W N Wg,, is the same as the (p, p1)-index of a(t) with the weight

n

p1(t) = T |t — tg|"™, under the change of H;”“ by ay — M, or by Bx —m,, or by
k=1
any value in between (under preservation of the (w, p)-non-singularity of a).

Consequently, making use of the known formulas for the (p, p)-index ([15],
p. 66, or [45], p. 134, see also [18], p. 17), we arrive at the following formula for
the (w, p)-index

m
ind, , a = 217r /darg a(t) — Zuk (5.3)
F k=1
where the numbers uy defined in (5.2) are chosen in the interval gy — m, — 1 <
e <ap—M,, k=1,2,....m.
To reformulate the (p,p)-index in terms of the Cauchy index, we use the
standard procedure [12] of multiplication of a piecewise continuous function a by
a power function to obtain a continuous function:

t n
ao(t) == alt) C(T), Aa(t)=JJt—20)", =2 €intT, (5.4)
k=1
where (t — 2)7 is the power function defined by the cut from 2 to infinity which
crosses I' only at the point tj, and
1 a(tk - 0)
= = 1 .
Te=wla) = o o)
The function ag(t) is continuous on I" independently of the choice of a branch of
the logarithm. From the known results on (p, p1)-index [15] and Remark 5.2 there
follows a relation between the Cauchy index (winding number) of the function
ap(t) and the (w, p)-index of the function a(lt):

1
—ind, , W ind ao, (5.5)

n
where it is assumed that w € ®, p(t) = [ @t — tx|), ox € P2, M, < ap <
1

Br < my + 1, the function a(t) is (w,p)—no;l—singular, and the numbers Rey;, =
1 a(tkfo)

o ATG (1 4oy AT€ chosen in the interval (8 — my — 1, ap — M,,).
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5.2. On the imbedding H§ (T", p) C LP(T, p1)
Weighted spaces H¢ (I, p) may be imbedded into weighted Lebesgue spaces

() =4 /- / PO |dt] < oo

T

Theorem 5.3. ([42], Theorem 6.5) Let T' be a Jordan curve, w € ® and p be the
weight function (2.2) with ¢ € W and such that ¢p(x) > cx™ A\ € RY k=
1,2,...,n. Then
HZ(T,p) € LD, 1), 1< p< oo, (5.6)

n
where p1(t) = [ |t —te|™ and v, > p(Ay —my) — 1, k=1,2,...,n.

k=1
Proof. Let n = 1 for simplicity. (The case of multiple points is treated by intro-
ducing the standard partition of unity.) Let f € H§ (T, p) and ¥(t) = p(¢)f(t) €
Hg (). Then [¢(t)] = [¢(t) — ¢(t1)| < w(i, [t = t1]) < w(lt = a)[Yllmgr =
w(|t — t1|)HfHH61(1"7p), and we obtain

w([t —t1]) 1Nl 5 (0,
) < w <C o
|f( )| = (p(|t _ t1|) HfHHO (T,p) = |t _ t1|’7k—mu+€
by (2.10) and the assumption that ¢y (x) > cx™*. Since € is arbitrary, we arrive at
the imbedding in (5.6) under the condition v, > p(Ax — my,) — 1. O

5.3. The case of continuous coefficients

The Fredholmness of the operators AP; + BP_ in the space H{ (T',p) in the
case of continuous coefficients (A, B € H¥(I")) is obtained in the usual manner,
not depending much on the space under consideration, as seen by the following
theorem.

Theorem 5.4. Let A,B € H¥(T"), w € ® and the curve I' satisfy assumption (ii) of
Theorem 3.1. The operator N = APy +BP_ is Fredholm in the spaces H(T') and
H (T, p) with the weight (2.2) where pr(r) € ®2NK and M, < ap < O < my,+1,
if and only if A(t) # 0,B(t) # 0. In this case, its indez in this space is equal to »,

the winding number of the function ﬁ((?), and the defect numbers of the operator

N are s and 0, if 2 > 0 and 0 and || if, » <0.

Such a statement is well known for many other spaces, its proof follows the
same line as for the spaces H*(T'), for instance, since any a € H* is factorable
in the usual way with factors in H“. For the spaces Hy (T, p)), Theorem 5.4 may
be found in [37] (sufficiency) and in [38], Lemma 3.3 (necessity). Note that, as
usual, Fredholmness is a consequence of the existence of the regularizer ), (bPy +
a4+ P_) thanks to the compactness of the commutator a.S — Sa in H§ (T, p), see
Theorem 4.2.
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Note that the statement of Theorem 5.4 is also valid within the framework of
a class of arbitrary function spaces on I' in which the anti-commutant QS + SQ,
where (Qf)(t) = f(t), is compact. See Lemma 3.3 from [38].

5.4. The case of discontinuous coefficients

In this case we only have a sufficient condition for Fredholmness.

Theorem 5.5. Assume the following conditions hold:
(i) we ®;
(ii) a closed curve T' satisfies assumption (ii) of Theorem 3.1;
(iii) the weight function p(t) has the form (2.2) with pr(x) € P2 N K and

M, <o, <pBr<l4+mg, k=1,2,...,n.
Then the operator N with A, B € PH*(T") is Fredholm in HY (T, p) if
(1) infyer [A(t)| # 0, infier [B(t)| # 0,

(2) The function “g((:)) is (w, p)-non-singular.

In this case, the function “g((:)) is (w, p)-non-singular, the index of the operator N

in H (T, p) is equal to sege(r p)(N) = —indy,, g((f)), and the defect numbers of the

operator N are k and 0, if ¢ > 0 and 0 and |»| if 3¢ < 0.

Remark 5.6. It is natural to expect that conditions (1)—(2) of Theorem 5.5 are
also necessary for the operator N to be Fredholm in H§ (T, p). However the proof
requires some new ideas. The difficulty is due to the impossibility of using ap-
proximations in the space H§ (T', p) which is not a separable space (see the proof
of necessity in the case of equilibrated characteristics and non oscillating weights
in [38]).

5.4.1. Model representations. We follow the standard procedure of reducing the
problem of Fredholmness to that of a model operator with power type discontin-

n
uous coefficient. Let A(t) = Ay(t) = [] (t — z0)" be the power function intro-
k=1

duced in (5.4), where we take a(t) = “g((f)) and ao(t) = X((g The function ag(t) is

continuous on I' independently of the choice of a branch of the logarithm. Then
ap(t) € HY(T') by Lemma 2.7. We put

Aj(t)
A ()
where A (t), t € T, are the limiting values of the functions A (2) = (z — )",
A (2) = (Z*t’“ )W, analytical in Dt =int I’ and D~ = ext I, respectively.

(t — 2z0)" = , k=1,2,...,n,

t—zo
Under appropriate conditions we can write

Nf = a(t) (cl n dA+SA1+> (Py +AP.)f (5.7)
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where At (t) = [[i_, Af(t), c(t) = 1+‘12°(t), d(t) = 17‘120('5). The following lemma
justifies the validity of (5.7) for ¢ € H¥ (T, p). (See Lemmas 10.1 and 10.2 in [38]
and [42], Lemma 6.8.)

Lemma 5.7. Under the assumptions (1)—(iii) of Theorem 5.5, the representation
(5.7) is valid for ¢ € HY (T, p) under the choice

M, —ar < Revp <14+my, — 0k, k=12,...,n. (5.8)

Proof. First we observe that all the operators involved in (5.7) are bounded in
the space HY (T, p). Thus, d(t) and v(t) are obvious multipliers in H* (T, p) and
a(t) and A(t) are multipliers in H§' (T, p) by Lemma 2.7. The operators Py are
bounded by Theorem 3.3. The boundedness of the operator A*S \l in H§ (T, p)
is equivalent to that of the operator S in the space HY (T, p), where
5) = A p(t) = T — te)™en(]t — te]).
k=1
Since I" has no whirling points, by Lemma 2.9 we conclude that

Hg (L, p) = H§ (T, po), where po(t) = [] It =t o ([t — ti]).
k=1

Here zR¢7% ¢y (x) has the index numbers equal to ax + Rev, and B + Revyg.
Therefore, by Theorem 3.3 the operator S is bounded in the space H§ (T, po) if
M, < ap + Rey, < Bk + Revyir < my, + 1, which is our condition (5.8).

To show that representation (5.7) is valid on Hg' (T, p), we first note that it is
valid, as is known, on “nice” functions ¢(t). This is not yet sufficient, although all
the operators involved in (5.7) are bounded in H§ (T, p), since no set of functions
(different from HE (T, p)) may be dense in HY (T, p). To fill in the gap in the
argument, we make use of the imbedding (5.6). Since rational functions are dense
in L,(T, p1), 1 < p < o0, vy > —1 (see for instance [14]), it suffices to guarantee
boundedness of S and ATS !, in L, (T, p1) which requires the condition

“l<y,<p-—-1 (5.9)
for the operator S, and the condition
—1<vy+pRevk<p—1, k=1,2,....n (5.10)
for the operator ATS !, see [14]. It remains to show that both these conditions
on vy, are compatible with the condition
v >pAk—my)—1, M\=0k+e, €>0, (5.11)

of Theorem 5.3. Conditions (5.9) and (5.11) are compatible since G — m, < 1.
Conditions (5.10) and (5.11) are also compatible because p — 1 — pRe vy, > p(0Bk —
my) — 1 < Revy, < 1+ my, — B, the latter inequality being satisfied by (5.8).
Thus, it remains to choose any vy in the non-empty interval

p(Br —my) — 1 <y <min(p —1,p— 1 — pReg).
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For such a choice, representation (5.7) is valid on L,(I', p1) and then it is
valid on HY' (T, p) by (5.6). O

Lemma 5.8. ([42], Lemma 6.9) Under assumptions (i)—(iii) of Theorem 5.5 and
condition (5.8), the operator Py + AP_ is invertible in HY (I, p).
Proof. The equalities

1
A

1

AT <P+ + A

P—) o (P AP = (Pt AP A (P+ + P_) =T

(5.12)
are well known (see [15]), being easily verified on nice functions. Extension to
H (T, p) can be done in the same way as in the proof of Lemma 5.7, basing on
the imbedding (5.6). Hence the invertibility of the operator Py + AP_ in HZ (T, p)
follows by the boundedness in H§ (T, p) of all the operators involved in (5.12). O

5.4.2. Proof of Theorem 5.5. We use Theorem 5.4, and Lemmas 5.7 and 5.8. Since
a(t) = “g((g is (w, p)-non-singular, by (5.2) we can choose the numbers Re~y, =

217r arg Zgi:fgg in the interval (ax — my, — 1, — M,,). Then by Lemma 5.7, the

representation (5.7) is valid. To obtain the statements of Theorem 5.5 for the
operator N = AP, + BP_, it remains to refer to Theorem 5.4 and Lemma 5.8.
In particular, to arrive at the formula for the index, we observe that by (5.7) and
Lemma 5.8

. 1 :
Ind N =ind <cI+dA+SA+) = —ind ao(?)

and then the formula for the index follows from (5.5).

6. Singular integral operators with a shift in the spaces Hy (I, p)

Finally we mention results obtained on Fredholmness of the singular integral op-
erators

Ne: = a(t)p(t) +b()plat)] + c(t)(Sp)(t) + d(t)(Sp)la(t)], tel  (6.1)
T is a a closed or open curve and a(t) a Carleman shift on I':
ala(t))=t, teT,

and a(t),b(t), c(t),d(t) € PH*(T).

The Fredholm nature of operators (6.1) in weighted Lebesgue spaces LP(T, p)
is well known, see for instance, [14]-[15] for operators without shift and [13], [18],
[22], [25], for operators with Carleman shifts. In the case of the spaces H§ (T, p)
the question of Fredholmness was open even in the case of the usual Holder spaces,
that is, w(h) = b, 0 < XA < 1).

The result on Fredholmness given below concerns the case of non-oscillating
(equilibrated) characteristics and non-oscillating weights.

The results of this section appear in [40].
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6.1. Assumptions
We assume that the following conditions are satisfied:
(i) conditions on w(h): w € ®, my, = M, ;
(ii) conditions on the curve: T' is a GLC with p(x) satisfying the assumptions in

(2.7) and condition sup 523 (1+ [Inz|) < oo
z€10,4]

(iii) conditions on the shift a(t): a(t) € CY(T) and o/(t) € HY(T) where v(x)
satisfies the same conditions as v(z);

(iv) conditions on the weight: the weight p(t) has the form (2.2) with ¢ (z) €
®o N K with ap = Fr and my, < ap <14+my,k=1,2,...,n;

(v) conditions on the coefficients: a,b,c,d € PH“(T") with discontinuities at the
points t1,...,tm, a(t1),...,a(ty); in the case where the shift changes the
orientation on I', we assume that its fixed point(s) do not coincide with any
of the points t1,t2,...,tm.

6.2. Notation
Let

At) = a(t) +c(t), B(t) =b(t)+d(t), €(t)=a(t)—-c(t), D(t)=0b(t)—d(¢).
We use the standard notation
A(t) = A()E(t) — B()D(1), (6.2)
A= ﬁ(t) () = BEH)B(H), A(t) = CHEE) —DOD(H),  (6.3)
where (t) = Ala(t)], B(t) = Bla(t)] ete, and also
Ay (t) = BCE) —AW)D(L), A_(t) = AN)D(E) — BHE®E).  (6.4)
Let also
1 At) Ayt 1 A(t)  A_(t)
0= ey (2% an ) 0= a (2% 56
under the assumption that Ay(t) # 0, A(¢t) # 0.

As usual, we have to distinguish the cases where the shift «(t) preserves or
changes orientation on I'. We put

M(t) = {M+(t), if the shift changes orientation

M_(t), if it changes orientation.

6.3. Fredholmness theorem

In Theorem 6.1 below the curve I' may be closed or open. In the latter case the
shift may only be orientation changing on I' and the end-points of the curve are
assumed to be included into the weight (2.2). In this case, in notation (6.2)-
(6.4) one should take into account that A(t; —0) = C(t1 —0) = A(ty, +0) =
Ctm+0) =1, B(t; —0) = D(1 —0) = B(tm +0) = D(t,, + 0) = 0 and
Aq(t1 —0) = A1(tm+0) = Ag(t1 —0) = Ag(tm +0) =1, A(t1 —0) = A(t,, +0) =
1, Ai(t1 —0)=Air(tm +0)=0.
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The notion of (w, p)-index (see (5.3)) is used in Theorem 6.1 below. The + sign
in (6.5) corresponds to the case of preservation of orientation, and — corresponds
to the case when «(t) changes orientation.

We have the following statement on Fredholmness of (6.1):

Theorem 6.1. Suppose assumptions (1)—-(v) are satisfied.
Then the operator N defined in (6.1) is Fredholm in the weighted space
HE (T, p) if and only if the following matriz singular operator

N:<al+cS bI:I:dS)

bl +dS al +£cS (6.5)

is Fredholm in the space
Hg (T, p) = Hy (T, p) x Hy (T, p),
in which case
Indrg (p) N = § Ind oo, N.
The operator (6.5) is Fredholm in HSJ’Z(F,p), if
(1) inlﬁ |A;(t)| #0,5 =1,2, in case the shift preserves orientation, and
te
tinlﬁ |[A(t)| # 0 in case the shift changes orientation;
€
2) arg 2B 2 or aE — My, mod 2w), k= 1,2,...,m, where ) are the
1,2 1,2
eigenvalues of the matriz M~1(t; + 0)M (t, — 0).
Under conditions (1)—(2),

1, Aq(t)
Indger ) N = — 5 ind, , As(t)
in case a(t) preserves orientation and
1, Ala(t)]
IndHO“(F,p) N =— 9 indy,, A(t)

in case it changes orientation.

We refer to [40] for the proof of Theorem 6.1.
Note that in the paper [48] which recently appeared, algebras of singular
operators with shift were considered in the usual Holder H*-spaces with weight.
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Poly-Bergman Spaces and Two-dimensional
Singular Integral Operators

Nikolai Vasilevski

Abstract. We describe a direct and transparent connection between the poly-
Bergman type spaces on the upper half-plane and certain two-dimensional
singular integral operators.
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1. Introduction

We show that there is a direct and transparent connection between the poly-
Bergman type spaces and certain two-dimensional singular integral operators.
Recall that the poly-Bergman spaces A2 (II) and Ki(l’[) on the upper half-
plane II, of analytic and anti-analytic functions respectively, are defined as the
subspaces of Lo(IT), endowed with the standard Lebesgue plane measure dv(z) =
dxdy, z = x + 1y, and consist of functions satisfying the following equations

a\" 1 o . a\"
<82) 7 on <3x+18y> »=0 nel,

a\" 1 a o\"
(82) 77 on <8x_18y> p=0 nek,
respectively.

We introduce as well the following singular integral operators bounded on
L2 (H)

and

Snee) == [ a0

This work was partially supported by CONACYT Project U40654-F, México.
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and its adjoint

Lfe(Q)
Sie)(z) = — / dv(¢).
o) = [ O a0
A. Dzhuraev [4, 5] showed that for a bounded domain D with smooth bound-
ary the orthogonal projections Bp , and Bp , of La(D) onto the spaces A2 (D)

and A2 (D), respectively, can be expressed in the form
Bun=1—-(Sp)"(Sp)"+ K, and  Bpn,=1—(55)"(Sp)" + Kn,

where K,, and K,, are compact operators. Recently J. Ramirez and I. Spitkovsky
[8] proved that in the case of the upper half-plane II the compact summands K,
and K, in the above formulas are equal to zero. Using this result Yu. Karlovich and
L. Pessoa [7] described the action of the operators S and S} on the poly-Bergman
spaces, obtaining the statements of Theorem 3.5 below.

In this paper we propose another, more direct and transparent, approach
to the problem, which follows the ideas of [9, 10] and gives precise information
about the structure of S and Spj. In Section 2 we present necessary facts from
[9, 10]. The core result of the paper is contained in Theorems 3.1 and 3.2 and
gives a simple (functional) model for the operators St and Sjj: each of them is
unitary equivalent to the direct sum of two unilateral shifts, forward and backward,
both taken with the infinite multiplicity. This fact permits us an easy access to the
majority of the properties of these operators. The most important properties, in
the context of the paper, are given by the subsequent Theorems 3.5 and 3.7.

2. Poly-Bergman spaces

Let II be the upper half-plane in C, consider the space Lo(IT) endowed with the
usual Lebesgue plane measure dv(z) = dxdy, z = = + iy. Denote by A%(II) its
Bergman subspace, i.e., the subspace which consists of all functions analytic in II.
It is well known that the Bergman projection Bp of Lo(II) onto A?(II) has the

form
Brg)e) == [ ) o)

In addition to the Bergman space A2 (IT) introduce the space .A2(IT) as the subspace
of Lo(IT) consisting of all functions anti-analytic in II.

Further, analogously to the Bergman spaces .A%(II) and AZ(IT), introduce the
spaces of poly-analytic and poly-anti-analytic functions (see, for example, [1, 2, 4,
5]), the poly-Bergman spaces.

We define the space A2 (II) of n-analytic functions as the subspace of Lo (1)
of all functions ¢ = p(z, z) = ¢(z,y), which satisfy the equation

ON' 1 (0 0\,
82) T om \ox Tlay) P
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Similarly, we define the space .Z% (IT) of n-anti-analytic functions as the sub-
space of Ly(IT) of all functions ¢ = ¢(z, z) = ¢(x,y), which satisfy the equation

ON'__ 1[0 N,
92) 7 o \ o Oy L

Of course, we have Af(l}) A2(I1) and A2(I1) = A2(I0), for n = 1, as well as
AZ(IT) C A2 (IT) and A2 (II) C-An+1( ), for each n € N.
Finally introduce the space .A2n (TT) of true-n-analytic functions by

for n > 1, and by A(1)( ) = A%(H); and, symmetrically, introduce the space

.A?n)( ) of true-n-anti-analytic functions by
A(n)( ) = A%(I) & A%, (1),

for n > 1, andbyA (I ) = A2(10), for n = 1.
We have, of course,

GBAW and GBAW

To formulate the main result of this section we need more definitions. We
start by introducing two unitary operators. Define the unitary operator

U1 :F®I LQ(H) :LQ(R)®L2(R+) —>L2(R)®L2(R+), (1)
where the Fourier transform F': Ly(R) — La(R) is given by
1 A
FN@ =, | e @)

The second unitary operator
U2 : LQ(H) = LQ(R) & L2(R+) — LQ(R) ® L2(R+)
is given by

Y
(U20) (o, ) = ¢2|x| oo y0 ) )

Then the inverse operator Uy ' = Uj : La(R) ® La(Ry) — L2(R) ® Lo(R,) acts
as follows,
(Us o) (2,) = V22| p(a, 2]z] - y).
Recall (see, for example, [3]), that the Laguerre polynomial L, (y) of degree
n,n=20,1,2,..., and type 0 is defined by

Laly) = L) =0y o (e70)
- n! —y)k
= E:mm—kﬂ(ﬁ)’ y &R, )
k=0
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and that the system of functions
lo(y) =e 2L, (y), n=01,2,... (5)

forms an orthonormal basis in the space La(R).

Denote by L., n =0,1,2,..., the one-dimensional subspace of Lo(Ry) gen-
erated by the function ¢, (y).

The main result of the section reads as follows.

Theorem 2.1. The unitary operator
U = U2U1 : LQ(R) ® LQ(R+) — LQ(R) ® LQ(R+)

provides the following isometrical isomorphisms of the above spaces:

1. Isomorphic images of poly-analytic spaces

U : A%,)(II) — Ly(Ry) @ L1,
n—1

U : A[) — Ly(Ry) @ @ Ly,
k=0

U P A% I) — Ly(Ry) ® La(Ry).
k=1

2. Isomorphic images of poly-anti-analytic spaces

U : A,)(I) — La(R-) ® Ly_1,

n—1
U A1) — Ly(R-) @ €D L,
k=0

U : @A (1) — Lo(R_) ® La(Ry).
k=1

3. Furthermore we have the following decomposition of the space La(IT)

[ee)

LyI) = P(AG) (1) & A3, (1)

k=1

= DAL @ P A, ().
k=1 k=1

3. Two-dimensional singular integral operators

We introduce the following singular integral operators bounded on Lo (II):

o)== [ w0
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and its adjoint

oo = [ f_“j)Q av(C).

Note, that the operators S and Sj; are the restrictions onto the upper half-
plane IT of the following classical two-dimensional singular integral operators over
C =R?,

o) = L °(©) 4 anl s V(s = L °(©) 4
S ==, [ S an@ ama (o= [ A a0,

which are given in terms of the Fourier transform as follows,

Sge = F‘lgF and he = Sp = F‘lg

where ¢ = &+ in = (&, 1), and the Fourier transform F is given by

(PO = 5 [ e el duta),

F (6)

where z =z + iy = (z,y), and (- z = £z + ny.
By (6) these operators admit the following representations:

Su o= (I ®x+I)Sr2(I @ x41)

= Uex:D(Fer ) MFeFIex) @

§+in
and
Sio= (Texs DS @ xs)
—1 —1 § + i77
= IexthHF T @F )g_m(F@F)(f@X#),
where &, n € R, and the one-dimensional Fourier transform F is given by (2).
Let us introduce the following integral operators

Y

(Sef)y) = —fl)+et /Oye%fu)dt,
(S_fy) = —fly)+e /Ooe—éﬂt)dt,

which, as we will see later on, are bounded on Lo(R,) and are mutually adjoint.
As in Section 2 we will use the unitary operator
U=U,U; : LQ(R) ® L2(R+) — LQ(R) (024 L2(R+),
where the operators U; and Us are given by (1) and (3) respectively.

Theorem 3.1. The unitary operator U = UsU; gives an isometrical isomorphism
of the space La(Il) = [L2(R4) ® La(Ry)] @ [L2(R_) ® La(R4)] under which the
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two-dimensional singular integral operators St and S} are unitary equivalent to
the following operators

USnU™ = (I®S)e(I®S),
USpU™ = (I®S)e(I®S,).
Proof. By the representation (7) we have
Si = UiSuU;'=(Fe)Sn(F'aI)

1§ —in
= Iex; HIeF! I F)I @y ).
(I @ x+I)( )§+1?7( ) @ x+1)
The operator Us is unitary on both Lo(Ry) and Lo(R), and furthermore it com-
mutes with xg, I. Direct calculation shows that

. &E—1n 4 . %signx—in
U(I®F! IQFWU,;'=(IQF I®F).
e F ), e Py = (e F) e )
Thus
Sy = USHU_1=U251U;1
C1vg — i
= (i loxHUeF 1)%+in(I®F)(X+I®X+I)
2
1 gt
+ -Iex+)I®F )1_in(I®F)(XfI®X+I)
2
and
Sy = USRU!
L in
= (X+I®X+I)(I®Ff)1_in(I®F)(X+I®X+I)
2
1 ;_“7
+ Iex+ I ®F )] -n(I®F)(X~7®X+I)~

2
The symbols of the two convolution operators

1 1
~ —1 ~ 4+
So=r"2""p and S =F12""p

5 +1n 5 — M

which are obviously bounded on Ls(R), admit the following representations,
1 . . 1 1 . . 1
—1 +1
2 M 2 and 2 o 2
5 T /| i/ 5 — i/ i/
respectively.

Using the formulas 17.23.14 and 17.23.15 of [6] we have

1 ,

_ lyl m ™ . _ lyl

F 2 ):\/We 2 F( ):\/ signye” 2,
<i+n2 2 s+ 2 8N
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and thus

S+Hly) = —fly)

and

(S_fly) = —fy)

1 ™ _ lt=yl .
" \/27r/R\/26 2 (1 —sign(t —y)) f(t)dt
_f(t) + /Re,\t;y\ X*(t _ y)f(t)dt

+ \/1277 /]R \/;ret;?f (1 + sign(t —y)) f(t)dt
_f(t)+Ae"t5y'x+(t—y)f(t)dt.

Then the operators S = X+§+X+I|L2(R+) and S_ = X+§—X+I\L2(R+)a acting on

Ly(Ry), are as follows:

S+ Hly) =
and
(S-NHly) =
Thus finally
UusSpu—t =
+
and
UsSju—t =
+

_ =yl

— 1) + / ey (- ) f()dt

(T @ x+ DI @ S1)(x+ T ® x4 1)
(x-Tex: NI ®S)(x-T x4
X+I @54 +x_I®S5_
I®5)®(®S5)

(T @ x+ DI @ S-)(x+ I ® x11)
(x-T®xt DI @ 8)(x-T® x1 )
X+l ®S_+x_I®Sy

IS )e eS8y,

where the last lines in both representations are written according to the splitting

Lo(I1) = [Lo(Ry) ® Lo(Ry)] & [La(R-) ® La(R.)]. 0
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We continue to use an orthonormal basis
En(y):e*thn(y), n=0,1,2,...,
of the space Lo(R4 ), where the Laguerre polynomials L, (y) are given by (4).
Theorem 3.2. For each admissible n, the following equalities hold:
(S4ln)(y) = —lnsa(y),  (S-La)(y) = —ln-1(y), and (S_Lo)(y) = 0.
Proof. By [6], formula 8.971.1, we have
L4(y) = Ly () = Lu(y): (8)

Taking into account that L,(0) = 1, for all n, the integral form of the above
formula is as follows:

Ln(y) = Losa(y) = /0 ' L)t

Calculate now
(Sila)(y) = —e BLy(y)+e / Lo(t)dt
= ( Ly ( ) + Ln(y) - Ln+1(y)) = _£n+1(y)'

Integrating by parts twice and using (8), we have

oo
/ e 'L,(t)ydt = e YL,(y)+
Yy

Thus
(SL)(y) = —etLu(y)+ e / Lo (t)dt
Y
= —e i Lu(y) +ed (e VLn(y) — e VL 1(y)) = —lu1(y).
Finally,

(S_Lo)(y) = —e™ 2 +e¥/ e~ldt = 0. O
Yy

It is convenient to change the previously used basis {£,,(y)}22, of L2(R) to
the new basis {€,(y)}5%, where

L(y) = (=)L, (y), n=20,1,2,....
We note that the previously defined one-dimensional spaces L,, are generated by
the new basis elements Zn(y) as well, and that the statements of Theorem 2.1
remain valid without any change.
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Remark 3.3. As the previous theorem shows, the operator Sy is an isometric op-
erator on Lo(Ry) and is nothing but the unilateral forward shift with respect to
the basis {Zn(y)}%ozo Its adjoint operator S_ is the unilateral backward shift with
respect to the same basis, and its kernel coincides with the one-dimensional space
Lo generated by (o(y) = e 2.

The above, together with Theorem 3.1, permits us to give a simple functional
model for both operators Sm and Sj;. Each of them is unitary equivalent to the
direct sum of two unilateral shifts, forward and backward, both taken with the

infinite multiplicity.
Let
n
Ly = @Lk
k=0
be the direct sum of the first (n + 1) Lg-spaces. We denote by P, and PP the
orthogonal projections of La(Ry) onto L, and LY, respectively.

Corollary 3.4. For all admissible indices, we have

Py = I-8.5_,
P, = SU'RS",
PY = - gutientt
Si . : Ln I LnJrk»

Sk

—ILn Ly — Lp—-

The next result was obtained in [7] (see Theorem 2.4 and Corollary 2.6
therein) and shows that the action of both operators Sy and S} is extremely
transparent according to the decomposition

Ly(11) = € A}, (1) & €D Ay, (1),
k=1 k=1

In our approach it is just a straightforward corollary of Theorems 2.1, 3.1, and
Corollary 3.4.

Theorem 3.5. For all admissible indices, we have

(Su)* e A7 () — AR, (D),
(Sm)* | a2, m AL () — A7, (1),
()" gy ¢ Al () — Al (D,
(S | Ay () — A2,y (1),

()@
ker(Sm)" = AL(IT),  (Im (Sn)")* = A3 (ID),
ker(Sfy)" = AL (D), (Im (Sf)")* = A (10).
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Corollary 3.6. Each true-n-analytic function v admits the following representa-
tion,
¥ =(Su)" o,
where p € AX(I1).
Each true-n-anti-analytic function g admits the following representation,
9= (St 'f,
where f € A2(I1).

We denote by By (,,) and EH,(H) the orthogonal projections of Ly (IT) onto the
spaces .A%n) (IT) and A%n) (IT), consisting of true-n-analytic and true-n-anti-analytic
functions respectively. Let By, and En,n be the orthogonal projections of Lo (IT)
onto the spaces A2 (II) and AZ(I), consisting of n-analytic and n-anti-analytic
functions respectively.

We summarize now some important properties of the above projections in
terms of singular operators.

Theorem 3.7. For all admissible indices, we have
Bn = I-SuSh,
Bn = I-—55Sn,

Bun = I—(Sn)"(Sm)"
Bun = I—(Sp)"(Sm)"
By = (Sm)" 7' Bu(SH)" ™ = (Sm)" (S = (Sm)"™(Si)”s
Brny = (Si)" ' Bu(Sm)" ™" = (S5 (Sw)" T = (Sp)™ (Sm)",
Bi,(nt1y = SuBm,m)Sh,
Bri(nt1) = StiBmm)Su.
Proof. Follows directly from Theorems 2.1, 3.1, and Corollary 3.4. O

As direct corollaries of the above results we mention as well the following
statements.

Corollary 3.8. For all n € N, we have
(Sm)"(Sm)" (Sm)" = (Sm)™, ()" (Sm)" (i)™ = (Sm)"-
Introduce the operator

L[ e

S = dg,

Seeo) = [ 2 ae
acting on Lo(R). It is well known that the operators

1
PL = 2([ + Sgr)

are the Szegd projections of La(R) onto the Hardy spaces on the upper and lower
half-planes, respectively.
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Theorem 3.9. The following holds:

s lim (S7)"(Si)" = Pyl
S— nlerolo(Sn Syt = Po®I,
s 1im [(S5)"(SH)" (Sw)"(Si)"] = Sz el
s Tim ((S7)"(S7)" + (Sw)"(Sq)") = 1
Corollary 3.10. We have
S_nILH;oBH’n = Py ®I,
s— lim_ Bu, = P.®lI.
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Abstract. Notions of weak and uniformly weak mixing (to zero) are defined
for bounded sequences in arbitrary Banach spaces. Uniformly weak mixing
for vector sequences is characterized by mean ergodic convergence properties.
This characterization turns out to be useful in the study of multiple recur-
rence, where mixing properties of vector sequences, which are not orbits of
linear operators, are investigated. For bounded sequences, which satisfy a cer-
tain domination condition, it is shown that weak mixing to zero is equivalent
with uniformly weak mixing to zero.
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1. Introduction

We recall that the upper density D*(A) and the lower density D.(A) of some
ACN:={0,1,2,...} are defined by

D*(A) := lim -11- ) card (AN [0,n]), Di(A):= lim _1|_ ) card (AN [0,n])

n—oo N n—oo T

(see, e.g., [7], Chapter 3, §5 or [12], §2.3). If upper and lower densities coincide
then A is called having density D(A) := D*(A) = D.(A).
Clearly, for A C N* :=N\ {0} ={1, 2, ...} we can use also the formulas

D*(A) = lim ! card (AN[l,n]), D.(A)= lim ! card (AN [1,n]).

n—oo M n—oo N
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The upper (resp. lower) density of a sequence (k;);>1 in N* means the upper
(resp. lower) density of the subset {k;; j > 1} of N*. It is easy to see that the
lower density of a strictly increasing (k;);>1 is > 0 if and only if sup,>, kjf < 4o00.

Let X be a Banach space with dual space X*. We shall say that a sequence
(xp)p>1 In X is weakly mizing to zero if

1 n
li * 2) =0 forall 2% € X*, 1.1
Tim n};ux )| =0 for all (1.1)

and we shall say that it is uniformly weakly mixing to zero if

1 n
lim sup{ x| et e X* ||z gl}:O. 1.2
din s {3 () o (1.2)
A linear operator U : X — X is usually called weakly mizing to zero at x € X if
the orbit (U’“(glc))k>1 is weakly mixing to 0.

The following characterization of weak mixing to zero for power bounded
linear operators, which is a counterpart of the Blum-Hanson theorem [3] for weak
mixing, was proved by L.K. Jones and M. Lin [10] :

Theorem 1.1. Let U be a power bounded linear operator on a Banach space X ,
r € X, and x;, = U*(x), k > 1. Then the following conditions are equivalent :

(i) The sequence ()1 is weakly mizing to zero.
(i) The sequence (x})y>1 is uniformly weakly mizing to zero.
(jj) For every sequence k1 < ko < --- in N* of lower density > 0,

n
. 1
lim E Ty,
n— o0 n 7
k=1

One main goal of this paper is to prove in the next section that conditions
(j) and (jj) in Theorem 1.1 are equivalent for any bounded sequence (x}),>; in
the Banach space X , not only for the points of an orbit of some power bounded
linear operator on X (Theorem 2.3). Therefore, for any bounded sequence in a
Banach space, uniformly weak mixing to zero is equivalent with the mean ergodic
convergence property from (jj) (in particular, for bounded sequences in Hilbert
spaces, our notion of “uniformly weak mixing to zero” coincides with the notion
of “weak mixing” considered in [2]).

We note that this result was used by C. Niculescu, A. Stréh and L. Zsidé to
prove that if ® is a x-endomorphism of a C*-algebra A, leaving invariant a state ¢
of A, whose support in A** belongs to the center of A** | and ® is weakly mixing
with respect to ¢, then @ is automatically weakly mixing of order 2 ([13], Theorem
1.3): this is a partial extension to the non-commutative C*-dynamical systems of a
classical result of H. Furstenberg, according to which every weakly mixing measure
preserving transformation of a probability measure space is weakly mixing of any
order ([7], Theorem 4.11).

=0.
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For general bounded sequences in Banach spaces (or even in Hilbert spaces),
condition (i) in Theorem 1.1 does not imply the equivalent conditions (j) and (jj)
(Examples 3.1 and 3.2). Nevertheless, we shall prove in Section 5 that (i) implies
(j) and (jj) provided that the sequence satisfies some appropriate domination con-
dition, called “convex shift-boundedness”, which of course holds if the sequence is
an orbit of some power bounded linear operator. Actually it will be proved that if
a convex shift-bounded sequence (z;,);~; in the Banach space X is weakly mixing
to zero, then B

b

1
li { * e )2t e X, ||zt <1}:0 1.3
dms{, LS el e x e < (13)
b—a—o0 k=a

(Theorem 5.2). Its proof depends upon a structure theorem for sets of natural
numbers of non-zero upper Banach density (Theorem 4.2), which is of interest in
and of itself. We notice that if (z);>, is an orbit of some power bounded linear
operator on X , then (1.3) is an immediate consequence of (1.2).

Finally, in Section 6 it will be shown that in uniformly convex Banach spaces
the above implication holds for sequences which satisfy a condition weaker than
convex shift-boundedness (Theorem 6.3).

We note that a short investigation of the ergodicity, that is of the Cesaro
norm-convergence to zero, of convex shift-bounded sequences is postponed to an
appendix.

2. Uniformly weak mixing to zero

A subset N of N* is called relatively dense if there exists L > 0 such that every
interval of natural numbers of length > L contains some element of A'. In this
case D (N) > i clearly holds, so relatively dense sets are of lower density > 0.

A sequence (kj);j>1 in N* is called relatively dense if the subset {k;;j > 1}
of N* is relatively dense. It is easy to see that a strictly increasing sequence (k;);>1
is relatively dense if and only if sup;>; (kj+1 — kj) < +o0.

The proof of the following lemma is immediate and we give it only for the
sake of completeness:

Lemma 2.1. For any sequence (z;,),>1 i a Banach space and for any sequence
k1 < kg <--- in N* of lower density > 0 we have

LhXal—0 =, = =f—o

j=1 ke{kl,kz,...}
k<n

Proof. For == : with n > k; , defining j(n) € N* by kj;) <n < kjn)41, we have

1 1 j(n) j(n) 1 i(n)
n—oo
Hn Z ka:anxkj T on H](n)zxk7‘—>0
ke{ki,k2,...} j=1 ~ 7=1

~
k<n <1
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The converse implication <= follows by using

1< 1 kn 1
ln o=l X al=5-l, > =] o
J=1 ke{kl,kz,...} ke{kl,kz,...}

>Rn SRn

The next lemma is the main ingredient in the proof of the main result of the
section:

Lemma 2.2. Let 2 be a compact Hausdorff topological space, and f1, fo, ... con-
tinuous complex functions on Q of uniform norm || f.llo < 1. If

943
j=1

then

— 0 for every relatively dense sequence ki < kg < --- in N*,
oo

I ], —o.
k=1

Proof. Without loss of generality we can assume that the functions f, are real.
Furthermore, since |f,| = 2 f,© — f., it is enough to prove that

], o
k=1

Let us assume the contrary, that is the existence of some €, > 0 for which

1 n
j::{nzlg' ka+H 260} is infinite.
n 00
k=1
For every n € J there exists w, € £ such that
the cardinality of Ny, :={1<k<n; f, " (wn) > 520 }is > n250

Indeed, if w,, € € is chosen such that
1 o 1
POVCTR LS PRt I
k=1 k=1
then

s (X A+ X Aten)

kEN,, 1<k<n
RN
1 €o
< N (card (Na) + 9 (n — card (Nn))>
1 €o
< d (N, .
< car (Nn) + 9
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Denoting now the least element of 7 by ki, we can recursively construct a
sequence ki < ko < --- in J such that for

kirq -
the cardinality of N];j-#l ={keNy,, 1k>k}is > j+11 50, j>1.

Indeed, it is enough to choose kj;1 > 4;” , because then

card (./\/',;Hl) > card (./\/'ij) — k> ]+12 €0 By > ﬁz €
Putting
—— i
N T U Nkj ’
j>2

we have for every j > 2, N'N (kj—1,k;] = N, C ./\/'kj, so in particular,
J
€
k GN, kij_l <k< k‘j — fk+(wkj) > 20

= fulor,) = fit i) =

Let us choose some integer p > 6162 . Since

NP .= NU{p,2p,3p...} CN*

is relatively dense, by the assumption on the functions f; and by Lemma 2.1 there
exists m, > 1 such that

1 €62
e R s
- ° m Z fk oo 34
keN @)
k<m

Then we get for any j > 2 with k;j_1 > m,
2 2

€o o 1 1
=23 2| |+ H
17 34 =l k; 2 . ki1 2 o0
keN (@) keN®
k<k; k<kj—1
1 1
> X ALz, X A
J , o0 J ,
keN @ keN )
kj_1<k<k; kj_1<k<k;
1 1
=Y R |-, Y fw)
7 ke T kjoi<k<k;
kj—1<k<k; k a multiple of p
1 1
> -EO-CaI‘d(./\/;;)_ ~card ({1 < k < k;; k a multiple of p })
kj 2 J kj
>l'eo'kj-go_l.kj:goz_1>502’
k2 4 ki p 8 p 16

which is absurd. O
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We can now characterize uniformly weak mixing to zero for bounded se-
quences in Banach spaces by mean ergodic convergence properties:

Theorem 2.3 (Mean ergodic description of uniformly weak mixing). For a bounded
sequence (xk)k21 in a Banach space X , the following conditions are equivalent :

() (%4)k>1 15 uniformly weakly miring to zero, that is
1 n
1'~{ * ~*X**<1}:.
Jim sup { kz_:l (2" 2|5 2" € X*, [la*| <1 =0

(jj) For every sequence k1 < ko < --- in N* of lower density > 0,

=0.

lim H

n—oo

(jij) For every relatively dense sequence k1 < ko < -+ in N* |

=0.

lim H
n—oo

Proof. Implication (j) = (jj) follows immediately from Lemma 2.1 and (jj) = (jjj)
is trivial.

For (jjj) = (j) we recall that the closed unit ball By~ of X* is weak*-compact
and the evaluation functions f; : By~ 3> z* — (2%,2),2 € X are weak™-
continuous. Since

umformly
means E | f;C 0 and

(jij) means that for every relatively dense sequence k1 < ky < --- in N*|

n
1 uniformly
S g, g

n 3
k=1
implication (jjj) = (j) follows from Lemma 2.2. |
Theorem 2.3 yields a similar characterization of weak mixing to zero:

Corollary 2.4. For a bounded sequence (z),);>1 in a Banach space X and z* € X*,
the following conditions are equivalent :

(i), lim Z|<x*,xk>|20.

ii)_« For every sequence k1 < ko < --- in N* of lower density > 0,
x

1 n
lim <J:*, E xk.>=
n—oo n 7
Jj=1



Weak Mixing Properties 367

(iii) - For every relatively dense sequence k1 < ko < --- in N*,
1 n
. X _
nlirr;o <x . Z xkj> =0.
j=1

Proof. We have just to apply Theorem 2.3 to the bounded scalar sequence
(<$*’xk>)k21 . O

3. Comparison of weak and uniformly weak mixing to zero

Let us first give an example of a bounded sequence in the Banach space C ([0, 1])
of all continuous functions on [0, 1], which satisfies (i) but not (j) in Theorem 1.1.
| - |l s will stand for the uniform norm on C([0,1]) and supp (f) will denote the

support of f € C([0,1]) .
Example 3.1. Let 1 =n; <ny <--- be a sequence in N* such that
n; — 1 1

<

> 1
nj+1—1_2’ J

(for example, ny =1, ny =2 and njy1 =2n; —1 for j>2),
1>t >ty>-->0, t;—0
real numbers, and g; : [0,1] — [0,1], j > 1, continuous functions such that
supp (g;) C [tj+1,45] and ||gjllo =1 forall j > 1.
If we set
Jr=9; for nj <k <nj1,
then (f.)i>1 is a bounded sequence in C([0,1]), which is weakly convergent to

zero, and so is weakly mizing to zero, but which is not uniformly weakly mixing to
zero.

Proof. Since 0 < f, <1 for every k > 1, according to the Riesz representation
theorem and the Lebesgue dominated convergence theorem, the weak convergence
of (f},)k>1 to zero is equivalent to

fk pointwise 0’ (31)

while (1.2) for (f;)g>1 is equivalent with
1 " niform
Y S (3.2)
k=1

For (3.1) let t € [0, 1] be arbitrary. If ¢ = 0 then (3.1) holds obviously because
fx(0) =0 for all & > 1. On the other hand, if 0 < ¢ < 1 then there exists some
Jj > 1with t; <t and so

f(t) =0, n>mn;.
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Now, by the positivity of the functions g; and f; , we have for every j > 1:

1 ! 1 ot Njr1 — Ny n;—1
fo > fo = i+ Jg‘:(l_ J )g
Nj4y1 — 1 ; Njy1 — 1 k;i Nj+1 — 1 7 Njy1 — 1 J
=995
Consequently
nj+1— 1
I > ka > llgllc =y forall j>1
and so (3.2) does not hold. O

A similar counterexample can also be given in the Hilbert space LQ([O, 1]) ,
with inner product and norm denoted by (-|-) and || - ||, respectively:

Example 3.2. Let 1 =n; <n, <--- be a sequence in N* such that

’I’Lj—l 1

> 1
nj+1—1_2’ J

(for example, ny =1, ny =2 and njy1 =2n; —1 for j>2),
1>t >t,>--- >0, t; —0
real numbers, and g; : [0,1] — [0,400), j > 1, continuous functions such that

supp (g;) C [tj+1,85] and |lgjlly =1 for all j = 1.
If we set
Tk =9; for nj <k <nji1,

then (fy)r>1 is a bounded sequence in L?([0,1]), which is weakly convergent to
zero, and so is weakly mizing to zero, but which is not uniformly weakly mixing to
zero.

Proof. Since the functions g; are mutually orthogonal, by the Bessel inequality we
have for every f € L*(]0, 1]) :

| (951N < FIIF < +oo,
Jj=1

weakly
_—

Therefore f, 0.
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On the other hand, for every j > 1,

njy1—1

D D HZ Z Al
= 2zj:"l+1 l

("JH - 1) =1

>(n3+1 nj)Q (1_ nj —1 )2>1
- ’/l]+1—1 ’I’LJ+1—1 — 4

1 n
Consequently, ’ n ka H2 - 0, s0 (1.2) does not hold for (f;)g>1 - O

In spite of the above examples, Theorem 1.1 entails that for orbits of power
bounded linear operators, weak mixing to zero and uniformly weak mixing to zero
are equivalent. We now consider a larger class of vector sequences for which weak
mixing to zero and uniformly weak mixing to zero are still equivalent.

Let us call a sequence (z),>; in a Banach space X convex shift-bounded if
there exists a constant ¢ > 0 such that

p p
DIRTEH B PRt
j=1 j=1

holds for any choice of p € N* and Ay, ..., A, > 0. Clearly:

e the convex shift-boundedness of a sequence implies its boundedness;
e if U : X — X is a power bounded linear operator and x € X, then the

sequence (U*(z)) 4> 18 convex shift-bounded.

k> 1 (3.3)

We note that not every convex shift-bounded sequence, even in a Hilbert
space, is the orbit of a bounded linear operator:

Example 3.3. Let us define the sequence (fy),>1 in L%([0,1]) by setting for every
k € N* with k = 1 (mod 4)
4k kg (ir) k1 k14
fk(t) =t ) fk+1(t) =t ) fk:+2(t) =t ) fk:+3(t) =1 .

Then (fy)g>1 is convex shift-bounded, but there evists no bounded linear operator
U: L2([0,1]) — L2([0,1]) such that

Fe=U P, k>ke
for some f € LQ([O, 1]) and ko, € N*.

Proof. First of all, if 0 < a; < ay < --- are real numbers and g, € L*([0,1])
is defined by g, (t) = t“% then the sequence (9x)k>1 is convex shift-bounded.
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Indeed, for any p € N* and A1, ..., A, > 0, the function
)3 DY 1
N* 3 kr— H Aj 9j+kH = Aj A
j=1 2= Vo Ty 1

is decreasing. In particular, the sequence (f},) k>1 18 convex shift-bounded.
On the other hand, if o, & > 0 and we define h € L?([0,1]) by A(t) :=
1 — t9FT¢ then
1
HhH22 — /(tQa + t2a+25 _ 2t2a+5) dt =

0

2¢e?
(204+1)2a+e+1)(2a+2e+1)

It is easy to verify that

I12l3 < 2<zal+ 1) <oz—5|—6>2 = 2(2al+ 1) (2)

1 € \2 1 e \2
hl|3 > > ife<l,a>2. :
1R 2 (90 4 1) (a—i—s) ~ 4(2a+1) (a—l—l) PE=Sas (3:5)
Now let k € N* be arbitrary such that k¥ = 1 (mod4) . Then we have by (3.4)
1 1 2 1
2
— < —
1 = freallz < 2(2k +1) (4(k+2)k> 32k2(k+2)2(2k +1)°
while (3.5) yields

ife<1, (3.4)

1 1 2 1
2
— . > = .
sz = fipall 2 4 (2k 4 3) (2 (k + 2)) 16 (k +2)2 (2k + 3)
Consequently || fyys = frysll3 = K fy — friiall3, and so
1feve = frrslle 2 BN, = frgalla- (3.6)

Let us assume that there is a bounded linear operator U : L?([0,1]) —

L?([0,1]) such that
fk:Uk(f)a kzk'o
for some f € L?([0,1]) and k, € N*. Then, for every k > k, with k = 1 (mod4),
(3.6) yields
Bllfe = frnalle < Wfiva — feralla = [ U2 (= Fian) l, < IOW2 1Fi = Fusale

hence |U|| > v/k. But this contradicts the boundedness of U . O

We shall prove (in this section in the realm of reflexive Banach spaces and in
Section 5 in full generality) that weak mixing to zero is equivalent with uniformly
weak mixing to zero for any convex shift-bounded sequence. First we prove an easy
implication of weak mixing to zero:

Lemma 3.4. Let (z}),>1 be a bounded sequence in a Banach space X , which is
weakly mizing to zero, and A C N* with D*(A) > 0. Then the norm-closure of
the convez hull conv({zy; k € A}) of {zi; k € A} contains 0.
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Proof. Let us assume that 0 is not in the norm-closure of conv({z); k € A}).
Then the Hahn-Banach theorem yields the existence of some ¢, > 0 and z* € X*
such that

R(z", zy) > €0, ke A. (3.7)

Further, by a classical result of B.O. Koopman and J. von Neumann (see, e.g.,
[12], Chapter 2, (3.1) or [13], Lemma 9.3), there is a zero density set £ C N* such
that

Sglikrgoo<x*,xk>:0. (3.8)

Then A\ € is infinite, because otherwise we would get the contradiction
0<D*(A) < D*(A\E)+D*(E)=0

Let ky < ky < --- be the elements of A\ €. Then (3.8) implies that (2", 2, ) — 0,
in contradiction with (3.7). O

For weakly relatively compact sequences a stronger statement holds, which
is essentially [9], Corollary 2:

Lemma 3.5. A weakly relatively compact sequence ()~ in a Banach space X
is weakly mizing to zero if and only if there exists a zero density set € C N* such
that

lim xp =0 with respect to the weak topology of X .
EF k—oo
Proof. An inspection of the proof of [9], Corollary 2 shows that it works for any
weakly relatively compact sequence in a Banach space, not only for those which
are orbits of power bounded linear operators. O

We notice that, if (z;);>; is a weakly relatively compact sequence in a Banach
space X, which is weakly mixing to zero, and £ C N* is as in Lemma 3.5, then,
according to the classical Mazur theorem on the equality of the weak and norm
closure of a convex subset of X, the norm-closure of the convex hull of every infinite
subset of N*\ &€ contains 0. In particular, for any A C N* with D*(A) > 0, the
norm-closure of the convex hull of the infinite set A\ £ contains 0.

Now we prove a consequence of the negation of uniformly weak mixing to
zero (cf. the first part of the proof of [8], Theorem IV):

Lemma 3.6. Let (7,),>; be a sequence in the closed unit ball of a Banach space
X, which is not uniformly weakly mizing to zero. Then there exist

0<e, <1,
B C N* with D*(B) > ¢,
ki, ko, ... e N“ with kj —kj_1 > j,
Ty, x5, ... € XT with [|2f]| <1,
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such that
BN U(kj—lakj—l +37]=0,

§>2
%(x;,xk>>2€o, keBN(kji—1+j,ki],7j>2.
Proof. For any complex number z we shall use the notation
Rty Rz ?f%zZO) o 0 ?f%zZO.
0 iHR2<0 —-Rz HR2<0

Then Rz =Rtz —RNz=RNt"z - RN"(—=2).
Since (z,)j>1 is not uniformly weakly mixing to zero, there is 0 < ¢, < 1
such that

1 n
J = {n> 1; sup{ 3 et @) ot € X7, o] < 1} > 1650}
nk:l

is infinite. Using (in the complex case) (z*,x;) = N (z*, x;,) —iRN(ia*, x;,), it
follows that also

1 - * * * *
j%::{nzl;sup{nl;|%<x x|t e X ||z §1}>850}

is infinite. Now, since R (z*,z,) = RT (2*, z,) — R (—2*,x,), we obtain that

k)
j+::{n>1;sup{ Z (z*,21); x*eX*,||x*<1}>450}
k=

is infinite.
Let n € J, be arbitrary. Then there exists y; € X* with |ly}| <1 such that

n

Z (yr,zy >4de,.

Denoting B, :={1l <k <n; R (y},z,) > 2¢e,}, we have

1 i} § 1
de, < . ( E Ryl 2,) + E %+<yn,xk>) < " card (B,,) +2¢,,
kEB, 1<k<n
k¢B,

,_.

hence card (B,) > 2ne,.
Letting kq be the least element of 7, , we can construct recursively a sequence
ki, ko, ... € J, such that, for every j > 2,

k‘j - k?j_l > j and
the cardinality of By ={k€ By ;k>kj1+j}is >kjc
Indeed, if we choose k; in the infinite set [, such that k; > k"’siﬂ , then

card (B, ) > card (By,) — (kj—1 + ) = 2kje0 — (kj—1 + ) > kj €.
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Putting

5= B,

=2
we have for every j > 2
BO(kj1, ki1 +3j]=0,  BN(kj-1+j, kj]=B,, CB,,
and so
R (yr,zp) :§R+<yk*j,xk> >2¢, forall ke Bn(kj—1+7,k;].
On the other hand,
D*(B) = lim ! card (BN [1,n]) > lim kl card(?ﬂ(kj,l —|—j,kd) > &5

n—oo M Jj—oo Kj ~
=B
kj

Therefore, setting z} := yk*j , the proof is complete. O

We recall the following lemma of L.K. Jones on sequences of integers (see [8],
Lemma 3 or [9], Lemma):

Lemma 3.7. Let A, , B be subsets of N* with D*(A,) = 1 and D*(B) > 0. Then
there exists an infinite subset T C A, such that

{keB; F+kcCB})>0 for any finite F CI.

Now, using the idea of the proof of [8], Theorem IV, we can prove that weak
mixing to zero and uniformly weak mixing to zero are equivalent for any convex
shift-bounded sequence in a reflexive Banach space:

Proposition 3.8. For a conver shift-bounded sequence in a reflexive Banach space,
weak mizing to zero is equivalent to uniformly weak mizing to zero.

Proof. Let (x,),>1 be a convex shift-bounded sequence in the closed unit ball of a
reflexive Banach space X , which is weakly mixing to zero, and let us assume that
it is not uniformly weakly mixing to zero. Let ¢ > 0 be such that (3.3) holds for
any choice of p € N* and Ay, ..., A\, > 0.
By Lemma 3.6 there exist
0<e, <1,
B C N* with D*(B) > &,,
ki, koy ... € N* with kj—kj,1 > 7,
ry, w3, ... € X" with [[2}]| <1,
such that
BN U(kjfl, kjfl +]] :Q),

j>2

R(2],ap) >280, keEBN(kjo1+j, k], j>2.
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On the other hand, since any bounded set in a reflexive Banach space is
weakly relatively compact, by Lemma 3.5 there exists A, C N* with D, (A4,) =1
such that lim 3, = 0 with respect to the weak topology of X .

Ay,dk—00

Finally, by Lemma 3.7 there exists an infinite subset Z C A, such that
{keB; F+kcCB}) >0 for any finite F C Z.

Since ; llicm xr = 0 with respect to the weak topology of X, there are
Sk—o0

peEN*' n, < - <nyinZand A, ..., A\ >0, A\ +---4+ )X, =1, such that

p
‘ E )\j $nj
j=1

g
<.
C

By (3.3) it follows that

p p
I3 0] <3 0
j=1 j=1

Now set j, := max (n,—ny,2) . Since the set {k € B; {n,, ..., ny,}+k C B}
has strictly positive upper density and so is infinite, it contains some k such that
ny +k > kj, . Then there is a unique j, € N* with kj _y <ny+k < k; , for which
we have k;, <n; +k < kjl , hence j, < j; . We claim that

<eo, k>1. (3.9)

kj1,1 —|—j1<n1—|—k§np+k§kj1 . (310)

Indeed, kj —1 < ny+k,n +k € B and BN(kj, —1,k; —1+7;] = 0 imply that
kj —1+jy <ny+k. Similarly, np+k =ny+k+(np —ny) < kj +jo < kj +j1+1,
np +k € B and BN (kj, k; +j; +1] =0 yield n, +k <k .

By (3.10) we have n; +k € BN (kjl_l +j1>kj1] ,1<j5<p,so

%(:Uj*l,xnj+k>>250, 1<ji<p.

Since ||glcj*1 || <1, it follows that

p p p
H Z )‘j xanrkH >R <£C;»<1 ) Z )‘j xnj+k> = Z )‘j %<x;17xkj> > 2¢o,
j=1 =1

=1

~
I

in contradiction with (3.9). O

If in Lemma 3.7 the set Z were not only infinite, but with D*(Z) > 0, then in
the proof of Proposition 3.8 we could use Lemma 3.4 instead of Lemma 3.5 and so
we would get a proof of Proposition 3.8 without the reflexivity assumption. In the
next section we shall prove a result like Lemma 3.7 (Theorem 4.2), which implies
that for every B C N* with D*(B) > 0 there is a set A C N* with D*(A) > 0 such
that any finite subset of A has infinitely many translates contained in B. This
result will enable us to eliminate the reflexivity condition in Proposition 3.8.
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4. Sets of non-zero upper Banach density

We recall that the upper Banach density BD*(B) of some B C N = N* U {0} is
defined by

. . 1 .
BD*(B) := bal,gélN b ol card (BN [a,b]) = a,lblgll\!* a1 card (BN [a,b])
—a—00 b—a—o00

(see, e.g., [7], Chapter 3, §5). For any B C N* we have BD*(B) > D*(B), but it
is easily seen that BD*(B) > D*(B) can happen. In this section we investigate
the structure of the sets B C N* with BD*(B) > 0 by proving a precise version
of the theorem of R. Ellis [7], Theorem 3.20. The proof is based on the ergodic
theoretical methods of H. Furstenberg found in [7], Chapter 3, §5.

Let us consider €2 := {0, 1} and endow it with the metrizable compact prod-
uct topology of the discrete topologies on {0, 1} . We shall denote the components
of w € Q by w,,, so that w = (w},)en - For every B C N we define wB e Q by
setting

(B) 1 if keB
wy = . .
0 ifk¢B
In other words, w®) is the characteristic function of B, considered an element of

Q. Clearly, B — w® is a bijection of the set of all subsets of N onto €.
Let s_ denote the backward shift on €, defined by

s@((wk)keN) = (Wrt1) ke
and set, for every B C N,
QB = {s"(w®); n >0} .

The following result is the one-sided version of [7], Lemma 3.17 and it estab-
lishes a link between upper Banach density and the ergodic theory of the dynamical
system (€, s_). Its proof is almost identical to the proof of [7], Lemma 3.17 and
we sketch it only for the sake of completeness:

Lemma 4.1. For every B C N and every ¢ > 0 there exists an ergodic s_ -invariant
probability Borel measure i on QB such that

p({we QP w,=1}) > BD*(B) —¢.
Proof. Choose some a; , by, a5, by, ... € N with b; —a; > 7, j > 0, such that
b —a; +1 card (BN [aj,b;]) — BD*(B).

Passing to a subsequence if necessary, we can assume that, for any continuous
function f € C(Q(B)) , the limit

b.
1 J
I(f) = jhm b —a;+1 n§=a‘f(3<_n(w )) exists .
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Then [ is a positive linear functional on C(Q(B)) and I(1) = 1. Moreover,

I(fos )=1I(f), fec(@®). (4.1)
Indeed, for every f € C(Q(B)) ,

bj bj

I(fos_)—1I(f)= lim ! ( Z f(3£+1(w(8))) _ Z f(sﬁ(w(B))D

T 1 bj+1, (B)\) _ aj (B)
S L () )
2| flloo

<1 =0.
_jiglo bj—aj—l—l

By the Riesz representation theorem there exists a probability Borel measure v;
on Q&) such that

I(f) = / f@drw), fec@®).
QB)

Property (4.1) of I implies that v; is s_-invariant. Moreover, since the character-
istic function x of {w € Q®); w, = 1} is continuous, we have

(0@ =1)= [ x@an=tm LS )
QB) -
1
= lim card (BN [a;,b;]) = BD*(B).

j—o0 bj —aj+1

The convex set P°— (Q(B)) of all s_ -invariant probability Borel measures on
QB) | considered imbedded in the dual space of C' (Q(B)) , is weak*-compact and
its extreme points are the ergodic measures in P*— (Q(B)) (see, for example, [7],
Proposition 3.4). According to the Krein-Milman theorem, it follows that v; is a
weak*-limit of convex combinations of ergodic measures in P (Q(B)) . Therefore,
since v; ({w € QB = 1}) = BD*(B), we conclude that there exists an ergodic
measure p € P~ (Q2B)) such that u({w € QB ; wy =1}) > BD*(B) —«¢. O

We now prove the announced extension of [7], Theorem 3.20:
Theorem 4.2. If BC N and 0 < e < BD*(B), then there exist

A CN having density D(A) > BD*(B) — ¢,
0<m; <my<--+ and 0<ny <nyg <--- in N,
for which
AN[0,m;]={ke[0,m]; k+n; € B},  j>1;
that is
ke A<= k+n; € B whenever 0 <k<m;,j>1.
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Proof. For every w € Qweset A, = {k € N; wp = 1}, so that w = w(A) . Clearly,
A, =B.

By Lemma 4.1 there exists an ergodic s, -invariant probability Borel measure
pon QB such that

pg = pn({we QP wy=1}) > BD*(B) —¢.

Let x denote the characteristic function of {w € Q) ; w, =1} € Q®B) . Then, by
the Birkhoff ergodic theorem, for p-almost every w € Q) we have

1
nti card (A, N[0, n]) =t kzzox(sﬁ(w)) — g (4.2)

Let ngr)khoff be the set of all w € QB for which (4.2) holds. Then

o A, has density D(A,) = pug > BD*(B) — ¢ for every w € Qg.fr)khoﬂ , and
. ngr)khoﬂ is p-measurable and M(Q(B) \Qg?r)khoﬂ) =0.

Case 1: There exists w € Qgigr)khoﬁ \ {5 (w®);n>0}.

Set A := A,, and choose some m; > 0. Since
we QB = {s7(w®);n >0}, (4.3)

there exists a smallest n; > 0 such that

_,® _{1 it k+n,€eB 0<k<m,,

wi = 8 (W) 0 ifktn ¢B’ =5=
1

=w) =
that is AN [0,m,] = {k € [0,m]; k+n, € B}.
Next w # s™* (w®) implies that Wi,y #s™M (w(l@))m2 for some m, € N. Since

wy = 8" (wB), for all 0 < k < my, we have m; < m,. Now, again by (4.3),
there exists a smallest n, > 0 such that

0 _{1 if k+ny,eB

wk:s:LZ(W(B))k 0<k<my,

S ktne 0 if k4n, ¢ B

that is AN [0,m,] = {k € [0,my,]; k+n, € B} . By the minimality property of n,
we have n; < ny, while w,,, #s" (w(B))m2 yields n,; # ny. Therefore n, < n,.
By induction we obtain m; < m, <--- and n; <n, < --- in N such that

AN[0,m;] = {k €[0,m;]; k+n; € B} forall j>1.
Case 2: Q5 {s"(w®B);n>0}.

We claim that there exists a smallest n, € N* such that s (w®) = w®.
For let us assume that all s™ (w®)) are different. Then, for every n > 0, since

{s"(@®)} s (s W®) € {s™w®)} U (2PN Qo) -
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by the s_-invariance of y we obtain p({s"(w®)}) = u({sﬁ“(w(lg))}) . Thus

1(Q®) i BN )}) = { 0 if p({w®)}) =0

= +oo if p({w®)}) >0’

in contradiction with p(Q®)) =

Now s (w®)) = wB) means that k € N belongs to B if and only if k+n, € B.
Therefore, with A := B, any 0 <m; <m, < --- and n; := jn,, we have

D(A) = U card (BN 0,n, —1]) = BD*(B)

Mo

AN[0,m;]={k€[0,m;]; k+n; € B}, j>1. O

We recall that a celebrated theorem of E. Szemerédi (answering a conjecture
of P. Erdés) states that if B C N* has non-zero upper Banach density, then it
contains arbitrarily long arithmetic progressions [14]. H. Furstenberg gave a new
ergodic theoretical proof of Szemerédi’s theorem by deducing it from a far-reaching
multiple recurrence theorem [6] (see also [7], Chapter 3, §7). It is interesting to
notice, even if it appears not to be relevant, that the proof of Szemerédi’s theorem
can be reduced via Theorem 4.2 to the case when B has non-zero density.

The last theorem implies the following counterpart of Lemma 3.7:

Corollary 4.3. Let A, , B be subsets of N* with D*(A,) =1 and 0 < e < BD*(B).
Then there exists T C A, with D*(Z) > BD*(B) — ¢, such that

{k e N; F+k C B} is infinite for any finite F CT.

Proof. By Theorem 4.2 there exist A C N having density D(A) > BD*(B) — ¢,
aswellas 0 <m; <my <--- and 0 <ny <ny, <--- in N, such that

AN[0,m;] ={k€[0,m;]; k+n; € B}, j>1.
Set Z:= AN A, . Since
1=D*(A,) <D*"(ANA,)+D*(N\A)=D*(Z)+1—D(A),
we have D*(Z) > D(A) > BD*(B) —e. On the other hand, for any j > 1, the set
{k eN; (ZN[0,m;]) + k C B}

contains {n;, nj+1, ...}, hence is infinite. O

5. Weak mixing to zero for convex shift-bounded sequences

Using Theorem 4.2, in this section we show that Proposition 3.8 holds without
the reflexivity assumption. Actually we shall prove a slightly more general result,
stating that any convex shift-bounded sequence in a Banach space, which is weakly
mixing to zero, satisfies (1.3). For the proof we shall use the following counterpart
of Lemma 3.6 for the sequences not satisfying (1.3):
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Lemma 5.1. Let (x;),>1 be a sequence in the closed unit ball of a Banach space

X, such that, for somea,, by, ay, by, ... €EN* with bj—a; >j,j>1, we have
1 bj
lim su { o, x ) 2t e X ||lz* §1}>0.
X PR Dl et o]
-

Then there exist

0<e, <1,
B C N* with BD*(B) > &,
g1 <Jo < -+ in N*with b;, —b; , >n,

xy, xy, ... € X with ||la)|| <1,

such that
BN U(bjn—l y bjn—l +7’L] = @,
n>2
Rz, x),) > 260, keBn(bj, ,+n,b,],n>2.

Proof. We shall proceed as in the proof of Lemma 3.6.
Let 0 < ¢, <1 be such that
1 &
0<16e, < lim sup{ Z [(z*, z)|; 2" € X7, ||x*H§1}

I bj —a;+1 k=a;

Then

bj

1
Z [z, x)|; 2" € X7, |27 < 1} > 1650}

J:=4qj5>1;su {
{] P bj—aj+1k

=a;
is infinite. Using (in the complex case) (z*,x,) = R(z*,x,) — iR (iz*,x,), it

follows that also

jge =

b;

{jzl;SUp{bj—aj—i—l kza:. [ R (™, xp)]; 2" € X*, ||z §1}>850}

is infinite. Now, since R (z*,z,) = R*(2*,2,) — RT(—2*,z,), we obtain that

j+ =

b;
. 1 - * * * *
{gzl;sup{bj_aj+1 kg R (2", 2,) 5 2* € X*, [ s1}>4eo}
=aj

is infinite.
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Let j € J, be arbitrary. Then there exists y; € X* with |[y}|| <1 such that

1

bj
b — a1 1 > RN (yp ) > de,.
i@

k::aj
Denoting B; := {a; <k <bj; R (yj,2;) > 2¢e,}, we have

teo<, (R Y R

bi—a;+1
7 it kEB; a;j<k<b;
k¢B;

< bj_aj+lcard(3j)+2ao,

hence card (B;) >2(bj —a; +1)¢e,.
Letting j;, be the least element of 7, , we can construct recursively a sequence
J1 < Jo <---in J, such that, for every n > 2,

bj, —bj,_, >n and
the cardinality of B] ={keB; ;k>bj, , +n}is > (bj, —ajz,)e.
Indeed, if we choose j;, in the infinite set J, such that j, > j,_1 and

bj, , +n

by =, 121> 7 T 2y
o
then bj, —bj,_, >n and
card (B ) > card (B;, ) — (bj,_, +n) > 2(bj, —aj, +1)eo — (bj,_, +n)
> (bj, —aj, +1) .
Putting

B:=|]J B,

n>2
we have for every n > 2

BN(bj, ., b, ,+n]=0, BN (b, ,+n,b;]= B;j C By, ,
and so

R(y) o) = 8‘%+<y;;,xk> >2¢, forall ke Bn(b;, , +n,b; ].
On the other hand,

BD*(B) > lim

n—oco b —aj, +1

card (B Nla,,, bjn])

. 1 /
2 B b, —aj, +1 card (fgj" " [\a,j")bj”l) = co
=B

In
Therefore, setting z,; := y* , the proof is complete. O
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For the proof of the next theorem we adapt the proof of Proposition 3.8, in
which instead of Lemmas 3.6, 3.5 and 3.7 we use Lemma 5.1, Theorem 4.2 and
Lemma 3.4:

Theorem 5.2 (Weak mixing for convex shift-bounded sequences). For a convez

shift-bounded sequence (ry)>q in a Banach space X , the following conditions are
equivalent :

(i) (v)r>1 1s weakly mizing to zero, that is
1 n
lim E [(z*,z,)| =0 forall z* € X*.
n—oo N
k=1

() (@4)k>1 18 uniformly weakly mizing to zero, that is

n—oo

1 n
lim sup { CY et at e X7 o) < 1} —0.
k=1

(jw) (1.3) holds, that is

b
1
I { sz ) ot e X, |t <1}:0.
M Csup DRICASIEE =" <
b—a—o0 k=a

Proof. The implications (jw)=(j) = (i) are trivial. For (i)=-(jw) we shall show
that (i) and the negation of (jw) lead to a contradiction.

Let ¢ > 0 be a constant such that (3.3) holds for any choice of p € N* and
A, ..., Ap > 0. Since (1.3) does not hold, there exist a;, by, ay, by, ... € N*
with b; —a; > j, j > 1, such that

b
1 J
lim su { o,z ) 2* e X, ||z* <1}>O.
JERUI PR SRt Ja°ll <
-

By Lemma 5.1 there exist
0<e, <1,
B C N* with BD*(B) > ¢,
J1 <Jjg<--- in N*with b;, —b;, , >n

2y, x5, ... € X* with |z} || <1,
for which
BN U(bjn—l ) bjn—l +’I’L] :Q,
n>2
Rz, x),) > 2¢,, keBn(bj, ,+n,b;,],n>2.

Further, by Theorem 4.2, there exist
A C N* having density D(A) >0,
1<m;<my<--- and 1 <n; <nyg<--- in N¥,
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such that

AN[L,mj] ={ke[l,mj]; k+n; €B}, j>1
Finally, (i) and Lemma 3.4 entail that there are p € N*, k; <--- <k, in A and
Ay ooy Ap 20, A+ -4+ Xy, =1, such that

P €

o
Z Ajmki” = c’
Jj=1

By (3.3) it follows that

P P
HZijijrn‘ SCHZ)\jxkj <e&,, n>1. (5.1)
j=1 j=1
Now let ¢ € N* be such that &k, , ..., k, < my. Then
kl-l-nj,...,kp-i-anB, ji>q.

Choose j. > g with k; +nj;, > b, ~and define n € N* by b;, , <k, +n;, <bj, .
Since bj,, < ki +n;, < bj, and the sequence (bj,,),/~; is increasing, we have
mg < n. We claim that -

b +n < kl + n;j, < kp +nj, < bj" . (52)
Indeed, b;, , < ky +nj., k, +n;, € B and BN (b;, ,,bj, , +n] = 0 imply
bj,_.+n < ky+n;, . Further, k,4+n;, = ky+n;, +(k,—k;) < b, +mg < b;, +n+1,
kp+mnj, € B and BN (bj,,bj, +n+1] =0 yield k, +n;, <b;, .

By (5.2) we have ky +nj,, ..., kp,+n; € Bn(b;,_, +n,b;.], so

Jn—1

R(z5, Ty, ) > 260, 1<j<p.
Since ||z} || <1, it follows that

p p p
|32 Ay 2 < > > = Y ARy 1, ) > 220,
j:l j:l j:l

in contradiction with (5.1). O

6. Weak mixing to zero for Cesaro shift-bounded sequences

If X is a uniformly convex Banach space, then Theorem 5.2 holds under a milder
assumption on (x;),>; than convex shift-boundedness, since in such a space the
classical Mazur theorem about the equality of the weak and norm closure of a
convex subset holds in the following sharper form:

Theorem 6.1 (Mazur type theorem in uniformly convex Banach spaces). Let S be
a bounded subset of a uniformly convex Banach space X , and x an element of the
weak closure of S. Then there exists a sequence (zy)r>1 C S such that

. 1 <
Y B S B
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Proof. Uniformly convex Banach spaces are reflexive (see, e.g., [4], page 131), so S
is weakly relatively compact. Consequently, since normed linear spaces are angelic
in their weak topology (see, e.g., [5], 3.10.(1)), there exists a sequence (y;),>; in
S, which is weakly convergent to . Now, by the “Banach-Saks Theorem” [1] for
uniformly convex Banach spaces, (due to S. Kakutani [11]; see also [4], Chapter

VIII, Theorem 1), there exists a subsequence (yjk) K1 such that

: IS
Jm o= 2w =0 .

Let us call a sequence (z;),>; in a Banach space X Cesaro shift-bounded if
there exists a constant ¢ > 0 such that (3.3) holds for any choice of p € N* and
A, .., Ap €4{0,1}, that is

p p
|32 anin| < X an,
j=1 j=1

for any p € N* and ny, ..., n, € N* with ny <--- <n,.
Clearly, every convex shift-bounded sequence in X is Cesaro shift-bounded,
but the converse does not hold, even in Hilbert spaces:

, n>1

Example 6.2. Let H be an infinite-dimensional Hilbert space and choose, for every
k € N, three vectors uy, , v;,, w, € H such that

lugll = logll = llwgll =1, 0 < Jluy, — v, ]| < wy, L {uy, v} forall k€N,

1
k+3’
{uy,, v, w,} L {u;, v, w} whenever k #1.
Let us define the sequence (zp)n>1 by
Tapy1 1= 22Uy, T3pgo i= —Vy, Tap 3 = wy for even k€N,
Tgpyq = 2Uy, Tapyo i= Wy, T3y 3 = —v, for odd k€ N.
Then (xy)n>1 is Cesaro shift-bounded, but not convex shift-bounded.
Proof. For every k € N we denote by V, the set of the vectors
T3k+1 1 T3k+2 5 T3k+3
T3pt1 T T3kt Takt1 T T3pt3 s Lakte T Takts

T3p41 + T3pq2 T T3py3 -

2
It is easy to verify that 5 < |lz|| £ V5 forall z € V.

Now let p € N*, ny, ..., np, € N* with n; < -+ < np, and n € N* be
arbitrary. Let ¢ denote the number of all V. which contain some ;. Then

| e 2o ()= 3e o
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On the other hand, since the number of all V, which contain some ,; 4, is < 2¢,

we have
p
=1

Now (6.2) and (6.1) entail that

p 45 p
j=1 j=1

and we conclude that the sequence (z,,)n>1 is Cesaro shift-bounded.
To show that (x,,)n>1 is not convex shift-bounded, let us assume the contrary,
that is the existence of some constant ¢ > 0 such that

DRSNS P
n=1 n=1

for any p € N*and A, ..., A\, > 0. Let k be an arbitrary even number in N* and
set p:=3k+2, A, :=0for1<n<3k, A\3p+1 :=1 and Agp42 := 2. Then

Popes
n=1

< \/2(](\/5)2 =/10q. (6.2)

, m>1

2
:||2uk_2vk||<k+3’

while

P
HZ /\nxn+3H = || 2uppy + 2w 4| =2 V2.
n=1

It follows that 2v2 < which is not possible for any even k € N*. (]

2¢c
k+3°
Using Theorem 6.1, we can adapt the proof of Theorem 5.2 to the case of
Cesaro shift-bounded sequences in uniformly convex Banach spaces:

Theorem 6.3 (Weak mixing for Cesaro shift-bounded sequences). For a Cesaro
shift-bounded sequence (z,),>1 in a uniformly convex Banach space X , the fol-
lowing conditions are equivalent :

(1) (xy)p>1 ts weakly mizing to zero,

() (21,)p>1 s uniformly weakly mizing to zero,
(jw) (1.3) holds.

Proof. Since the implications (jw) = (j) = (i) are trivial, to complete the proof we
need only to prove that (i) = (jw).

Let ¢ > 0 be a constant such that (3.3) holds for any choice of p € N* and
A,y oey Ap €{0,1}. If (1.3) does not hold, there exist ay, by, ay, by, ... € N*
with b; —a; > j, 7 > 1, such that

b.

. 1 : * * * *

jlirgo sup{bj_aj_’_1 kg{; [(z*,x)]; 2" € X™, ||z H§1}>0.
=a;
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By Lemma 5.1 there exist
0<e, <1, BcCN with BD*(B) > e,,
J1 <Jy <--+ in N*with b; —b

x], x5, ... € X* with

o1 > Ty
| <1,

|25

for which
B N U (bj"71 ) bj"71 + n] = ®7

n>2

R}, x,) > 265, keBn(bj, ,+n,bj,],n>2.

On the other hand, since X is reflexive and any bounded set in a reflexive
Banach space is weakly relatively compact, by Lemma 3.5 there exists A, C N*
with D,(A,) = 1 such that lim 2 = 0 in the weak topology of X .

Ay,dk— 00

Finally, by Corollary 4.3 there exists Z C A, with D*(Z) > 0, such that
{n € N; F4+n C B} is infinite for any finite F C Z.
Then lim =z, =0 with respect to the weak topology of X and by Theorem 6.1

I3k—o0
there are p € N* and k; < --- <k, in Z such that

s Sol=
e L
By (3.3) it follows that
1 & 1 <&
“p;xk_jJrn chp;xkj <e,, n>1. (6.3)

Now set m := max (k,—ky,2) . Since the set {k € N*; {ky, ..., kp}+n C B}
is infinite, it contains some n, such that k; +n, > b;,, . We define n, € N* by
bj,, .1 <ky+ny<bj, . Since b;, <k +n, <bj, and the sequence (bj,),>q is
increasing, we have m < n; . We claim that

bj, 1+ <ky+ne <kp+n,<bj, . (6.4)

iny
Indeed, by, _, < ky+no, ky+n, € B and BN (b, _,,bj, _, +n,] =0 imply
bj, . tny < ky+n, . Further, ky+n, = ky+no+(ky—ky) < bj, +m < bj, +ny+1,

Gny Gny

kp+no € B and BN (bj,, ,bj, +ny+1] =0 yield k, +n, < bj, .
By (6.4) we have ky + 14, ..., kp +n, € BN (b, _, +n4y,bj, ], s0
%(le,xkj+no>>25o, 1<j<p.

Since ||z}, || <1, it follows that

1 <& 1 & 1
H P Z Thjtn, || 2 R <x;1’ P Z Thj+n, > = p Z 8?<x;1’mkg‘+"o> > 280,
j=1

j=1 j=1
in contradiction with (6.3). O
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7. Appendix: Ergodic theorem for convex shift-bounded sequences

We can also define ergodicity of a bounded sequence (), in a Banach space X
by requiring that

1 n
i |, 2 =0
| 2o

(cf. [2], Section 3). Clearly, if (z}),> is uniformly weak mixing, then it is ergodic.
In this section we complete our knowledge about convex shift-bounded sequences
by proving a mean ergodic theorem for them (Corollary 7.2).

Let [°°(X) denote the vector space of all bounded sequences (z;),; in a
Banach space X , endowed with the uniform norm H H = sup; ||lz;[|, and let
o._ be the backward shift on {*°(X), defined by

il

Ol—((mj)jzl) = (Tj31)j>1 -

Theorem 7.1 (Mean Ergodic Theorem for sequences). For a bounded sequence
(T4 )g>1 i a Banach space X , the following conditions are equivalent:

. 1 -
(© dm L X =0

(ee) The norm-closure of the convex hull

conv ({ai((acj)jZl) i k> 0}) C I*(X)
contains the zero sequence.

Proof. Without loss of generality we can assume that ||zgx]| <1 for all k > 1.
The proof of (e) = (ee) is immediate. Indeed, if € > 0 and n. € N* are such
that

n
H Z kaS(n—m)s, 0<m<n,n—m2>ng,
k=m+1
then we have for every n > n.:
1 &
[ SEICH] ) S EWIR EETY B oESs B
k=1 k=1

Conversely, let us assume that (ee) is satisfied and let € > 0 be arbitrary.
Then there exist p€ N* and Ay, ..., A, >0, A\ +---+ X, =1, such that

sup | 32 Ay | = | 32 A (@) < )
j=1 j=1

E>1
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On the other hand, we have for every 0 < m < n withn —m > p:

1 n 1 n D
n—m Z T n—m Z (Z)\J%Jrk)
k=m+1 k=m+1 j=1
1 LR 1 & "
= —m YD N fmk):n_mzka > (@ —wj40)
k=m+1 j=1 j=1 k=m+1
1 p m+j n+j
S0 (D SR 3}
j=1 k=m-+1 k=n-+1
hence
1 " 1 " & 2p
Hn—m Z xk_n—m Z (ZAJmJ+k>“§n—m (7:2)
k=m+1 k=m+1 j=1
Now (7.1) and (7.2) yield
0<m<n,n-m> P — H 1 zn: H< 0
<m<n,n—m?> - o | <e.

For convex shift-bounded vector sequences the statement of Theorem 7.1 can
be strengthened:

Corollary 7.2 (Mean Ergodic Theorem for convex shift-bounded sequences). For
a convex shift-bounded sequence (zy),>q in a Banach space X , the following con-
ditions are equivalent:

1 n
(e) lim H Z ka =0.

0<m<n

n—m-—oo k=m+1
1>
. w20
k=1

(ff) The weak closure of the conver hull conv ({(z); k > 1}) C X contains 0.

Proof. The implications (e) = (f) = (ff) are trivial.
Since the weak closure of conv ({(z; ; k > 1}) is equal to its norm closure, (ff)
implies that, for any € > 0, therearep € N*and A, ... , A\, >0, M+ +X, =1,

such that .
I$05 <
j=1
Using (3.3), it follows that

p 4 p
H Z A Ui((mk)k21)H = sup H Z ) Tk H <ce.
Jj=1 j=1

E>1

By the above (ff) implies condition (ee) in Theorem 7.1, hence (e). O
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